EXISTENCE OF EULERIAN SOLUTIONS
TO THE SEMIGEOSTROPHIC EQUATIONS IN PHYSICAL SPACE:
THE 2-DIMENSIONAL PERIODIC CASE
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ABSTRACT. In this paper we use new regularity and stability estimates for Alexandrov solutions to
Monge-Ampeére equations, recently estabilished by De Philippis and Figalli [14], to provide global in
time existence of distributional solutions to the semigeostrophic equations on the 2-dimensional torus,
under very mild assumptions on the initial data. A link with Lagrangian solutions is also discussed.

1. INTRODUCTION

The semigeostrophic equations are a simple model used in meteorology to describe large scale
atmospheric flows. As explained for instance in [6, Section 2.2] and [18, Section 1.1] (see also [11] for a
more complete exposition), the semigeostrophic equations can be derived from the 3-d incompressible
Euler equations, with Boussinesq and hydrostatic approximations, subject to a strong Coriolis force.
Since for large scale atmospheric flows the Coriolis force dominates the advection term, the flow is
mostly bi-dimensional. For this reason, the study of the semigeostrophic equations in 2-d or 3-d is
pretty similar, and in order to simplify our presentation we focus here on the 2-dimentional periodic
case, though we expect that our results could be extended to three dimensions.

The semigeostrophic system on the 2-dimensional torus T? is given by

Opuf () + (ue(x) - V)i (z) + Vpy(z) = —Juy () (x,t) € T? x (0,00)

(1'1) ut( ) Jth< ) ( )G T2 [ OO)
V-u(z) =0 (x,t) € T? x [0, c0)
po(z) = p°(x) z e T2

Here p° is the initial datum, J is the rotation matrix given by

0 -1
-3

and the functions u¢ and p; represent respectively the velocity and the pressure, while uf is the so-called
semi-geostrophic wind.! Clearly the pressure is defined up to a (time-dependent) additive constant. In
the sequel we are going to identify functions (and measures) defined on the torus T? with Z2-periodic
functions defined on R2.

Substituting the relation u{ = JVp, into the equation, the system (1.1) can be rewritten as

0y JVpy + JVzptut + Vps+ Jup =0
po =1’

INote that we are using the notation u¢, p:, uf to denote the functions u(t,-), p(t,-), u?(t,-)
1
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with u; and p; periodic.

Energetic considerations (see [11, Section 3.2]) show that it is natural to assume that p; is (—1)-
convex, i.e., the function P;(z) := pi(x) + |z|?/2 is convex on R2. If we denote with Zp2 the (nor-
malized) Lebesgue measure on the torus, then formally? p; := (VP)sZr2 satisfies the following dual
problem (see the Appendix):

Opr +V - (Urpr) =0
( ) =J(z — VP (z))
= (VP)pLr2
( ) = (@) + [z]*/2.

Here P/ is the convex conjugate of P;, namely

P (y) = Sélﬂ@(y -z = Pi(x)).

(1.3)

Notice that, since P(z) — |z|?/2 is periodic,
(1.4) VP(x+h)=VP(z)+h VrecR? hecZ’

Hence VP, can be viewed as a map from T? to T? and pt is a well defined measure on T2. One can
also verify easily that the inverse map V P} satisfies (1.4) as well. Accordingly, we shall understand
(1.3) as a PDE on T?, i.e., using test functions which are Z?-periodic in space.

The dual problem (1.3) is nowadays pretty well understood. In particular, Benamou and Brenier
proved in [6] existence of weak solutions to (1.3), see Theorem 3.1 below. On the contrary, much less is
known about the original system (1.1). Formally, given a solution p; of (1.3) and defining P;* through
the relation p; = (VFP;)y %12 (namely the optimal transport map from p; to Zr2, see Theorem 2.1)
the pair (py, uz) given by3

w5 {pt(w) = Py(a) — |o]?/2
w () = [V P (VP (@) + [V2B)(VPi(@)) T (VPy(x) - )

solves (1.2). However, being P} just a convex function, a priori Vth* is just a matrix-valued measure,
thus as pointed out in [12] it is not clear the meaning to give to the previous equation.

In this paper we prove that (1.5) is a well defined velocity field, and that the couple (p;,u¢) is a
solution of (1.1) in a distributional sense. In order to carry out our analysis, a fundamental tool is a
recent result for solutions of the Monge-Ampere equation, proved by the third and fourth author in
[14], showing Llog" L regularity on V2P; (see Theorem 2.2(ii) below).

Thanks to this result, we can easily show that the second term appearing in the definition of the
velocity uy in (1.5) is a well defined L' function (see the proof of Theorem 1.2). Moreover, following
some ideas developed in [17] we can show that the first term is also L!, thus giving a meaning to
uy (see Proposition 3.3). At this point we can prove that the pair (p;, u;) is actually a distributional

2Given a measure won T? and a Borel map f: T? — T2, we define the measure fiu through the relation

[ nwdfents) = [ (@) dua)

3Because of the many compositions involved in this paper, we use the notation [9; f](g) (resp. [Vf](g)) to denote the
composition (9 f) o g (resp. (Vf) o g), avoiding the ambiguous notation 0 f(g) (resp. Vf(g))
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solution of system (1.2). Let us recall, following [12], the proper definition of weak Eulerian solution
of (1.2).

