A VISCOSITY-DRIVEN CRACK EVOLUTION
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ABSTRACT. We present a model of crack growth in brittle materials which couples dis-
sipative effects on the crack tip and viscous effects. We consider the 2-dimensional
antiplane case with pre-assigned crack path, and firstly prove an existence result for a
rate-dependent evolution problem by means of time-discretization. The next goal is to
describe the rate-independent evolution as limit of the rate-dependent ones when the
dissipative and viscous effects vanish. The rate-independent evolution satisfies a Grif-
fith’s criterion for the crack growth, but, in general, it does not fulfil a global minimality
condition; its fracture set may exhibit jump discontinuities with respect to time. Under
suitable regularity assumptions, the quasi-static crack growth is described by solving a
finite-dimensional problem.
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1. INTRODUCTION

The importance in applications of understanding and predicting how cracks develop in
fractured elastic materials has driven the attention on the mathematical side of the issue.
Already at the beginning of the 20'* century, Griffith [9] proposed an energetic model, based
on the idea that the crack grows if the release of stored energy is larger than the energy
dissipated by the crack creation.

In this paper we study the problem of crack growth in the antiplane case with a prescribed
crack path I' = {y(c) : 0 € [0, L]} in a domain Q C R?. With the same setting, Francfort
& Marigo [8] proposed a variational model for an evolution (s(t),u(t)), where s(¢) and
u(t) are the crack tip position and the displacement respectively, driven by a monotone
increasing boundary loading w(t) (ie. u(t) = w(t) on IpQ C 0N) and satisfying the
following conditions at any instant ¢t € [0,7]:
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(1) global minimality:
Eq(u(t)) + Es(s(t)) < Ea(v) + Es(0)

for any o > s(t—) and v € H*(Q\ I'(0)) with v = w(t) on dpQ;
(2) energy conservation:

Eq(u(t—)) + Es(s(t—)) = Eq(u(t+)) + Es(s(t+))

where E4(v) is the bulk energy associated to the displacement v and FE,(o) is the energy
for the crack I'(0) = v([0,0]) of length o. They show that, if s(t) is sufficiently regular,
then a Griffith’s criterion holds true:

(t) >0
G(s(t),w(t)) —c <0 (1.1)
[G(s(t), w(t)) — ¢] 5(t) =0,

having denoted by G(o,%) the energy release rate for a crack of length o and a boundary
loading 1, and by ¢ the material toughness.

The model obtained through the selection principle (1)-(2) generates solutions s(-), called
globally stable quasi-static evolutions, which show jumps (i.e. discontinuities) with respect
to time that are not motivated by the mechanics of the system. In particular, the global
minimality condition forces the solution to jump between potential wells, without taking
into account potential barriers.

Griffith’s criterion is anyway reasonable from the physical point of view. We propose
a selection principle for the evolution different than [§], in order to still fulfil the three
conditions in and in the meantime avoid unjustified jumps in time of the fracture. It
is important to underline that discontinuities in time of the crack term are never physically
acceptable, since they represent sudden increases of the fracture. In our model, we will
interpret those discontinuities as limits of fast growing cracks.

Firstly we consider a rate-dependent model which takes into account dissipations due to
the crack tip velocity and viscous effects (viscoelasticity). In mathematical terms, we study
the problem

aAu(t) + bAu(t) =0 in Q\ I'(s(t))

u(t) = w(t) on Op<?

$(t) >0 (1.2)

—G(s(t), aw(t) + bw(t)) + cs(t) +05(t) >0

[—G(s(t), aw(t) + buw(t)) + cs(t) +05(t)] s(t) =0
under proper initial conditions s(0) = so and u(0) = ug. The dimensional constants a and
b are the Young modulus and the coefficient of viscosity, respectively, while 0 is a dissipation
constant. The existence of a solution (s(-),u(-)) to is proved by time discretization and
minimization of energy functionals, whose form and physical meaning are explained later
on (see Section [3); at that moment the selection principle, different than (1)-(2), is made
explicit. The selected solution is such that the map ¢ — Vu(t) is continuous from an interval
[0, T] to L*(Q;R?) and differentiable a.e., with ¢ — Vi(t) belonging to L2(0,T; L*(Q;R?)),
while ¢ — s(t) is continuous.

Our next step is to replace b and 0 in by eb and v0 for positive adimensional
parameters ¢ and v, and to study the behaviour of the solutions, labelled s and u®",
as &,v vanish. It turns out that, up to subsequences, (s¥,u®") converges (in proper
functional spaces) to a couple (s,u) for which Griffith’s criterion is satisfied whenever
s is sufficiently regular (and a weaker principle holds true otherwise), and wu is characterized
by the minimality condition

aAu(t) =0 in Q\ I'(s(t))
2 —0 o I'(s(t)
u(t) = w(t) on Ipf.
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The couple (s,u) is called vanishing viscosity evolution. It corresponds to the one found in
[11, 18] in case of monotone increasing boundary loadings (i.e. w(t) = twy ), as pointed out
at the end of the paper. Here we do not make that assumption on the loading w and we
pay the price of this choice by taking a loading sufficiently regular with respect to the time
variable.

Finally, assuming the energy release rate G to be regular enough, we carry out a 1-
dimensional analysis, similar to the one in [I4]. Tt comes out unexpectedly that, in this
situation, the dissipation due to the crack tip velocity is the leading actor of our selection
principle, while the viscosity plays a noninfluential role. We describe the behaviour of the
solution s in terms of level sets of G and propose an algorithmic procedure to detect the
solution obtained by means of our selection principle.

The paper is organized in the following way. In Section [2] we introduce the principal
notations and definitions of the paper. Section [3] is devoted to the study of the time-
incremental problem. In Section [4] we recall the definition of the energy release rate and
its main properties. In Sections [5] and [7] we deal with the time-continuous evolutions; in
the first one we consider the evolutions subject to viscous and dissipative effects, while in
the second we study the behaviour as these effects vanish. In Section [6] we discuss the role
of a parameter introduced in Section [3] which is related to the viscoelasticity assumptions
in the model. Finally, in Section [§] we present an algorithmic way to detect the solutions
previously described, and an example showing the different behaviour of the globally stable
quasi-static evolutions and the vanishing viscosity evolutions.

2. NOTATIONS AND SETTING OF THE PROBLEM

In this section we describe the setting of the problem and introduce the basic definitions
and the notations that we will use throughout the paper.

Let © C R? be a connected bounded open set with Lipschitz boundary 9. Let I’
be a C1! simple curve and v : [0,L] — Q be its parametrization by arc length, where
L :=H'(I'). We assume the following geometrical landscape:

o I'N Q= {~(0),7(L)};
o O\I' = QLUN?, where Q! and 92 are non-empty connected open sets with Lipschitz
boundary, and Q' N Q2 = @;
e 90 = IpQ U INQ, where pQL N INQ = O, IpQ is relatively open in 9 with
HL(Op) > 0, and IpQ NN # B # IpQ N IN2.
In other words, we assume I' to split the domain in two connected subdomains, with the
Dirichlet boundary laid on the boundary of both subdomains.
For every o € (0, L], set

I'io):={~(@) : 0<7 <o}
and
Q, :=Q\ I'(0).

By the regularity assumption on Q,Q!' and 02, the trace operators tr : H'(2) —
HY2(09Q) and tr; : H(Q)) — HY?(0Q), i = 1,2, are well defined. In particular, for
every v € H'(Q\ I') we define its jump function across I', [v] € H/?(I)

[v] = tri (V)| — tra(v)| .
The functional space H!(£2,) corresponds to the set
{ue HY(Q\T):[uj=00nI'\I'(0)}.

This fact allows us to work in a fixed Hilbert space, i.e. H'(Q2\ I'), and to check the
condition on the jump [u] to establish if u € H'(2\ I') belongs to one of the smaller spaces
HY(Q,) Cc HYQ\ ).
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We point out that we will write u instead of ¢r(u) whenever it is clear from the contest
that we are referring to the trace of the function w.

By the notations (-,-) and || - || we understand the inner product and the norm in the
Hilbert spaces L2(Q2\ I') or L?(Q\ I'; R?). In any other case or for the sake of clarity, we
will specify the space the norm refers to, for example || - || g1\ ) -

Fix so € (0,L). For any boundary loading ¢ € H'(Q,,) and crack I'(o), o € [0,L],
define the set of admissible displacements

AD(¢,0) == {v e H' (Q,) : v=1 on dpQ}

where the last equality is in the sense of traces.

We study the evolution problem in a fixed time interval [0,7]. When dealing with an
element u € H'(0,T; HY(Q\ I')), we always assume u to be the continuous representative
(with respect to the time variable) of its class. Therefore it makes sense to consider the
pointwise value wu(t) for every t € [0,7]. On the Dirichlet part of the boundary, dp{2, we
prescribe a time-dependent boundary displacement which, at each instant ¢ € [0, 7], is given
by the value of (the trace of) a function w € C?([0,T]; H'(2,)) at t.

The initial configuration is the couple (ug,sg) where uy € H*(£,) is solution to

GAUO =0 in QSO
Guo — on I'(sp) (2.1)
uo = w(0) on Ipf.

In our computations we will need to slightly “move” the crack tip forward or backward
along I' while keeping 2 invariant. This can be done thanks to the regularity assumptions
on I': fixed o € (0,L), it is possible to construct a neighbourhood w CC 2 of v(¢) and
a OB vector field 75 : R? — R2, with 6 € R, such that 7, is the identity map in R? \ w,
ng(I') C I' and

no(I'(0)) = I'(o+0) (2.2)
for |0| sufficiently small. Even though 7y depends on o, there is no need to make it explicit
since it will be clear from the contest which fixed o it refers to.

Given an open interval I C R and a function f: I — R, for every ¢t € I we denote

flt=)=sup f(r)  f(t+):= inf f(7).

Finally, the constant C' may vary also within the same proof and is independent of all
the parameters, unless we explicitly write the dependence. It might happen that C is a
dimensional constant.

3. THE TIME-INCREMENTAL PROBLEM

This section is devoted to the definition of the time-incremental problems and the prop-
erties of their solutions. In particular we establish some crucial a priori estimates to obtain
existence of solutions to the problem by means of compactness arguments. Throughout
the section, the dimensional parameters a > 0 and b > 0 are fixed.

Fix a time-step 7 € (0,T). For any u,v € H*(Q\ I') define the functionals (dependent
on 1)

1
E(u,v) := —a|Vul]* + iHVU — V|
2 2T
and
E(u,0) = —[|aVu + 2 (Vu — Vo)
T 2a T '

By a simple computation it can be seen that, for any fixed v € H'(Q\ I'), the functionals
E(-,v),E(,v) : HY(Q\ I') — R have the same Fréchet differential up to a multiplicative
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constant. Actually it is
1 b b
£ =- - |E — —||Vol% 3.1
o) = (a4 2) o) - 90 (3.1)

Consequently, having fixed o € [so,L), v € HY(Q,), ¥ € H(Qs,) and 7 € (0,T), the
following relation holds true

U = argmin{&(u,v) : u € AD(¢,0)} < U = argmin{E(u,v) : w € AD(,0)}.  (3.2)

The functional E represents a discretized version of the stored elastic energy plus a
viscoplastic friction term, energy which should have the form

t
o[ Vu()|? + b / IVa(©)|? de

for an evolution u € H(0,T; H'(2\ I')) of the displacement field. Fixed o and v, when we
minimize E(-,v) (or, equivalently, £(-,v)) we are penalizing the L? distance of the gradients
of the two functions u and v, i.e. in the discrete-time evolution below we penalize large
variations of the deformation gradient with respect to time.

By the algebraic equivalence , the functional £ provides an equivalent way to select
minima, even though it does not have a proper interpretation as energy. Nevertheless, it
plays an important part in finding estimates.

