CVGMT Preprint Server - http://cvgmt.sns.it/papers/ebo99b/

Contents

Introduction 5

1 The Space BD(Ω): Classical Properties 13 1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.2 Preliminaries and notations . . . . . . . . . . . . . . . . . . . . . . 14 1.2.1 The space of Radon measures . . . . . . . . . . . . . . . . . 14 1.2.2 Rectifiable sets . . . . . . . . . . . . . . . . . . . . . . . . . 15 1.2.3 Lebesgue points, discontinuity points, jump points . . . . . . 16 1.3 Functions of bounded variation . . . . . . . . . . . . . . . . . . . . 17 1.3.1 Structure theorem for BV functions . . . . . . . . . . . . . . 18 1.3.2 The compactness theorem in SBV (Ω) . . . . . . . . . . . . 23 1.4 The space BD(Ω) of functions with bounded deformation: classical properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.4.1 Characterization of distributions which are deformation tensors 24 1.4.2 The space BD(Ω) . . . . . . . . . . . . . . . . . . . . . . . . 29 1.4.3 The topologies in BD(Ω) . . . . . . . . . . . . . . . . . . . . 30 1.5 Approximation in BD(Ω) . . . . . . . . . . . . . . . . . . . . . . . 32 1.6 The trace operator for BD functions . . . . . . . . . . . . . . . . . 32 1.6.1 Consequences of the trace theorem . . . . . . . . . . . . . . 33 1.7 A Poincaré type inequality for BD functions . . . . . . . . . . . . . 37 1.7.1 The Poincaré type inequality in BD(IR^n) . . . . . . . . . . . 40

2 CONTENTS

1.7.2 The Poincaré type inequality for Lipschitz bounded open subsets of IR^n . . . . . . . . . . . . . . . . . . . . . . . . . . 42 1.7.3 The Poincaré type inequality for BD functions on small balls 46

2 Fine Properties of BD Functions 51 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 2.2 The sections of BD functions . . . . . . . . . . . . . . . . . . . . . 52 2.2.1 One-dimensional sections . . . . . . . . . . . . . . . . . . . . 52 2.2.2 BD functions on linear subspaces of IR^n . . . . . . . . . . . 55 2.3 The rectifiability of the jump set of a BD function . . . . . . . . . 58 2.4 The decomposition of the measure Eu . . . . . . . . . . . . . . . . 60 2.5 The structure theorem for BD functions . . . . . . . . . . . . . . . 64 2.5.1 The space SBD(Ω) of special functions with bounded deformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 2.5.2 An integral-geometric measure related to BD functions . . . 68 2.5.3 The proof of the structure theorem 2.5.1 . . . . . . . . . . . 69 2.6 Discontinuity points which are not in the jump set . . . . . . . . . . 78 2.7 A compactness criterion in SBD(Ω) . . . . . . . . . . . . . . . . . . 88

3 The Approximate Differentiability of BD Functions 97 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 3.2 The approximate differentiability . . . . . . . . . . . . . . . . . . . 98 3.3 A Lusin type approximation of BD functions . . . . . . . . . . . . 106 3.3.1 The maximal function of a Radon measure . . . . . . . . . . 107 3.3.2 The proof of Theorem 3.3.1 . . . . . . . . . . . . . . . . . . 108

4 Functionals Defined in BD(Ω) 113 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

CONTENTS 3

4.2 Symmetric quasi-convexity and lower semicontinuity of functionals defined in LD(Ω) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.2.1 The lower semicontinuity theorem . . . . . . . . . . . . . . . 116 4.2.2 An example of symmetric quasi-convex function . . . . . . . 122 4.3 The lower semicontinuity of some functionals in SBD(Ω) with a superlinear bulk part . . . . . . . . . . . . . . . . . . . . . . . . . . 124 4.4 Existence results for some minimization problems . . . . . . . . . . 127 4.4.1 An obstacle problem in SBD(Ω) . . . . . . . . . . . . . . . 127 4.4.2 A Dirichlet boundary value problem in SBD(Ω) . . . . . . . 129 4.5 A lower semicontinuity theorem for some linear growth functionals defined in BD(Ω) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5 Homogenization of Periodic Multi-dimensional Structures 141 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 5.2 Preliminaries and notations . . . . . . . . . . . . . . . . . . . . . . 143 5.2.1 The Γ-convergence . . . . . . . . . . . . . . . . . . . . . . . 144 5.2.2 Sobolev spaces with respect to a measure . . . . . . . . . . . 145 5.3 The spaces LD^p_λ(Ω) . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 5.4 p-Homogenizable measures . . . . . . . . . . . . . . . . . . . . . . . 149 5.4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 5.4.2 Examples of p-homogenizable measures . . . . . . . . . . . . 150 5.5 The homogenization theorem . . . . . . . . . . . . . . . . . . . . . 153 5.6 The proof of the homogenization theorem . . . . . . . . . . . . . . . 155

Bibliography 169

4 CONTENTS

Introduction

This thesis is devoted to the space BD of functions with bounded deformation and to its applications in variational problems. The space BD has been introduced by Matthies, Strang and Christiansen in [150] and has been widely studied in the last decades by various authors, for instance, Anzellotti-Giaquinta [37], Kohn [141], Suquet [186, 187], Kohn-Temam [142], Temam-Strang [192, 193] and Hardt-Kinderleher [137], in connection with the variational formulation of problems arising in the theory of plasticity.

Precisely, let Ω ⊂ IR^3 be a bounded open set with locally Lipschitz boundary ∂Ω. If u : Ω → IR^3 represents the displacement field of an elasto-plastic body whose reference configuration is Ω, the variational formulation of the equilibrium under a system of forces f and g involves the following variational problem:

(P ) inf

u=u_0 on Γ_D {∫ Ω φ ( E^Du(x) ) dx + k 2 ∫ Ω |divu|^2dx + ∫ Ω (f, u)dx + ∫ Γ_N (g, u)ds }

where Γ_N ∪ Γ_D = ∂Ω and if M^0_s is the space of symmetric matrices 3 × 3 with vanishing trace, φ : M^0_s → [0, +∞] is a convex function whose conjugate (in the duality theory of Fenchel-Moreau) is

φ^⋆(σ) := { 1 4μ |σ|^2 if σ ∈ K +∞ otherwise and K := {σ ∈ M^0_s : |σ| ≤ k}.

6 INTRODUCTION

For any matrix A its projection on M^0_s is given by A^D := A −^1_3 (trA)I; k is a positive constant and μ is one of the Lamé constants. This is the Hencky model of plasticity with the Von Mises’ criterion. There are others models, for example the Tresca model corresponding to K := {σ ∈ M_s: λ_M (σ) − λ_m(σ) ≤ C} where C is a fixed positive constant, λ_M (σ) and λ_m(σ) denote respectively the maximum and the minimum eigenvalue of σ.

The problem (P ) presents formidable difficulties. For example, when plastification occurs on Γ_D, the boundary condition u = u_0 will not be satisfied. Also, from the mechanical standpoint the body Ω can exhibit sliding or slippages, these phenomena lead to the existence of internal surfaces of discontinuities for the displacement field. So, this excludes the possibility that the displacement fields u belong to a space of continuous functions or to a Sobolev space.

On the other hand, there is a formal analogy between the problem (P ) and the problem of finding graphs of prescribed mean curvature inf v∈BV (Ω) v=ψ on Γ_D {∫ Ω √ 1 + |Dv|^2 + ∫ Ω fvdx + ∫ Γ_N hvds }

or more general, problems of the type inf v∈BV (Ω) v=ψ on Γ_D {∫ Ω ϕ(Dv) + ∫ Ω fvdx + ∫ Γ_N hvds }

studied for example in Giaquinta-Modica-Souček [130], Giusti [131] with ϕ having a linear growth.

Very often minimization problems are proved to be well posed following Tonelli’s direct methods, i.e., for (P ) one looks for a function space and a suitable topology on it such that the functional

F (u) := ∫ Ω φ ( E^Du(x) ) dx + k 2 ∫ Ω |divu|^2dx + ∫ Ω (f, u)dx + ∫ Γ_N (g, u)ds

INTRODUCTION 7

is both lower semicontinuous and coercive. By the analogy above, one would think to the space BV (Ω, IR^3) of functions of bounded variation. More precisely, one attempt could be to consider the space

X (Ω) := BV (Ω, IR^3) ∩ {u ∈ L^1(Ω, IR^3): divu ∈ L^2(Ω)}.

Unfortunately, a counter-example given in Ornstein [170] (see Theorem 1.7.8), shows that no Korn’s inequality is available in W^{1,1}(Ω, IR^3). So, the functional F is not coercive in X (Ω). According to Matthies-Strang-Christiansen [150], in order to gain coerciveness, the functional F must be extended to account for displacement fields u with the only property that the strains Eu := (Du + Du^t)/2 are measures. This leads, in the general n-dimension case, to the introduction of the space BD(Ω) of functions with bounded deformation, defined by

BD(Ω) := { u ∈ L^1(Ω, IR^n): Eu = (Du + Du^t)/2 ∈ M_b(Ω, M^{n×n}_s ) } , where Du is the distributional derivative of u, A^t is the transpose of the matrix A and M_b(Ω, M^{n×n}_s ) is the space of Radon measures with finite total variation in Ω and taking values in the space of symmetric n × n matrices. Precisely, plasticity problems are studied in the following space

P(Ω) := {u ∈ BD(Ω): divu ∈ L^2(Ω)}.

A variety of properties of the space BD like the density of regular functions, the trace theorem and its consequences, the Poincaré type inequality, the embedding theorems established by many authors (see e.g., Temam [191]) leads to good weak formulations of plasticity problems and to the proof of existence of generalized solutions (see for instance, Anzellotti-Giaquinta [37], Suquet [186, 187] and Temam [191]). All those by now classical properties are presented here in the first chapter.

The space BD has also been devised by Anzellotti [35], Giaquinta-Giusti [129], Del Piero [107], Del Piero-Ru Chong [108] as a suitable function space in which one

8 INTRODUCTION

can study the well-posedness of the equilibrium problem related to masonry-like materials. These are described as structures only able to sustain very low tensile stresses. So, they easily exhibit fractures under tensile loads.

According to Di Pasquale [112], Del Piero [107], the mathematical formulation of those problems requires some constraints on the Cauchy stresses, which lead to a constitutive equation for the admissible stresses. The viewpoint taken by Anzellotti in [35], as well as by Giaquinta-Giusti in [129], is to characterize the equilibrium configuration for such materials by minimizing a non-coercive energy functional on a proper subspace of BD(Ω). Under suitable assumptions on Ω and on the class of external loads, existence theorems are proven in those papers.