Definition 1.1. Let p : T? x (0,00) — R and u : T2 x (0,00) — R2. We say that (p,u) is a weak
Eulerian solution of (1.2) if:
- |Jul € L*((0,00), L}Y(T?)), p € L>((0,00), Wh*(T?)), and ps(x) + |z|>/2 is convex for any
t > 0;
- For every ¢ € C°(T? x [0,00)), it holds

(1.6) /0 h /T V) {n(a) + ) - Vo)) — { Imule) + Jue) }oul) do e

+/ JVpo(z)¢o(z) dx = 0;
T2
- For a.e. t € (0,00) it holds
(1.7) Vi(x) - u(xz)dr =0 for all ¢ € C°(T?).
T2

We can now state our main result.

Theorem 1.2. Let pg : R? — R be a Z*-periodic function such that po(z) + |z|>/2 is convex, and
assume that the measure (Id + Vpg)y 2L 2 is absolutely continuous with respect to £? with density po,
namely

(Id + Vpo)sL* = poL2.
Moreover, let us assume that both py and 1/pg belong to L>=(R?).

Let p; be the solution of (1.3) given by Theorem 3.1 and let P; : R? — R be the (unique up to
an additive constant) convex function such that (VP.)3yL* = p.? and Pi(z) — |x|?/2 is Z*-periodic,
P; :R? — R its convex conjugate.

Then the couple (pt,ut) defined in (1.5) is a weak Eulerian solution of (1.2), in the sense of Defi-
nition 1.1.

Although the vector field u provided by the previous theorem is only L!, as explained in Section 5
we can associate to it a measure-preserving Lagrangian flow. In particular we recover (in the particular
case of the 2-dimensional periodic setting) the result of Cullen and Feldman [12] on the existence of
Lagrangian solutions to the semigeostrophic equations in physical space.

The paper is structured as follows: in Section 2 we recall some preliminary results on optimal
transport maps on the torus and their regularity. Then, in Section 3 we state the existence result of
Benamou and Brenier for solutions to the dual problem (1.3), and we show some important regularity
estimates on such solutions, which are used in Section 4 to prove Theorem 1.2. In Section 5 we prove
the existence of a “Regular Lagrangian Flow” associated to the vector field u provided by Theorem
1.2. Finally, in Section 6 we list some open problems. For completenes, in the Appendix we show the
formal computation used to obtain (1.3) from (1.2).

Acknowledgement. L.A., G.D.P., and A.F. acknowledge the support of the ERC ADG GeMeThNES.
A F. was also supported by the NSF Grant DMS-0969962.

2. OPTIMAL TRANSPORT MAPS ON THE TORUS AND THEIR REGULARITY

The following theorem can be found in [10] (see for instance [14, Section 2] for the notion of
Alexandrov solution of the Monge-Ampere equation).
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Theorem 2.1 (Existence of optimal maps on T?). Let y and v be Z?-periodic Radon measures on R?
such that p([0,1)2) = v([0,1)?) = 1 and p = p£L? with p > 0 almost everywhere. Then there exists a
unique (up to an additive constant) convex function P : R? — R such that (VP)yu = v and P — |z|?/2
is Z2-periodic. Moreover

(2.1) VP(z+h)=VP(z)+h  foraexcR? VhecZ?

V2

2

In addition, if p = pL?, v = 0.2, and there exist constants 0 < X < A < oo such that A < p,o < A,
then P is a strictly convex Alexandrov solution of

(2.2) |VP(z) — x| < diam(T?) = fora.e.z € R?.

det V2P(z) = f(z), with f(x) = J(ég()m))'

Proof. Existence of P follows from [10]. To prove uniqueness we observe that, under our assumption,
also p*(y) := P*(y) — |y|?/2 is Z*-periodic. Hence, since

P(z) = sup z -y — P*(y),
yeR?

we get that the function p(z) := P(z) — |z|?/2 satisfies

_ 2 2
p(e) = sup (- Wt ey 4 0

JER? 2
ly + h — x|?
= - P (y+h )
yes[légP :égé ( 2 b (y )
d2s (2, y)
_ _ o2\ I)

where drp2 is the quotient distance on the torus, and we used that p*(y) is Z?-periodic. This means
that the function p is d%g—convex, and that p* is its d%Q—transform (see [20, Chapter 5]). Hence
VP = Id + Vp : T?> — T? is the unique (u-a.c.) optimal transport map sending u onto v ([19,
Theorem 9]), and since p > 0 almost everywhere this uniquely characterizes P up to an additive
constant. Finally, all the other properties of P follow from [10]. O

Combining the previous theorem and the known regularity results for strictly convex Alexandrov
solutions of the Monge-Ampere equation (see [7, 8, 9, 10, 14, 16]) we have the following:

Theorem 2.2 (Space regularity of optimal maps on T?). Let u = p.£?, v = 0.%2, and let P be as in
Theorem 2.1 with fTQ Pdx =0. Then:

(i) P € CYP(T?) for some B = B(A\,A) € (0,1), and there exists a constant C = C(\, A) such that
[Pllgre < C.
(ii) P € W2Y(T?), and for any k € N there exists a constant C = C(\, A, k) such that

/ IV2P|logh |V2P|dz < C.
']1'2
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(iii) If p, ¢ € CF*(T?) for some k € N and a € (0,1), then P € C*2%(T?) and there exists a
constant C' = C (N, A, ||pllck.a, ||o|lcka) such that

Hp”ck+2,a S C

Moreover, there exist two positive constants ¢1 and ca, depending only on A, A, ||p||co.«, and
llo||co.a, such that

c1ld < V2P(z) < cold V€T

3. THE DUAL PROBLEM AND THE REGULARITY OF THE VELOCITY FIELD

In this section we recall some properties of solutions of (1.3), and we show the L! integrability of
the velocity field u; defined in (1.5).

We know by Theorem 2.1 that p; uniquely defines P, (and so also P;*) through the relation
(VP)sZr2 = p up to an additive constant. We have the following result (see [6, 12]):

Theorem 3.1 (Existence of solutions of (1.3)). Let Py : R? — R be a convex function such that
Py(z) — |z|?/2 is Z*-periodic, (VPy)yLr> < £2, and the density py satisfies 0 < X\ < pg < A <
oo. Then there exist convex functions Py, P} : R? — R, with Pi(x) — |x?/2 and P (y) — |y|*/2
periodic, uniquely determined up to time-dependent additive constants, such that (VPt)ti.,Sf2 = pL2,
(VP )pr = Lr2. In addition, setting Uy(x) = J(x — VP (x)), pt is a distributional solution to (1.3),
namely

(3.1) //T {oor(@) + Viu(a) - Uy(a) b pu(a) dr it + /T o(z)po(x) dz = 0

for every p € C°(R? x [0,00)) Z2-periodic in the space variable.
Finally, the following regularity properties hold:
(i) A< pr <A
(i) prL? € C([0,00), Py(T?));*
(111) Pt - J£T2Pt7 P;< - JC’]I?Pt* = LOO([O7 00)7 Wli)fo(R2)) N C([()? 00)7 VV]})Z(R2)) fO’f’ EVETY T € [17 OO);
(i) 1Tl < V2/2.

To be precise, in [6, 12] the proof is given in R3, but actually it can be rewritten verbatim on the
2-dimensional torus, using the optimal transport maps provided by Theorem 2.1. Observe that, by
Theorem 3.1(ii), t > p;.£? is weakly continuous, so p; is a well-defined function for every t > 0.

Further regularity properties of VP, and V P} with respect to time will be proved in Propositions 3.3
and 3.6.

In the proof of Theorem 1.2 we will need to test with functions which are merely W', This is
made possible by the following lemma.

Lemma 3.2. Let p; and P, be as in Theorem 3.1. Then (3.1) holds for every ¢ € WH1(T? x [0, 00))
which is compactly supported in time. (Now @o(x) has to be understood in the sense of traces.)

Proof. Let @™ € C°°(T? x [0,00)) be strongly converging to ¢ in Wb, so that g converges to (g in
L'(T?). Taking into account that both p; and U; are uniformly bounded from above in T? x [0, o0),
we can apply (3.1) to the test functions ¢™ and let n — oo to obtain the same formula with . i

4Here P, (']1‘2) is the space of probability measures on the torus endowed with the weak topology induced by the
duality with C(T?)
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The following proposition, which provides the Sobolev regularity of ¢t — VP, is our main technical
tool. Notice that, in order to prove Theorem 1.2, only finiteness of the left hand side in (3.2) would be
needed, and the proof of this fact involves only a smoothing argument, the regularity estimates of [14]
collected in Theorem 2.2(ii), and the argument of [17, Theorem 5.1]. However, the continuity result
in [15] allows to show the validity of the natural a priori estimate on the left hand side in (3.2).

Proposition 3.3 (Time regularity of optimal maps). Let p and P; be as in Theorem 3.1. Then
VP € WEH(T? x [0, 00); R2), and for every k € N there exists a constant C(k) such that, for almost

loc

every t > 0,
62 [ mavP g (5P do

< C(k) </2 pi| V2P| 10g3f(|V2Pt*|) dx + ess SUp (pt|Ut|2) /2 V2P| dac) :
T T T

To prove Proposition 3.3, we need some preliminary results.

Lemma 3.4. For every k € N we have

k k
(3.3) ablogh (ab) < 2871 [<€> + 1| b2 4 23142 log?*(a) V(a,b) € RT x RT.