Concerning the energy dissipated by the crack creation, according to Griffith’s model it
is proportional to the crack length; in our model, we add one more term taking into account
the rate of crack increase. As for the viscoelastic part, in the time-incremental problem
below the fracture energy shows two dimensional positive constants ¢ and 0 and, for any
fixed & € [so, L) and every o € |7, L], it has the form

a <a+ E>_l <ca+ ;T(a—&)?) :

In order to avoid a trivial solution, we really have to consider the time-step dependent

adimensional quantity
b T
ala+ — =a .
T ar +b

-
Car+b
can be interpreted as a characteristic time of the viscoelastic material; in Section [6] we
describe the consequences of neglecting the parameter ar,. Let us observe that, if it were
b =0, then arp = 1.
Throughout the paper, a,b,¢,0 are fixed.
We define the time-incremental problem with time-step 7 € (0,T) in the following way:
let N € N besuch that T —7 < 7N, <T. Set
® uj = ug, ) = 50;
e forany 1 <i < N, and o > sg, let u” be the unique solution to

The value

Tp -

min { E(u,u]_) : u € AD(w(it),0)} (3.3)
and
b\ ! 0
s] € argmin {E(u;"’, u;_q)+a (a + 7_) (ca + E(O’ - 32_1)2> 51 <0< L} (3.4)

and set ul :=u,"" .
We introduce the piecewise-constant and piecewise-affine interpolants for both the w]
and s :
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o u,a" :[0,7T] - HY(Q\T) as

for iN, <t <T,
e 57,57 :[0,T] — [so, L] as
sT(t) :==s]
- t—1
57(8) 1= 5] + (T — ST)
T
forir<t<(i+1)r,i=0,...,N, —1, and

sT(t) == s}y, 57(t) == s}y,
for iN, <t<T.
By definition through (3.3)), «™ and @™ satisfy the variational equation

a(Vu™ (), V) + (Vi (t — 1), V) =0 (3.5)
for every ¢ € H! (QST(t)) with ¢ =0 on 9pQ, and ¢t € [r, N.7].

Remark 3.1. By the equivalence (3.2)), the minimum problem (3.3)-(3.4) is equivalent to
the following one:

T T «— .
® Uy = U, Sg = S0,
e for any 1 <i < N; and o > sg, let u;"” be the unique solution to

min {€(u,u]_): ue AD(w],0)}
and

0
s] € argmin {E(UZ’U,uz_l) +co+ E(a —sT )} sl <0< L} ;

.

T,S;
then set uj :=wu,;"" .

For convenience in the discussions below, consider the discretized version of the boundary
loading: for every 7 € (0,T) and ¢ =0,...,N,, let

w] = w(iT)

and let w™ be the piecewise-constant interpolant of the w] . Then, being w € C2([0,T]; H'(Qs,)),
we obtain

(i+1)7
Wi —w; = / w(T) dr
1T
(i+1)7
V- Vel = [ va(e) ds
T
where the integrals are Bochner integrals (see [I]).
In the following lemmas, we establish some estimates for the families of the displacements
{u"} and of the crack tips {s”}. These results will be useful in order to apply compactness
arguments.
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Lemma 3.2. There exists a non-negative function p(t) — 0 as 7 — 07 such that for every
0<i1<j<N;

i—1 -1 j—1

1 b % b ?

5aIIVU§II2 +5- > IVuhr = Vg +a (a + T) <CS§ t5r > Ishir — S;C|2>
h=1 h=1

<1a\|VuTH2 +ala+ b - csT + u/jT<VuT(£) Vw(§)) d§
—2 T T (3 i )

T

b [T .
3 [ VOO de + p(r)
Proof. Taking ¢ = uj +wj,  , —wj, € AD(wj,_,s},) as test function in (3.4)) (with i = h+41),
we have

oIVl + 5oty = VUi 4 (a2 (eshst ilshn - siP)

1 b b)
<30IV + Vi = Vil + 5 - Vel +a (a4 2) o

(h+1)T

1 . 1 T T
<palVailP +a [ (TuT(€), Vi(e) ¢+ jalVuf,, - Vof|?

ht
-1

b (h-‘rl)T ] 2 b
+§ /hT (IVw(&)| d¢ +a<a—|— 7_) cs],

1 (h+1)T
<SalVuil +a / (V" (€), Vi (€)) de

ht

1 (k1) (h+1)7
+2<n]33<v / IIVw(£)||d€> / IVa(e)| de

T hTt

b (h—‘rl)T b -1
—&-7/ [V (&) df—l—a(a—i— T) ¢S}

2hT

Iterating over h =1,...,j —1 and defining

) 2
p(r) 1= gt (s, 19066 )

the proof is complete. O

Lemma 3.3. There exists a constant C' > 0, independent of b, 0, 7,t, such that the following
estimates hold true for every T € (0,T), t€[0,T], j=1,...,N;

[u" Oz @\ry) < C (3.6)
la™ O mrry <C
AR i )
o [ IV ©IF dg = 2 Y Ve~ Vel < € (38)
h=0
@™ || 220,130 (0 1)) < oT'/? (3.9)

blla |72 0. 1err1 0\ 1y < C- (3.10)
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Proof. Fix t € [0,T] and let j := j(t) € 0,..., N, —1 be such that it satisfies j7 <t <
(j 4+ 1)7. By the inequality in Lemma [3.2]for i = 0 we obtain

1 , b (7T ..
eIVl + 5 [ i) de (3.11)

JT 3T
< Vug|? + o / (Vu™(€), Vib(€) de + ¢ / IVa(E) | dé + p(r).

0
Hélder’s inequality and (3.11) imply
/2

a||w<>||2<c+2b</ Ivure ||2d€) (/ IV ||2d£) 7

where C' > 0 is independent of b, 0, 7,¢. By a refined version of the Gronwall lemma (Lemma
4.1.8 in [2]), we deduce that for every ¢ € [0, T

t 1/2
([ 1w d) < @ey s mTIVil e, o
0

The last two inequalities imply that Vu7(¢) is bounded in L?(Q\ I';R?) uniformly with
respect to b,0,7,t. Using the Poincaré inequality we obtain (3.6) and (3.7). Then, consid-
ering (3.11)), the estimates (3.8)) and (3.9)) follow. Finally, using the Poincaré inequality for
U

il 2052 @\ ry) < C (||Vfme(o,T;LZ‘(Q\F;RZn + ||w\|02<[o,T];H1(QSO>>)

and (3.8]), we obtain (3.10]). O

Set

and call 4y the solution to

For 7 € (0,T) define the incremental problem
e vj :=aug + bug, 0§ := So;
e for any 1 <i < N, and o > s, let v]" be the unique solution to

min {||Vv|*: v € AD(2],0)} (3.12)

and

1 0
o] € argmin {uHVUHQ +co+ 2—(0 —sT )0l <0< L} (3.13)
T

7,87
and set v] =wv,"" .

It is easy to check that for ¢ =1 it is
b
v = au]’ + . (ul” —uf)
and
E(uy?,ug) = ||V 7|12

for every o € [sg, L], so that we can assume 01 = s7. Iterating this argument, we suppose
o] =s] for 1 <¢ < N, and, consequently,

vy = aug + blg
o =aul + 2 (u] —ul_;) for1<i< N,

(2

(3.14)
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so that (3.3)-(3.4) and (3.12)-(3.13) provide the same evolution (up to the relation (3.14))

between u] and v] ), and in addition

2 (3.15)

1
E(u] 7 uf) = 5o V0]

holds for every 1 <i < N, and 0 > s]_;.
By the minimality of v], we obtain estimates for the crack tip evolution s as well:

Lemma 3.4. There exists a non-negative function p(t) — 0 as 7 — 0% such that for every
0<i<j<N;

- )
1 0 (She1 —sE
Tl e+ o7 S :(
2a 2 — T

1 T T 1 - T T T ~
S%Hvi 1% 4 es] + . ;(Vvh, Vap 1 — V) + p(7). (3.16)

Proof. Taking o = vj_, + 2}, — 2] _, € AD(z},s;_,) as test function in (3.13), it is
1 T2 T 0 T T 1 T T T 2 T
Q*aHVUh” +esp, + E(Sh —8h-1) < 27a||vvh—1 +Vzp = Va4 ||* +espy
1 1 1
§%||VU;—1“2 + a(V’UZ_l, Vz, = Vzp_4) + %HVZ!TL — Vo |I> +esp_y.

Arguing similarly as in the proof of Lemmaand using the assumption w € C2([0,T]; H*(Qs,)),
it is

N,

Z V2] = Vi I <p(r) =0 asT—0

h=1

with p dependent only on a, 7 and ||'LU||C2([0’T];H1(QSO)).
Iterating the inequality above for ¢ < h < j — 1, we obtain the thesis. O

The term
J
> VUi, V2 = Vi)
h=i
in (3.16) has the explicit form

a/JTWvT(f), Vai(€)) de + b /FWDT(S)’ VT (§) = 2Vw’ (¢ - ) + V' (€ — QT)> "

LT T

T

where we call v7 the piecewise constant interpolant of the v] and, with abuse of notations,
w™(0) —w™(—7) :=w(0) in case i = 0. As w € C%([0,T); H'(Qs,)), for every t € (0,T) the
difference quotient

VwT(t) —2Vw™ (t — 1) + Vw’ (t — 27)
2

T

converges strongly in L?(Qs,;R?) to Vii(t) as 7 — 0, uniformly with respect to ¢.

Lemma 3.5. There exists a constant C' > 0, independent of b,0,7,t, such that for every
7€ (0,T), t €[0,T) the following estimates are satisfied:

[o" ()l @\ ry < C (3.17)
01571220,y < C- (3.18)
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Proof. Taking i = 0 in Lemma [3.4] and using Holder’s inequality, it is

1 T T 1 ¢ <7
3|V OF o570+ 50 [ 1€ ae (319)

1 b + 1/2
<5e Il + o + ([l + Sale= ) ([ 1907 0I) -+ oo,
Arguing similarly to Lemma, we obtain
Vo (1) < C
for every t. Using the Poincaré inequality, since v] = z] on dp€, estimate (3.17]) follows.

Then (3.18)) is consequence of (3.19) and (3.17)). O

4. ENERGY RELEASE RATE

In order to achieve a complete description of the evolution of the system, we look for
a differential constraint for the crack tip evolution s. To the purpose, in this section we
introduce the energy release rate functional. Its existence under suitable regularity condi-
tions (which are satisfied in our case) has been studied and proved in some papers (see for
example [12] [13]). Besides we introduce an artificial quantity playing the role of the energy
release rate at the level of the time-incremental solutions (s7,u") defined in Section |3} in
order to establish a sort of time-incremental version of the Griffith’s criterion .

For every o € [so, L] and g € H'/?(0pRQ), let v(o,g) € H'(Q,) be the solution to the
problem

Av =0 in Q,
v=g ondpfl (4.1)
% =0 on I'(0)

and set )
‘F(Uvg) = §||V’U(O', g)||2

The energy release rate is defined as the derivative of F with respect to its “geometric”
variable o. The result below states the regularity properties for the functional F and
introduces the energy release rate by means of the definition (4.2]).

Proposition 4.1. The functional F is continuous from [sg, L] x H/?(0pQ) to R. For
any fired g € H'/2(0pQ), the map o — F(o,g) is differentiable at every o € [so, L). Set

0F (0,9)

Glo,9) = ——7 ", (4.2)

it is continuous in [so, L) x H'/?(9pQ).