Actually, our research on the space BD is motivated by recent results obtained on BV functions, in connection with the theory of free discontinuity problems. This terminology, introduced by De Giorgi in [98], indicated a family of variational problems involving both a volume and a surface energy. These model a variety of problems suggested by applied mathematics or mathematical physics, like the image segmentation problem proposed by Mumford & Shah in [164], problems in fracture mechanics (see for example Ambrosio-Braides [16], Griffith [135], Liebowitz [146], Rice [174]), the equilibrium configuration of liquid crystals studied by Ambrosio [11], De Giorgi-Ambrosio [99], Virga [196, 197].

A prototype of free discontinuity problems is the following

(P_1) min {∫ Ω\K f(x, ∇u)dx + λH^{n−1}(K) }

where Ω is a bounded open subset of IR^n, K varies in the class of closed subsets of Ω̄, u varies in C1(Ω \ K), λ is a fixed positive parameter and f is a Borel function. (P_1) is called a free discontinuity problem because the set K can be thought as (a set containing) the set of discontinuity points of u.

The application of the direct methods of the calculus of variation to the problem (P_1) presents many difficulties; for example, there is no topology on closed

INTRODUCTION 9

subsets ensuring at the same time the coercivity and the lower semicontinuity of the functional F (u, K) := ∫ Ω\K f(x, ∇u)dx + λH^{n−1}(K). So, there is a necessity of providing a weak formulation of the problem (P_1). To handle the difficulty described above, De Giorgi and Ambrosio introduced in [99] a class of discontinuous functions and proposed to replace the free surface K by the set of discontinuity points of these functions. The function space which seems more suitable for this kind of problems is the space BV (Ω, IR^k) of IR^k-valued functions of bounded variation in Ω. For such a function u, it is possible to define in a measure theoretic sense, the set of discontinuity points S_u, the orientation ν_u and both traces u^+ and u^− on the two sides of S_u. Moreover, the function u has an approximate differential ∇u almost everywhere in Ω. However, some BV functions (like the Cantor-Vitali function) have a pointwise behaviour non compatible with problems of the type (P_1). So, a proper subspace of special functions of bounded variation, SBV (Ω, IR^k) is introduced in [99] and for such a function u, the objects S_u, ν_u, u^+, u^− and ∇u describe completely the measure distributional derivative Du. Precisely, Du = ∇uL^n Ω + (u^+ − u^−) ⊗ ν_uH^{n−1} S_u

where L^n and H^{n−1} denotes respectively the Lebesgue and the (n − 1)-dimensional Hausdorff measures. In general, for any u ∈ BV (Ω, IR^k) we have the decomposition

Du = ∇uL^n Ω + (u^+ − u^−) ⊗ ν_uH^{n−1} S_u + Cu

where Cu, called the Cantor part of Du, is a measure singular with respect to L^n which does not charge sets which are σ-finite with respect to H^{n−1}.

The problem (P_1) admits in SBV (Ω, IR^k) the following weak formulation

(P_2) min {∫ Ω f(x, ∇u)dx + λH^{n−1}(S_u) } .

10 INTRODUCTION

In the framework of this theory, general functionals of the type

(P^′) ∫ Ω f ( x, u(x), ∇u(x) ) dx + ∫ Su g ( x, u^+(x), u^−(x), ν_u(x) ) dH^{n−1}(x) have been considered, with g being some Borel function. Under some suitable growth and convexity assumptions on f and g, lower semicontinuity theorems and existence results for problems involving functionals of the type (P^′) have been proved by Ambrosio [9, 10, 11, 12], Ambrosio-Braides [16, 17]; in some cases it has been proved that any weak solution in SBV induces a minimizing pair (u, K) for the original problem (see for instance, De Giorgi-Carriero-Leaci [100] and Dal Maso-Morel-Solimini [86]).

Concerning fracture mechanics problems, if we deal with a linear elastic body, the function f is a quadratic form in ∇u depending only on Eu = (∇u + ∇u^t)/2. So, the analogue of (P_1) is

(P^′_1) min {∫ Ω\K f(x, Eu(x))dx + λH^{n−1}(K) }

where K and u represent respectively the fracture zone and the displacement field. The weak formulation of (P^′_1) in SBV (Ω, IR^n) will lead to

(P^′_2) inf_{v∈SBV (Ω,IRn)} {∫ Ω f(x, Eu(x))dx + λH^{n−1}(S_u) }

or in general,

(P^{′′}_2 ) inf v∈SBV (Ω,IR^n) {∫ Ω f(x, Eu(x))dx + ∫ Su g ( x, u^+(x), u^−(x), ν_u(x) ) dH^{n−1}(x) }

where Eu indicates the symmetric part of the approximate gradient ∇u of u. However, the functionals in (P^′_2) or (P^{′′}_2 ) are not coercive in SBV (Ω, IR^n) since there is no control on the antisymmetric part of ∇u.

In order to provide suitable weak formulations of the problem (P^′_1) in the space BD(Ω), following the strategy of De Giorgi-Ambrosio [99], it has been necessary to study the fine properties of BD functions. Kohn [141], Bellettini-Coscia [45],

INTRODUCTION 11

Bellettini-Coscia-Dal Maso [46, 47], Hajłasz [136], Ambrosio-Coscia-Dal Maso [21] and Ebobisse [114] established various properties of this type. The second chapter of this thesis is a complete and self contained survey on this topic. For instance, we present the structure theorem 2.5.1 by Ambrosio-Coscia-Dal Maso [21], allowing to construct BD functions from suitable one-dimensional sections, we introduce in analogy with BV the space SBD(Ω) of special functions with bounded deformation and finally we conclude the chapter with a compactness criterion (Theorem 2.7.1) in SBD(Ω) proved by Bellettini-Coscia-Dal Maso [46, 47].

After, we study in Chapter III the local behaviour of BD functions, presenting two results related to their approximate differentiability. This argument was discussed for the first time by Hajłasz [136] and by Ambrosio-Coscia-Dal Maso [21]. We propose in the second part of this chapter another way of deducing the approximate differentiability, by a quantitative Lusin type approximation of BD functions by Lipschitz ones.

The chapter IV is devoted to the study of some functionals defined in BD(Ω) or in some subspaces of it. Using both classical and fine properties of BD functions presented in the previous chapters, we study first the lower semicontinuity of functionals with linear growth of the form

F (u) := ∫ Ω f ( Eu(x) ) dx defined in the space LD(Ω) := {u ∈ BD(Ω): Eu << L^n} under an interesting weak convexity property of f analogous, in this context, to the Morrey quasi-convexity. In the second part we present some lower semicontinuity and existence theorems in SBD(Ω) proved by Bellettini-Coscia-Dal Maso [46, 47]. Finally, we prove a new lower semicontinuity theorem for a class of functionals with linear growth defined in all the space BD(Ω).

We conclude this thesis by studying in Chapter V a homogenization problem involving a particular subspace of BD(Ω). Analogously to the results of the paper

12 INTRODUCTION

[32], we study here the asymptotic behaviour of functionals of the type

F_ε(u, Ω) := ∫ Ω f (x ε , dEu dμ_ε ) dμ_ε modelling, according to Bouchitté-Buttazzo-Seppecher [57] and Ambrosio-Buttazzo- Fonseca [20], some energies of lower dimensional or multi-dimensional structures. Using the theory of Γ-convergence we prove a homogenization theorem, obtaining an integral representation of the homogenized energy in the spaces W^{1,p}(Ω, IR^n) and BD(Ω), depending on the growth conditions on f.

Chapter 1

The Space BD(Ω): Classical Properties

1.1 Introduction

This chapter deals essentially with the preliminaries on the classical properties of functions with bounded deformation. Most of those properties have been established for example by Matthies-Christiansen-Strang [150], Anzellotti-Giaquinta [37], Moreau [157], Paris [172], Suquet [186, 187], Kohn [141], Temam-Strang [192, 193], Temam [191].

After introducing some notations and some fundamental tools on the space of Radon measures, we will give the structure properties of functions with bounded variation related to free discontinuity problems (see e.g., Ambrosio [9, 10, 11, 12], De Giorgi-Ambrosio [99], De Giorgi-Carriero-Leaci [100] and Alberti-Mantegazza [8]). The main results in this chapter will be the trace theorem and the Poincaré type inequalities for functions with bounded deformation and their consequences. Some of the results here will be given without proofs.

14 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.2 Preliminaries and notations

In all what follows, we will denote by M^{n×m} the space of n × m matrices, M^{n×n}_s the subspace of n × n symmetric matrices. Let A^t denote the transpose matrix of A ∈ M^{n×m}. (·, ·) and ‖·‖ will respectively denote the euclidean scalar product and norm in IR^n and in M^{n×n}. ‖·‖_p will be the norm in the space L^p for any 1 ≤ p ≤ +∞. For any (a, b) ∈ IR^n × IR^n, a ⊗ b and a ⊙ b = 1/2(a ⊗ b + b ⊗ a) are respectively the tensor and symmetric products of a and b. We will denote by B_ρ(x) the open ball of center x and radius ρ > 0. L^n and H^k are respectively the Lebesgue measure in IR^n and the k-dimensional Hausdorff measure. w_k denotes the k-dimensional Hausdorff measure of the unit ball. For any A ⊂ IR^n, |A| will indicate the measure of A.

1.2.1 The space of Radon measures

Let Ω be an open subset of IR^n and B(Ω) the σ-algebra of Borel subsets of Ω. For any Borel measure μ on Ω with values in IR^m, we will indicate by |μ| the total variation of μ. For any B ∈ B(Ω) (μ F )(B) := μ(F ∩ B) defines the measure restriction of μ on the Borel subset F of Ω. For any function f : Ω → IR^m μintegrable, the measure fμ is defined by (fμ)(B) := ∫ B fdμ for every B ∈ B(Ω).

We will indicate by M_b(Ω, IR^m) the space of IR^m-valued Radon measures on Ω with finite total variation. M_b(Ω, IR^m) is a Banach space when equipped with the norm ‖μ‖_b := |μ|(Ω). It is well known that M_b(Ω, IR^m) is the dual of C_0(Ω, IR^m), closure with respect to the uniform convergence of the space C_c(Ω, IR^m) of continuous functions with compact support in Ω. C_0(Ω, IR^m) is the space of IR^m-valued continuous functions in Ω̄ vanishing at the boundary. Following the duality above, a weak^⋆ topology is defined on M_b(Ω, IR^m) by the so-called vague convergence of measures: we will say that a sequence of {μ_j}_j in M_b(Ω, IR^m) converges weakly

§1.2 PRELIMINARIES AND NOTATIONS 15

(or vaguely) to μ ∈ M_b(Ω, IR^m) if, for any φ ∈ C_0(Ω, IR^m), lim j→+∞ ∫ Ω φ(x)dμ_j(x) = ∫ Ω φ(x)dμ(x). Another interesting topology on M_b(Ω, IR^m) is the one associated with the family of seminorms | ∫ Ω φdμ|, φ ∈ C_0(Ω, IR^m) which defines the weak^⋆ topology and the pseudometric d(μ, ν) = | |μ|(Ω) − |ν|(Ω)|. This defines a topology intermediate between the weak^⋆ topology and the norm topology.