Proof. From the elementary inequalities

k
log, (ts) < log, (t) +1log,(s), (t+s)" <2871tk 4 s%), logh(t) < (i) t

which hold for every t, s > 0, we infer
b k
ablog’i(ab) < ab [logJr <a> + 210g+(a)]
< 2k 1gp [logi (b> + 2k 10gi(a)}
a

k k
< okt [(e) v’ + 2kablogi(a)]

AN _
< ok-1 [(e) b2 + b2 + 22012 logik(a)] )

which proves (3.3). O

Lemma 3.5 (Space-time regularity of transport). Let k € NU {0}, and let p € C°°(T? x [0,00)) and
U € C®(T? x [0,00); R?) satisfy
0<A<p(r) <A <o V(x,t) € T? x [0, 00),
(9tpt + V- (Utpt) =0 m ’]IQ X [0, OO),
and sz pedx =1 for allt > 0. Let us consider convex conjugate maps P; and P} such that Pi(x) —
|z|2/2 and P (y) — |y|*/2 are Z*-periodic, (VP )ypr = L2, (V)3 L2 = pr. Then:
(i) P} — fr2P7 € Lipioc([0, 00); C¥(T?)) for any k € N.
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(ii) The following linearized Monge-Ampére equation holds:
(3.4) V- (p(V2PF) 'OV P) = =V - (pUy).

Proof. Let us fix T' > 0. From the regularity theory for the Monge-Ampere equation (see Theorem 2.2)
we obtain that P, € C°°(R?), uniformly for ¢ € [0,7], and there exist universal constants c;, cz > 0
such that

(3.5) cild < V2Pr(z) < cold Y (z,t) € T? x [0,T].

Since VP; is the inverse of VP, by the smoothness of P; and (3.5) we deduce that P} € C*°(R?),
uniformly on [0, 7.

Now, to prove (i), we need to investigate the time regularity of P;" — JCTQ Py. Moreover, up to adding
a time dependent constant to P;, we can assume without loss of generality that ng Py =0 for all ¢.
By the condition (VP});p; = L2 we get that for any 0 < s,¢t < T and z € R? it holds

ps(x) — pi(x) _ det(V2P;(x)) — det(V2P/ (x))

s—t s—1
(36) 2 1 %
0 det 0; P, — 0i; P}
-y ( (rV2PE (@) + (1 - 1) V2P () d7> LACIEAC)
= \Vo 0Eij s—t
Given a 2 x 2 matrix A = (§;)i j=1,2, we denote by M(A) the cofactor matrix of A. We recall that
Odet(A)
3.7 —— = M;;(A),
(3.7 5 = M)
and if A is invertible then M (A) satisfies the identity
(3.8) M(A) = det(A) A~
Moreover, if A is symmetric and satisfies c1/d < A < ¢old for some positive constants ¢y, co, then
c? 3
(3.9) 21d < M(A) < 21d.
C2 c1

Hence, from (3.6), (3.7), (3.5), and (3.9), it follows that

_ 2 1 P* — p*
(3.10) ) (/ My (V2P + (1 — T)Vth*)d7'> &0(5 : >
0

s—1 > s—t
i,5=1

with
2 1 3
“rg< / My (7V2P! + (1 — 1)V P}) dr < 21d
C2 0

c1
Since V2P;} is smooth in space, uniformly on [0, 7], by classical elliptic regularity theory® it follows
that for any k € N and a € (0,1) there exists a constant C := C(|[(ps — pr) /(s — 1)|| cr.0 (12 x[0,77)) SUCh
that

< C.

Ck+2,0(T2)

HPQ‘ (z) = P (z)
s —t

Note that equation (3.6) is well defined on T? since Py — P is Z*-periodic. We also observe that P;' — P} has average
zero on TZ.
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This proves point (i) in the statement. To prove the second part, we let s — ¢ in (3.10) to obtain

2
(3.11) Oipr = Y My(V2Pf (x)) 0,0; P ().
ij=1
Taking into account the continuity equation and the well-known divergence-free property of the co-
factor matrix

> OiMy(VPPr(x) =0,  j=12,
we can rewrite (3.11) as Z
- (Uipr) = Z 0:i(Mij (V2 P/ (2)) 0,0, P/ (x)).
ij=1
Hence, using (3.8) and the Monge-Ampere equation det(V2P;) = p;, we finally get (3.4). O

Proof of Proposition 3.3. We closely follow the proof of [17, Theorem 5.1], and we split the proof in
two parts. In the first step we assume that

(3.12) pr € C°(T? x R), Uy € C®(T? x R;R?),
(3.13) 0<A<p <A<oo,

(3.14) Oopr +V - (Upr) = 0,

(3.15) (VP)3Lr2 = pr e,

and we prove that (3.2) holds for every ¢t > 0. In the second step we prove the general case through
an approximation argument.