We do not prove the proposition above, since it is a well known result. Let us recall the
main tools and some references. To obtain the continuity of F it is sufficient to apply [6]
Theorem 5.1], which moves the issue of the convergence of Vu(o, g) to check the convergence
of the boundary data and crack variables. The differentiability of F is proved in [13] under
weaker assumptions than ours, and therein the following explicit formula for G is also
provided:

G(o,9) = —=(Vu(a,9), VA7 Vu(a,g)) + %(VU(U, 9),div(A7) Vu(a, 9)) (4.3)

where v(a, g) is defined through (4.1)), A7 is a Lipschitz vector field such that supp(A\?) C Q,
A7 (v(5)) = ¢7(~(d))%(a) for every & € [0, L], where (7 is a cut-off function, equal to one
in a neighbourhood of (o). If we fix s1 € (s, L), then we can assume A’ to be fixed for
any o € [sg, s1], i.e. it is A7 = X for every o € [sg, s1] and X is a Lipschitz vector field such
that supp(A?) C Q and A(y(d)) = ¢(v(d))¥(d), where ¢ is a cut-off function, equal to one
in a neighbourhood of ([sg, $1]).
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In the following, exploiting the continuity of the trace operator we consider the space
H'(Q,,) instead of HY/2(9pf): we assume F to be defined on [sq, L] x H'(£,) and, with
abuse of notation, we identify every g € H1(Q,) with its trace on 9p2, so that Proposition
still holds true for the functional F : [sg, L] x H*(Qs,) — R.

Proposition 4.2. Let s; € (so,L) be fized. Then G(o,-) : H'(Qs,) — R is Lipschitz
continuous, uniformly in o € [so, s1].

Proof. Fix o € [sg,s1]. For i = 1,2, let g; € H*(Qs,) and v(o,g;) € H'(Qy) be the
solution to (4.1]) with g = tr(g;), and write

v(o, gi) = 0(0, 9i) + gi-
Then, for every ¢ € H'(Q,) with ¢ =0 on 9pQ, it is
0= <VU(O', gi)7 VQO> = <V’E(O—7 gl)a v@) + <vgla V@>7
ie.
(Vi(a,9:), Vo) = —(Vgi, Vo) (4.4)

for any ¢ as before.
Note that, in particular ¥(c,g;) € H*(Q,) with 9(0,g;) =0 on 9pQ.
Considering (4.4) and applying Holder’s inequality,

||V’6(Ua gl) - Vﬁ(ga 92)”2 :<V’D(O’? gl) - V’D(O-v 92)? vf}(g7 gl) - V6(07 g2)>
- <v91 — Vg, Vﬂ(07 gl) - Vﬁ(07 92)>
<[IVar = Vaa|| [Vi(o, 91) = Vi(a, g2)ll
so that ||Vi(o,91) — V(o,g2)| < |[Vg1 — Vgz||. Therefore
IVu(o,91) = Vo(o,g2)l| < [[VE(0,91) = Vi(o, g2)ll + Vg1 = Vigo|l < 2{|Vg1 — Vol

In the expression (4.3)) for G, we can assume \° = X for every o € [sg,s1]. Then, by
(4.3) and the above inequality, we obtain

G(0,91) = G(0,91)| < C Vg1 = Vol < Cllgr = g2ll 1 .,
with C' > Lip(\), where Lip()\) is the Lipschitz constant of . O

At this point we want to establish a Griffith’s criterion for the time-incremental problems.
Firstly we introduce the energy release rate for each time-step 7. By definition of v, at
every fixed i € {0,..., N} it satisfies

Av]? =0 inQ,

T,0 __ T
v;” =2z ondpfd
%7 _0 on I'(o)
on .

Applying Proposition with ¢ = 2] and having in mind the equality (3.15)), the function
o€ [81-771, L] = g(u;—ﬁvu;fl) = -F(Uv ZZ—)

is differentiable at every o € [s]_;,L). For every 7 € (0,7) and ¢t € [0,7] such that

sT(t) < L we define

d
G(r,t) == G(s7(t),27(t) = — | —E(u”, u” (t = 7)) ; (4.5)
do o=s7(t)
with i, := i, (t) such that i,7 <t < (i + 1)7.
The second step is to establish an energetic growth condition for the fracture term: it is
the mathematical translation of the fact that the crack increases if and only if the release
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of stored energy is larger than the energy dissipated by the crack creation. At each fixed i,
by minimality of (s7,u]) it is

0 0
E(uf,ui_y) +esi + o (] = sig) S EW" i) + o+ (0 = si4)

2 - — K3
for every o € [s]_;,L]. If s < L, then for every o € (s], L] we have
_E(uz7uz 1) g(u:ﬁ?u;—,—z)

<c+ — — 287 4);
O__Sfr +2 (0+s ’L*l)’

if in addition s] > s7_;, then for every o € [s]_;,s]) we have

E(U ul_y) —E(u; 7, u%)

70 i—1 i

0
>c+ —(oc+s] —2s7_4).
O'—Sz - 27_( [ 11)

The above inequalities and the differentiability property described in (4.5) provide the
Griffith’s criterion we were looking for: for every 7 € (0,7) and every 1 < i < N, such that
s] < L, the following conditions are satisfied:

S )
G(T,i7)<c+0< )
{ G(TZT)—I—c—i—D( _TZ 1)} (sT —sl_4) =0.

We introduce the concept of failure time, important from now on.

Definition 4.3. Let s : [0,7] — [s, L] be a non-decreasing function with s(0) = so. The
instant
Ty(s) :==sup{t € [0,T]: s(t) < L}

is called failure time for s.
Actually, in the analysis above we proved the following fact:

Proposition 4.4 (Time-incremental Griffith’s criterion). For every 7 € (0,T) and every
t €[0,T¢(57)) the following conditions hold true:

§7(t) >0 (4.6)
G(7,t) < ¢+ 057 (t)
[—G(7,t) + ¢ +057(t)] 57(t) = 0.

5. THE IRREVERSIBLE VISCOELASTIC EVOLUTION

The goal of the section is to describe the fracture problem with continuous time variable.
We investigate the behaviour of the sequence of time-incremental solutions (s7,u”) as the
time-step 7 decreases to 0.

Definition 5.1. For any sy € (0,L), w € C*([0,T]; H'(Qs,)) and ug satisfying (2.1, an
irreversible viscoelastic evolution is a couple
(s,u) : [0,T) = [s0, L] x H'(Q\ T")
such that (s(0),u(0)) = (s, u0), s € H'(0,T) is non-decreasing and
(1) we H(0,T; H'(Q\ I')) and u(t) € H'(Qy)) for every t € [0,T7];
(2) u(t) = w(t) on IpN for every ¢ € [0,T7;
(3) for ae. t € (0,T), for every ¢ € H'(Qy4)) with ¢ =0 on dp2,

a(Vu(t), Vi) + b(Vi(t), Vo) = 0;
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(4) Griffith’s criterion: for every t € [0,T¢(s)) the following conditions hold true:

(t) >0 (5.1)
G(s(t), aw(t) + bur(t)) < ¢ + 05(t) (5.2)
[—G(s(t), aw(t) + bu(t)) + ¢ + 05(1)] &(t) = 0. (5.3)

The requirements in the definition above can be rephrased in physical terms. The mono-
tonicity of s means that the crack does not heal, while (1) affirmes that the jump set of
the displacement u(t) is contained in I'(s(t)). Conditions (1)-(3) tell us that u is a weak
solution to the problem

aAu(t) + bA4(t) =0 in Qs(t)
aZe 4 620 — 0 on I'(s(t)

u(t) = w(t) on dp<)
u(0) = ug
s(0) = sg.

Roughly speaking, u behaves almost as an elastic body in the uncracked domain 2
(except for the viscous term bA%w). Finally, (4) expresses a further relation between u and
s, and provides an energetic criterion for the crack evolution.

The main result of the section is the following existence theorem, which will be proven
combining several lemmas.

Theorem 5.2. For any so € (0,L), w € C?([0,T]; H'(s,)) and ug satisfying , there
exists an irreversible viscoelastic evolution.

Consider the time-incremental evolutions (s7,u"), for 7 € (0,7). The estimate (3.10)
assures the existence of a map v € H*(0,T, H'(Q\ I')) such that

= u (5.4)
weakly in HY(0,T, H'(Q\ I')) as 7 — 0T along a suitable subsequence.

Remark 5.3. When we write 7 — 0 we refer to the subsequence selected in (5.4)), or to a
further subsequence of it.

Concerning the crack tip evolution, by monotonicity of s™ and Helly’s theorem, we find
a further subsequence of (s7),¢(o,1) and a function s : [0,7] — [so, L] such that

sT(t) = s(t) (5.5)

for every t € [0,7], as 7 — 07. The function s is non-decreasing, since by pointwise
convergence it inherites the monotonicity of the functions s”.

Below we investigate how u and s are mutually related, since so far we do not have any
information about the jump set of w. Furthermore, we obtain a regularity estimate for s,

since by (3.18)) and the fact that ||s7||o < L we expect it to belong to H'(0,T) as well.
Lemma 5.4. Up to subsequences, u” (t) — u(t) weakly in HY(Q\ I') for every t € [0,T].
Proof. The set

BC = {U S HI(Q\F) : ||UHH1(Q\F) < C}
is a compact subset of L?(2). The estimate (3.7)) implies that @7 (t) € B for every t € [0,1],

while by (3.10) it is
[a7 (t1) — @' (t2)]| < C(b)v/[t1 — o]
for every t1,t € [0,7T], where C(b) only depends on b.
By a refined version of the Ascoli-Arzeld theorem (see [2, Proposition 3.3.1]), there exists
@ :[0,T] — B¢ continuous such that, up to subsequences, for every ¢ € [0, T

ar(t) — a(t) (5.6)
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strongly in L*(Q\ I') when 7 — 0T ; since holds, 4(t) = u(t) for a.e. t. In particular
the equality is true for every ¢ € [0, T, since we are considering the continuous representative
of w in HY0,T; HY(Q\ I)).

Fix ¢t € [0,T]. For every 7, set 0 <4 < N, such that i <t < (i 4+ 1)7. We have

™ () — 7 (8) e en 1y = (

By properties of the trace operator and regularity of w, we obtain

(i+1)7
/ i€ de

T

t—aT

) lZor —uf sy < laas — ol L. (5.7)

[tr(wiyy —wi)llz2op0) <Cllwiy —willmi.,,) =C

H(24,)
(i+1)7
S/ [0(E)l s (02.y) 4§ < CMT
with M := maxeejo,7) [[W(§)||r1(q.,)- This estimate, together with the Poincaré inequality
and (3.8]), implies
[ufy —uf || <C ([IVuiyy — Vai || + [[tr(ulyy — o))
=C (|Vuiy = Vui || + [ltr(wi,, —w])]) < O,
so that by (5.7) and (3.8) we deduce
a7 () — u™ ()| vy < iy —ui [z < OT
for the fixed ¢, with C' dependent on b but not on ¢. Therefore

sup |[a"(t) — u” ()| zr\ry — 0 (5.8)
te[0,T]
as 7 — 0. Since u”(t) € B¢, we conclude by means of (5.6 and (5.8). O

Lemma 5.5. It results u(t) € H'(Qy)) for every t € [0,T].

Proof. Fix t € [0,T]. If s(t) = L, then the claim is automatically satisfied since u(t) €
HYQ\TI) for every t.

Let assume s(t) < L and let a € (0,L — s(t)). By definition of s through and
continuity of v, it is I'(s7(t)) C I'(s(t)+a) for 7 sufficiently small. Since u”(t) € H*(Qsr (1))
for every ¢, we have [u”(¢)] =0 on I'\ I'(s(t) + a) for 7 small enough. By Lemma[5.4]and
the compactness of the trace operator, up to a subsequence u”(t) — u(t) H'-a.e. on I', so
that [u(t)] =0 on I'\ I'(s(t) + ). Being « arbitrary, [u”(¢)] =0 on I' \ I'(s(t)), i.e. the
thesis holds true. O
Lemma 5.6. The sequence (37) converges to s weakly in H'(0,T) and pointwise for every
t €10,T]. Moreover, DH*§||%2(0,T) <C.