For more results about weak convergence of measures and its consequences we refer to Evans-Gariepy [118], Federer [119], Temam [191], and Ambrosio-Fusco- Pallara [26].

1.2.2 Rectifiable sets

Definition 1.2.1 A subset K of IR^n is called countably (H^{n−1}, n − 1)-rectifiable (briefly rectifiable) if K = N ∪ ⋃ i∈IN K_i, where H^{n−1}(N) = 0 and {K_i} is a sequence of compact sets such that K_i is contained in a C^1 hypersurface Γ_i for any i ∈ IN.

For every rectifiable set K there exists a Borel function ν_K : K → S^{n−1} such that ν_K (x) = ν_{Γi} (x) for H^{n−1}-a.e. x ∈ K_i, where for any i ∈ IN, ν_{Γi} (x) denotes the unit vector normal to Γ_i at x ∈ Γ_i. Since for any pair of hypersurfaces Γ_i and Γ_j, ν_{Γi} (x) = ±ν_{Γj} (x) for H^{n−1}-a.e. x ∈ Γ_i ∩ Γ_j, then ν_K is well-defined. For H^{n−1}- a.e. x ∈ K, the (n − 1)-dimensional subspace (ν_K (x))^⊥ is called the approximate

16 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

tangent space of K at x and is denoted by Tan^{(n−1)}(K, x).

For the general theory of rectifiable sets we refer to Federer [119], Simon [181], Morgan [159].

1.2.3 Lebesgue points, discontinuity points, jump points

Let u ∈ L^1_{loc}(Ω, IR^m) and x ∈ Ω be given.

(i) x is a Lebesgue point of u if there exist ũ(x) ∈ IR^m such that

lim_{ρ→0+} − ∫ Bρ(x) |u(y) − ũ(x)|dy = 0. (1.2.1)

The vector ũ(x) is called the approximate limit of u at the point x. In general for any Borel function v : Ω → IR^m, l ∈ IR^m is the approximate limit of v at x and we write l = ap lim_{y→x} v(y), if for every ε > 0

lim_{ρ→0+} 1 ρ^n |{y ∈ B_ρ(x): |v(y) − l| ≥ ε}| = 0. Ω_u denotes the set of Lebesgue points of u and S_u = Ω\Ω_u is called the discontinuity set of u. By the Lebesgue’s differentiation theorem, the set S_u is L^n-negligible and the function ũ : Ω_u → IR^m called the Lebesgue representative of u coincides with u L^n -almost everywhere in Ω_u.

(ii) We say that the function u has one-sided Lebesgue limits u^+(x) and u^−(x) at x, with respect to a suitable direction ν_u(x) ∈ S^{n−1} := {ξ ∈ IR^n: |ξ| = 1}, if

lim_{ρ→0+} − ∫ B^±_ρ (x,νu(x)) |u(y) − u^±(x)|dy = 0, (1.2.2)

where we have set B^±_ρ (x, ν_u(x)) := {y ∈ B_ρ(x): (y − x, ±ν_u(x)) > 0}. In this case the functions u_ρ(y) := u(x + ρy) converge in L^1(B_1(0), IR^m) to the function

u_0(y) := { u^+(x) if (y, ν_u(x)) > 0 u^−(x) if (y, ν_u(x)) < 0.

(1.2.3)

§1.3 FUNCTIONS OF BOUNDED VARIATION 17

- If u^+(x) ≠ u^−(x) then the triplet (u^+(x), u^−(x), ν_u(x)) is uniquely determined up to a change of sign of ν_u(x) and a simultaneous permutation of u^+(x) and u^−(x). In that case we say that x is a jump point of u and J_u indicates the set of jump points of u.

- If u^+(x) = u^−(x) then x ∈ Ω_u and ũ(x) = u^+(x) = u^−(x).

1.3 Functions of bounded variation

Definition 1.3.1 We say that a function u : Ω → IR^m is of bounded variation and we write u ∈ BV (Ω, IR^m) if u ∈ L^1(Ω, IR^n) and its distributional gradient Du is an M^{n×m}-valued Radon measure in Ω with finite total variation |Du|.

We denote BV (Ω) = BV (Ω, IR). The discontinuity set S_u of u ∈ BV (Ω, IR^m) is countably (H^{n−1}, n − 1) rectifiable. Moreover, for H^{n−1}-almost every x ∈ S_u, the function u has one-sided Lebesgue limits u^+(x) ≠ u^−(x) with respect to the approximate unit normal ν_{Su} (x). Therefore, for H^{n−1}-a.e. x ∈ S_u, ν_u(x) = ν_{Su} (x) and x is a jump point of u. That is H^{n−1}(S_u \ J_u) = 0.

If u ∈ BV (Ω, IR^m), then the Radon-Nikodym decomposition of the measure Du gives Du = D^au + D^su = ∇uL^n + D^su, where D^au and D^su are respectively the absolute continuous and the singular parts of Du with respect to the Lebesgue measure. The density ∇u of D^au with respect to L^n is interpreted as the approximate differential of u, i.e.,

lim_{ρ→0+} − ∫ Bρ(x) |u(y) − ũ(x) − (∇u(x), y − x)| |y − x| dy (1.3.1)

for L^{n−1}-almost every x ∈ Ω. The singular part D^su can be split into two mutually singular measures as

D^su = D^ju + D^cu = (u^+ − u^−) ⊗ ν_uH^{n−1} S_u + D^cu,

(1.3.2)

18 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

where D^ju = D^su S_u = Du S_u is the (n − 1)-dimensional part also called the jump part of Du and D^cu = D^su Ω_u is the Cantor part of Du with the property

|Du|(B) = 0 for any B ∈ B(Ω) H^{n−1} σ -finite .

Definition 1.3.2 We say that u is a special function of bounded variation in Ω with values in IR^m, and we write u ∈ SBV (Ω, IR^m), if u ∈ BV (Ω, IR^m) and D^cu = 0 in Ω.

We will write SBV (Ω) = SBV (Ω, IR). For a general exposition on function with bounded variation we refer to Giusti [132], Ziemer [202], Evans-Gariepy [118], Ambrosio-Fusco-Pallara [26]; for the properties of the space SBV (Ω, IR^m), see for example, Ambrosio [9, 10, 11, 12], Pallara [171], Ambrosio-Fusco-Pallara [26]. Here we have just recalled some definitions and results that will be used in the sequel.

1.3.1 Structure theorem for BV functions

Before giving the theorem of reconstruction of BV functions from their onedimensional sections, we will first present the space of one-dimensional BV functions and its equivalent definitions.

Pointwise variation and distributional derivative

Let A ⊂ IR be open, E ∈ B(A) such that L^1(A \ E) = 0 and u : E → IR^m integrable. Then u induces a distribution on A, whose derivative is denoted by Du. Let I ⊂ A be an open interval, the pointwise variation V u(I) of u on I is defined by

V u(I) := sup {k−1 ∑ i=1 |u(t_{i+1}) − u(t_i)| : t_1 < t_2 < · · · < t_k, t_i ∈ E ∩ I } . (1.3.3)

If V u(I) < +∞, then Du can be represented by a bounded measure on I, whose total variation satisfies |Du|(I) ≤ V u(I). (1.3.4)

§1.3 FUNCTIONS OF BOUNDED VARIATION 19

Precisely |Du|(I) = min{V v(I): v = u L^1 − a.e. in I}. Moreover, if V u(I) < +∞ for every open interval I ⊂ A, then it is possible to extend V u to a non-negative Radon measure defined on B(A), which is still denoted by V u. In fact, we define for every open subset U of A V u(U) := ∑ I∈CC(U) V u(I) (1.3.5)

where CC(U) denotes the set of connected components of U. It turns out that the set function U → V u(U) is increasing, subadditive, additive on disjoint open sets, and inner regular, i.e., for any open set O ⊂ A V u(O) = sup{V u(U): U open, U ⊂⊂ O}. Then following a well-known result by De Giorgi-Letta [103] (see, e.g., Dal Maso [83, Theorem 14.23]), V u(B) := inf{V u(U): U open, B ⊂ U ⊂ A} ∀B ∈ B(A). defines a Radon measure on A which coincides with the function defined by (1.3.3) on all open intervals I ⊂ A. If V u(I) < +∞ for every open interval I ⊂ A, then there exists an extension v of u, defined on A, such that V u = V v as measures on A. Therefore, applying the classical theory of functions of bounded variation on bounded intervals to v on each open interval I ⊂ A, we obtain that u has left and right limits respectively

u^+(t) = lim_{ρ→0+} 1 ρ t+ρ∫ t u(s)ds and u^−(t) = lim_{ρ→0+} 1 ρ t∫ t−ρ u(s)ds

at every t ∈ A and these limits coincide except on the countable set A_u := {t ∈ A: Du({t}) ≠ 0}.

20 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

Moreover, the classical derivative u^′(t) = lim_{s→t} s∈E u(s) − u(t) s − t exists for L^1-almost every t ∈ E and coincides with the density of the absolutely continuous part of the measure Du with respect to L^1. So, the distributional derivative of a SBV function of one variable can be recovered throught the left and right limits and the classical derivative of its representatives. If E = A and u ∈ C^1(A, IR^m) then one can easily verify that V u = |Du| = |u^′|L^1 (1.3.6) as measures on A.

One-dimensional sections of a set

For every y, ξ ∈ IR^n, ξ ≠ 0 and B ⊂ IR^n we define π_ξ := {y ∈ IR^n: (y, ξ) = 0}, B^ξ_y := {t ∈ IR: y + tξ ∈ B}, (1.3.7) B^ξ := {y ∈ π_ξ: B^ξ_y ≠ ∅}, respectively as the hyperplane orthogonal to ξ and passing through the origin, the one-dimensional section of B on the straight line passing through y in the direction ξ and the image of B by the orthogonal projection p_ξ onto π_ξ.

Measures obtained by integration

Let Ω_1 ⊂ IR^p, Ω_2 ⊂ IR^q be two open sets and μ be a finite positive Radon measure on Ω_1. Let ν be the mapping which associates to every x ∈ Ω_1 a Radon measure ν_x on Ω_2, such that x → ν_x(A) is a Borel function for any open subset A ⊂ Ω_2 and ∫

Ω_1 |ν_x|(Ω_2)dμ(x) < +∞.