Step 1: The regular case. Let us assume that the regularity assumptions (3.12), (3.13), (3.14),
(3.15) hold. Moreover, up to adding a time dependent constant to P;, we can assume without loss of
generality that [, P = 0 for all ¢ > 0, so that by Lemma 3.5 we have 9, P} € C>(T?). Fix t > 0.
Multiplying (3.4) by 0,P; and integrating by parts, we get

[ ol pr o P o= [ pdvE; (VPO E ds

(3.16) T T

= — /2 ptatvpt* . Ut dx.
T

(Since the matrix V2P,*(x) is nonnegative, both its square root and the square root of its inverse are

well-defined.) From Cauchy-Schwartz inequality it follows that the right-hand side of (3.16) can be
rewritten and estimated with

— / p OV PF - (V2P TY2(V2P)Y2U, da
T2

1/2 1/2
< </ pt|(v2Pt*)fl/28tVPt*‘2 dm) </ pt|(v2Pt*)1/2Ut|2 dx> )
T2 T2

Moreover, the second factor in the right-hand side of (3.17) can be estimated with

(3.17)

(3.18) /tht-V2Pt*Utd:c§max(pt|Ut2)/ |V2P}| da.
T2 T2 T2
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Hence, from (3.16), (3.17), and (3.18) it follows that
(3.19) [, ol(@2 B 20 PP do < max (nlUP) [ [92F7do.
T2 T2

We now apply Lemma 3.4 with a = |[(V2P})Y?| and b = |[(V2P;)"Y20,VP*(x)| to deduce the
existence of a constant C'(k) such that

0V P, 1ogh (1,9 P} ) < C (k) (I(V2P) 2P 1083 (V2P Y2 P) + (V2 P)) 20,9 Py 2)
= C(k) (I92P N1og2 (V2P ) + |(V2P) 20,V P )
Integrating the above inequality over T? and using (3.19), we finally obtain

/ PO P logk (09 Py ) da

T

(3.20) < C(k) (/2 pi| V2P| log?*(|V2 P |) dx + /2 P (V2P 129,V Py ? dm)
T T

< ) ([, TP o (72 71) do -+ mg (i) [ (9271 d )

which proves (3.2).

Step 2: The approximation argument. First of all, we extend the functions p; and U; for t < 0 by
setting p; = po and U; = 0 for every ¢t < 0. We notice that, with this definition, p; solves the continuity
equation with velocity U; on R? x R.

Fix now o1 € C®(R?), o2 € C°(R), define the family of mollifiers (0™),en as o"(z,t) =
n3o1(nz)oz(nt), and set

plti=pxo”, U(m).—W.
Since A < p < A then
A< pt <A

Therefore both p™ and U™ are well defined and satisfy (3.12), (3.13), (3.14). Moreover for every ¢ > 0
the function p} is Z2-periodic and it is a probability density when restricted to (0,1)? (once again we
are identifying periodic functions with functions defined on the torus). Let P/ be the only convex
function such that (VP/");£? = p} and its its convex conjugate P/™* satisfies [, P/** = 0 for all
t > 0. Since p! — p; in LY(T?) for any ¢ > 0 (recall that, by Theorem 3.1(ii), p; is weakly continuous
in time), from standard stability results for Alexandrov solutions of Monge-Ampere (see for instance
[15]) it follows that

(3.21) VP™ VP  in L(T?)

for any ¢ > 0. Moreover, by Theorems 2.1 and 2.2(ii), for every k € N there exists a constant
C :=C(M\ A, k) such that

[ IvR R ogh (V2R o < €
T2
and by the stability theorem in the Sobolev topology estabilished in [15, Theorem 1.3] it follows that

(3.22) L AT P o (V2R do = [ VPP ogh (9P
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(3.23) / V2P| da — / |V2P/| da.
T2 T2
Finally, since the function (w,t) — F(w,t) = |w|?/t is convex on R? x (0,00), by Jensen inequality
we get
(3.24) 1P U" Plloc = 1F (0" U™, p™") oo < (121U o0

Let us fix T > 0 and ¢ € C2°((0,7)) nonnegative. From the previous steps and Dunford-Pettis
Theorem, it is clear that ¢(t)pld,V P** weakly converge to ¢(t)p 0,V P; in L'(T? x (0,T)). Moreover,

since the function w ]w|log’j_(|w\ /r) is convex for every r € (0,00) we can apply loffe lower
semicontinuity theorem [1, Theorem 5.8] to the functions ¢(t)pf0;V P and ¢(t)p} to infer

(3.25)
T T

/ 6(1) / 00V Py logh (19,V P} ) do dit < lim inf / 6(1) / oR18Y PP logh (10,7 P*)) d dt.
0 T2 n—oo Jo T2

By Step 1 we can apply (3.2) to p},U*. Taking (3.22), (3.23), (3.24) and (3.25) into account, by
Lebesgue dominated convergence theorem we obtain

T
| o) [ ploivptogt (ov ;) do
0 T

T
<0 [ o0 ([ V2 1o (92 P71) do -t esssup (o) [ 192871 d ) .
0 T2 T2 T2
Since this holds for every ¢ € C2°((0,7")) nonnegative, we obtain the desired result. O

It is clear from the proof of Proposition 3.3 that the particular coupling between the velocity field
U and the transport map P; is not used. Actually, using Theorem 2.2(ii) and [15, Theorem 1.3],
and arguing again as in the proof of [17, Theorem 5.1], the following more general statement holds
(compare with [17, Theorem 5.1, Equations (27) and (29)]):

Proposition 3.6. Let p; and vy be such that 0 < X\ < py < A < 0o, v € L (T? x [0, 00),R?), and
Opr + V- (vepr) = 0.