Proof. By the estimate , it is sup,e(o. 1 157 lm10,7) < C(0) for some constant C(d)
dependent only on 9. We deduce the existence of § € H'(0,7) such that (up to subse-

quences) 57 — § weakly in H'(0,T). Let us show that § = s.
Fix t and for every 7 set 0 < ¢ < N, such that it <t < (i+ 1)7. Then

t—ir
(

0<5(t)—s(t) =

(i+1)r (i+1)r 1/2
:/ o §T(&)de < TV/? </ o (§T(g))2 dg) <r12C(0)

STr — s7) <78 (1)

where the last inequality is due to (3.18). Then, considering (5.5)), 57(t) — s(t) as 7 — 0

for every t and necessarily § = s, so that s € H*(0,7).
Finally, the estimate for § is a consequence of the weak convergence §7 — s in H*(0,7)

and (3.18). O
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Note that by we only knew that s is monotone, while Lemma provides the
additional information that it is continuous as well: the crack really grows continuously,
without the non-physical behaviour of jumps of the fracture set.

At this point we would like to define a Griffith’s criterion for the couple (s, u), exploiting
the one for the time-incremental solutions obtained in Proposition 4.4

Lemma 5.7. It results s € C1((0,T¢(s)) U (T¢(s),T)) and — hold true for every
t€[0,T¢(s)).

Proof. First of all, we show that G(7,t) converges to G(s(t), aw(t) + bw(t)) for every t €
[0,T(s)) when 7 vanishes. Fix t € [0,Tf(s)); for 7 small enough it is s7(¢) < L, so that
it is meaningful to consider G(7,t). Since s (t) — s(t) by (5.5)) and 27 (t) — aw(t) + b (t)
in H'(€y,), the continuity of G stated in Proposition implies
G(r,t) = G(s7(t), 27(t)) = G(s(t), aw(t) + bur(t))
as 7 — 0.
Next we obtain (5.1))-(5.3)) for a.e. t € [0,T¢(s)). It is sufficient to prove that (at least
for a subsequence of 57) 57(t) — $(t) for a.e. ¢t and then to pass to the limit in (4.6)-(4.8).
Let ¢t € [0,T(s)) be such that $(t) exists and consider the sequence §” approximating
s. By (4.6, only two situations are possible:
(i) 57(t) > 0 for any element of the sequence;
(ii) for a subsequence §7 it is §7 (¢t) = 0 for every j.
If (i) is the case, then (4.8) forces the equality 957 (t) = G(7,t) — ¢ to be satisfied. Since the
right-hand side converges (by what previously proved), then we obtain that s7(t) — 9(t) =
3[G(s(t), aw(t) + bu(t)) — c].
If we assume (ii), then by (4.7) it is G(7,t) < ¢ and, as 7 vanishes, we get

G(s(t),aw(t) + bw(t)) <. (5.9)
Call §™ the elements in the (at most countable) set {57} \ {§77}. If there are finitely many

7 then lim 57(t) = lim 5™ = 0. If there are infinitely many 3™ , let us show that 5™ — 0.
Repeating the same argument as for (i), §™ — 9(¢) > 0. Then

0 <9(t) =0 lim §™ = lim G(r,t) — ¢ = G(s(t), aw(t) + bur(t)) — ¢ <0

Tk*)O

where the last inequality is due to . Therefore, if (ii) is the case, then 57(t) — 0.

The previous analysis shows that a function ¥ : [0,7] — R is defined such that 57 (t)
converges to 9(t) as 7 — 0, for every t € [0,T]. Furthermore ¥ satisfies the following two
relations at every ¢ € [0,T]:

G(s(t), aw(t) + bw(t)) < c+09(t)
[—G(s(t), aw(t) + buir(t)) + ¢ + 09(2)] ¥(t) = 0.
In order to prove (5.2) and (5.3)) a.e. in [0,77], it is enough to consider the above relations
and to observe that, since s™ — s weakly in H'(0,7), necessarily it has to be $(t) = 9(¢)
for a.e. ¢t €1[0,T). Instead (5.1)) is true a.e. in [0,7] by monotonicity of s.
In order to conclude the proof, observe that (5.2) and (5.3) imply that s solves a.e. in
[0,T¢(s)) the differential relation
05(t) = [G(s(t), aw(t) + b (t)) — |t . (5.10)

Since s is continuous in [0,7] and w € C?([0,T]; H*(Qs,)), the right-hand side in (5.10) is
continuous. Then, being s absolutely continuous, it is

() = s+ [ $(€de =50+ [ 10((6).au() + b)) — o e



16 SIMONE RACCA

for every t € [0,T%(s)). The right-hand side a C' function, thus we conclude that s €
C([0,T¢(s))) as well; hence (5.1)-(5.3) are satisfied everywhere in [0,7(s)). Finally, if
Ty(s) < T, then we have s = L in [Tf(s),T], so that s € C*(T¢(s),L). O

Collecting together the above lemmas, we deduce the main result of the section.

Proof of Theorem[5.4 Consider u and s obtained by means of compactness arguments in
and (5.5)), respectively, as limits of u™ and s” as 7 decreases to 0.

By construction, we have u”(0) = uo and s7(0) = so. Lemma[5.4] implies that u”(0) —
u(0) in HY(Q\ I'), so that u(0) = ug; concerning s, we obtain s(0) = so by pointwise
convergence . Hence the initial condition is satisfied.

Lemma [5.6] assures the regularity for s, which by construction through Helly’s Theorem
is non-decreasing as the functions s” are.

By and Lemma [5.5| condition (1) is satisfied.

Fix t € [0,T]. It is u"(t) = w] on 9pQ, where iT <t < (i+1)7 for every 7. Combining
together Lemma the compactness of the trace operator and the fact that w] — w(t)
strongly in H'({,,), we obtain that u(t) = w(t) on 9pQ, i.e. (2) is verified.

Griffith’s criterion (4) is established in Lemma [5.7]

We are left to prove condition (3). Let ¢ € (0,7) be a Lebesgue point for @ and ¢ €
H'(Qy)) with ¢ =0 on 9pQ. If s(t) < L, consider the flow 79 described in , with
6 > 0, and define @y(-) := p(na(-)). If s(t) = L, we assume @y = . By the properties of 7y,
wo € Hl(Qs(t)_g) and @9 = 0 on 0pf). By pointwise convergence , for 7 sufficiently
small it is s7(t) > s(t) — 0; therefore g € H'(Q4(1)) and, since s™ are monotone, we get
o € H(Qy-(¢)) for every £ > t.

Fix § € (0,T —t). For any £ € [t,T] the equality holds with ¢y, and integrating it
over [t,t+ 0] we have

t+9
/t (a(V™(€), Vigo) + 6(Vi (€ — 1), Vigg)) dé = 0. (5.11)

Lemma [5.4] assures that

(Vu™(£), Vpa) = (Vu(§), Vipp)
for every £ € [t,t + 0], while considering (3.6) we deduce the estimate

[(Vu™(£), Vo) | < [[VuT (E)lllvell < Cliwoll

Then, by the Dominated Convergence Theorem,

t46 t46
[ @@ Ven e [ (vu(e), Vi) de.
t t
Concerning the other term in (5.11)), by (5.4))

t+9 . t+0
/t (Vi (€ — 7), Vig) dE — / (Vi(€), Vigp) d.

Collecting together the two limits above and (5.11]), it is

1

t+06
5 (@TuE. V) + b{Vie). Vin)) d = .

Since @y — ¢ in H*(Q\ I') and t is a Lebesgue point for 1, we obtain condition (3) by
considering the limits as # — 0T and J§ — 07, in this order. O
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Remark 5.8. Consider the inequality in Lemma [3.2] with ¢ = 0:
1 b [ b\ ! o [t
eIV @+ g [ Ivir@Pasca(ar?) (a0 [ 195l )
0 T 2 Jo
1 2 b - T K T .
SiaHVUoH tafa+—] s (t1) +a [ (Vu'(§), Vi(€)) dS
0
b (T .
0 [ i@ de + .
0

As 7 vanishes, (a + 2)71 vanishes as well, while all the other terms converge, so that we
find the inequality:

t
0

SalVaOIP+3 [ Va1 s < GalVal+a [ (Fu(©), Vi(e) de+g [ IVl ds

In the energy balance above there is no longer trace of the crack energy. Without giving an
interpretation at this stage, we underline the analogy of this fact with what proved in [5]
in the damped case. We only point out that the absence of the fracture term is probably
related to the presence of the viscoelastic term, as the analysis in Section [f] seems to suggest.

We conclude the section with some estimates on the irreversible viscoelastic evolution.

Lemma 5.9. Let (s,u) be given by Theorem , Then there ezists a constant C > 0,
independent of b,0 > 0 (fixed at the beginning) and t, such that for every t € [0,T] the
following estimates hold:
lu(Oll mr@\ry < C (5.12)
ull20,7;m1 (\r)) < C (5.13)
bl Vil 720,720 rimey) < C (5.14)
0131220, < C (5.15)

The proof is a straightforward consequence of Lemma and (5.4]) for what concerns w,
and of Lemmas [3.4] and B.6] for s.

6. A COMMENT ON THE ROLE OF Tg

We make clear the role of the parameter

()
arp =a | a+ —
.

introduced in Section [3] in order to justify its presence in front of the fracture energy. We
do not prove again every statement, since generally the proofs are similar to those in Section

Bl

Consider the following time-incremental evolution: for every 7 € (0,T), let uf, s and
u;’’ be defined as in (3.3); for the crack tip s7, instead of (3.4) we choose

0
sT € argmin {E(uf’”,u{l) oo+ oo (0—sT )?:sT <0< L} . (6.1)
T

T,8] . . ~ ~
As before, set u] :=wu;”* and define the interpolant functions ", a7, s”,5".
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Arguing as in Lemma [3.2] for every 0 <i < j < N,

i—1 j—1

1 b 3 . , 0

SOV P+ 5= D VUi = Vupl? +esf + o— > [s — sif?
h=i h=i

1 i
<all VTl + o570 [ (Var(), V) de

1T

b [T .

43 [ Iva©IP de+
T

Then Lemma holds true, since in its proof we do not take into account the fracture term.

The main difference is that in the current situation the inequality above provides an L?

estimate for §7 too:

D||§T||L2(0,T) <C

for any 7 € (0,7).
Following the steps of Sections {4| and by the Helly selection principle there exists
5:[0,T] = [so, L] pointwise limit of a subsequence of the family {s}.c(o 1), and it satisfies

5T —s
weakly in H'(0,7) as 7 — 0%, as in Lemma5.6]
In the current framework, the Griffith’s criterion equivalent to (4.6))-(4.8) is

§7(t) >0
G(r,t) < % (a+ i) (c+057(t))
{—G(ﬁ t) + % (a + E) (c+ O§T(t))} §7(t) = 0. (6.2)

Fix any ¢t € [0,Tf(s)). Since s7(t) — s(t) < L, we can assume t € [0,T¢(s7)) for 7
sufficiently small, so that it makes sense to speak of G(7,t) for those 7.

Assume that s is not constant in [0,77]. Since s € H'(0,T), there exists t € (0,7) such
that 5(t) exists and 3(t) > 0. Hence we can find two sequences tj <t < 5 converging to
t with s(tj) < s(t3). By construction of s, there exists 7; converging to 0 with s7 (t}) <
sTi (tf) for every j, so that 57 (t;) > 0 for some t; € (t;,t?). By construction, t; — t,
while Lemma implies s (t;) — s(t). Therefore, by continuity of G, it is

G(rj,t5) = G(s(t), aw(t) + bw(t)).

Being §7 (t;) > 0, equality (6.2) gives

G(1j,t;) = % <a+ b) (c 4057 (t;)) > % <a+ b) c.

Tj Tj
As 7; — 0 the two relations above imply

G(s(t),aw(t) + bw(t)) = lim G(7,t;) = 400,
J—+oo
which is impossible. We have to conclude that s is necessarily constant. In particular s = sg
and, being continuous in [0,T], T¢(s) =T
The above argument shows that, if we consider instead of , then a real crack
evolution does not take place since the crack tip stays still, independently of the boundary
loading.
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7. THE RATE-INDEPENDENT EVOLUTION

In the previous sections we never made explicit the dependence of the time-incremental
evolutions and irreversible viscoelastic evolutions on the parameters b and 9. As announced
in the introduction, let us replace b and 0 by €b and v0 in the previous analysis, for positive
adimensional parameters ¢ and v. We are now interested in investigating the behaviour
of the fracture and the viscoelastic terms as the viscosity coefficient ¢ and the dissipation
coefficient v vanish.