§1.3 FUNCTIONS OF BOUNDED VARIATION 21

Then we can define by integration with respect to μ a Radon measure on Ω_1 × Ω_2 denoted by ∫

Ω_1 ν_xdμ(x) and characterized by ∫ Ω_1×Ω_2 f(x, y)d (∫ Ω_1 ν_xdμ(x) ) (x, y) = ∫ Ω_1 ∫ Ω_2 f(x, y)dν_x(y)dμ(x) for any bounded Borel function f : Ω_1 × Ω_2 → IR. By Aumann’s measurable selection theorem (see Castaing-Valadier [77, Theorem III.30]), the total variation of that measure is | | | ∫ Ω_1 ν_xdμ(x) | | | = ∫ Ω_1 |ν_x|dμ(x). (1.3.8) In particular, we construct on the open subset Ω ⊂ IR^n a measure by integration with respect to the (n − 1)-dimensional Hausdorff measure H^{n−1}. precisely, if for any y ∈ Ω^ξ, ν_y : B(Ω^ξ_y) → IR is a Radon measure, the map y ∈ Ω^ξ → ∫ Ω^ξ_y φ(t)dνy(t) is a Borel function for any

φ ∈ C_c(IR) and ∫

Ω^ξ |ν_y|(Ω^ξ_y)dH^{n−1}(y) < +∞, then the Radon measure denoted by ∫ Ω^ξ ν_ydH^{n−1}(y) is defined on Ω.

Structure theorem for BV functions

Since BV functions of one variable are more manageable through their nice pointwise behaviour, in general in a BV setting, one-dimensional variational problems are more easier to study than their corresponding n-dimensional versions.

22 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES The following theorem on the reconstruction of BV functions from their onedimensional sections is useful to reduce some problems in n-dimensional domains to one-dimensional problems.

Theorem 1.3.3 Let u : Ω → IR, ξ ∈ IR^n, ξ ≠ 0 and y ∈ Ω^ξ. Let u_{y,ξ} : Ω^ξ_y → IR be the function defined by u_{y,ξ}(t) := u(y +tξ) for any t ∈ Ω^ξ_y. If for some orthonormal basis {ξ_1, ξ_2, . . . , ξ_n} of IR^n u_{y,ξi} ∈ BV (Ω^{ξi}_y ) for H^{n−1}-a.e. y ∈ Ω^{ξi} and ∫ Ω^ξi |Du_{y,ξi} |(Ω^{ξi}_y )dH^{n−1}(y) < +∞ for any i ∈ {1, . . . , n}, then u ∈ BV (Ω).

Conversely, if u ∈ BV (Ω) then for H^{n−1}-a.e. y ∈ Ω^ξ, u_{y,ξ} ∈ BV (Ω^ξ_y) and ∫ Ω^ξ |Du_{y,ξ}|(Ω^ξ_y)dH^{n−1}(y) = |D_ξu|(Ω) < +∞. Moreover, ∫

Ω^ξ D^au_{y,ξ}dH^{n−1}(y) = (∇u, ξ)L^n, (1.3.9) ∫ Ω^ξ D^ju_{y,ξ}dH^{n−1}(y) = (D^ju, ξ), (1.3.10) ∫ Ω^ξ D^cu_{y,ξ}dH^{n−1}(y) = (D^cu, ξ), (1.3.11) and for H^{n−1}-a.e. y ∈ Ω^ξ ∇u_{y,ξ}(t) = (∇u(y + tξ), ξ) for L^1-a.e. t ∈ Ω^ξ_y,

(1.3.12) S_{uy,ξ} = {t ∈ Ω^ξ_y: y + tξ ∈ S_u}, (1.3.13) (u_{y,ξ})^+(t) = u^+(y + tξ) and (u_{y,ξ})^− = u^−(y + tξ) ∀t ∈ Ω^ξ_y.

(1.3.14)

§1.3 FUNCTIONS OF BOUNDED VARIATION 23

The structure theorem 1.3.3 is the main ingredient used by Ambrosio in [10, 13] for the proof of the following compactness criterion in SBV (Ω).

1.3.2 The compactness theorem in SBV (Ω)

Let φ : [0, +∞[→ [0, +∞], θ : ]0, +∞[ → [0, +∞] be two functions, respectively convex and concave, such that lim t→+∞ φ(t) t = +∞, φ is nondecreasing,

(1.3.15)

θ(+∞) = lim_{t→+∞} θ(t), lim_{t→0+} θ(t) t = +∞, θ is nondecreasing.

(1.3.16)

Theorem 1.3.4 Let Ω be a bounded open subset of IR^n. Let {u_h}_{h∈N} be a sequence in SBV (Ω, IR^m). Assume that

sup_{h∈IN} {∫ Ω φ(|∇u_h|)dx + ∫ Su_h θ(|u^+_h − u^−_h |)dH^{n−1} + ‖u_h‖_∞ } < +∞. Then there exists a subsequence {u_{hk} }_{k∈N} and a function u ∈ SBV (Ω, IR^m) such that:

u_{hk} −−→ u strongly in L^1(Ω, IR^m),

∇u_{hk} −−⇀ ∇u weakly in L^1(Ω, M^{n×m}), ∫ Su θ(|u^+ − u^−|)dH^{n−1} ≤ lim inf_{k→+∞} ∫ Su_{hk} θ(|u^+_{hk} − u^−_{hk} |)dH^{n−1}.

24 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.4 The space BD(Ω) of functions with bounded deformation: classical properties

Before presenting the space BD(Ω) and its topological properties, we will first give some useful characterizations of the distributions which are deformation tensors.

1.4.1 Characterization of distributions which are deformation tensors

Given a vectorial distribution u ∈ D^′(Ω, IR^n), we denote by Eu := (Du + D^tu)/2 the M^{n×n}_s -valued distribution called the deformation tensor of u, where Du indicates the derivative of u. The subspace R := {u ∈ D^′(Ω, IR^n): Eu = 0} of infinitesimal rigid motion has the following useful characterization. Lemma 1.4.1 Let Ω be a connected open subset of IR^n. Then

R = {u(x) = Ax + b; b ∈ IR^n and A is an n × n skew-symmetric matrix}. Proof. Let u ∈ R. We set w_{ij}(u) =^1_2 (D_ju_i − D_iu_j) and note that D_kw_{ij} = 1 2 (D_{kj}u_i − D_{ik}u_j) = 1 2 (D_{jk}u_i + D_{ij}u_k) − 1 2 (D_{ij}u_k + D_{ik}u_j) = D_jE_{ik}u − D_iE_{jk}u = 0 since u ∈ R. Therefore D_kw_{ij}(u) = 0 for all i, j, k. It follows that D_{ik}u_j = D_kw_{ij}(u) = 0, ∀i, j, k. Since Ω is connected, the functions u_j are affine, i.e., u(x) = Bx + b, where B is an

§1.4 THE SPACE BD(Ω) OF FUNCTIONS WITH BOUNDED 25 n × n matrix. Since Eu = 0, the matrix B is only reduced to its skew-symmetric part. ⊓⊔

The following theorem proved by Moreau [157] in its general formulation (see also Temam-Strang [193]) characterizes those distributions which are tensors of deformation.

Theorem 1.4.2 Let Ω be an open connected subset of IR^n. Let {E_{ij}}_{i,j}, be a matrix of distributions such that E_{ij} = E_{ji}. Then the following facts are equivalent:

(i) There exists a distribution u ∈ D^′(Ω, IR^n) such that E_{ij} = E_{ij}u ∀i, j. (ii) For any {ϕ_{ij}}_{i,j} ∈ (C^∞_c (Ω))^{n2} such that divϕ = 0,^n ∑ i,j=1 ⟨E_{ij}, ϕ_{ij}⟩ = 0, where ⟨·, ·⟩ denotes the symbol of duality between D^′(Ω) and C^∞_c (Ω).

For the reader’s convenience we repeat here the proof of this theorem by Moreau [157]. In all the rest of this paragraph we shall adopt the Einstein summation convention in which repeated indices imply summation over the index range. The proof of Theorem 1.4.2 will be based on the following two lemmas. Lemma 1.4.3 If {E_{ij}}_{ij} ⊂ D^′(Ω, M^{n×n}_s ) verifies the property (ii) of theorem 1.4.2, then ⟨E_{ij,k} − E_{jk,i}, v_j⟩ = 0 (1.4.1) for any v ∈ C^∞_c (Ω, IR^n) with divv = 0. Proof. We want to prove that ⟨E_{ij}, v_{j,k}⟩ − ⟨E_{jk}, v_{j,i}⟩ = 0. (1.4.2) Let us first remark that ⟨E_{ij}, v_{j,k}⟩ = ⟨E_{lm}, δ^l_iv_{m,k}⟩ and ⟨E_{jk}, v_{j,i}⟩ = ⟨E_{lm}, δ^m_k v_{l,i}⟩;

26 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES where δ^j_i denotes the Kronecker symbol. Since {E_{lm}} is symmetric we have ⟨E_{ij}, v_{j,k}⟩ − ⟨E_{jk}, v_{j,i}⟩ = ⟨E_{lm}, δ^l_iv_{m,k} − δ^m_k v_{l,i}⟩ = ⟨E_{lm}, Sym(δ^l_iv_{m,k} − δ^m_k v_{l,i})_{lm}⟩ = 1 2 ⟨E_{lm}, S_{lm}⟩ where Sym(A) := (A + A^t)/2 denotes the symmetric part of the matrix A and S_{lm} := δ^l_iv_{m,k} + δ^m_i v_{l,k} − δ^m_k v_{l,i} − δ^l_kv_{m,i} for k, i fixed. The matrix {S_{lm}}_{lm} ⊂ C^∞_c (Ω, M^{n×n}_s ) is divergence free. In fact, (divS)_l = S_{lm,m} = δ^l_iv_{m,km} + δ^m_i v_{l,km} − δ^m_k v_{l,im} − δ^l_kv_{m,im} = δ^l_i(v_{m,m})_k + v_{l,ki} − v_{l,ik} − δ^l_k(v_{m,m})_i = δ^l_i(divv)_k − δ^l_k(divv)_i = 0.