Assume that fTQ pedx =1 for all t > 0, let P, be a convex function such that
(VP)3Lr2 = pe Ly,

and denote by P; its convex conjugate.
Then VP, and VP belong to I/Vli)’cl(']l“2 x [0,00);R?). Moreover, for every k € N there exists a
constant C(k) such that, for almost every t > 0,

3:26) [ plo P 1ogk (9,9 F) da

<) ([ TP 10 (V27T o+ esssup (ao?) [ 192 ).
T T T

(3.27) / 0,V P, logk 10,V Py]) da
']1*2

< C(k) (/]1‘2 V2P| logik(|V2Pt|)dx +esssjlrl2p (pt|yt’2) /T2 IV2Py| dm) .
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Proof. We just give a short sketch of the proof. Equation (3.26) can be proved following the same
line of the proof of Proposition 3.3. To prove (3.27) notice that by the approximation argument in
the second step of the proof of Proposition 3.3 we can assume that the velocity and the density are
smooth and hence, arguing as in Lemma 3.5, we have that P;, P} € Lip.([0,00),C*(T?)). Now,
changing variables in the the left hand side of (3.19) we get

(3.28) /T 2

Taking into account the identities

B 2
(VP E)) @V PNV do < max (pluil) [ [92F|da.
T

1

[V2P(VP) = (V2P)~ and [0, VP|(VP) + [V2P(VP)9, VP, =0

which follow differentiating with respect to time and space VP o VP, = Id, Equation (3.28) becomes

(V2P)~Y20,V P, dz < max (pt\vtlz)/ V2P| da
T2 T2 T2

At this point the proof of (3.27) is obtained arguing as in Proposition 3.3. O

4. EXISTENCE OF AN EULERIAN SOLUTION

In this section we prove Theorem 1.2.

Proof of Theorem 1.2. First of all notice that, thanks to Theorem 2.2(i) and Proposition 3.3, it holds
|V2Py|, |8;VP}| € L2 ([0, 00), L' (T?)). Moreover, since (VP;)y %2 = p1. %2, it is immediate to check

the function v in (1.5) is well-defined® and |u| belongs to L ([0, 00), L'(T?)).

loc
Let ¢ € C(R? x [0,00)) be a Z2?-periodic function in space and let us consider the function

¢ : R? x [0,00) — R? given by

(4.1) ei(y) = J(y = VP (y)oe(VE (y)).

By Theorem 2.1 and the periodicity of ¢, ¢;(y) is Z?-periodic in the space variable. Moreover ¢y
is compactly supported in time, and Proposition 3.3 implies that ¢ € WH1(R? x [0,00)). So, by
Lemma 3.2, each component of the function ¢;(y) is an admissible test function for (3.1). For later
use, we write down explicitly the derivatives of ¢:

Orpr(y) = —=JO VP (y) o (VP (y) + J(y — VP (y))[0epe] (VP (y))+
(4.2) +J(y — VP ) ([Véd (PF(y)) - VP (y)),
Vi(y) = J(Id = V2P (y) (VP (y) + J(y — VP (y) @ ([VI 6 (Pf (y)) V2P (y))-

Taking into account that (VFP)y 212 = pyZ12 and that [VP}|(VP(z)) = x almost everywhere, we
can rewrite the boundary term in (3.1) as

(43) L ey = [ HVPw) —aon(e)dz = | IVmla)on(e) de

6Note that the composition of V2P; with VP; makes sense. Indeed, by the conditions (VP L2 = prLre < L2,
if we change the value of V2P; in a set of measure zero, also [V2P;](V P;) will change only on a set of measure zero.
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In the same way, since U(y) = J(y — VP (y)), we can use (4.2) to rewrite the other term as
(4.4)
o0
| [ (et + Vet - v ot dy

T2
/ /T {0V RG@)du(a) + (T P(w) — 2)10u(x)
+J(VP(z) — 2) (Véu(x) - [0,V PN (VP(2)))
+ [J(Id — V2P;(VPi(2)))¢t(x) + J(VPi(x) — 2) @ (VI ¢e(2) V2P (VPi(2)))] T (VPi(x) — x)} dzx dt

which, taking into account the formula (1.5) for u, after rearranging the terms turns out to be equal
to

(4.5) /0 h /T {IVn) @1n(a) + ) - V(@) + (~Tpil) — Juale)) b1 ()} da it

Hence, combining (4.3), (4.4), (4.5), and (3.1), we obtain the validity of (1.6).
Now we prove (1.7). Given ¢ € C°(0,00) and a Z?-periodic function 1 € C°°(R?), let us consider
the function ¢ : R? x [0,00) — R defined by

(4.6) er(y) = o) V(VE(y)).
As in the previous case, we have that ¢ is Z2-periodic in the space variable and ¢ € W1(T? x [0, 00)),
S0 we can use ¢ as a test function in (1.7). Then, identities analogous to (4.2) yield

OZ/OOO/TQ (9v01(y) + Vor(y) - Us(y)} pe(y) dy dt

_ /OOO &(t) /T () da dt

+ / o) / {vw(x) VP (VP(x)) + V() V2P (VPy(2)) T (VPy(z) — x)} dz dt
0 T2

= /oo o) | Vi(z) - u(x)dxdt.
0 T2

Since ¢ is arbitrary we obtain
/ Vi(x) - u(x)de =0 for a.e. t > 0.
T2

By a standard density argument it follows that the above equation holds outside a negligible set of
times independent of the test function v, thus proving (1.7). O

5. EXISTENCE OF A REGULAR LAGRANGIAN FLOW FOR THE SEMIGEOSTROPHIC VELOCITY FIELD
We start with the definition of Regular Lagrangian Flow for a given vector field b, inspired by [2, 3]:

Definition 5.1. Given a Borel, locally integrable vector field b : T? x (0,00) — R?, we say that a
Borel function F : T2 x [0,00) — T? is a Regular Lagrangian Flow (in short RLF) associated to b if
the following two conditions are satisfied.