Unlike for the irreversible viscoelastic evolution, where the fracture has a continuous
growth, when v “disappears” the crack might perform instantaneous increases, even though
the boundary loading varies smoothly. Despite this fact, we can recover a weaker Griffith’s
criterion describing the process. We will see the sudden changes of the fracture as a limit
behaviour of fast moving “dissipated ” cracks.

From now on, for any ¢, > 0 we use the notation (s*'7,u for the time-incremental
evolutions defined in Section [3} and (s*¥,u®") for the irreversible viscoelastic evolutions
obtained in Section [5| as limit of (s**7,u*"") when 7 — 0.

The main result of the section is Theorem which states the existence of a particular
class of rate-independent evolutions, defined below.

£,V,T s,u,'r)

Definition 7.1. Let o : [0,T] — [so, L]. We say that ¢ € [0,T] is a non-constancy instant
for ¢ if for every neighbourhood U of ¢ there exist t1,t2 € [0, T]NU such that o(t1) # o(t2).
We say that ¢ € [0,T] is a jump instant for o if o(t—) # o(t+).

Definition 7.2. Let so € (0,L), w € C?([0,T]; H'(Qs,)) and ug satisfy (2.1). We call
rate-independent evolution with initial condition (sg,u¢) and boundary loading w, a couple

(s,u) : [0,T] = [s0, L] x HY(Q\ T
such that (s(0),u(0)) = (so,u0), s is left-continuous and the following conditions hold true:
(1) we L*(0,T; H'(Q\ I')) and u(t) € H'(Qy)) for a.e. t € [0,T7];
(2) u(t) =w(t) on 9pQ for a.e. t € [0,T7;
(3) for ae. t € (0,T), for every ¢ € H'(Qy4)) with ¢ =0 on dpf,
a{Vu(t), Vi) = 0;

(4) Griffith’s criterion:

e s is non-decreasing;

o for every t € [0,T%(s))

G(s(t), aw(t

e weak actiwation principle: if t € [0, T

) < (7.1)

s)) is a non-constancy instant for s, then

)
(

G(s(t), au(t) = ¢ (72)
e if t €[0,Ty(s)) is a jump instant for s, then
G(o,aw(t)) = ¢ (7.3)

for every o € [s(t—), s(t+)];
o if t € [0,T%(s)) and G(s(t),aw(t)) < ¢, then s is differentiable at ¢ and $(t) = 0;
(5) the function t — G(s(t), aw(t)) is continuous in [0, Tt (s)].

The idea of weak activation principle has been suggested in [I5] in order to relax the
differential formulation of Griffith’s criterion (as stated in (L.I))). Let us point out that
the two coincide when the solution s is regular enough. We stress the fact that having
a differential criterion valid only on [0,7]\ N with £'(N) = 0 might make it totally
meaningless, since the jump points of s are at most countable and so they might concentrate

on N.
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Theorem 7.3. For any so € (0,L), w € C*([0,T); H'(Qs,)) and ug satisfying , there
exists a rate-independent evolution (s,u).

Theorem is consequence of the result that we will state and prove below. We first
introduce another class of evolutions that turn out to be rate-independent evolutions.

Definition 7.4. Let so € (0, L), w € C?([0,T); H*(Qs,)) and ug satisfy . We call van-
ishing viscosity evolution with initial condition (sg,uo) and boundary loading w, a couple
(s,u) for which there exists a sequence (s*",u®")., of irreversible viscoelastic evolutions
satisfying the same initial and boundary data, and such that

ut’ —u
weakly in L2(0,T; HY(Q\ I')) and
sSY(t) — s(t)
for every ¢t € [0,T] as ¢ — 0 and v — 0.

Theorem 7.5. For any so € (0,L), w € C?([0,T]; H'(s,)) and ug satisfying , there
exists a vanishing viscosity evolution (s,u).
Furthermore, any vanishing viscosity evolution is a rate-independent evolution.

Remark 7.6. It is clear that Theorem [7.3]is proved as soon as Theorem [7.5]is. The last is
achieved by combining together a number of lemmas.

We will always write € — 0 even in case € = 0. In this situation, it is understood that
we are considering the constant null sequence.

We start identifying a couple (s,u) candidate to satisfy Deﬁnition similarly to Section
we use a compactness argument. For every v > 0 and € > 0, consider the irreversible vis-
coelastic evolutions whose existence is assured by Theorem By the estimates in Lemma
the sequence (u*")c>0,>0 is uniformly bounded in L?*(0,7; H'(Q\ I')). Therefore
there exists v € L2(0,T; HX(2\ I')) such that
Yy (7.4)
weakly in L?(0,T; HY(Q\ I')) as € — 0 and v — 0 along suitable sequences.

Concerning the crack tip, Theorem assures that the functions s*¥ are monotone

non-decreasing. Applying Helly’s Theorem to the sequence found in (7.4)), up to a further
subsequence

u

s5Y () — s(t) (7.5)
for every ¢ € [0,T], for some s € BV([0,T]). The function s is non-decreasing since the
functions s°¥ are, and by pointwise convergence s(t) € [sg, L] for every t € [0,T]. We can
describe more in detail the convergence:

Lemma 7.7. The sequence (s°") is monotonically non-increasing with respect to v, i.e.
sEML(t) > s572(t) for every t € [0,T] if 0 <11 < va.

As a consequence, s is left-continuous.
Proof. Being s € C((0,T¢(s) U (T¢(s),T)), equality (5.10) holds true for every ¢t € [0,T]
and not only a.e.; thereby s%" solves the Cauchy problem

{ $ (1) = =[G (), aut) + 2bus(1)) —

Vo
s$57(0) = sp.
If 11 < vy, then s5*1 verifies the differential inequality
1 1
§5VH(t) = 3 [G (5571 (1), aw(t) + ebu(t)) — |t > e [G(sV (1), aw(t) + ebur(t)) — | T .
1 2

By comparison results for differential equations (see [19, Theorem X.8]), we obtain s%"1(t) >
s5v2(t).
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The first part implies that s(t) > s (¢) for every t € [0,T] and every £ > 0,v > 0.
Assume s(t) — s(t—) > « for some ¢t € (0,7] and « > 0; then s(t) — s(r) > « for 7 < t.
For any ¢ and v sufficiently small, s(t) — s> (t) < §, so that s*¥(t) —s*¥(7) > § for any
T < t, in contradiction to the continuity of s*". O

Lemma 7.8. Up to subsequences, vs*¥(t) = 0 as v — 0 for a.e. t € (0,T).

Proof. Lemmaﬁfor the functions s reads as v9|$5" |%2(0 ) < C with C independent

of v, so that v$®¥ — 0 strongly in L?(0,T) as v — 0. Then, up to a subsequence,
v§&¥(t) —» 0 for a.e. t € (0,7). O

Lemma 7.9. Let t € (0,T) be a jump instant for s. Then there exist subsequences (not
relabelled) e,v — 0 and t=¥ € (0,T) such that
(1) t&" — ¢t;
(2) s (%) — s(t—);
(3) G(s& (=), aw(t=") + ebw(t=")) = ¢ + v2s=¥ (t57).
Similarly, there exists =V € (0,T) such that (1),(3) and
(2) s57 () = s(t+)
are satisfied.

Proof. Let us discuss only the case s(t—); for the other, s(t+), it is sufficient to argue
analogously.
We initially consider the case £ > 0.
Claim: for every m € N there exists e(m),v(m) > 0 such that for every 0 < ¢ <
g(m),0 < v <wv(m) there exists t5;” satisfying
() 15—t < s
(i) |s=¥(t57) — s(t=) < s
(iil) G(s="(t3Y), aw(ts)) + ebw(ts”)) = ¢ + 3557 (157).
If the claim holds true, then the lemma is proved. In fact, without loss of generality we
can assume e(m+ 1) < e(m),v(m+1) < v(m). If we set
V=t —=e(m+1)<e<e(m),vim+1) <v<v(m)
then (1), (2), (3) are consequence of (i),(ii),(iii), respectively.
Proof of the claim. Fix m € N such that % < T —t. There exists a € (0, %) such that
|s(t—) —s(7)| < 5= for every t —a < 7 < t. Fixed t € (t—2,t), there exist strictly positive
constants €g(m), vo(m) such that

for every € < eo(m),v < vy(m). Define

toV = sup{€ > t: s5V(€) = sV (1)}.
Itis 57 >t>t—9>t— 1.
By contradiction, assume that there exists a subsequence (¢;); of (£5;”) such that t; > ¢+
L Then %% (§) = s (t) for every £ € [t,t+-1); in particular, 5577 (1455 ) = 5% ().
Taking the limit as €;,v; — 0, we obtain

s(t+) < s (t + 2;) = s(f) < s(t—) < s(t+),

which is a contradiction. Hence there exists 0 < e(m) < g9(m),0 < v(m) < vo(m) such
that
L I (7.6)
m " m '

for every e < e(m),v < v(m).
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By definition of 5", (7.6) and continuity of s, for every ¢ < e(m),v < v(m) there
exists B¢, > 0 such that
N 1 . A 1
oV + B, <t+ - and 0 < s™V(t50 4+ Be) — 7V (E)) < o
Being s € CY((0,T¢(s57)) U (T¢(s5"),T)), necessarily it holds §¥(¢5”) > 0 for some
to” € (b 5" + Pew)-
By choice of t5”, (i) is satisfied.
By continuity of s5, it is 55 (£5”) = s () and we have the chain of inequalities

|55 (t57) — s(t=)] <|s="(¢5") — s(D)] + [s(F) — s(t-)|

. R - 1
< g,V tE,l/ _ <& tE,IJ g,V t _ t
Ss(EEY) — s + 17 () = 5D+ 5
1 1 1 1

3m  3m  3m m
and (ii) is achieved.

Finally, since $%¥(t5:”) > 0, (iii) is a consequence of (5.3)

In case ¢ = 0, the previous proof holds true by setting e(m) = 0 for every m and
t0v =% if and only if v(m + 1) < v < v(m). O
Lemma 7.10. For every t € [0,T¢(s)) it is G(s(t),aw(t)) < c¢. If t € (0,T¢(s)) is a
non-constancy instant for s, then G(s(t+),aw(t)) =c.

Proof. Without loss of generality, when ¢ € [0,7f(s)) is fixed we can assume that ¢ €
[0,T¢(s5")) for e,v small enough, since s (t) — s(t) < L.

As already noticed in the proof of Lemma conditions (5.1)-(5.3) imply that the

irreversible viscoelastic evolutions are solutions to the ordinary differential equation
V055 (1) = [G(s5 (1), aw(t) + b (t)) — | (7.7)

for t € [0,T¢(s*")). Fix ¢t € [0,Ty(s)) such that v$>¥(t) — 0 when ¢ and v vanish.
Considering pointwise convergence ([7.5)) and the continuity properties of w (by assumption)
and G (see Proposition [4.1), from (7.7) we obtain

0= [G(s(t), aw(t)) — ¢ . (7.8)
Lemma implies that (7.8) holds for a.e. t € [0,T%(s)); by left continuity of s, the
equality is verified everywhere in [0,7(s)). Finally, (7.8) is equivalent to (7.1), and the
first part of the statement is proved.
We point out that inequality (7.1) and continuity of G imply that
G(s(t+),aw(t)) <c¢
for every ¢ € [0,Ty(s)).
Let now t € (0,T(s)) be a non-constancy instant for s.
Assume first that ¢ is a jump instant for s and consider the sequence t*¥ defined in
Lemma Let us prove that
VEY (1) = 0. (7.9)
By contradiction, assume that v$=¥(t>”) — a > 0. By regularity of w and continuity of G
(Proposition ,
0=—G(s" ("), aw(t™") + ebw(t>)) + ¢ + s (t5Y) = —G(s(t—), aw(t)) + ¢ + Ve,
so that G(s(t—),aw(t)) > ¢, in contradiction to (7.1)) proved above. Regularity of w,
continuity of G (Proposition [4.1)) and (7.9) allow to conclude
0=—=G(s" ("), aw(t™") + ebw(t>")) + ¢ + v~ (t>") = —G(s(¢), aw(t)) + ¢,
i.e. the thesis, since s(t) = s(t—) by left continuity of s (Lemma [7.7).
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Similarly for s(t+), we have
v§&r(t5") = 0
and we deduce that

0 = —G(s5"(te,v), aw(ts, v) + ebi(te,v)) + ¢ + v0s55" (te, v) — —G(s(t+), aw(t)) + c.

