EXISTENCE OF MINIMIZERS FOR SPECTRAL PROBLEMS
DARIO MAZZOLENI AND ALDO PRATELLI

ABSTRACT. In this paper we show that any increasing functional of the first k eigenvalues of the
Dirichlet Laplacian admits a (quasi-)open minimizer among the subsets of RY of unit measure.
In particular, there exists such a minimizer which is bounded, where the bound depends on k

and N, but not on the functional.

Dans ce papier, on montre que toute fonctionnelle croissante des premieres k valeurs propres
du Laplacien-Dirichlet admet un minimiseur (quasi-)ouvert, parmi les sous-ensembles de R
ayant mesure unitaire. En particulier, il existe un tel minimiseur qui est borné, la limitation en

dépendant de k et de N, mais pas de la fonctionnelle.
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1. INTRODUCTION

This paper deals with the existence of minimizers for an increasing functional of the first k&
eigenvalues of the Dirichlet Laplacian, among (quasi-)open sets in RY with unit measure.

This kind of spectral minimization problems is well-studied and natural in many situations:
for instance, one may be interested in minimizing a certain eigenvalue, or a linear combination
of eigenvalues, or a product of eigenvalues, and so on. However, despite the large interest in
the question, very little is known in the general situation when the problem is stated in the
whole RY. The reason is basically the lack of compactness for generic sequences of open sets; in
fact, given a sequence of sets of unit measure, it is not easy to tell whether or not it converges

to a limit set in a suitable sense. The first existence result ([7, Theorem 2.5], see also [10,
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tral Functionals.



2 DARIO MAZZOLENI AND ALDO PRATELLI

Théoreme 4.7.6]), which is now classical, was found by Buttazzo and Dal Maso in the context

of bounded sets.

Theorem 1.1 (Buttazzo-Dal Maso, 1993). Let D C RY be a bounded open set, and let {A,} C
D be a sequence of (quasi-)open sets of unit measure. Then, there evists a subsequence { Ay ()}
and a (quasi-)open set A C D of unit measure such that

Ai(A) < Timinf A;(Ayy )

m—ro0

for every i € N. As an immediate consequence, for every l.s.c. functional F : R¥ — R increasing
in each variable, there exists A minimizing the value of F(A1(A), A2(A), ..., Ai(A)) among the

(quasi-)open sets of unit volume contained in D.

Thanks to a concentration-compactness argument (see for instance [9, Theorem 5.3.1]), it
is now well-known that the boundedness assumption (A4,, C D for every n) in the theorem
above can be replaced by the following slightly weaker assumption: for every ¢ > 0 there exists
R = R(g) > 0 such that every set A,, is contained in a cube of side R up to a volume at most ¢.

The results described above make it simple to study spectral minimization problems inside
an ambient space which is essentially bounded. On the other hand, very little is known concern-
ing general problems in RY, because minimizing sequences, in principle, could have a significant
portion of volume moving to infinity. More precisely, the existence of a minimizer for A\; and Ao
is clear, since it is well-known that a ball of unit volume minimizes A1, while two disjoint balls of
half volume minimize Ao: these two classical results are usually referred to as the Faber—Krahn
inequality and the Krahn—Szeg6 inequality respectively. On the other hand, the existence of
a minimizer for A3 has been proved only in 2000 by Bucur and Henrot (see [6]), and it is still
presently not known which set is the minimizer (and this is a major open problem). For other
open problems and partial results see [8, 3].

In this paper, we show that every increasing functional of the first k eigenvalues admits a
minimizer, which is in turn a bounded set. In other words, we prove that the Buttazzo—Dal Maso

Theorem 1.1 is true in the whole RY, with no need of the a priori boundedness assumption.

Theorem A (Existence of bounded minimizers). Let k € N, and let F: R¥ — R be a Ls.c

functional, increasing in each variable. Then there exists a bounded minimizer for the problem
inf {]—'()\I(A), Ma(A), ... Ae(A)) : ACRY, |A| = 1} (1.1)

among the (quasi-)open sets. More precisely, a minimizer A is contained in a cube of side R,
where R depends on k and on N, but not on the particular functional F.

The strategy of the proof consists in taking a generic open set @ C RY of unit volume, and
showing that there exists a modified open set Q which is uniformly bounded and which has all
the first k eigenvalues lower than those of {2. Roughly speaking, the basic idea why this works is
that, if a set of unit volume has huge diameter, then there must be some very thin sections. This
works against the smallness of the Rayleigh quotients of the eigenfunctions, since by definition

they vanish on the boundary. As an immediate consequence of the above boundedness claim,
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there will clearly exist a uniformly bounded minimizing sequence, and therefore Theorem A will
follow by Theorem 1.1.

During our construction, we will need the following result.

Theorem B (Boundedness of the ratio A\g/A1). There exists a constant M = M(k,N) such
that for every quasi-open set A one has Ap(A) < M (A).

In the particular case when k = 2, Theorem B is a consequence of the stronger result by
Ashbaugh and Benguria [2], which states that not only the ratio A\y/A; is bounded, but also
that balls maximize this ratio. Many stronger results were proved also for generic k (see [1] for
an overview), but in order to keep the present paper self contained, we give a simple proof of
Theorem B in Section 3. Notice that one cannot apply Theorem A to this problem, since the
functional A;/A; is not increasing in the first variable. Notice also that Theorem B is stated for
sets of any volume; in fact, since by trivial rescaling one finds that for every a > 0 and every
1 € N one has

)\Z(OéA) = 0472)\2'(14) , (1.2)

the ratio A\ /A1 does not change by rescaling.
The plan of the paper is the following. In Section 1.1 below we give a brief list of the
notation that will be used through the paper, and some preliminaries. Then, in Section 2 we

show Theorem A, while in Section 3 we show Theorem B.

NOTE: The preprint version of this paper appeared contemporarily to the preprint version
of the paper [4] by Dorin Bucur, in which he gives the proof —by means of completely independent
ideas— of the existence of a minimizer for the k-th eigenvalue of the Dirichlet Laplacian in RY
(which corresponds, in the language of our Theorem A, to the particular case when F is projection
on the last variable). In addition, Bucur is able to show that the quasi-open minimizers of A

are sets of finite perimeter.

1.1. Notation and preliminaries. Throughout this paper, the ambient space will be RV for
some given N > 2. A generic point of RY will be denoted by z = (z,y) € R x RN=1 or
sometimes as z = (21, 29, ... , 2x), while a generic open set will be  C RY. The eigenvalues
of the Dirichlet Laplacian on € will be denoted by A;, i € N, while {u;} € W,?(22) will be a
corresponding sequence of orthogonal eigenfunctions, always normalized to have unit L? norm.
For any function v : Q@ — R and any set D C €2, we will consider the Rayleigh quotient
R(v,D) := IJ}LIZ]ZF ;

hence, in particular R(u;, 2) = X\;(Q2) for every i € N. The following is a very useful character-
ization of the eigenvalues, which we will need later, and whose proof can be found for instance

in [9]. It is often referred to as min-maz principle.