(a) For almost every z € T2 the map ¢ — F(z) is locally absolutely continuous in [0, 00) and

(5.1) Fi(z) == +/0 bs(Fs(x))dz vt € [0, 00).
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(b) For every t € [0,00) it holds (F}) 4 %12 < C %2, with C € [0, 00) independent of ¢.

A particular class of RLFs is the collection of the measure-preserving ones, where (b) is strengthened
to

(Ft)#g'ﬂﬂ - "ZTQ Vt Z 0

Notice that a priori the above definition depends on the choice of the representative of b in the
Lebesgue equivalence class, since modifications of b in Lebesgue negligible sets could destroy condition
(a). However, a simple argument based on Fubini’s theorem shows that the combination of (a) and
(b) is indeed invariant (see [2, Section 6]): in other words, if b = b a.e. in T? x (0, 00), then every RLF
associated to b is also a RLF associated to b.

We show existence of a measure-preserving RLF associated to the vector field u defined by

(5:2) u(x) =[OV P (VP(2)) + [V PV Fi(2))J (VP(2) — 2),

where P; and P} are as in Theorem 1.2. Recall also that, under these assumptions, |u| € L2 ([0, 00), L*(T?)).
Existence for weaker notion of Lagrangian flow of the semigeostrophic equations was proved by
Cullen and Feldman, see [12, Definition 2.4], but since at that time the results of [14] were not
available the velocity could not be defined, not even as a function. Hence, they had to adopt a more
indirect definition. We shall prove indeed that their flow is a flow according to Definition 5.1. We

discuss the uniqueness issue in the last section.

Theorem 5.2. Let us assume that the hypotheses of Theorem 1.2 are satisfied, and let P; and P} be
the convex functions such that

(VPt)ﬁD%']l‘2 = pt-Lr2, (VPt*)ﬁpt.i”p = L.

Then, for u; given by (5.2) there exists a measure-preserving RLF F associated to u;. Moreover F
is invertible in the sense that for all t > 0 there exist Borel maps Fy* such that F}(Fy) = Id and
Fy(FY) = Id a.e. in T2,

Proof. Let us consider the velocity field in the dual variables Uy(z) = J(z — VP (x)). Since Py
is convex, U; € BV(T? R?) uniformly in time (actually, by Theorem 2.2(ii) U, € W11(T?;R?)).
Moreover U, is divergence-free. Hence, by the theory of Regular Lagrangian Flows associated to BV
vector fields [2, 3], there exists a unique’” measure-preserving RLF G : T? x [0, 00) — T? associated to
U.

We now define®

(5-3) Fi(y) == VP (G(VFPo(y)))-

The validity of property (b) in Definition 5.1 and the invertibility of F' follow from the same arguments
of [12, Propositions 2.14 and 2.17]. Hence we only have to show that property (a) in Definition 5.1
holds.

Let us define Q™ := B % ¢", where B is a Sobolev and uniformly continuous extension of VP*
to T? x R, and ¢” is a standard family of mollifiers in T? x R. It is well known that Q" — VP*

"The uniqueness of Regular Lagrangian Flows has to be understood in the following way: if G1, G2 : T2 x [0, 00) — T2
are two RLFs associated to U, then the integral curves Gi(-,z) and Go(-,z) are equal for .Z>-a.e. w.

80bserve that the definition of F makes sense. Indeed, by Theorem 2.2(i), both maps VP, and VFP; are Holder
continuous in space. Morever, by the weak continuity in time of ¢ — p; (Theorem 3.1(ii)) and the stability results for
Alexandrov solutions of Monge-Ampere, VP* is continuous both in space and time. Finally, since (VPy)s L2 < ZLp2, if
we change the value of G in a set of measure zero, also F' will change only on a set of measure zero.



14 L. AMBROSIO, M. COLOMBO, G. DE PHILIPPIS, AND A. FIGALLI

locally uniformly and in the strong topology of Wﬁ)cl (T2 x [0, 00)). Thus, using the measure-preserving
property of Gy, for all T > 0 we get

T
0=t [ [ {iQr-vEri+0Qr - av e+ 1vQr - V2| fdya
T 0

n—oo

T
— lim / / {1Q1(G) = VPG| + 0071 — [0V PG| + IV QEN(Gr) — [V2P)(G)l  dadt.
T2 Jo

n—oo

Up to a (not re-labeled) subsequence the previous convergence is pointwise in space, namely, for almost
every x € T2,

T
/O {IQ?(Gt(w)) — VE (Gi(2))| + [[0:Q¢1(Gi(2)) = [0, VE[](Gi ()]

+[VQFI(Gi(@) ~ VBN (Crla))] } dt — 0.