Therefore ⟨E_{lm}, S_{lm}⟩ = 0 by the property (ii) of Theorem 1.4.2. ⊓⊔ Lemma 1.4.4 If {E_{ij}}_{i,j} ⊂ D^′(Ω, M^{n×n}_s ) verifies the property (ii) of Theorem 1.4.2, then ⟨x_j(E_{ij,k} + E_{ik,j} − E_{kj,i}), v_k⟩ = 0 (1.4.3) for any v ∈ C^∞_c (Ω, IR^n) with divv = 0, where x_j denotes the j^{th} component of the generic element x of IR^n in the chosen orthonormal basis. Proof. The identity (1.4.3) is equivalent to ⟨E_{ij}, (x_jv_k)_{,k}⟩ + ⟨E_{ik}, (x_jv_k)_{,j}⟩ − ⟨E_{kj}, (x_jv_k)_{,i}⟩ = 0. (1.4.4) Since ⟨E_{ij}, v_j⟩ = ⟨E_{ki}, v_k⟩ = 0 and {E_{lm}} is symmetric, the first member of (1.4.4) is equal to ⟨E_{ij}, δ^k_j v_k + x_jv_{k,k}⟩ + ⟨E_{ik}, δ^j v_k + x_jv_{k,j}⟩ − ⟨E_{kj}, δ^i_jv_k + x_jv_{k,i}⟩

§1.4 THE SPACE BD(Ω) OF FUNCTIONS WITH BOUNDED 27 = ⟨E_{ij}, v_j⟩ + ⟨E_{ik}, nv_k + x_jv_{k,j}⟩ − ⟨E_{ki}, v_k⟩ − ⟨E_{kj}, x_jv_{k,i}⟩ = ⟨E_{ik}, nv_k + x_jv_{k,j}⟩ − ⟨E_{kj}, x_jv_{k,i}⟩ = ⟨E_{lm}, δ^i_l δ^k_m(nv_k + x_jv_{k,j}) − δ^k_l δ^j_mx_jv_{k,i}⟩ = ⟨E_{lm}, Sym(δ^i_l δ^k_m(nv_k + x_jv_{k,j}) − δ^k_l δ^j_mx_jv_{k,i})_{lm}⟩ = 1 2 ⟨E_{lm}, S_{lm}⟩ where S_{lm} := nδ^i_l v_m + δ^i_l x_jv_{m,j} − x_mv_{l,i} + nδ^i_mv_l + δ^i_mx_jv_{l,j} − x_lv_{m,i}. The matrix {S_{lm}}_{l,m} ⊂ C^∞_c (Ω, M^{n×n}_s ) is divergence free. In fact, S_{lm,m} = nδ^i_l v_{m,m} + δ^i_l δ^m_j v_{m,j} + δ^i_l x_jv_{m,jm} − nv_{l,i} − x_mv_{l,im} +nδ^i_mv_{l,m} + δ^i_mδ^m_j v_{l,j} + δ^i_mx_jv_{l,jm} − δ^m_l v_{m,i} − x_lv_{m,im}. Since v_{m,m} = δ^m_j v_{m,j} = v_{m,jm} = v_{m,im} = 0, then S_{lm,m} = nv_{l,i} + v_{l,i} + x_jv_{l,ji} − nv_{l,i} − x_mv_{l,im} − v_{l,i} = 0. Therefore ⟨E_{lm}, S_{lm}⟩ = 0 by the point (ii) of Theorem 1.4.2 and this achieves the proof of the lemma. ⊓⊔ Proof of Theorem 1.4.2. We only need to prove the implication (ii) ⇒ (i). If {E_{ij}} verifies (ii) then by Lemma 1.4.3 and by De Rham’s theorem characterizing distributions which are gradients, we have for any i, k the existence of a distribution F_{ik} defined up to an additive constant such that F_{ik,j} = E_{ij,k} − E_{jk,i} On the other hand (F_{ik} + F_{ki})_{,j} = E_{ij,k} − E_{jk,i} + E_{kj,i} − E_{ji,k} = 0. Then F_{ik} + F_{ki} is a constant distribution in Ω. We can always assume that the constants obtained in

28 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES the construction of F_{ik} are such that F_{ik} + F_{ki} = 0. Let us prove that there exists u ∈ D^′(Ω, IR^n) such that u_{i,k} = E_{ik} + F_{ik}. We remark that E_{ik} + F_{ik} = (x_j(E_{ij} + F_{ij}))_{,k} − x_j(E_{ij,k} + F_{ij,k}). (1.4.5) Hence we only need to prove that the terms x_j(E_{ij,k}+F_{ij,k}) are gradient components of an element of D^′(Ω, IR^n). Following the De Rham’s theorem it is sufficient to prove that ⟨x_j(E_{ij,k} + F_{ij,k}), v_k⟩ = 0 For any v ∈ C^∞_c (Ω, IR^n) with divv = 0. This follows from Lemma 1.4.4 since E_{ij,k} + F_{ij,k} = E_{ij,k} + E_{ik,j} − E_{kj,i}. Then x_j(E_{ij,k} + F_{ij,k}) = w_{i,k} for some w ∈ D^′(Ω, IR^n). Therefore setting u_i = x_j(E_{ij} + F_{ij}) + w_i we obtain E_{ij} =^1_2 (u_{i,j} + u_{j,i}) and this achieves the proof of Theorem 1.4.2. ⊓⊔ Corollary 1.4.5 Let {u_h}_h ⊂ D^′(Ω, IR^n). If E_{ij}u_h converges in D^′(Ω) to E_{ij}, then there exists u ∈ D^′(Ω, IR^n) such that E_{ij}u = E_{ij} ∀i, j.

The following proposition on the regularity of the distributions whose tensor of deformation is a Radon measure with finite total variation is similar to the characterization by Miranda [153] of a distribution whose gradient is a measure. Proposition 1.4.6 Let Ω ⊂ IR^n be open connected and u ∈ D^′(Ω, IR^n) such that E_{ij}(u) ∈ M_b(Ω) ∀i, j. Then u ∈ L^1_{loc}(Ω, IR^n). Moreover, if Ω is bounded with locally Lipschitz boundary, then u ∈ L^1(Ω, IR^n).

For the proof of this proposition we refer for example to Temam-Strang [193], Temam [191] and Paris [172].

§1.4 THE SPACE BD(Ω) OF FUNCTIONS WITH BOUNDED 29 In the sequel Ω will be an open connected subset of IR^n. Let u ∈ L^1_{loc}(Ω, IR^n) and φ ∈ C^∞_c (Ω). Then ⟨E_{ij}u, φ⟩ = − 1 2 ∫ Ω (u_i ∂φ ∂x_j + u_j ∂φ ∂x_i )dx. For any open subset A of Ω we set ∫ A |Eu| := sup {∫ A (u, divφ)dx: φ ∈ C^∞_c (Ω, IR^{n2} ), supt(φ) ⊂ A and ∑ φ^2_{ij} ≤ 1 } . Then Eu is an M^{n×n}_s -valued Radon measure in Ω if and only if ∫ A |Eu| < +∞ any open set A ⊂⊂ Ω. In that case the application B → |Eu|(B) := inf {∫ A |Eu|: A open, B ⊂ A ⊂ Ω } B ∈ B(Ω) defines the total variation of Eu.

1.4.2 The space BD(Ω)

Definition 1.4.7 We say that u : Ω → IR^n is a function with bounded deformation in Ω, and we write u ∈ BD(Ω) if u ∈ L^1(Ω, IR^n) and Eu ∈ M_b(Ω, M^{n×n}_s ). For every ξ = (ξ^1, · · · , ξ^n) ∈ IR^n, let D_ξ be the distributional derivative in the direction ξ defined by D_ξv = (Dv, ξ). For every u : Ω → IR^n we define u^ξ : Ω → IR by u^ξ(x) := (u(x), ξ).

Theorem 1.4.8 (i) Let u be in BD(Ω). Then D_ξu^ξ is a bounded Radon measure for every ξ ∈ IR^n and D_ξu^ξ = (Euξ, ξ).

(ii) Conversely, let ξ_1 · · · , ξ_n be a basis of IR^n and u ∈ L^1(Ω, IR^n), then the function u is in BD(Ω) if D_ξu^ξ is a bounded Radon measure on Ω for every ξ of the form ξ_i + ξ_j i, j = 1, · · · , n.

30 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.4.3 The topologies in BD(Ω)

BD(Ω) is a Banach space when equipped with the norm

‖u‖_{BD(Ω)} := ‖u‖_L1_{(Ω,IR}n_) + ‖Eu‖_b = ‖u‖_1 + |Eu|(Ω).

(1.4.6)

The space C^∞(Ω̄, IR^n) is not dense in BD(Ω) with respect to the norm topology. In other words the BD(Ω)-strong closure of C^∞(Ω̄, IR^n), denoted by LD(Ω) is a proper subset of BD(Ω).

Two other topologies are defined on BD(Ω). The first one called weak topology is defined by the following family of norm and semi-norms

. ‖u‖_L1_{(Ω,IR}n_) . |⟨E_{ij}u, φ⟩| φ ∈ C^∞_c (Ω) i, j = 1, · · · , n. Then a sequence {u_h}_{h∈IN} converges weakly to u in BD(Ω) if and only if { u_h −→ u in L^1(Ω, IR^n) and E_{ij}u_h^⋆−⇀ E_{ij}u in M_b(Ω) for any i, j = 1, · · · , n. The second topology called intermediate topology is the one induced by the following distance d(u, v) := ‖u − v‖_L1_{(Ω,IR}n_) + | |Eu|(Ω) − |Ev|(Ω)|. It is clear that this topology is intermediate between the weak topology and the topology of the norm on BD(Ω).

The weak topology defined above is actually a weak^⋆ topology since following a result by Matthies-Strang-Christiansen [150] (see also Temam-Strang [193]), the space BD(Ω) is up to an isomorphism the dual of some function space.

§1.4 THE SPACE BD(Ω) OF FUNCTIONS WITH BOUNDED 31 Theorem 1.4.9 Assume that Ω is bounded with locally Lipschitz boundary ∂Ω. Let X := {f = (g, h) : g ∈ C_c(Ω, IR^n), h ∈ C_c(Ω, M^{n×n}_s )}.

Then the space BD(Ω) is continuously isomorphic to the dual of X /X_0, where X_0 := {(g, h) ∈ X : g = div h} and X /X_0 denotes the quotient space of X by X_0.

Proof. Let Y := {f^∗ = (g^∗, h^∗) : g^∗ ∈ M_b(Ω, IR^n), h^∗ ∈ M_b(Ω, M^{n×n}_s )}. It’s clear that X /X_0 is continuously isomorphic to the annihilator Y_0 := {f^∗ ∈ Y : ⟨f^∗, f⟩ = 0}.

Then it only remains to prove that BD(Ω) is continuously isomorphic to Y_0. If we consider f = (0, h) ∈ X_0, then f^∗ ∈ Y_0 satisfies n∑ i,j=1 ⟨h^∗_{ij}, h_{ij}⟩ = 0 if h_{ij} = h_{ji} and div h = 0.