Theorem 1.2. Let Q C RY be an open set. Then for every j € N one has

A;(Q) = min { max {R(w, 9), w e K; \ {o}}} ,
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where the minimum is taken among all the j—dimensional subspaces K; of W01’2(Q).

In our result, we need to use quasi-open sets. However, the construction of this paper only
deals with open sets, and actually no knowledge of quasi-open sets is needed; therefore, we only
recall here the very basic definition, addressing the interested reader for instance to [5, 10] for a

complete treatment.

Definition 1.3. Let Q) be an open set, and V CC Q a compactly supported subset. The capacity
of Vin Q is defined as

capq (V) = inf{/ ]D<p|2 e Ci(Q), ¢ >1o0n V} )
Q

Let then A C RN be a bounded set, and let Q be an open set such that A CC Q. The set A is said
quasi-open if for every € > 0 there exists an open set A C Q. CC  such that capg(Q: \ A) < €.
This definition does not depend on the choice of Q. Finally, a generic set A C RY s said

quasi-open if the intersection of A with any ball of RN is a quasi-open bounded set.

It is well-known that the notion of eigenvalues can be extended to the realm of quasi-open
sets. An important feature of the quasi-open sets is given by the Theorem 1.1 by Buttazzo and
Dal Maso; namely, that any bounded sequence of open (or quasi-open) sets converges —up to a

subsequence— to a quasi-open set, in the sense that all the eigenvalues converge.

)
Ql QF

Q

FIGURE 1. A set  and the corresponding sets Q!, Q7 and €.

Through the paper, k € N will be a fixed integer, and F : R¥ — R will be a Ls.c. func-
tion, increasing in each variable. For the sake of brevity, we will often write F(2) in place of
]-"()\1(9), A2(), ..., )\k(Q)); hence, the goal of this paper can be rephrased by saying that we
seek for a quasi-open set A minimizing F(A). By density, it is clear that the infimum of F
among the quasi-open sets equals the infimum among the open (or even smooth) sets.

The letter C' will be always used to denote a big geometric constant, possibly increasing
from line to line; the constant C' will always depend only on N and on k (sometimes, possibly
also on some constant K, which in turn will eventually be chosen only depending on N and
k), thus not on the particular choice of F, and not on the set 2. Sometimes, we will label the

constants in our results as Cq, Cy, C3... for successive reference.
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For any t € R, we will define
Qb= {(x,y)EQ:x<t}, Q= {yeRN_l:(t,y)EQ}, Q= {(x,y)eQ:m>t};

notice that QL and Q} are subsets of RY, while €; is a subset of R¥~!. Figure 1 shows an
example of a generic set  with Q}, Q7 and €;. On the other hand, given 0 < m < |Q| and
0 < my < mg <|Q|, we define the level 7(£2,m) € R and the width W (Q,mq,m2) as

7(2,m) := inf {t eR: ‘QH > m} , W(Q, my,ma) = 7(Q,ma) — 7(2, m1) .

Observe that one surely has —oo < 7(,m) < 400 whenever 0 < m < [Q], as well as
W(Q,mi,m2) < o0 if 0 <my <mg < |Q].
Finally, given any set Q C RY, we define its 1-dimensional projections for 1 < p < N as

() = {teR: (21, 22, ..., 2n) €K, Zp:t}-

2. PROOF OF THEOREM A

In this section we present the proof of Theorem A. As already anticipated in the introduction,
our strategy basically consists in showing that to minimize F it is enough to concentrate on

uniformly bounded sets. More precisely, we will show the following result.

Proposition 2.1. For every K > 0 there exists a constant R = R(k,K,N), such that the
following holds. If Q@ C RN is an open set of unit volume and with \,(Q) < K, there exists
another open set ﬁ, still of unit volume but contained in a cube of side R, and with )\Z(ﬁ) < \i(Q)
for every 1 <i < k.

Let us immediately see how Theorem A follows from this proposition; then the rest of the

section will be devoted to showing the proposition.

Proof of Theorem A. Let us take a minimizing sequence of open sets {€,} for problem (1.1).
Fix a generic n € N, and assume for a moment that A\;(€,) > M (By), being By the ball
of unit volume and M the constant of Theorem B. If it is so, then by Theorem B one has
A1(2,) > A(Bn), thus for every 1 < i < kit is A\;(2,) > \i(Bn), hence F(9,) > F(By),
being F increasing in each variable. Thanks to this observation, it is admissible to assume that
Ae(Q) < K := MM, (By) for every n. By Proposition 2.1, then, there exists another sequence
{ﬁn}, made by open sets of unit volume contained in a cube of side R, with )\z(ﬁn) < ANi(Q)
for every 1 < ¢ < k and every n € N. Again by the assumption that F is increasing in each
variable, we derive that also {Q),} is a minimizing sequence for (1.1).

We can then apply Theorem 1.1 to find a quasi-open set A, still contained in the cube of
side R, and such that, up to extract a subsequence of {@n}, one has \;(A) < liminf, )\z(ﬁn) for
every 1 < i < k. By the lower semi-continuity of F, we derive that A is a minimizer for F, thus

the proof is concluded. O

The rest of this section is devoted to show Proposition 2.1. For the ease of presentation, we

divide the construction in three subsections. In the first one we obtain the boundedness of the
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“tails” (Lemma 2.2), while in the second one we consider the internal part (Lemma 2.8). Then,

in the last subsection we put everything together to give the proof of Proposition 2.1.

2.1. Boundedness of the tails. This subsection is devoted to show that, under the assump-
tions of Proposition 2.1, we can reduce to the case when the “tails” of 2 are bounded. More

precisely, we fix once for all a small positive number m = m (K, N) € (0,1/4) in such a way that

(4m) ™ 1
A1 (BN) = 2’ (21)

being By the ball of unit volume in RY. We aim to show the following result.

Lemma 2.2. For every K > 0 there exist Ry = Ri(k, K,N) and T'y = T'1(k, K, N) such that,
for any open set Q© C RN of unit volume and with \,(Q) < K, there exists another open set
OcC RN, still of unit volume, such that /\Z(Q) < Ni(QQ) for every 1 < i < k, and that for every
2<p<N

W(Q,0,m) < Ry, (2.2)
W@, 1) <T3 (W(Qm,1)),  diam(m,(@)) < T diam(m,(92)) (2.3)

The claim of the lemma, roughly speaking, says that it is always possible to assume that
the “tail” of €, i.e., the set Qi—(ﬂ,m) of volume m, has horizontal projection of length at most
R;. More precisely, condition (2.2) says that one can modify Q in such a way that the tail
is uniformly horizontally bounded, while condition (2.3) says that this modification does not
excessively worsen the remaining part of the set 2, nor its extension in the N — 1 non-horizontal
directions.