Assume now that s is continuous at ¢ and fix a neighbourhood U of ¢. Since s is not
constant in U, for €, small enough s is not constant in U as well, so that $>” (") > 0
for some =¥ € U N (0,Tf(s")). Considering a decreasing sequence of neighbourhoods of ¢
converging to t, we find a sequence =¥ — t with $%¥(t*¥) > 0. Since s is continuous at ¢,
Lemma implies that s=¥ (") — s(¢). Arguing as in the previous case, we deduce that

v§& (%) — 0. Thanks to the regularity assumption on w, continuity of G (Proposition

and Lemma[7.8] as before we conclude that
0=—=G(s¥"(t"), aw(t™") + ebw(t>")) + ¢ + v~ (1) — —G(s(t), aw(t)) + ¢
and the thesis is proved since s(t+) = s(¢). O

Lemma 7.11. Let t € [0,T¢(s)) be such that
G(s(t),aw(t)) < c. (7.10)
Then s is differentiable at t and $(t) = 0.

Proof. By continuity of G and w, there exist 7,09 > 0 such that G(o,aw(r)) < ¢ for
o € [s(t) —2n,s(t) +2n] and T € [t — do,t + Jp] N [0,T]. Lemma and imply that
s is continuous at t, so that s(7) € [s(t) —n,s(t) +n] for 7 € [t — 61,¢ + 51] N[0, T], for
some 0 < §; < dg.

By (7.5), it is s=¥(t — 61) > s(t —01) —n and s (t + 1) < s(t + 1) 4+ for every € and
v sufficiently small, say 0 < e < ¢y and 0 < v < vy. Thus we have the chain of inequalities

s(t)=2n<s(t—01)—n<s({t—0)<s5(r) <sTV([E+6) <s(t+d)+n<s(t)+2n
for every 7 € [t — 01,t + 1] N [0,T]. Consequently
G(s*¥ (1), aw(T)) < ¢

for every 7 € [t — 61,6t + 1] N[0,T], 0 < e <ep and 0 < v < vy. By the regularity of w
and G, we further obtain that, for some 0 < g1 < g9,

G(s2Y (1), aw(T) + ebw (1)) < ¢

for every 7 € [t — 01,t +01]N[0,T], 0<e<e; and 0 <v < 1.
Then (5.3]) implies that
sV (1) = & € [s0, L]
for every 7 € [t — d1,t + 91] N [0,T]. We deduce that the limit s is constant on [t — 01, +
91] N [0,T], so that it is differentiable at ¢ and $(¢) = 0. O

Lemma 7.12. It results u¥(t) — u(t) weakly in H'(Q\ I') for a.e. t € [0,T]. In addition,
u(t) € H' Q1)) for a.e. t€[0,T].

Proof. By the estimate , for every t € [0,T] there exists 4(t) € HY(Q\ I') such that
u=¥(t) = 4(t) as € and v vanish. Then, since holds true, it has to be 4(t) = u(t) for
a.e. t€[0,T].

The second part of the statement can be proved by arguing as in Lemma 5.5 at any ¢ for
which the weak convergence u®”(t) — w(t) is satisfied. O
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Proof of Theorem[7.5. Consider the limit (s, u) defined in and , respectively. The
couple (s,u) is then a vanishing viscosity evolution with initial condition (sg, ug) and bound-
ary loading w. The existence part of the theorem is proved.

Consider now any vanishing viscosity evolution with initial condition (s, o) and bound-
ary loading w, and let (s, u®") be the correspondent sequence of irreversible viscoelastic
evolutions. By Theorem[5.2] it is (s (0),u*"(0)) = (so, ug) for every €, v, so that pointwise
convergence implies s(0) = sp. Lemma assures the left-continuity for s.

The function u satisfies the boundary condition at a.e. instant since the functions u®”
do and Lemma holds true. Therefore (2) is proved.

In order to obtain (3), argue as in Theorem and use the fact that eVu®" converges
strongly to 0 in L2(0,7T; L?(2\ I';R?)), because of .

Let now prove the weak version of Griffith’s criterion. By construction, s is non-
decreasing since the s are. Inequality (7.1) and the weak activation principle are
proved in Lemma The condition n the jump instant can be proved as in [IT
Theorem 5.1]. The last requirement has been obtained in Lemma

Finally, to show (5) observe that if s is continuous at ¢, then G(s(-), aw(+)) is continuous
at t too. If ¢ is a jump instant for s, then

lim G(s(7), aw(7)) = G(s(t—), aw(t)) = ¢ = G(s(t+), aw(t)) = lim G(s(7), aw(r))

Tt

Tt T>t
where the equalities in the middle are due to (7.2)). Therefore G(s(-),aw(-)) is continuous
at the jump instant of s as well. O

8. 1-DIMENSIONAL ANALYSIS

In this section, taking inspiration by the analyses proposed in [I1] [I4], we describe the
crack tip function of the vanishing viscosity evolutions, with the purpose of clarifying the
different behaviour between them and a general rate-independent evolution. In effect, the
request of being approximable by irreversible viscoelastic evolutions provides interesting
properties. The idea is to obtain a 1-dimensional analysis of a problem that in principle
was infinite dimensional, in the sense that its initial setting is in infinite dimensional Sobolev
spaces.

At the end of the section, an example shows the different behaviour of the globally stable
irreversible evolutions introduced by [8] and the vanishing viscosity ones.

Observe first of all that conditions (4) in Theorem [7.3|show that the c-level set of G plays
an important role. For convenience, we introduce the function

V:[s0,L) x [0,7] - R

defined as
V(o,t) := G(o,aw(t)) — ¢ (8.1)
and the sets
A?:={(t,0) € [0,T] x [s0,L) : V(o,t) =0}
={(t,0) €[0,T] x [s0, L) : G(o,aw(t)) —c¢ =0}
AT :={(t,0) €[0,T] x [s0,L) : V(o,t) >0}
={(t,0) €[0,T] X [0, L) : G(o,aw(t)) —c >0}
A7 :={(t,0) €[0,T] x [s0,L) : V(o,t) <0}
={(t,0) €[0,T] x [s0, L) : G(o,aw(t)) —c < 0}.

The properties of a rate-independent evolution s, translated in terms of the sets above,
are:

e s is non-decreasing and left continuous, with s(0) = s ;
o (t,5(t)) € A= UA° for every t € [0,T];
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FIGURE 1. The sets A=, AT and A° for a sufficiently smooth energy
release rate G. A° corresponds to the black line separating the gray region
A~ and the white region A™.

e if ¢ is a non-constancy instant for s, then (¢, s(t+)) € A%;
e if ¢ is a jump instant for s, then (t,0) € A° U AT for every o € [s(t), s(t+)];
e the function ¢ — G(s(t), aw(t)) is continuous.

A priori, a function with this behaviour is not unique, thus we really need to characterize
the class of vanishing viscosity evolutions.

It remains open the question whether s=¥ and s"” converge to the same limit for any
reasonable G, when ¢ and v vanish; the issue arises already at the incremental level. How-
ever, if we assume sufficient regularity for G, we are able to give an answer. Let G be
Lipschitz continuous with respect to both its variables. We already obtained a partial result
in Proposition in order to prove lipschitzianity with respect to the fracture variable o,
we should assume more regularity for the boundary data and the pre-assigned crack path
I'. Proper assumption can be deduced by comparison with the result in [I5, Appendix A.3].
In the following we will consider only the evolutions s%*, and not the s with € > 0, since
they both converge to the same limit when ¢, — 0. Indeed, first of all we recall that s¥

o,v

and s%¥ are solutions to the Cauchy problems
1
§5V(t) = 7 [G(s57 (1), aw(t) + ebw(t)) — c}+
s5Y(0) = s
and
(1) = SV (1), 1) "
v ’ (8.2)
s%7(0) = sg

respectively, where in (8.2) we used the definition (8.1). Being the function ¢ € R + o
Lipschitz continuous with constant 1 and denoting by K the Lipschitz constant of G, we
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have

SE,V _ 80,1/ !
|55 (£) <msA

[G(s®Y (1), aw(T) + ebw(T)) — c]+ — [g(so’”(r), aw(r)) — c]+’ dr
§/ |g(sf7”(7), aw(T) + ebw(r)) — Q(SO’”(T), aw(7))| dr

0
S/ |G(s%Y (1), aw(T) + ebw(T)) — G(s¥7 (7), aw(T))| dT

0

+/ |Q(s€”’(7),aw(7)) —g(so’”(7)7aw(7))| dr

0
w(T)| dr $SSY(T) = sV ()| dr

<ebik [ Jin)| dr + K [ [s(r) =50 d

¢
<ebCTK + K/ |5 (1) — SO’”(T)| dr.
0

Gronwall Lemma provides the inequality
557 (t) — % ()] < ebOKTeX! < ebCKTeXT

uniformly in ¢ and v, so that the claim is proved.

We now describe all the possible behaviours of a vanishing viscosity evolution s at the
initial instant. The propositions below can be seen as different steps in an algorithmic
procedure. Since we need a bit of regularity, we assume A° to be a C'' manifold of dimension
1.

Proposition 8.1. If there exists t € (0,T] such that [0,t) x {so} C A~ UAY, then s(t) = so
for t €0, to], where to :=sup {t € (0,T]: [0,t) x {so} C A~ UA"}.

Proof. By the regularity assumptions on G, the solution to (8.2)) is unique. Since the
constant function 3 = s solves (8.2)) in [0,%9) for every v, then it results s%¥(t) = s¢ for
t € [0,t9). Being s pointwise limit of the s and left-continuous, we have the thesis. [

Proposition 8.2. Assume there exist ( > 0 and a continuous function & : [0,tz] — [so, L]
such that & is increasing, 5(0) = so and
{t,5(t)) :0<t<ts}cA (8.3)
{(t,0) :0<t<tsot)—(<o<a(t)cA"
{(t,0) :0<t <tz a(t)<o<a(t)+(}CA.
Then s(t) = a(t) for every t € [0,t5].
Remark 8.3. If G is regular enough, then — imply that
05G(7(t), aw(t)) <0
for every t € (0,t5). Therefore & is conver along & and the lemma states that the vanishing

viscosity evolution grows continuously where £ is convex.

Proof. First we prove that s%”(t) < &(t) for every v > 0 and t € [0,t5), so that, by
pointwise convergence, s(t) < a(t) for every t € [0,t5].

By contradiction, assume that for some 1 there exists t € (0,t5) with %" (¢) > &(t),
and define to := inf {t € (0,¢5) : s""°(t) > 5(t)}. There exists ¢; >ty and § > 0 such that
O (ty) = a(t1), sPo(t) > a(t) and (t,s%"0(t)) € A~ for every t € (t1,t1 + ) (here we
used (8.5)). Then, for t € (t1,t; + ), we have

¢
0<a(t)—a(ty) <s(t) — s (t) = 710/ V(s (’/"),T)+ dr =0,

t1
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which is a contradiction.
So far, we obtained that s(t) < &(t) for every t € [0,t5]. Defined
t:=sup{t €[0,t5]: s(r) =a(r) for every 0 < 7 < ¢},

the proof is complete if we show that £ = t5.