Then following Theorem 1.4.2, there exists v ∈ D^′(Ω, IR^n) such that h^∗_{ij} = E_{ij}v. In general, the condition ⟨f^∗, f⟩ = 0 for f^∗ ∈ Y_0 and f ∈ X_0 gives successively ⟨g^∗, div h⟩ + ⟨Ev, h⟩ = 0, ⟨E(v − g^∗), h⟩ = 0. Therefore, v − g^∗ is a rigid motion r. Setting u := v − r = g^∗ ∈ M_b(Ω, IR^n), then the distribution E_{ij}u = h^∗_{ij} ∈ M_b(Ω). Therefore, following Proposition 1.4.6, u ∈ BD(Ω) and the map from f^∗ ∈ Y_0 to u such that f^∗ = (u, Eu) provides the desired continuous isomorphism. ⊓⊔

32 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.5 Approximation in BD(Ω)

The following approximation theorem is similar to the one by Anzellotti-Giaquinta [36] for BV functions (see also Ambrosio-Mortola-Tortorelli [27] for the vectorial case).

Theorem 1.5.1 The space C^∞(Ω̄, IR^n) is dense in BD(Ω) with respect to the intermediate topology.

For the proof of Theorem 1.5.1 we refer the reader to Temam [191].

1.6 The trace operator for BD functions

Theorem 1.6.1 Let Ω ⊂ IR^n be bounded open with locally Lipschitz boundary Γ. Then there exists a surjective bounded linear operator γ : BD(Ω) −→ L^1(Γ, IR^n) such that

(i) γ(u) = u|_Γ for any u ∈ BD(Ω) ∩ C(Ω̄, IR^n). (ii) lim_{ρ→0+} 1 ρ^n ∫ Bρ(x)∩Ω |u(y) − γ(u)(x)|dy = 0 for H^{n−1} − a.e. x ∈ Γ. (iii) (generalized Green’s formula): For any φ ∈ C^1(Ω, M^{n×n}_s ) ∩ C(Ω̄, M^{n×n}_s ), ∫ Ω (u, div φ)dx + ∫ Ω φdEu = ∫ Γ (φ, γ(u) ⊙ ν)dH^{n−1}, where ν denotes the outer unit normal vector of Γ.

Moreover, the operator γ is still continuous when BD(Ω) is equipped with the intermediate topology.

§1.6 THE TRACE OPERATOR FOR BD FUNCTIONS 33

1.6.1 Consequences of the trace theorem

Theorem 1.6.2 Let Ω be a Lipschitz bounded open subset of IR^n and u a function in L^1(IR^n, IR^n) ∩ BD(IR^n \ ∂Ω), then u ∈ BD(IR^n). Moreover, if u^−, u^+ are respectively the traces of u|_Ω and u|_{IR}n_\¯_Ω then

(i) Eu(∂Ω) = ∫ ∂Ω (u^+ − u^−) ⊙ νdH^{n−1}. (ii) |Eu|(∂Ω) = ∫ ∂Ω |(u^+ − u^−) ⊙ ν|dH^{n−1}. (iii) There exists a positive constant C(Ω) such that ‖ ‖ ‖u^+ − u^− ‖ ‖ ‖ L^1(∂Ω,IR^n) ≤ C(Ω)|Eu|(∂Ω), where ν is the field of outward unit vectors normal to ∂Ω.

Proof. (i) Write the generalized Green’s formula for u|_Ω and u|_{IR}n_\¯_Ω with φ ≡ 1 and sum.

(ii) We write the generalized Green’s formula for u|_Ω , u|_{IR}n_\¯_Ω and for {φ_{ij}} ⊂ C^∞_c (IR^n, M^{n×n}) with n∑ i,j=1 φ^2_{ij} ≤ 1. In fact, ∫ Ω φdEu + ∫ Ω (u, divφ)dx = ∫ ∂Ω (φ, u^+ ⊙ ν)dH^{n−1} ∫ IR^n\Ω̄ φdEu + ∫ IR^n\Ω (u, divφ)dx = − ∫ ∂Ω (φ, u^− ⊙ ν)dH^{n−1} and summing we obtain ∫ IR^n (u, divφ)dx = − ∫ Ω φdEu− ∫ IR^n\Ω̄ φdEu− ∫ ∂Ω (φ, (u^+ −u^−)⊙ν)dH^{n−1}. (1.6.1) Then it follows that Eu is a Radon measure in IR^n with |Eu|(IR^n) ≤ |Eu|(Ω) + |Eu|(IR^n \ Ω̄) + ∫ ∂Ω |(u^+ − u^−) ⊙ ν|dH^{n−1}.

34 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

Therefore u ∈ BD(IR^n) and |Eu|(∂Ω) ≤ ∫ ∂Ω |(u^+ − u^−) ⊙ ν|dH^{n−1}. In order to prove the reverse inequality, we consider for any h > 0 the open set U_h := {x ∈ IR^n; d(x, ∂Ω) < 1 h } and {φ^h_{ij}} ⊂ C^∞_c (IR^n, IR^n) with^n ∑ i,j=1 (φ^h_{ij})^2 ≤ 1, spt(φ^h_{ij} ⊂ U_h and

φ^h_{ij} → (u^+ − u^−) ⊙ ν_{ij} |(u^+ − u^−) ⊙ ν| in L^1(∂Ω).

Then we write (1.6.1 ) for φ^h and obtain ∫ ∂Ω (φ^h, (u^+ − u^−) ⊙ ν)dH^{n−1} = ∫ U_h φ^hdEu + ∫ Ω∩U_h φ^hdEu + ∫ (IR^n\Ω̄)∩U_h φ^hdEu ≤ |Eu|(U_h) + |Eu|(Ω ∩ U_h) + |Eu|(U_h ∩ (IR^n \ Ω̄)). Now letting h goes to +∞ we obtain ∫ ∂Ω |(u^+ − u^−) ⊙ ν|dH^{n−1} ≤ |Eu|(∂Ω) and this proves (ii).

(iii) We prove (iii) working locally. Let Γ ⊂ ∂Ω be a Lipschitz graph over ξ^⊥ for some ξ ∈ S^{n−1}. It is easy to see that |(α, ν)| is bounded away from 0 if α ∈ S^{n−1} is closed enough to ξ. Now if we fix α closed to ξ and we apply the generalized Green’s formula for φ = w(α ⊗ α) with w ∈ C^1_c (IR^n), we obtain ∫ Γ w(α ⊗ α)dEu = ∫ Γ w(u^+ − u^−, α)(ν, α)dH^{n−1}. Therefore the identity above holds by approximation for any bounded Borel function. Taking

w = (u^+ − u^−, α)(ν, α) |(u^+ − u^−, α)(ν, α)| if (u^+ − u^−, α)(ν, α) ≠ 0 0 otherwise ,

§1.6 THE TRACE OPERATOR FOR BD FUNCTIONS 35 we obtain ∫ Γ |(u^+ −u^−, α)(ν, α)|dH^{n−1} ≤ |Eu|(Γ). Now letting α range over a linear independent set of vectors we get ∫ Γ |u^+ − u^−|dH^{n−1} ≤ C_1(Ω)|Eu|(Γ). Since ∂Ω can be covered by a finite number of such Γ, the point (iii) follows. ⊓⊔ Corollary 1.6.3 Let Ω be as in the theorem. Then the map u → u_∗ with u_∗ := { u in Ω 0 in IR^n \ Ω is continuous from BD(Ω) to BD(IR^n).

Proof. u_∗ ∈ L^1(IR^n, IR^n) ∩ BD(IR^n \ ∂Ω) with (u_∗)^+ = 0 and (u_∗)^− = γ(u). Then by Theorem 1.6.2 u_∗ ∈ BD(IR^n) and |Eu_∗|(∂Ω) ≤ ‖γ(u)‖_L1_{(∂Ω,IR}n_) ≤ C(Ω) ‖u‖_{BD(Ω)} . Therefore ‖u_∗‖_{BD(IR}n_) ≤ C(Ω) ‖u‖_{BD(Ω)}. ⊓⊔ Corollary 1.6.4 Let Ω be as in the theorem. Then any u ∈ BD(Ω) may be extended to some ū ∈ BD(IR^n) such that |Eū|(Ω̄) = |Eu|(Ω). Proof. We apply the Gagliardo’s theorem (see Gagliardo [128]) to the trace γ(u) of u on ∂Ω to obtain a function v ∈ W^{1,1}(IR^n \ Ω̄, IR^n) whose trace on ∂Ω is equal to γ(u). Let now ū := { u in Ω v in IR^n \ Ω̄.

Then by theorem 1.6.2 ū ∈ BD(IR^n) and |Eū|(∂Ω) = 0. Therefore, we finally get |Eū|(Ω̄) = |Eū|(Ω) + |Eū|(∂Ω) = |Eu|(Ω). ⊓⊔

36 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

Remark 1.6.5 From the theorems 1.6.1 (ii) and 1.6.2, one can easily see that the lower and upper traces of u ∈ BD(IR^n) along a Lipschitz hypersurface Γ ⊂ IR^n are one-sided Lebesgue limits of u at H^{n−1}-a.e. point of Γ. This can obviously be extended to any countably (H^{n−1}, n − 1)-rectifiable set M obtaining the following generalization of the point (ii) in Theorem 1.6.1

Eu M := (u^+ − u^−) ⊙ ν_M H^{n−1} M

(1.6.2)

where ν_M indicates the approximate unit normal of M. In other words the Borel measurable approximate unit normal ν_M of M coincides up to a sign with the direction defining the one-sided Lebesgue limits of u H^{n−1} -almost everywhere in M. The identity (1.6.2) will be used in the next chapter in order to characterize what we will call the Jump part of the measure Eu.

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 37

1.7 A Poincaré type inequality for BD functions

This paragraph deals with an approximation theorem which allows to understand the local behaviour of BD functions.

Theorem 1.7.1 Let Ω be a Lipschitz bounded connected open subset of IR^n. Then there exists a linear continuous map R : BD(Ω) → R which leaves fixed the elements of R and such that ‖u − Ru‖ n_{n−1} ≤ C(Ω)|Eu|(Ω) for any u ∈ BD(Ω). (1.7.1)

This theorem is a linearization of a result by Kohn [141] on integral estimates of strain functions in non linear elasticity. Precisely, in nonlinear elasticity with Ω corresponding to the reference configuration of some elastic body, the right stretch tensor is defined by G_u(x) := (Du^t(x)Du(x))^{1/2} for a deformation u : Ω → IR^n is introduced in order to study the local behaviour of the deformations of the body Ω; G^2_u is called the right Cauchy-Green tensor. The tensor defined by E_u(x) := G_u(x) − I measures how much the deformation u differs from a rigid motion γ_u. In fact, if u ∈ C^1(Ω, IR^n), E_u(x) = 0 implies that the Du(x) is an orthogonal matrix for any x ∈ Ω and therefore u is a rigid motion on each connected component of Ω.