To prove the lemma, we start setting for brevity ¢ = 7(£2,2m), and for every t < t we define
Qt(t) =, Q(t) ==, e(t) :=HN (). (2.4)

Observe that
m(t) = ’Q_(t)‘ :/ e(s)ds <2m. (2.5)

t
—00
Moreover, we let as usual {ul, ug, ..., uk} be an orthonormal set of eigenfunctions with unit L?
norm and corresponding to the first k£ eigenvalues of 2. We define then also, for every 1 <i < k
and every t < ¢,
9i(t) := ; | Duy(t,y) | dHY " (y) pi(t) == /Q wilt,y)? dHN"y),  (26)
t t

which makes sense since every w; is smooth. It is convenient to give the further notation

k k
5() =3 60 =3 / |Dus(t,y)|* dHY 1 (y)
i=1 i=1 /%

and in analogy with (2.5) we also set

k t
t) = Du;|? = o(s)ds. 2.7
o(t) izl/w)r SYRL (2.7
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Applying the Faber-Krahn inequality in RN¥~! to the set ), and using (1.2) on R¥~!, we know
that

2 _ 2
e()TT A () = HY 1 Q) T A () > Mi(By-a),
calling By_; the unit ball in RN~1 As a trivial consequence, we can estimate Wi in terms of
and ¢;: in fact, noticing that u,(t,-) € Wol’z(Qt) and writing Du; = (Dyu;, Dyu;), we have

L IDyus(t, ) dHN 1 < Ce(t)FE16,(1). (2.8)

2 12/N—1
i (t) :/ ui(t, )" dH <
{ o ) A($2) Jo,
We can now present two estimates which assure that w; and Du,; can not be too big in Q7 (¢).

Lemma 2.3. Under the assumptions of Lemma 2.2, for every 1 <i < k and t <t the following

inequalities hold:
/ u? < Cie(t) 7 6i(1). / Duf < Cre(~Ta(),  (29)
Q= (1) Q- ()
for some C; = Ci(k,K,N).

Proof. Let us fix t < t. Consider the set Qg obtained by the union of Q7 (¢) and its reflection
with respect to the plane {z = t}, and call ug € WO1 ’Q(QS) the function obtained by reflecting
u;. Calling By the unit ball in RY, we find then

Q- (t)

fro
o1

A1(Bn) _ M(By) < M) £ R(us, Q) = R(Uivﬂ_(t)) =

(2m@®)>  1951%

by the symmetry of Qg, and using again (1.2). This estimate gives

2
2m(t)) N
| s 2mH) * | o (2.10)
Q- () M(BN)  Ja-@)
which in particular, being m(t) < 2m and recalling (2.1), implies
1
/ ul < = (2.11)
Q= (1) 2

On the other hand, recalling that —Aw; = A\;ju;, by Schwarz inequality and using (2.8) we have

/ |Dui2:/ )\iU%Jr/ Uj . SK/ u? + / u?/ | Du;|?
Q1) Q- (1) a Ov Q- (1) o, Jo,

< K/ u? + Ca(t)ﬁéi(t) .
Q= ()

(2.12)

It is now easy to obtain (2.9) combining (2.10) and (2.12). In fact, by inserting the latter into

the first, we find
Qm(t)) 1
u3<(<K/ u?—l—CstNléit),
/Q—(t) ~ Ai(Bw) Q- (1) 0 0

Zlw
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which by (2.1) again yields

2
1 / s _ (2m(t)) ™ 1 1
= ui < ~———Ce(t)V-10;(t) < Ce(t)N-10;(t). (2.13)
2 Jo-@ A1 (Bn) Q
The left estimate in (2.9) is then obtained. To get the right one, one has then just to insert (2.13)
into (2.12). O

Let us go further into our construction, giving some definitions. For any ¢t < t and o (¢) > 0,

we define the cylinder Q(t), shown in Figure 2, as
Q) := {(az,y) RN :t—o<z<t, (ty) € Q} = (t—o,t) x Q, (2.14)

where for any t < t we set
1

o(t) =e(t)v-1. (2.15)
We let also Q(t) = Q* () UQ(t), and we introduce @; € Wy (ﬁ(t)) as

MU B it (7,9) € 27(0), (216)
i\ Y) = mui(t,y) if (z,y) € Q(t) . |

The fact that @; vanishes on 9€(t) is obvious; moreover, Du; = Du; on Q7 (t), while on Q(t)

one has
Dty (2, ) = (“i(t’m rotto Dyui(t,y)> . (2.17)

g g

A simple calculation allows us to estimate the integrals of w; and Du; on Q(t).

FIGURE 2. A set  with the cylinder Q(¢) (shaded).

Lemma 2.4. For everyt <t and 1 <1i <k, one has
[ b < csty 750, | @soew e, @)
Q1) Q1)

for a suitable constant Co = Co(k, K, N).
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Proof. Thanks to (2.17), and using also (2.8) and (2.15), one obtains the first estimate in (2.18)

since

(SiO'

- x—t
[ it dsdy =/ / O Dyt ) P dy da = 1 4
Q(t) N O- g 3

<c()g‘w>+53_cs() S6i(t) .

On the other hand, the second estimate in (2.18) follows, also again using (2.8) and (2.15), by

~ 2 ! ~2 O i _2 3
wi(x,y)* dedy = ui(t,y)dyde = < Coe(t)N-15;(t) = Ce(t)N-10,(t) .
Q(t) t—o Qt 3

Another simple but useful estimate concerns the Rayleigh quotients of the functions wu; on

the sets (t) and the integral of the products Uil

Lemma 2.5. For everyt <t and 1 <i <k, one has

R (i, Qt)) < Mi(Q) + Ce(t) 7=16;(t) . (2.19)
Moreover, for everyi # j € {1, 2, ..., k}, one has
/~ fii; + Dii - Diiy| < 0057 + (0555 ) /5,(0)3,1). (2.20)
Q(t)

Proof. Recalling that —Awu; = \;(Q)u;, making use of (2.11) and (2.18) and arguing as in (2.12),

we obtain
/ \Daim/ | D, [* / !Dui\2+/ | D
R (@, () = =0 o) < 20 <
/ W2+ / @ / uf
at(t) Q) ()
)\Z-(Q)/ uf—i—/ uz%uz +/ | D |?
_ Q+(t) Q v Q@) < \(Q) + Cg(t)ﬁ(si(t)’

frow®
Q+ (1)

On the other hand, recall that u; and u; are orthogonal on €2 both in L? and in VVO1 2 Sense

by definition, hence by using (2 9) and (2.18) we find
‘ / Uil ‘ / il

‘/~ uiug| < ’/ Uit
10 Q+a

< 0( (07 [5:(08,(1) + <(t) ¥t &-(t)aj(t)) |

In the very same way, concerning Du; and Duj, we have

Q) Qt (1)

= / Dui . D’LLj
Q= (1)

hence (2.19) is proved.

Q)

+ ' / Du; - Dﬂj
Q(t)

< Ce(t) ™14 /8:(6)5;(t) .
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Adding up the last two estimates yields (2.20). U

In order to prove Lemma 2.2, we need to compare the eigenvalues of 2 and those of (~2(t);
this can be done by means of the min-max principle, Theorem 1.2, which relates the eigenvalues

with the Rayleigh quotients of WO1 2 functions.

Lemma 2.6. There exist a small constant v = v(k, K, N) < 1 and a constant C3 = Cs(k, K, N)
such that, if £(t), 6;(t) < v for every 1 <i <k, then

X (Q1)) < Aj(Q) + Cae(t) T 14(1) V1<j<k. (2.21)
Proof. We aim to use the characterization given by Theorem 1.2. To do so, for every 1 < j < k
we define K; as the linear subspace of VVO1 2 (Q(t)) spanned by the functions u; with 1 <14 < j.
First of all, we give the
Claim A. For every 1 < j <k, the space K; has dimension j.