By contradiction, assume that ¢ < t;. The definition of ¢ implies the existence of
i e (£,T+6) such that 5() — ¢ < s(f) < o(f). Being s left continuous, for some 6 > 0 so
that £ — 6 >t and some 0 < 5 < ¢, the set

D= {(t,U)G[O,tg]x s0,L): i—d<t<%s(f—05)— ngags(t)}

satisfies D CC A™. Therefore there exists C' > 0 such that V> C on D.
By pointwise convergence, there exists vg > 0 with s%"0(# — §) > s(t — J) — . Since the
convergence of the s%¥ to s is monotone with respect to v, the chain of inequalities

s(f—08) —n < O —0) < s"V(I—8) < 5O (t) < s(t)

shows that (t,5%(t)) € D for every t € [t — 0,%] and 0 < v < 1. Then

s(f) — s(f — 6) + 1 > 8" (f) — s%Y( I/D/ V(" (1), )t T>V—60—>+oo

as v — 0, which is impossible.
Since the contradiction is due to the assumption ¢ < ¢z, it must be t = ¢5, i.e. s(t) =7 (¢)
for every t € [0, t5]. O

In the next proposition, we set min @ = +o0.
Proposition 8.4. Assume there exists t € (0,T] such that (0,t) x {so} C AT and define
§ := min { L, min {A° N ({0} x [s0, L))} } .
Then
(1) if §=sg, then there exists a continuous increasing function
7 :[0,t5] € [0,T] — [so, L]

with &(0) = so, such that s =a for t € [0,t5];
(2) if so <5< L, let
g :[0,t5] C [0,T] = [so0, L]
be a monotone continuous function such that 5(0) =3 and (t,5(t)) € A° for every
t e 0,t5].
e If G is increasing, then s(t) = a(t
e [f G is strictly decreasing, then s(

to :==sup {t € (0,T): (0,¢) x {5(0)} C A~ U.AO},

and s(04) = 04,(0);
(3) if 5=L, then s(t) = L for every t € (0,T] and, consequently, s(0+) = L.

) for t € (0,t5) and s(0+) =5(0).
t) =a(0) for every t € (0,%o), where

Proof. Case (1): being 5 = sg and (0,t) x {sg} C A", the regularity of A" implies the
existence of a branch & : [0,t5] C [0,T] — [so, L] of A" such that 5(0) = sq and & is
increasing. Then the proof is the same as for Proposition [8.2] since the geometry around &

is described by (8.3])-(8.4)-(8.5).

Case (2): first of all observe that, around &, conditions (8.3))-(8.4)-(8.5) hold true for
some ¢ > 0 and there exists t < t5 such that

B:= {(t,a): 0<t<t,so §0<6(t)} c AT,
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Assume first that & is strictly increasing. Arguing similarly to the first part of Proposition
we obtain that s%¥ () < &(t) for every t € [0,t5], so that also s < & in the same interval.
We now want to prove that the equality holds true.

By contradiction, assume there exists £ € (0,t5) with s(f) < (). Suppose first that
t < t. By left continuity of s (see Lemma [7.7) and &, there exists a small § > 0 such that
the set

D:={(t,o): te[t—6,1],5 <o <s(t)} cc A",

and consequently V > C on D for some constant C' > 0. Since (t,s%(t)) € D for every
te[t—46,t] and v >0, it is
I O,v (1 O,v/ g 1 g 0,v + 1
s(t) —sg > s0V(t) = sPV(t—0) = — V(W (1), 7)Tdr > —C6 — 400
Vo i—6 Vo
as v — 0. This is a contradiction; therefore s(t) = &(t) for t € (0,f) and £ € [t,t5).
Arguing as in the second part of Proposition [8.2] we obtain again a contradiction. Hence
we conclude that it is s(t) = 5(¢) for every ¢ € (0,t5) and s(0+) = 7(0).
If & is strictly decreasing, first of all we show the following facts:

(2.i) there exists 1 such that for every 0 < v < v there exists t,, € (0,) with s%¥(t,) =

a(tu);

(2.ii) the sequence t, is monotonically converging to 0 as v \, 0.

By contradiction, assume that for every v > 0 there exists a smaller index 0 < 7 < v
such that for every t € (0,7) it is s%”(t) < &(t). (Observe that s%” cannot be larger
than & in the interval (0, f), otherwise by continuity they would coincide at some instant
since s%7(0) = s9 < (0)). Therefore we obtain s(t) < &(t) for t € (0,£). Being s non-
decreasing and & strictly decreasing, it is s(t) < &(t) for ¢ € [0, — ] for some small § > 0.
Consequently, for every t € [0, — 4] and 0 < v < 1y it is

(t,s"(t) e R:=={(t,o): 0<t<t—6,s9<o<s(t—8)} cc At

Since V > C > 0 on R for some constant C', we obtain the contradiction
. . 1 [0 1.
s(t—6) > sV (t —0) = so + %/ V(¥ (1), )t dr > 50 + V—D(t —6)C = 400
0

as v — 0. Hence (2.1) is proved.
Concerning (2.ii), firstly we show that, if v; < vy, then t,, < t,,. In fact, if it were
ty, > ty,, then we would have

a(ty,) = sO (t,) > sO (t,) > O (twy) = G (tn,) > (ty,),

¥ and the second one to the

where the first inequality is due to the monotonicity of the s
fact that 0¥ > g0z,
Now we prove that t, \, 0 as v \ 0. By contradiction, assume that ¢, \, ¢ > 0. For

every 0 < v <y (v selected at step (2.1)) it is
sM(8) < 8™ (t) = a(t)

and, taking the limit as v — 0, we get s(t) < &(¢). Then, by monotonicity of both s and
7, s(t/2) < &(t/2). Being 0 < t < t, for some C > 0 it is V(o,t) > C for every t € [0,1/2]
and o € [sg, s(t/2)]. Repeating the same argument as before,

; . IS 14
(02> L2 =50+ 55 [ VO dr 2 0+ 500 o 4o

as v — 0, which is a contradiction. Therefore ¢, N\, 0 as v \ 0, so that (2.ii) is proved as
well.
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To prove the claim in case (2), observe that the geometry of A~ in a neighbourhood of
(0,5(0)) is the following: there exists 7 > 0 such that

B:={(t,o): 0<t<T,0(t)<o<a(0)} CA".

For v sufficiently small, ¢, < 7 and s%" has the form

1 ! 0,v +
SO (t) = S0 + 70/0 V(s (r),7)T dr forte[0,t,)
s%7(t,) for t € [t,, o).

In fact, with an argument similar to that in Proposition the unique solution to the
Cauchy problem

{ plt) = =V (e(0)0)*
p(t,) =" (1)
is o = s%¥(t,) in [t,,to]. Consider t < to and, by contradiction, let s(t) < (0), so that
also s%¥(t) < &(0) for every v. By (2.i), t, — 0 and s%¥(t,) = &(t,) — (0). Hence for
v sufficiently small it is

t, <t and s%7(t,) > s" (1),

which contradicts the monotonicity of s%.
Hence s(t) = a(t) for any 0 <t <ty and, by consequence, s(0+) = 7(0).

Case (3): assuming that § = L, there are two possibilities:

(3.i) A°N ({0} x [s0,L]) = O.

(3.ii) A°N ({0} x [s0,L]) ={(0,L)}.

If (3.i) is the case, the set A°N([0,T] x (so, L)) is far away from the o-axis, so that there
exists £ > 0 such that for any 0 < § < # the set [0,¢] x [so,L) C AT. Fix t € (0,%). By
contradiction, assume that s(t) < L. Since [t/2,t] x [so,s(t)] CC AT, by continuity of V
there exists C' := C(t) > 0 such that V(o,7) > C for every 7 € [t/2,t] and o € [sg, s(t)].
Then, since so < s%¥(t) < s(t) for every v > 0, we obtain

¢
L — 59> s(t) —so > s (t) — s""(t/2) = L V(¥ (1), 7)tdr > iCE — 400
Vo t/2 v 2
as v — 0, which is a contradiction. We proved that s(t) = L for every ¢ € (0,%).
s(t) = L for every t € (0,7] and s(0+) = L.

In case (3.ii), there exists a monotone function & : [0,7] — [s, L] with 6(0) = L. If
& = L, then the proof is the same as for (2) in case of an increasing function; if & is strictly
decreasing, argue as in (2) in case of a decreasing function. O

Then

Remark 8.5. The above propositions provide a description of the evolution of the crack
tip s up to as time t € (0,7]. If t = T, then the function s is completely determined
over [0,T], otherwise we have to proceed with the analysis. We are not going to prove any
further result since, up to modifying slightly the statements and the proofs of Propositions
the behaviour of the solution has similar characterizations taking (£, s(f)) as
starting point instead of (0, sg).

Let us assume more regularity for the c-level set of G, A°. In addition to being a C!
manifold of dimension 1, we request that

o VV(o,t) # 0 for every (t,0) € A%;
e the singular set

S={(t,0) €[0,T] x [s0,L) : 9;V(0,t) =0 or d;V(o,t) =0} N A"

is finite.
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Applying the Implicit Function Theorem, there exists a finite number of curves
O'iZ(ti,l,ti,g)C(O,T)—)[O,L], i=1,...,k,
such that

e for every i, o; is continuous and strictly monotone;
e for every i, the limits

Ui(ti,l) = lim O'Z(t) and Ui(ti_g) = lim O'Z(t)
t*}(ti,l)+ ’ t*)(tiyz)f

exist and are finite;
e sct

A = {(t,0:(t)) s t € (tin, tin)}
the graph of oy, it is A" = UlefT?, or, equivalently, A%\ S =uUk_, AY.
In addition, every o; verifies one of the following inequalities for every ¢ € (¢;1,%;2):
05G(0;(t),aw(t)) <0 or 9,G(0i(t),aw(t)) > 0.

We are describing a geometry similar to the one in Figure [2|

L
05

o3 04
o

02

01
S0
0 t T

FIGURE 2. Plot of the c-level set of G, A%, assuming it is a C' manifold
of dimension 1, with finite singular set S.

Propositions and provide an “algorithmic” procedure. They can be quickly
adapted to the geometry described above, providing a description of the evolution of s up to
an instant £ € (0, 7. While Propositionis still valid, the new statements for Propositions
and [8.4] are the following ones.

Proposition 8.6. Assume there exists i € {1,...,k} such that o; is strictly increasing,
t;1 =0, 0;,(0) = so and 9,G(0;(t),aw(t)) < 0 for every t. Then s(t) = o,(t) for every
te [O, ti72} .

Proposition 8.7. Assume there exists t € (0,T] such that (0,t) x {so} C AT and define
s:=min{L,min{0;(0) : 1 <i <k such that t;1 = 0,0,(0) > so,0,G(04(t),aw(t)) < 0}}.
Then

(1) if 5= s0, then s(t) = o;(t) for every t € (0,t;2), where i € {1...,k} is such that
0:(0) = 59 and 9,G(0;(t),aw(t)) < 0;

(2) if so <5< L, set

ip:=min{l <i<k: t,; =0 and 0;(0) > so}.
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If 0, is strictly increasing, then s(t) = o4, (t) for t € (0,t;,2) and s(04+) = 0;,(0).
If 04, is strictly decreasing, then s(t) = 0;,(0) for every t € (0,tg), where

to:=sup{t € (0,T): (0,t) x {o4,(0)} C A~ UA"},

and s(04) = 0;,(0);
(3) if 5= L, then s(t) = L for every t € (0,T] and, consequently, s(0+) = L.

Here below, we present an example showing that the fracture evolution selected by the
vanishing viscosity construction jumps later than the globally stable evolution obtained in [§].
We recall and use the example in [I8], Section 7]. They deal with the antiplane 2-dimensional
case with pre-assigned crack path I" = v([—L, L]) and monotone increasing loading w(t, ) =
t(z) defined on the boundary 99 of an open bounded set 2 C R?. When considering the
case of linearized elasticity and monotone increasing loadings w(t,x) = ti(x), the bulk
energy E4(o,t) has the special form

Ey(o,t) = t*E(0) (8.6)
where

E(o) :==min{|Vu|?® :ue H'(Q\I,),u=1 on dpQ}
is the energy associated to the boundary loading w(l,z) = (z) and the crack I, =
v([=L,o]). The quadratic dependence of E4 on ¢ is due to the linear nature of the problem.
The total energy is then given by
t?E(0) + o (8.7)

where Fq(o) = o is the crack energy (for convenience of esposition, we set the material
toughness ¢ equal to 1).