Since various linearizations of elasticity problems are based on the assumption that E_u is “small”, one would like to study the stability of the dependence of u − γ_u on E_u. John [140] gave for the first time an answer to that question by proving the following proposition. Let

I_{Ω,δ} := {u : Ω → IR^n: u is a C^1 diffeomorphism and ‖E_u‖_∞ ≤ δ}.

38 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

Proposition 1.7.2 For each p > 1 there exist positive constants δ = δ(n, p) and C = C(n, p) such that whenever Ω is a cube in IR^n and u ∈ I_{Ω,δ}, then for some orthogonal matrix g_u, ‖Du − g_u‖_p ≤ C ‖E_u‖_p . (1.7.2)

Remark 1.7.3 (1) From well-known Sobolev inequalities, one can easily see that whenever Ω is a cube of side h and u ∈ I_{Ω,δ}, there exists a rigid motion γ_u of IR^n such that

(i) If 1 < p < n then ‖u − γ_u‖_q ≤ C^′(Ω, n, p) ‖E_u‖_p with q =^{np}_{n−p} . (ii) If p > n then ‖u − γ_u‖_∞ ≤ C^{′′}(Ω, n, p)h^ν ‖E_u‖_p with ν = 1 −^n_p .

(2) The class I_{Ω,δ} in which the proposition is proved is more restrictive since in many problems of non linear elasticity (for example in hyperelasticity) it is difficult to obtain such a uniform bound for E_u. Very often there are bounds on the density energy which only lead to integral norm bounds for E_u in L^p spaces with p < +∞. So it is important to look for an extension of John’s result in which L^p-norms with p < +∞ are involved.

(3) Note also that John proved its result only in the case p > 1.

Kohn [141] was able to extend John’s result and obtained integral inequalities with the tensor E_u replaced by a different scalar measure e(u) of the non linear strain. e(u) is defined in the following way: let λ_1 ≤ λ_2 ≤ · · · ≤ λ_n be the eigenvalues of the matrix G_u(x). Set e_1(u) := (λ_n − 1)_+ e_2(u) := (λ_2 · · · λ_n − 1)_+ e_3(u) := |detG_u(x) − 1| e(u) := e_1(u) + e_2(u) + e_3(u), where, for any real number t, t_+ = max(t, 0). e_1(u) and e_2(u) respectively measure the maximum amount of stretching that Du does to arc lengths and hypersurfaces

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 39

while e_3(u) measures how Du stretches or shrinks volumes. One can easily see that e(u) = 0 if and only if E_u = 0. So, when their small, e(u) and E_u are comparable. Using e(u) as a measure of non linear strains, Kohn proved the following results.

Proposition 1.7.4 Let p ≥ (p ≠ n), γ a rigid motion in IR^n and u ∈ W^{1,p}_{loc} (IR^n, IR^n). Suppose moreover that u = γ out of a bounded open set Ω of diameter h. Then (i) ‖u − γ‖_q ≤ C(Ω, n, p) ‖e_1(u)‖_p if 1 ≤ p < n and q =^{np}_{n−p} , (ii) ‖u − γ‖_∞ ≤ C(Ω, n, p)h^ν ‖e_1(u)‖_p if p > n and ν = 1 −^n_p .

Theorem 1.7.5 Let Ω be a bounded Lipschitz open subset of IR^n. (n ≥ 2), p ≥ 1 (p ≠ n). Then there is a positive constant C(Ω, p) such that for any bi-lipschitzian map u : Ω → IR^n, there exists a rigid motion γ_u satisfying (i) ‖u − γ‖_q + ‖u − γ‖_Lp_{(∂Ω,IR}n_) ≤ C(Ω, p) ‖e(u)‖_p if 1 ≤ p < n and q =^{np}_{n−p} , (ii) ‖u − γ‖_∞ ≤ C(Ω, p) ‖e(u)‖_p if p > n. The Poincaré type inequality for functions in BD(Ω) will then follow from a linearization of the result above in the case p = 1. The technique of linearization is the following. Let u : IR^n → IR^n be a smooth function with compact support. For each s ∈ IR, let v_s : IR^n → IR^n be v_s(x) := x + su(x). Since Dv_s = I + sDu converges uniformly to I as s → 0, following Theorem I of F. John [140] there exists some s_0 > 0 depending on u such that v_s is a diffeomorphism whenever |s| ≤ s_0. For such s we compute

G_{vs} = (Dv^t_sDv_s)^{1/2} = I + 1 2 s(Du^t + Du) + O(s^2) = I + sEu + O(s^2),

where Eu = (Du^t + Du)/2 is the linearized strain. Therefore ∫ Ω |e(v_s)|dx ≤ C(Ω)|s||Eu|(Ω) + O(s^2) for any open Ω ⊂ IR^n.

(1.7.3)

40 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.7.1 The Poincaré type inequality in BD(IRn)

Proposition 1.7.6 There exists a positive constant C(n) such that ‖u‖ n_{n−1} ≤ C(n)|Eu|(IR^n) for any u ∈ BD(IR^n). (1.7.4) Proof. Step 1: We take u ∈ C^1_c (IR^n, IR^n). Applying proposition 1.7.4 to the function v_s(x) = x + su(x) we obtain |s| ‖u‖ n_{n−1} = ‖v_s(x) − x‖ n_{n−1} ≤ C(n) ‖e(v_s)‖_1 ≤ C(n)|s||Eu|(IR^n) + O(s^2). Then dividing by |s| and letting s going to 0 we obtain (1.7.4). Step 2: Suppose u ∈ BD(IR^n) with a compact support. Then (1.7.4) easily follows by regularization.

Step 3: Let u ∈ BD(IR^n). For each k ∈ IN \ {0} we take φ_k ∈ C^1_c (IR^n) such that 0 ≤ φ_k ≤ 1, φ_k = 1 in B_k(0), φ_k = 0 in IR^n \ B_{k+1} and |Dφ_k| ≤ 2.

Therefore φ_ku → u in BD(IR^n) as k goes to +∞ and (1.7.4) easily follows from ‖φ_ku‖ n_{n−1} ≤ C(n)|E(φ_ku)|(IR^n) by letting k going to +∞. ⊓⊔ Remark 1.7.7 Matthies, Strang and Christiansen used (1.7.4) and the result of Ornstein [170] to prove in [150] that the inclusion BV (Ω, IR^n) ⊂ BD(Ω) is strict. In fact, if we take Ω to be the unit square in IR^n and we suppose that the equality BV (Ω, IR^n) = BD(Ω) holds, then by the closed graph theorem there would exist a constant C(n) such that ‖u‖_{BV (Ω,IR}n_) ≤ C(n) ‖u‖_{BD(Ω)} ≤ C(n) { ‖u‖ n_{n−1} + |Eu|(Ω) }

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 41

for every u ∈ BD(Ω). Now using (1.7.4) we obtain for every u ∈ C^∞_c (Ω, IR^n) ‖u‖_{BV (Ω,IR}n_) ≤ C(n)|Eu|(Ω). Therefore ∫ Ω n∑ i,j=1 | | | | | ∂u^i ∂x_j | | | | | dx ≤ C(n) ∫ Ω n∑ i,j=1 | | | | | ∂u^i ∂x_j + ∂u^j ∂x_i | | | | | dx. (1.7.5)

For every f ∈ C^∞_c (Ω), set

u^1 = ∂f ∂x_1 and u^i = − ∂f ∂x_i , 2 ≤ i ≤ n. Then (1.7.5) implies that ∫ Ω | | | | ∂^2f ∂x_1∂x_2 | | | | dx ≤ C(n) ∫ Ω n∑ i,j=1 {i,j}≠{1,2}

| | | | ∂^2f ∂x_i∂x_j | | | | dx. (1.7.6)

This is not possible since Ornstein [170] has constructed a family of smooth functions compactly supported in the unit square and for which the inequality (1.7.6) does not hold.

Precisely the following theorem has been proved in [170].

Theorem 1.7.8 Let Ω be the unit square in IR^n. Let {B, D_1, · · · , D_l} be a set of linearly independent linear homogeneous differential operators of degree m. For any k > 0 there exists a function f_k in C^∞_c (Ω) such that ∫ Ω |Bf_k(x)|dx > k and ∫ Ω |D_if_k(x)|dx < 1, 1 ≤ i ≤ l. Then applying this theorem to the following family of second order linear operators B = ∂^2 ∂x_1∂x_2 and D_{ij} =

∂^2 ∂x_i∂x_j {i, j} ≠ {1, 2} we get a contradiction to (1.7.6). Therefore BV (Ω, IR^n) is strictly embedded in BD(Ω). From the Ornstein’s theorem above, an explicit construction of a BD function which does belong to BV (Ω, IR^n) has been given in Bellettini-Coscia-Dal Maso [46, 47], Ambrosio-Coscia-Dal Maso [21]. We refer the reader to Proposition 2.5.6 of the next chapter.

42 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.7.2 The Poincaré type inequality for Lipschitz bounded open subsets of IRn

Let us recall that R will always denote the subspace of infinitesimal rigid motions. We will need the following lemma.

Lemma 1.7.9 Let Ω be a Lipschitz bounded open subset of IR^n. Then there is a continuous linear function T_0 : L^1(Ω, IR^n) → R which leaves fixed the elements of R and such that T_0(α)(x) := 1 2 (A − A^t)x + b whenever α(x) := Ax + b is any affine map.

Proof. Since R is a closed subspace of L^1(Ω, IR^n), the Hahn-Banach theorem will then provide a continuous linear extension T_0 : L^1(Ω, IR^n) → R of the identity map id : R → R.

However, an explicit formula for a suitable function T_0 is given in the following way. Let x_0 ∈ Ω, 0 < r_0 < d(x_0, ∂Ω) and {e_j} be an orthonormal basis with respect to which all the coordinates are given. For any u ∈ L^1(Ω, IR^n) set

σ^i(u) := − ∫ Br_0 (x_0) u^i(y)dy and ρ^{ij}(u) := n + 1 w_{n−1}r^{n+1}_0 ∫ Br_0 (x_0)∩{y∈Ω: (y−x_0,e_j )>0} [u^i(y) − σ^i(u)]dy. Then the map T_0 defined by T_0(u)(x)^i :=^1_2^n ∑ j=1 [ρ^{ij}(u) − ρ^{ji}(u)](x − x_0)^j + σ^i(u) for any x ∈ Ω is linear continuous from L^1(Ω, IR^n) to R and one can easily verify that T_0(α)(x) =^1_2 (A − A^t)(x − x_0) + b whenever α(x) = A(x − x_0) + b. ⊓⊔ Now using the linearization technique of the preceding paragraph we obtain a Poincaré type inequality for the operator T_0.