Suppose that the claim is not true. Then, there should exist some 1 < ¢ < k and some coefficients

B; for i # ¢ with all ;] <1 and
U=y Bills.

1<i<k, i
Notice now that by (2.11) we know that fQJr(t) u? > 1/2, hence also by (2.20) we deduce

% / / > B <Y /S~2 (t)aia’g

) 1<i<k, i 1<i<k, il
where the last inequality is true provided that v = v(k, K, N) is chosen small enough. The
absurd shows the validity of Claim A.

We can now show (2.21): to do so, pick a generic function w € Kj, which can be written

< kC(V% —l—l/ﬁ)l/< %,

(up to a rescaling) as w = 25:1 Biu;, where max {|B3;|, 1 <i < j} = 1. We need to evaluate
R(w, ﬁ(t)) we start by noticing that

Joy w? 11 57 Jaw U7 43z BiBi S Wit
j ~ 1
< 25:1 B2 fo |DTl? + CR2e() ¥ 5(¢)
- 1
187 Ja @7 — Ck2e(t)=14(t)
where the last inequality comes by (2.20). If v(k, K, N) is small enough, then

R(w,Q(t)) =

(2.22)

Ck2e(t)v16(t) < Ck2vT < %,

hence by the choice of 8; and by (2.11) the denominator in the last fraction of (2.22) is bigger
than 1/4 (in particular, it is strictly positive). As a consequence, recalling also that by (2.19)

one has for every 1 <i < j

/~ | D)
Q(t) ) _1 ) 1
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from (2.22) we deduce

IN

(v e mo0) (T 8 a1 ) + o080
R(w, : .
(w00 211 B2 Jau U — Ce(t)¥-14(t)

(Aj(m + ce(t)ﬁa(t)) +20e(8) FT5(t) )
< \(Q) + Ce(t)15(1)

1 — 20=(t)¥=16(¢)
(keep in mind that the constant C' = C(k, K, N) may increase from line to line). The validity

of (2.21) is then now an immediate consequence of Theorem 1.2 and of Claim A. O

We can now enter in the central part of our construction. Basically, we aim to show that
either 2 already satisfies the requirements of Lemma 2.2, or some ﬁ(t) does it, up to a rescaling.

To do so, we need another definition, namely, for every ¢t < t we define the rescaled set
~ ~ 1
Q(t) = Q)| V),

so that ‘ﬁ(t)’ = 1. We can now show the following result.

Lemma 2.7. Let Q be as in the assumptions of Lemma 2.2, and let t < t. There exists
Cy = Cy(k, K, N) such that exactly one of the three following conditions hold:

(1) max {E(t), 5(t)} > v 1
(2) (1) does not hold and m(t) < Cy(e(t) + 6(t))e(t)¥-1;
(3) (1) and (2) do not hold and for every 1 < i <k, one has \; (ﬁ(t)) < Ai(Q).

In particular, if condition (3) holds for t and m(t) > m, then for every 1 < i < k one has
)\Z(Q(t)) < \i(Q2) = n, being n =n(k, K, N) > 0.

Proof. If (1) holds true, there is of course nothing to prove. Otherwise, it is possible to apply
Lemma 2.6, hence we have

1

X (1) < N(Q) + Cae(t)T-14(t) (2.23)
for every 1 <i < k. By (1.2) and the fact that |§Al(t)‘ = 1, we know that
M (O(1) = 2] ¥ x(Q)) -

By construction,

e(t) N—l) (Ai(Q) + Cga(t)ﬁa(t)) (2.24)
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1

This allows us to conclude. In fact, defining Cy := % +Cs, if m(t) < Cu(e(t)+6(t))e(t) VT,
then condition (2) holds true. Otherwise, (2.24) directly implies that A; (ﬁ(t)) < Ai(Q2).
Finally, assume that condition (3) holds and m(t) > m: in this case, (2.24) directly implies

M(@0) ~ (@) < B Gyt <y,

where 7 = A\ (By)m/N and the last inequality is true up to decrease v (notice that decreasing

the value of the constant v of Lemma 2.6 does not change the value of Cs). O
We are finally in position to give the proof of Lemma 2.2.
Proof of Lemma 2.2. Let us start defining

t:= sup {t < t: condition (3) of Lemma 2.7 holds for t} , (2.25)

with the usual convention that, if condition (3) is false for every ¢ < Z, then { = —oco. We

introduce now the following subsets of (£, ),
A= {t € (t,%) : condition (1) of Lemma 2.7 holds for t} :
B:= {t € (£,1) : condition (2) of Lemma 2.7 holds for ¢ and m(t) > 0} ,
and we further subdivide them as
Ay = {teA: 5(t)25(t)}, Ay = {teA: 5(t)<<5(t)},
B = {teB: a(t)Z(S(t)}, By = {teB: 5(t)<6(t)}.
We aim to show that both A and B are uniformly bounded. Concerning A;, observe that

v| Ay g/A st = {(zy) e zeaf| <l =1,

so that |A;| < 1/v. Concerning Ao, in the same way and also recalling that A\;(Q2) < K for every

i < k, we have

k k
v|As| < [ S(t)dt = Z/ / | Du;(t, y)|* a1V~ (y) dt < Z/ |Du;|? < kK,
Az i=1 A2/ =178

so that |As| < kK /v. Summarizing, we have proved that

4] < LERE (2.26)

1%

Let us then pass to the set B;. To deal with it, we need a further subdivision, namely, we write
B1 = UpenBY, where

m m
Keeping in mind (2.5), we know that ¢ — m(t) is an increasing function, and that for a.e. t € R
one has m/(t) = ¢(t). Moreover, for every t € By one has by construction that

N

m(t) < Cy(e(t) + 6())e(t) V1 < 2C, e(t)¥1 .
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As a consequence, for every t € B} one has
1 N-1 | 1
!/ EASmt ~ =1
m(t):f:(t)zam(t)l\f ZamN (Q%YL
This readily implies
1 N 1 m
—m N ——— |B}| < m'(t) < —,
C (2%)n ’ 1‘ Br omn
which in turn gives
Byl <cab(z by
Finally, we deduce
" 1 _1\n 1 2w
1B,| =) |Bf|<Cmv » (27%)" =Cmy . (2.28)
neN neN 2y —1
(2.29)

Notice that basically our argument consisted in using the fact that in By one has
N
with e(t) = m/(t).

m(t) < Ce(t)¥-T1,
Concerning Bs, we can almost repeat the same argument: in fact, thanks to (2.9), for every
t € By we have
k
9 1 N . /

MQZE:/ |Du;|? < Cye(t)¥=16(t) < Cy 6(t) N1, with &(¢) = ¢/(t).

i1 /(@)
which is the perfect analogous of (2.29) with ¢ and ¢ in place of £ and m respectively. Since as

already observed ¢(t) <Y [, |Du;|* < kK, in analogy with (2.27) we can define
kK }

thus the very same argument which lead to (2.28) now gives
1
1 n 1 2N
Bof = 3o |Bi| < C(E)Y 3 (27)" = C(RE) ¥ (2:30
neN -
(2.31)

neN

Putting (2.26), (2.28) and (2.30) together, we find
|A| +|B| < C5 = C5(k, K, N).