In [I8], they construct a boundary loading ¥ and a domain € in such a way that the

elastic energy functional
E:[so, L] C[-L, L] =R
is concave on some subinterval of [sg, L]. In particular, for any 1 > 0 they consider the
domain
Q"= B_,UT"U By,
where B_5 and By are the balls of radius 1 and center in (—2,0) and (2,0) respectively,
T" = (=2 + cosn,2 — cosn) X (—sinn,sinn), and a proper boundary loading v, on 9Q".
The crack path is I' = [-3,3] x {0}. They assume the body to be fractured at time ¢ = 0,
with initial crack [-3,—2] x {0}, and for o € [-2,3) they set
Ey(0) :=min {||Vul* :u e H' (Q"\ ([-3,0] x 0)) ,u = 1, on 0"} .
In this setting (see the discussion for (8.6)-(8.7)), the total energy at time ¢ > 0 for the
crack [—3,0] x {0} is
t*E,(0) + o
and the function
o€[-2,3)— E,(0) eR
is C2. The sets A%, A~, At defined at the beginning of the section, now take the form
A) = {(t,0) € [0,T] x [-2,3] : =t*E] (o) = 1}
Ay ={(t,0) €[0,T] x [-2,3] : —*E}(0) < 1}
Af ={(t,0) €[0,T] x [-2,3] : =t*E;(0) > 1} .
In [I8] the result on the concavity of E, is achieved by showing the following three facts:
(i) limsup, o+ £,(2) is finite;
(ii) liminf, o+ E,(=2) = 00;
(iii) limsup, o+ £y (—2) is finite.
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Consequently, along a suitable sequence 7, — 07, it is
E??k (_2) + E;k (_2)4 > Eﬁk (2)’
proving that E,, is necessarily concave in some subinterval of [—2,2].

FIGURE 3. The domain Q7.

Let us call Ey(o) the elastic energy related to the case where 2 = B_5, the crack set is
[-3,0] x {0} for o € (—3,—1] and the boundary loading is sin(6/2), 6 being the angular
coordinate between the x-axis and the center (—2,0) of B_s. In [I8], using firstly Irwin’s
formula relating the energy release rate and the stress intensity factor, and then an integral
characterization for the last, they show that for o € [-5/2,—3/2] it is

limsup Ej (o) = Ey(0). (8.8)
n—0+
In order to make clear that [—3, —2] is the initial crack, below we write sp = —2. Considering

(i),(ii) and (8.8), take 79 > 0 such that for any 0 < n < 71y (belonging to a proper
subsequence)

Ey(s0) + (Eg(s0) = 1)(2 = s0) > Ey(2) (8.9)
|E; (s50) — Eg(so)| < % (8.10)

By and continuity of E;] and E, for any 7 there exists s, > so such that
|Ey(0) — Eg(o)| < % (8.11)

for o € [sg, sy).
As proved in [I7], Ey is convex in an interval [sg, s1] C [sg, L]. Without loss of generality,
we can assume s; < s1. From (8.11)) and convexity of Ey, we deduce

1 1
Ej(0) > By(a) ~ & > Eyso) —
for o € [so, sy], so that the Lagrange theorem implies

(o) = Byfon) = Ey(€)(o — 50) = (Bolo0) = 5 ) (0 = 30},

where the last inequality is due to the fact that ¢ € [sg,0]. Considering too, we obtain
1 1
Byfo) + (5 - Bolo) ) o 2Ey(s0) + (5 = Bofon) ) o0

>E77(2) + (1 — E(/)(So)) (2 — 80) + <; — E6(80)> S0

—5,(2)+ (5 - Ey(s0)) 2+ 52 - o)



A VISCOSITY-DRIVEN CRACK EVOLUTION 33

FIGURE 4. Plot of two different cases of the function F, discussed in the
example: in the figure (A), E, is convex in a neighbouhood of —2, while
in (B) it is concave. In principle, we do not know which is the situation,
nevertheless for 1 small enough the request is satisfied. The dotted
line corresponds to the slope E(j(—2) — %, while the dashed one is the
tangent to F, at —2, whose slope is larger than E{j(—2) — %, according to
(18.10).

Defined ¢ty > 0 by

1 1
23" Eg(s0),
the above inequality becomes
o 2 1 2
E,,(a)—i—t—2 >En(2)+t—2+§(2—so):En(2)+t—2+2 (8.12)
0 0 0

for o € [sg,sy|. The map

2

2

is continuous in a neighbourhood of {¢¢} X [so, L), thus by (8.12) we obtain

(t,0) s Bylo) + = —

2 ETY(Q) -

o 2
EW(U) + tfz > En(Q) + ?

for every t € [t,,to] and o € [sg, s;], for some ¢, < tg.
Let sq : [0,T] — [s0,3] be the globally stable quasi-static evolution. Since at each instant
it has to satisfy the global minimality condition

P Ey(sa(t) +sa(t) <°Ey(o) +o
for every o > supg<y o4 5G(t'), the discussion above shows that sg(t) > s, for t € [t,, T].
Consider now 7 < 7 such that
1
-1
By choice of 19, what we achieved above still holds true, in particular the result about the

globally stable quasi-static evolution sg. By continuity of E{], there exists sop < 5, < sy
for which

E,(s0) > Eg(so)

1
Ey(0) > Fy(s0) — 5
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for o € [sg,5y]. Then, when o belongs to this interval and ¢ € (0, %¢], it is
1, 11

5 — EO(SO) = % S th

In the formalism previously introduced, it is

[07t0] X [80, g’l] C A;

—E;(0) <

Denoted by sy the vanishing viscosity evolution, the analysis at the beginning of the section
(Proposition [8.1]) implies that sy (t) = so for ¢t € [0,%0].

Summarizing, we have shown the existence of a domain Q27 and a boundary loading ,,
for which the globally stable quasi-static evolution performs a crack jump strictly before the
vanishing viscosity evolution. In fact, given the initial crack, [—3,—2] x {0} C Q7, there
exist s, € (—2,L), to € (0,T) and t,, € (0,t9) such that

e the globally stable quasi-static evolution s belongs to [—2,s,] for ¢ € [0,t,] and
jumps over s, at t,,i.e. sq(t) € [=2,s,] for t € [0,t,] and s¢(t) > s, for t € (t,, L]
e any vanishing viscosity evolution sy is constant on [0, o], with sy (¢) = —2.

APPENDIX A. TECHNICAL RESULT

Lemma A.1. Let f, f; : [0,T] — R be non-decreasing monotone functions such that f;(t) —
f(t) for every t € [0,T). Let f be continuous at t € [0,T]. Then for every t; — t it is
fi(ty) = f().

Proof. Fix a > 0. By continuity, there exists 6§ > 0 such that |f(¢) — f(¢)| < « for every
[t —t <20, tel0,T].
Being t; — t, there exists Jy such that |¢t; —¢| < @ for every j > Jy, so that

f(t) = fO <a
for every j > Jy. By monotonicity, f(t —6) < f(t;) < f(¢+ ) for every j > Jy.
Pointwise convergence implies that there exists J; > Jy such that

[fi(t=0) = ft=0) <a and|f;(t+0) = ft+0)] <

for every j > J;.
By continuity of f and the choice of 8, |f(#) — f(t+6)| < a. Then by monotonicity and
the above inequalities, we obtain

fO) =22 <flt—0)—a< fj(t—0) < f;(t;) < fi(t+0) < fT+0) + o < f(t) + 20
for every j > J;. Being « arbitrary, the thesis follows. O

Acknowledgements: The author is very grateful to Professor Gianni Dal Maso for
proposing the problem and for many enlightening suggestions. He also thanks Rodica Toader
for many interesting and helpful discussions.

REFERENCES

[1] R.A. Adams, Sobolev spaces. Pure and Applied Mathematics, Vol. 65. Academic Press. New York-
London, 1975.

[2] L. Ambrosio, N. Gigli, G. Savaré, Gradient Flows in Metric Spaces and in the Space of Probability
Measures. Second edition. Lectures in Mathematics ETH Ziirich. Birkh&user-Verlag, Basel, 2008.

[3] H. Brezis, Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert.
North-Holland Mathematics Studies, No. 5. Notas de Matematica (50). North-Holland Publishing Co.,
Amsterdam-London; American Elsevier Publishing Co., Inc., New York, 1973.

[4] F. Cagnetti, A vanishing viscosity approach to fracture growth in a cohesive zone model with prescribed
crack path. Math. Models Methods Appl. Sci. 18 (2008), no. 7, 1027-1071.



[5]

[6]
[7]
(8]
[9]

[10]
11]

(12]
(13]
(14]
(15]
(16]

[17]
18]

(19]
20]

A VISCOSITY-DRIVEN CRACK EVOLUTION 35

G. Dal Maso, C. J. Larsen, Existence for wave equations on domains with arbitrary growing cracks,
Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. (special issue in honor
of Giovanni Prodi), to appear.

G. Dal Maso, R. Toader, A model for the quasi-static growth of brittle fractures: existence and
approximation results. Arch. Ration. Mech. Anal. 162 (2002), no. 2, 101-135.

G. A. Francfort, C. J. Larsen, Existence and convergence for quasi—static evolution in brittle fracture,
Comm. Pure Appl. Math. 56 (2003), 1465-1500.

G. A. Francfort, J. J. Marigo, Revisiting brittle fractures as an energy minimization problem, J. Mech.
Phys. Solids 46 (1998), no. 8, 1319-1342.

A. A. Griffith, The phenomena of rupture and flow in solids, Phil. Trans. Roy. Soc. London 18 (1920),
16-98.

P. Grisvard, Singularities in Boundary Value Problems. Masson, Paris; Springer-Verlag, Berlin, 1992.
D. Knees, A. Mielke, C. Zanini, On the inviscid limit of a model for crack propagation, Math. Models
Methods Appl. Sci. 18 (2008), no. 9, 1529-1569.

G. Lazzaroni, R. Toader, A model for crack propagation based on viscous approximations, Math.
Models Methods Appl. Sci., to appear.

G. Lazzaroni, R. Toader, Energy release rate and stress intensity factor in antiplane elasticity, Journal
de Mathmatiques Pures et Appliques 95 (2011), no. 6, 565-584.

M. Negri, From rate-dependent to rate-independent brittle crack propagation, J. Elasticity 98 (2010),
no. 2, 159-187.

M. Negri, C. Ortner, Quasi-static crack propagation by Griffith’s criterion, Math. Models Methods
Appl. Sci. 18 (2008), no. 11, 1895-1925.

W. Rudin, Principles of mathematical analysis. Third edition. International Series in Pure and Applied
Mathematics. McGraw-Hill Book Co., New York-Auckland-Diisseldorf, 1976.

R. Toader, private communication.

R. Toader, C. Zanini, An artificial viscosity approach to quasistatic crack growth, Boll. Unione Mat.
Ital. 9 (2009), no. 1, 1-35.

W. Walter, Differential and Integral Inequalities, Springer-Verlag, New York, 1970.

K. Yosida, Functional Analisys. Sixth edition. Springer-Verlag, Berlin, 1980.

SISSA, Via BONOMEA 265, 34136 TRIESTE, ITALY
E-mail address: simone.racca@sissa.it



	1. Introduction
	2. Notations and setting of the problem
	3. The time-incremental problem
	4. Energy release rate
	5. The irreversible viscoelastic evolution
	6. A comment on the role of b
	7. The rate-independent evolution
	8. 1-dimensional analysis
	Appendix A. Technical result
	References