(5.4)

Hence, since GG is a RLF and by assumption
(VPO).,%’]I‘Q L L2,

for almost every y we have that (5.4) holds at = = VPy(y), and the function ¢ — G¢(x) is absolutely
continuous on [0, T, with derivative given by

d .
%Gt(x) =U(Gi(x)) = J(Gi(z) — VP (Ge(2))) for a.e. t € [0,T].

Let us fix such an y. Since Q™ is smooth, the function Q7 (G(x)) is absolutely continuous in [0, T
and its time derivative is given by

L Q) = DG + [VQN(Cl) T (Gala) — VP (Gal))).
Hence, since J(G(x) — VP (Gt(x))) = U(G¢(x)) is uniformly bounded, from (5.4) we get
(5.5)
Jim S (QEG)) = DV EGw) + [T RGU) I (Gala) = B Gala))) = wly)  in LH0.T)

Recalling that
lim Q}(Gu(x)) = VE{(Gile) = F(y)  Vtel0.T],

we infer that F(y) is absolutely continuous in [0,7] (being the limit in W%1(0,7) of absolutely
continuous maps). Moreover, by taking the limit as n — oo in the identity

td
Q1 (Gila)) = Q4(Gola)) + [ T (QHG(a) ar.
thanks to (5.5) we get
t
(5.6) Fi(y) = Foly) + /0 vr(y) dr.
To obtain (5.1) we only need to show that v:(y) = u:(F¢(y)), which follows at once from (5.2), (5.3),

and (5.5).
O
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6. OPEN PROBLEMS

In this short section we point out some open problems. The first one is of course uniqueness for the
Cauchy problem, both at the level of (1.3) and at the level of (1.2). Let us point out that a priori the
two problems are not equivalent, because we proved that solutions to (1.3) induce solutions to (1.2),
but at the moment the converse implication is only formal (see the Appendix).

Another open question is the uniqueness of the regular Lagrangian flow associated to u. Uniqueness
is known, thanks to the results in [2], for the flow G in the dual variables with velocity U(y) =
J(y—V P (y)); actually, in light of the L log® L Sobolev regularity of U, even the quantitative stability
results of [13] are by now available for G. We were able in the previous section to prove that flows
Gy of U induce flows F} of u, via the transformation F; = VP o Gy o VFy. However, our proof used
the boundedness of U, an information we do not have when we try to reverse the implication, namely
that regular Lagrangian flows F' of u induce regular Lagrangian flows G of U via the transformation
G = VP, 0 F; o VFj. This question could be settled, at least in the class of measure-preserving
Lagrangian flows, if the following conjecture had a positive answer:

Conjecture. Let f € WH((0,7) x T%;R?) N C([0,T] x T?;R?), and let H; be a measure-preserving
Lagrangian flow relative to b. Assume that

(6.1) [0cf1)(Hy(2)) + [V £1] (He ()b (Hy (2)) € L0, T) for a.e. x € T2
Then for a.e. x € T? the map t + f;(Hy(z)) is absolutely continuous.

In our case, f = VP and H; is a measure-preserving flow associated to b = u; with these choices,
the term in (6.1) is equal to Uy(x), so it is even bounded, even though the summands in the expression
might be unbounded.

We remark that if we assume that f € W14 for some ¢ > 1, and that
T d p T » q
/11‘2/0 &Ht(x) dtdaz—/T2/0 |bt(x)‘ dtdx < oo, p—ﬁ,
then a simple approximation argument based on convolving f with smooth convolution kernels, as the
one used in the proof of Theorem 5.2, provides a positive answer to the above conjecture. (This result
can also be seen as a particular case of the general theory of weak gradients and absolute continuity
along curves recently developed in [4, 5]. However, if f is not continuous, one needs to replace f with
a suitable “precise representative” in its Lebesgue equivalence class.) Observe that, in this latter case,
(6.1) is automatically satisfied by Young inequality.

APPENDIX A. FROM PHYSICAL TO DUAL VARIABLES

For completeness, we formally show how the dual equation (1.3) is derived from system (1.2). Taking
into account the definition of P, the identities J? = —Id, Vp:(y)+y = VP:i(y), Vp:(y)+1d = V2 Pi(y)
and the fact that u; is divergence-free, for every test function ¢ we obtain

% - o(z)dpi(x) = jt/w o(VP(y))dy = /'[r2 Vo (VP(y)) - %th(y) dy

=~ |, VelVRw) - {(Vno) + Idyualy) = IVmulo) } dy

= /T V[e(VR)] - uly) dy + |, Ve(VEW) - J(VP(y) —y)dy

= [ Vo) J(x = VP (x))dp(z) =/ Ve(z) - Up(x) dpi(x).
T2 T2
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Notice that this formal derivation holds independently of u (only the divergence-free condition of u

is needed), and that u does not appear explicitly in (1.3).
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