We will prove the validity of the lemma with the following choice of Ry and I'y,
IR A

Ry =2C5+4,
where C5 = C5(k, K, N) and n = n(k, K, N) have been introduced in (2.31) and in Lemma 2.7

respectively. To obtain our proof, we will distinguish the possible cases for €.

Case I. One has t = —oo.

If this case happens, then condition (3) of Lemma 2.7 never holds true, i.e., for every ¢t < ¢
either condition (1) or (2) holds. Recalling the definition of A and B and (2.31), we deduce that
W(,0,m) < C5. Therefore, the claim of Lemma 2.2 is immediately obtained simply taking

ﬁzQ,sinceRlzc’g) and I'y > 1.
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Case II. One has t > —oc.

In this case, let us notice that it must be m(f) > 0, hence (£,) C AU B and thus by (2.31)
t >t — Cs. Let us now pick some t* € [t — 1,#] for which condition (3) holds, and define
Uy = ﬁ(t*). By definition, U; has unit volume, and \;(U1) < A\;(Q2) for every 1 < i < k, being
condition (3) true for ¢*.

Observe now that by definition for every 2 < p < N one has m,(Q(t*)) = m,(Q7(*)), hence
diam (7, (U1)) = diam(wP(ﬁ(t*))) = diam(ﬂ'pOﬁ(t*)’_%ﬁ(t*))) < 2diam<7rp(£~2(t*)))
= 2diam <7Tp (Q+(t*))) < 2diam(mpy(Q))

where we have used that }ﬁ(t*)‘ > 1/2. Concerning the widths of U; and 2, we can start

observing that

~ _1 ~ ~
W (U, @, 1) = [Q#)| ™ (W(Q(t*),mm(t*)
Moreover, since it is admissible to assume V% < % and then

Q)| = [e(#) 7T | < |Q(t)| 7,

we have
(8. @8 ) = 7 (. m[)] +1 - [8)]) :
as a consequence, we evaluate
w (S0, m|(), |9 ) =7 (), [8e)]) — (), |63 )
=7(Q,1) - T(Q,m\ﬁ(t*>\ +1— \ﬁ(t*)\) <7(Q,1) — 7(Q, )
=W(Q,m,1),

thus we deduce, again recalling [Q(t*)| > 1/2, that
W(Uy,m, 1) <2W(Q,m,1).
Summarizing, we have found that
Ai(Uh) < Xi(Q),  diam(my(Un)) < 2diam(my(2)), W (Up,m,1) <2W(Q,m,1). (2.32)

As a consequence, the choice Q=U 1 satisfies all the requirements of Lemma 2.2, except possibly
condition (2.2). To deal with this last condition, we need to further subdivide this case.

Case Ila. One has t > —oo and m(t*) < m.

In this case, we can show that the choice Q= U, actually works. As noticed above, we have
only to prove the validity of (2.2). To do so, we assume for simplicity that ¢ = 0, which is clearly
admissible by translation. Hence, t* >t —1>%—Cs5 — 1 = —C5 — 1, and thus

Q") = QH ) u Q) C {(z,y): z>t" =1} C{(z,y): = > —C5 —2}.
Recalling that ’ﬁ(t*)‘ > QT ()] > [QF(F)| =1 — 2m > 1/2, we deduce that

Q=0 = |§(t*)\*%s~2(t*) C2Q(t*) C {(z,y) : = > —205 — 4} . (2.33)
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Moreover, since m(t) < m,

98] = [0 > [0 = (27 vee) | = | (e ).

|

- ‘{(aj,y) cQ:it << o}} = m(0) — m(t*) > m(0) — m(f) >
and this implies that 7(€, /) < 0. The inclusion (2.33) ensures then that 7(,0) > —2C; — 4
and then (2.2) holds true since R} = 2C5 + 4.
Case IIb. One has t > —co and m(t*) > .
We have now to face the last possible case, namely, when # is finite but m(#*) > . In this case,

thanks to Lemma 2.7 the estimates (2.32) can be strengthened as
Ai(U1) < Xi(Q) —n, diam(mp(U1)) < 2diam(7m,(Q)), W (U, m, 1) <2W(Q,m,1). (2.34)

Concerning the validity of (2.2), it does not follow by (2.33) because the assumption m() > m
does not imply that T(ﬁ,ﬁl) < 0. However, we can argue as follow: if (2.2) holds true for Uy,
then of course we are done by setting Q= Uy. Otherwise, we apply the above construction to
the set U in place of : since U; does not satisfy (2.2), then Case I is impossible, thus we are

in Case II and then by (2.32) we find an open set Us of unit measure such that

Ai(Uz2) < Ai(Un) < Ai(€2) — 77 Vi<i<k,
diam (7, (Us)) < 2diam(m,(U7)) < 4d1am(7rp(Q))
W (Us,m, 1) <2W (Ur,m,1) < 4W (Q,m,1).

If U; is in Case Ila, then as before we are done with the choice of 0= Us. Otherwise, if we are
in Case IIb, then (2.34) becomes

Ai(U2) < Xi(Q) —2n,  diam(mp(Uz)) < 4diam(mp(Q)), W (U, m, 1) < AW (Q,m,1).

Going on with the obvious iteration, if the proof has not been concluded after ¢ € N steps then

we have found an open set Uy satisfying
Ni(Ue) < Xi(Q) — by, diam(mp(Uy)) < 2¢diam(my(Q)), W (Up,m, 1) < 2°W (Q,m,1).

This is of course impossible if ¢n > K, being \;(Q2) < K: as a consequence, our iteration must

stop after less than K /7 steps, thus our thesis is concluded with our choice of T';. O

2.2. Boundedness of the interior. The goal of this subsection is to obtain a uniform bound
also for the interior part of a set (2, in the sense of Lemma 2.2. Most of the arguments of this
case will be identical to those that we made for the tails in Section 2.1, but some modifications
are essential. In particular we give new definitions for ¢, d;, ;, Q(t) and ﬁ(t) in order to mantain
the analogy with what was done in Section 2.1. The result that we are going to prove is the

following.

Lemma 2.8. For every K > 0 there exist Ry = Ro(k, K, N) and 'y = I'y(k, K, N) such that, for
any open set @ C RN of unit volume and with \y(2) < K, and for any choice of @ € (M, 1 — %),
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there exists another open set QcC RN, still of unit volume, such that )\Z(ﬁ) < Ni(QQ) for every
(2.35)

16
1 <i <k, and such that for every2 <p < N
W (Q,0,m) < Ry +ToW (2,0, — ),  diam(my(Q)) < Ty diam (m,(R)) .
To start with, we give the analogous of the definitions (2.4), (2.5) and (2.6) of Section 2.1
that we need now; Figure 3 helps to visualize the new situation. More precisely, we set for
brevity
- T(Qm+ D)+ 7(Q,m — i) . T(Qm+ D)~ 7(Q,m — W)
0-— 2 3 = 2 ;
keep in mind that, since m € (m,1 — %), then —oo < 7(Q,m —m) < 7(Q, M + %) < +o0. For
any 0 <t < t, we define
Qi(t) = Q:oft N Qf‘,0+t = \ Q+(t) ’
¢ 3
m(t) = | (1) :/ c(s)ds < S
0

!
O (t) = Qe U 4t
e(t) == HY T (Qugt) + HY T (Qugre)
Moreover, having fixed an orthonormal set {ul, U9, , uk} of eigenfunctions with unit L?
norm corresponding to the first & eigenvalues of €, for every 1 < ¢ < k and 0 < ¢t < ¢ we define
.—/ uZQ +/ u?
Qey—t Qg+t

pi(t) ==

5i(t) :=
In analogy with (2.7), we define again 6(¢) = >

o= [ pup= |

k
=1

/ \Dui|2—|—/ |Du?,
Quy—t Qig+t

0i(t), and we set again

|
|

FIGURE 3. A set Q and the corresponding quantities to, ¢ and sets Q(¢) (white)

and Q7 (¢) (shaded).
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basically the only difference is that to show the analogous of Lemma 2.3 we cannot rely on the

symmetrization of 27 (¢). Let us see how to overcome this difficulty.

Lemma 2.9. There exists a small constant v = v(k, K, N) < 1 such that, if Q and ™ are as
in the assumptions of Lemma 2.8, and 0 < t < t is such that £(t), 6(t) < v, then for every
1<t <k one has

| <o . [ puP <csovam. a0
Q=() Q= ()
Proof. Consider the “external cylinders”
Q1= (to—t—o1,t0 —t) X Qo Q2 := (to+ 1,10+t + 02) X Dy,
where
g1 = HN?I(Qto—t)ﬁ ) g2 = HN?l(Qt()-i-t)ﬁ )

in perfect analogy with (2.14) and (2.15). Calling U = Q7 (¢) U Q1 U Q2, we can extend (2.16)
to obtain the following definition of u; € WO1 2(U),

uz(xay) if (l’,y) € Q_(t) )

" x—(to—t—Ul) ' .
’Uq(l',y) = o1 Ul(to —1, y) if (ﬂf,y) € Ql )

(to+t+o02) —x
02

wi(to +t,y) if (z,y) € Q2.

Applying Lemma 2.4 to the two cylinders Q1 and ()2, and comparing the present definitions of
e and §; with those that we used in Section 2.1, (2.18) gives us

/QUQ D < Cos(t) 1 5:(t)
1 2

We can then obtain an estimate between fQ,(t) u? and fQ,(t) | Du;|? similar to (2.10), first notic-

(B (B / Dui‘u/ D
1( N) ; < 1( ;V) Al(U)SR(%‘,U)S Q= (¢) Q1UQ2 :
(m(t) +e()¥1)% ~ |UIF / 2
Q- (1)

ing that

and then deducing, recalling (2.1) and choosing v small enough,

.2 (m(t)+g(t)%)% » L
/Q—(t) = M (By) < /Q_ 0 [ Dui|” + Cae(t) 5,(t)>

1 C
< 1 / Duil® + — 2 c(r)5H16,(1)
2N K Ja-@) 2ty K

Observe that v = v(k, K, N) can be chosen so small that the last estimate implies

e
Q=()

(2.37)

N |
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We can also generalize (2.12); in fact, since the very same argument used in (2.8) again ensures
2
that p;(t) < Ce(t)N-16;(t), we can obtain

/ | Du;|* = / ju? —|—/ u; Oui <K u? 4+ /i (t)0;(t)
Q- (1 Q=) Qug—t0gre OV Q=) (2.38)
< K/ 24 Ce(t)VT5,(1).
Q- (1)
Putting together (2.37) and (2.38) gives (2.36). O

We need now to extend the result of Lemma 2.6 to our new setting. To do so, going on in

analogy with Section 2.1, we give the following definition.

Definition 2.10. Let Q, m and 1 <t <t be as in the assumptions of Lemma 2.9. Consider
the “internal cylinders”
Q1= (to—t,to—t+01) X Qg Q2 := (to+t—o2,t0 +1) X Qe ,

where

L 1
o1 = HNfl(Qto—t)N_l , 02 = %Nil(QtO‘H)N_l ’

and notice that by the assumption on (t) and the fact that t > 1 one has Q1 N Q2 = 0. The set
Q(t) is defined as

Qt) := {(ac,y) e RY : either x < tg, (z —t+01,y) € Q) UQ1,

or x > ty, (:U—I—t—ag,y) EQ+(t)UQ2},

see Figure 4. Notice that

1Q6)] = [QF@)| + Q1] + Qo] = 1 = m(t) + HY 1 (Quy—s) T + HYTH( Q1) T

<1—m(t)+e(t)vT.

Moreover, define again the rescaled set

Q . Q(t)
>
L
Q1
to — t ho + t
to

FIGURE 4. A set Q and the corresponding set Q(t).

With this definition of the sets Q(t) and with the obvious extension of (2.16) in order to
define u; € W01’2(§(t)), we can now literally repeat the proofs of Lemmas 2.4, 2.5, 2.6 and 2.7, the
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unique difference being the substitution of Q(¢) with Q1 UQ2, and of €; with Q¢ U Q. We
obtain then the following result, which holds up to possibly decrease the constant v = v(k, K, N)

of Lemma 2.9.

Lemma 2.11. Let Q be as in the assumptions of Lemma 2.8, and let 1 < t < t. There exists
Cs = Cs(k, K, N) such that exactly one of the three following conditions hold:

(1) max{e(t), 6(t)} > v;

(2) (1) does not hold and m(t) < Cg(e(t) + 6(t))e(t) 71 ;

(3) (1) and (2) do not hold and for every 1 < i < k, one has )\l(ﬁ(t)) < Ai(92).
In particular, if condition (8) holds for t and m(t) > m/2, then for every 1 < i < k one has
)\Z(Q(t)) < Ai(Q) —n, being n =n(k,K,N) > 0.

We can now conclude this section by presenting the proof of Lemma 2.8, which will be a

minor modification of the proof of Lemma 2.2.
Proof of Lemma 2.8. First of all, we want to show that it is admissible to assume
m(t) > 0 Vi>0. (2.39)

In fact, suppose that it is not so, and let 7 = max{0 < ¢t < ¢ : m(t) = 0} > 0. Then, Q is
the disjoint union of Q@ N {x > ¢ty + 7} and @ N {x < tp — 7}, and it does not intersect the
whole strip {top — 7 < & < tp + 7}. Therefore, replacing Q with {(a: + 7y x <ty (z,y) €
Q} U {(37 —T,y) x> ty,(z,y) € Q}, that is, moving closer the two disjoint parts of €2, does
not change any of the eigenvalues of {2 and is clearly admissible for the proof of the lemma;
moreover, the property (2.39) of course holds true for this new set. Hence, from now on we
directly assume that (2.39) holds true for €.
Define now # analogously to (2.25) by setting

t = sup {1 <t <t: condition (3) of Lemma 2.11 holds for t} ,

with the convention that, if condition (3) is false for every 1 < ¢ < %, then £ = 1. Again we
define A and B as

A:= {t € (t,%) : condition (1) of Lemma 2.11 holds for t} ,
B:= {t € (,7) : condition (2) of Lemma 2.11 holds for ¢ and m(t) > 0} )
The same argument of the proof of Lemma 2.2 gives then
|A| + |B| < C7 = Cq(k, K, N), (2.40)
and we are going to show the thesis with the choice
Ry =4Cr +8, Ty = 2K/t

being n the constant of Lemma 2.11. We can again subdivide the possible cases for €.
Case I. One hast = 1.
In this case, by (2.39) one has that every 1 < ¢t <t belongs either to A or to B, thus by (2.40)
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t < C7+1; as a consequence, the choice Q = Q satisfies the requirements of the lemma. Indeed,

while the right condition of (2.35) is obviously true, the left one follows just noticing that
W (Q,0,/) = W(Q,0,m) = 7(Q,m) — 7(Q,7 — i) + W(Q, 0,m — m)
m . . - .
< m+ —) — m — — = _
_T(Q,m+ 2> T(Q,m m)—|—W(Q,O,m m) 2t—|—W(Q,O,m m)
<2(Cr+1) + W(Q,o,m—m) .
Case II. One hast > 1.
In this case, again by (2.39) we know that AUDB contains the whole segment (£, ), thus £ < £+C5
by (2.40). If we choose t* € (f — 1,) for which condition (3) holds and define Uy := ﬁ( t*), we
know by construction that |U;| = 1 and A\;(Uy) < Ai(€2) for every 1 <14 < k. As in the proof of
Lemma 2.2, the fact that [Q(t*)| > 1 — Sm > 1/2 ensures that diam(m,(U;)) < 2diam(m,(92))

for each 2 < p < N. On the other hand, concerning the width of Uj, recalling the definition of
Q(t*) and observing that (m — ) }ﬁ(t*)‘ < m — m one finds

W(Ul,o,m—m) - W(ﬁ( *),0,7 — m> - \ﬁ(t*)ﬁw(ﬁ(t*),o, (m—m)@(t*)\)
( <Q (m —m) ‘Q t* D —T(Q(i*),O))
< (52— )| 5 ) —T(Q,o)> = 2w (0,0, (m — ) [3(t")])
< 2W(Q,o,m—m).
Summarizing, we have found that

diam (m,(U7)) W (Uy,0,m — i)

)\1<U1) < )\Z(Q) s

To conclude the inspection of the validity of (2.35), we will again need to consider separately
two subcases.
Case Ila. One hast > 1 and m(t*) < m/2.
In this case, we can quickly observe that
~ 1 ~ ~ ~ m
W (Uy,0,m) = \Q(t*)\‘ﬁw@(t*),o,m\Q(t*)D < 2W<Q(t*),0,m+ % — | ( *)\) (2.42)
<2W(Q,0,m —m) +4(t—t*+1) <2W(Q,0,m —m) +4(C7 +2) ,
and, together with (2.41), this concludes the proof of (2.35) and of the lemma with the choice
Q=0
Case IIb. One has t > 1 and m(t*) > m/2.
Let us conclude with this last case. By Lemma 2.11, in place of (2.41) we have then
diam (,(U1)) <3, W (Uy,0,m — ) <3,

Ai(Ur) < Ai(Q) —n, diam (my () W(Q,0,m—m) ~

which still does not guarantee the validity of (2.35). However, we can apply the construction

above to Uj: if U; is in Case I, then the choice Q = U; concludes the proof; otherwise, there
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exists an open set Uz of unit measure satisfying

diam(ﬂp(Ug)) W(UQ,O,m—ﬁ’L)
dam(m, () =0 W@om—m) - @9

Ai(U2) < Ni(Q) —n,

If Uy is in Case I1a then (2.42) gives
W (Us,0,m) < 2W (U1,0,m —m) 4+ 4(C7 +2) < 4W(Q,0,m —m) +4(C7 +2),

so the choice () = Uy concludes the proof. Instead, if U; is in Case IIb then the first inequality
of (2.43) becomes \;(Uz) < Ai(2) — 2n for every 1 < i < k. The obvious iteration ensures us
that, if the proof has not been obtained after ¢ steps, then there must be some open set Uy
satisfying

W(Ug,O,m - 75\1) <ol
W(Q,0,m—m) ~

diam (7, (Uy)) <ot

Al(UZ) < AZ(Q) - 677’ dlam(ﬁp(Q)) B

Since this is not possible for ¢ > K /n, the iteration must stop at some ¢ < [K/n], and thus we
conclude the proof thanks to the choice of I's. ]

2.3. Proof of Proposition 2.1. We are finally in position to give the proof of Proposition 2.1,

which is now a simple consequence of Lemma 2.2 and Lemma 2.8.

Proof of Proposition 2.1. Let us pick a generic open set Q with A\;x(Q2) < K. Applying Lemma 2.2
to 2, we find a set Fq with

di F
M(E1) < M(9), W(E),0,m) < Ri , diam(my(E1) _
dlam(wp(ﬂ))
for every 2 < p < N. Then, we apply Lemma 2.8 to E; with m = 2m finding E> which satisfies
di E
ME) M), W(E0.2m) < Ryt Toky,  Sam(w(B2)
dlam(ﬂp(Q))

Tterating, for any £ > 3 such that fm < 1— % we apply Lemma 2.8 to Ey_; with m = ¢m finding
E, such that

-1 _ 4

T
N(Ep) < M),  W(E,0,0m) < Rg% + TRy,
-

diam (7, (Ey))

— S KA A
diam (m,(2)) ~ 2 01

Possibly applying a last time Lemma 2.8 with T = 1 — m, we have then found an open set E

satisfying

M(E) S X(@), W(E,0,1 ) < Ry== + T8/ Ry,

diam (Wp(E))
I's—1

[1/m]-1
<T I'y.
diam (7, (€2)) ~ 2 !

Calling E’ the set obtained by reflecting F with respect to the plane {x = 0}, the above estimates
become

plm-1_
M(E') < M(Q), W(E' M, 1) < Ry—2

diam(ﬂp(E’))
I'y—1

[1/m]—1
<T r
diam (7, () ~ 2 b

Y
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so that applying once again Lemma 2.2 to E’ we find a set F} satisfying

di F
MN(F) < A(Q),  diam(m(F1)) = W(F1,0,1) < Ry, M <T;,
diam (7,,(€2))
having set
._ M [1/m]—1 _ ply/ml-1n2
R3:=R; + FlRQﬁ + F1F2 Ry, I's .= F2 I'{.
-

We can now repeat the whole construction, using as starting set Fj in place of 2, and using the

second coordinate in place of the first one. We will end up with a set Fy with
Ai(Fo) < ANi(F1) < Ni(©)) VI<i<k, diam (m2(F»)) < Rs,

and such that for every p # 2 it is diam(m,(F2)) < I'sdiam(m,(F})). In particular, choosing
p = 1 we discover that diam(wl(Fg)) < I'sR3. We have now to iterate also this argument:
for any 3 < j < N we repeat the above construction starting from F;_; and using the j-th

coordinate in the whole procedure, obtaining a set F; which satisfies
AN(Fj) <M(Q) V1<i<k, diam (7, (Fj)) <T4 PRy V1<p<j.

The thesis is then finally obtained by defining Q= Fy, being R := Fév “1Rs. O

3. PROOF OF THEOREM B

This last section is devoted to the proof of Theorem B. For the ease of presentation, we
will begin with a couple of technical lemmas, then pass to the proof of the theorem. The first
simple step of our construction states that functions with bounded Rayleigh quotients cannot

concentrate too much on small regions.

Lemma 3.1. For every m € (0,1] and K > 0 there exists p = p(m,K,N) > 0 such that the
following holds. Let u € WH2(RN) with

/ u?=1, / |Duf? < K .
RN RN

Then for every cube Q@ C RN with half-side p one has

/u2§m.
Q

Proof. Suppose that the claim is not true. Then there exists a sequence {u,} C WH2(RY)

/ ul =1, / |Du,|? < K, / ul >m, (3.1)
RN RN Ql/n

being @, = [—r, 7] the cube of half-side  centered at the origin. By definition, this sequence

satisfying

is bounded in W1’2(RN ), hence up to a subsequence we have that u, weakly converges to some
function v € WH2(R¥Y). In particular, for any ¢ > 0, u,, strongly converges to u in L?(Q.), so
that, thanks to (3.1), one has fQE u? > m. Since this is absurd, the claim follows. O
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The second lemma, which is the core of our proof of Theorem B, ensures that every set with
bounded first eigenvalue can be split into two subregions, each of them having first eigenvalue

not too large.

Lemma 3.2. For every K > 0 there exists K' = K'(K,N) such that, if 2 is an open subset of
RN with M (Q) < K, then there are two disjoint open subsets Qq, Qo of Q with A\ (;) < K’ for
i=1,2.

Proof. We start applying Lemma 3.1 with K and with m = 1/2, thus getting a positive number
p. Let then Q C RY be an open set with A\ (2) < K, and let u € WOI’Q(Q) be a first eigenfunction
of Q with unit L? norm. Extending u by 0 outside €2, we have then by definition

/ u? —/UZ _q, / |Du? —/ Dy < K. (3.2)
RN Q RN Q

Let now ¢t~ < t* be identified by
1
2 _ 2 _
/Q “_/r”_zuv' (3:3)

l
t— t+

We claim that it is possible to assume
th —t= >2p. (3.4)

In fact, if it is not so, this means that there is a vertical stripe of width 2p out of which the
squared L? norm of u is less than 1/(2N) (by “vertical” we mean orthogonal to e;). If this
happens for every direction ey, eo, ..., ey, the intersection of the corresponding stripes is a
square of half-side p out of which the squared L? norm of u is less than 1/2. Since this is in
contradiction with Lemma 3.1, we obtain the validity of (3.4), up to a rotation.

Let us now call t = (t* +¢7)/2, define Q; = QL and Qy = QF, and let 7 € WH2(Q) be
defined as

u(z,y) forx <t—p,
u(z,y) =4 t—z
p

Since u € VVOLQ(Q)7 it is clear that u € W01’2(Ql). Moreover, writing Du = (Dju, Dyu), one has

u(z,y) fort —p<ax<t.

~ t—x 1 t—x
Du(az,y) = (,0 D1U(Cﬂ,y) - ;U(Sﬂ,y), prU(ﬂ%y)>

for every (z,y) € Q1 with x >t — p. As a consequence, minding (3.2) one gets

_ 2 2
/ |Du2§2/ \Du|2+2/ uw? <2K + 5. (3.5)
oN Q e Joy p

On the other hand, recalling (3.4) and (3.3) it is

1
~2 2
u > / ut=—. (3.6)
/Q1 o AN
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Putting together (3.5) and (3.6) one immediately obtains

| 1
A () S R@, M) =21 < 8N(K+ p2> .

931

Finally, we can set K’ = 8N (K + 1/p?): since we have shown that A;(Q) < K’, and since by
symmetry it is also A;(2) < K, the thesis follows. O

We are now in position to prove a first boundedness result of A\; in terms of A1, from which

Theorem B will then readily follow.

Lemma 3.3. For every K > 0 there exists M' = M'(k, K, N) > 0 such that, for all open sets
QC RN, if M(Q) < K then M\ () < M.

Proof. Let us start by setting K1 = K, and then, applying Lemma 3.2, we let recursively
K41 = K'(K;, N) for every [ > 1. Finally, we define M’ = K1, where j is the smallest natural
number such that 27 > k. We will show the claim of the theorem with such constant M’.

To do so, we pick any open set 2 with A\;(Q2) < K = K;. Applying Lemma 3.2 to 2 with
constant K7, we find two disjoint open sets 1, Qy C Q with A\ (Q;) < K'(K1,N) = K for
i =1, 2. Then, we can apply Lemma 3.2 to €21 and )y with constant K», finding four disjoint
subsets 11, Q12, Qo1, Qoo of €2, each of them with first eigenvalue smaller than K3. Continuing
with the obvious induction, we end up with 2/ disjoint open subsets of 2, say Q0 for 1 < i < 27,
having A\ () < Kj4+1 = M’ for each i.

To conclude the thesis, it is thus enough to show that
() < Mg () < max{/\l(ﬂi) L1<i< 2]’} <M, (3.7)

and in fact only the second inequality is to be shown, being the first and the last true by
construction.

To get (3.7), for every 1 < i < 27 let u; be a first eigenfunction of !, again extended by 0
on Q\ ¢, so that

Q i Q Qi

and then R(u;, Q) < M’. Observe that the functions u; are mutually orthogonal (both in the
L? and in the W2 sense) by construction, since they are supported on disjoint sets. Hence, the
linear subspace Ky; of T/VO1 2(Q) spanned by the functions u; for 1 < i < 27 is 2/-dimensional.
Thanks to Theorem 1.2, to prove (3.7) it is enough to show that R(w) < max {A\(Q"): 1 <i <
2j} for every w € Ky;. And in fact, writing the generic function w € Ky; as w = > B;u;, by the
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orthogonality of the different u; one has clearly

Lol e [l Srone [

R(w,Q) = 5 =
Biui B; / uj B7 / uy
J () | 2%,
> n@) [
— Q §max{)\1(ﬂi):1§i§2j}.
S8 [
Q
As noticed before, this gives the validity of (3.7), hence the proof is concluded. O

To obtain Theorem B, we now only need a trivial rescaling argument.

Proof of Theorem B. First of all notice that, by density, it is admissible to consider only the case
of the open sets. We apply Lemma 3.3 with K = 1, so defining M := M'(k,1, N). We will prove
Theorem B with such M. Let Q C RY be an open set, and apply the rescaling formula (1.2)
choosing o = )\1(9)%, thus getting A1 () = 1. By Lemma 3.3, we derive \¢(af2) < M, and
then by (1.2) again we find A\x(Q) = a? (@ Q) < MA(£), thus the proof is concluded. O
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