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 43

Proposition 1.7.10 Let Ω be a Lipschitz bounded open subset of IR^n, T_0 be the operator of Lemma 1.7.9. Then there is a positive constant C(Ω, T_0) such that ‖u − T_0(u)‖ n_{n−1} ≤ C(Ω, T_0)|Eu|(Ω) for any u ∈ C^∞_c (IR^n, IR^n).

Proof. Without loss of generality we may suppose T_0(u) = 0. We will denote C(Ω, T_0) all the positive constants depending only on Ω and T_0. For sufficiently small s we apply Theorem 1.7.5 to v_s(x) = x + su(x) (taking p = 1) with u in C^∞_c (IR^n, IR^n). Then there are rigid motions γ_s of IR^n such that ‖v_s − γ_s‖ n_{n−1} ≤ C(Ω)|s| |Eu|(Ω) + O(s^2). (1.7.7) Let γ_s(x) := G_sx + d_s where G_s is an orthogonal matrix and d_s ∈ IR^n. T_0(u) = 0 implies T_0(v_s) = T_0(id) = 0. Therefore T_0(v_s − γ_s) = −T_0(γ_s). By the continuity of the operator T_0 and the inequality (1.7.7), we obtain 1 2 ‖ ‖G_s − G^t_s ‖ ‖ + ‖d_s‖ = ‖T_0(v_s − γ_s‖ ≤ C(Ω, T_0) ‖v_s − γ_s‖_1 ≤ C(Ω, T_0) ‖v_s − γ_s‖ n_{n−1} ≤ C(Ω, T_0)|s| |Eu|(Ω) + O(s^2). Therefore (∗) ‖ ‖ ‖G_s − G^t_s ‖ ‖ ‖ + ‖d_s‖ ≤ C(Ω, T_0)|s| |Eu|(Ω) + O(s^2). One can easily verify that ‖G_s − I‖ ≤ 1 for |s| small enough, so that ‖G_s − I‖ ≤ ‖ ‖ ‖G_s − G^t_s ‖ ‖ ‖ . for such s. From this last inequality and (∗) we obtain ‖G_s − I‖ + ‖d_s‖ ≤ C(Ω, T_0)|s| |Eu|(Ω) + O(s^2) so that ‖γ_s − I‖ n_{n−1} ≤ C(Ω, T_0)|s| |Eu|(Ω) + O(s^2).

44 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES Combining this inequality with (1.7.7) we obtain ‖v_s − I‖ n_{n−1} ≤ C(Ω, T_0)|s| |Eu|(Ω) + O(s^2). Dividing now both members by |s| and letting s → 0 we obtain ‖u‖ n_{n−1} ≤ C(Ω, T_0)|Eu|(Ω) and this achieves the proof. ⊓⊔ We are now able to prove the Poincaré type theorem. Let us first recall it for the reader’s convenience.

Theorem 1.7.11 Let Ω be a bounded connected open subset of IR^n with a Lipschitz boundary ∂Ω. Then there exists a linear continuous map R : BD(Ω) → R which leaves fixed the elements of R and such that ‖u − Ru‖ n_{n−1} ≤ C(Ω)|Eu|(Ω) for any u ∈ BD(Ω). (1.7.8) Proof. We take R to be the restriction of T_0 to BD(Ω). Let u ∈ BD(Ω). By Corollary 1.6.4 there is ū ∈ BD(IR^n) such that |Eū|(Ω̄) = |Eu|(Ω). Step 1: Suppose ū = 0 off a compact set and apply proposition 1.7.10 to the regularizing sequence of ū we obtain in the limit (∗∗) ‖u − Ru‖ n_{n−1} ≤ C(Ω, T_0)|Eū|(Ω̄) = C(Ω, T_0)|Eu|(Ω). Step 2: In general since Ω is bounded, we take an integer k large enough such that Ω ⊂⊂ B_k(0). Let {φ_k} ⊂ C^∞_c (IR^n, IR^n) with φ_k = 1 in B_k(0) and spt(φ_k) ⊂ B_{k+1}. Applying step 1 to the function φ_kū and letting k → +∞ we obtain (∗∗) in the limit. ⊓⊔ Remark 1.7.12 The Poincaré type inequality (1.7.8) remains true for any other linear continuous map T : BD(Ω) → R which leaves fixed the elements of R. In fact ‖u − T u‖ n_{n−1} ≤ ‖u − Ru‖ n_{n−1} + ‖T (u − Ru)‖ n_{n−1} .

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 45 Since T is continuous, ‖T (u − Ru)‖ n_{n−1} ≤ C(Ω, T ) ‖u − Ru‖_{BD(Ω)} . On the other hand ‖u − Ru‖_{BD(Ω)} = ‖u − Ru‖_1 + |Eu|(Ω) ≤ |Ω|^{1/n} ‖u − Ru‖ n_{n−1} + |Eu|(Ω) ≤ (|Ω|^{1/n}C(Ω, T_0) + 1)|Eu|(Ω) where the last inequality follows by (1.7.8). Therefore ‖u − T u‖ n_{n−1} ≤ C(Ω, T_0, T )|Eu|(Ω).

Remark 1.7.13 As a consequence of the Poincaré type inequalities for BD functions, we have BD(Ω) ⊂ L^{nn−1} (Ω, IR^n) with continuous injection for any bounded Lipschitz open subset Ω of IR^n (and also for Ω = IR^n) by (1.7.8) and (1.7.4).

Another consequence of the Poincaré type inequalities for BD functions is the following compact injection theorem whose proof can be found for example in Kohn [141] and Temam [191].

Theorem 1.7.14 Let Ω be a bounded Lipschitz open subset of IR^n. The injection of BD(Ω) in L^p(Ω, IR^n) is compact, for all 1 ≤ p < n^⋆ = n/(n − 1).

46 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES

1.7.3 The Poincaré type inequality for BD functions on small balls

In order to study the local regularity properties of BD functions e.g., the characterization of the set of discontinuity points which are not in the jump set, R. Kohn [141] used the Poincaré type inequality on small balls about any x in Ω and studied how the corresponding infinitesimal rigid motions change as the radius tend to zero. A precise representation in terms of singular integrals of some particular rigid motions has been given. Ambrosio-Coscia-Dal Maso [21] and Ebobisse [114] have used as we will see in the third chapter, this representation in order to prove the approximate differentiability of BD functions and also to obtain some useful weak-L^1 estimates for the approximate differential. Up to translations it is sufficient to work only with balls centered at the origin.

For any ρ > 0 we define T_ρ : BD(B_ρ(0)) → R by T_ρ(u)(x) := A_ρ(u)x + b_ρ(u) where A_ρ(u) := 1 2w_nρ^n ∫ S^{n−1}(0,ρ) [γ(u) ⊗ ν − ν ⊗ γ(u)]dH^{n−1} and b_ρ(u) := 1 nw_nρ^{n−1} ∫ S^{n−1}(0,ρ) γ(u)dH^{n−1}; ν denotes the outward unit normal to S^{n−1}(0, ρ) and γ(u) is the trace of u on S^{n−1}(0, ρ).

One can easily see that for each ρ > 0 the map T_ρ is linear, continuous and leaves fixed the elements of R. Its continuity is a consequence of the trace theorem. Hence, by Theorem 1.7.11 there exists a positive constant C(n) independent of ρ such that ‖u − T_ρ(u)‖_L^n_{n−1 (Bρ(0),IRn)} ≤ C(n)|Eu|(B_ρ(0)) (1.7.9) whenever u ∈ BD(IR^n). The constant C(n) is independent of ρ by the following rescaling argument: let u ∈ BD(IR^n) and ρ > 0. We define v(x) :=^1_ρ u(ρx) for any x ∈ B_1(0). It follows that A_1(v) = A_ρ(u), b_1(v) =^1_ρ b_ρ(u) and therefore

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 47 T_1(v)(x) =^1_ρ T_ρ(u)(ρx) for any x ∈ B_1(0). Since ‖v − T_1(v)‖_L^n_{n−1 (B1(0),IRn)} = ρ^{−n} ‖u − T_ρ(u)‖_L^n_{n−1 (Bρ(0),IRn)} and |Ev|(B_1(0)) = ρ^{−n}|Eu|(B_ρ(0)), (1.7.9) will then follow from Remark 1.7.12 applied to the function v ∈ BD(B_1(0)).

The following theorem relies on the representations of A_ρ and b_ρ in terms of singular integrals. As we said before, those representations will allow to easily study the dependence of T_ρ as ρ → 0^+ and also to obtain some useful weak-L^1 estimates.

Given an n×n matrix of measures {μ_{lm}} on IR^n, a fourth-order tensor {T^{lm}_{ij} (x)}, a third-order tensor {H^{lm}_i (x)} and a Borel set B ⊂ IR^n, we introduce the short notations A = ∫ B T dμ for A_{ij} = n∑ l,m=1 ∫ B T^{lm}_{ij} (x)dμ_{lm}(x) and b = ∫ B Hdμ for b^i = n∑ l,m=1 ∫ B H^{lm}_i (x)dμ_{lm}(x). Let Γ(x) = {Γ^{lm}_{ij} (x)} and ⋀ (x) = { ⋀lm i (x)} be respectively the fourth and thirdorder tensors defined by Γ^{ij}_{ij}(x) = Γ^{ji}_{ij}(x) = x^2_j − x^2_i , Γ^{ii}_{ij}(x) = −Γ^{jj}_{ij} (x) = 2x_ix_j if i ≠ j, Γ^{ir}_{ij} (x) = Γ^{ri}_{ij} (x) = x_jx_r if i ≠ j and r /∈ {i, j}, Γ^{jr}_{ij} (x) = Γ^{rj}_{ij} (x) = −x_ix_r if i ≠ j and r /∈ {i, j}, Γ^{lm}_{ij} (x) = 0 if i = j or {l, m} ∩ {i, j} = ∅.

48 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES and ⋀_{ri} i (x) = ⋀ir i (x) = x_r if 1 ≤ r ≤ n, ⋀rr i (x) = −x_i if r ≠ i, ⋀lm i (x) = 0 in all other cases .

One can easily verify that for every i, j, l, m,

Γ^{lm}_{ij} (x) = Γ^{ml}_{ij} (x) = −Γ^{lm}_{ji} (x), ∫ S^{n−1} Γ^{lm}_{ij} dH^{n−1} = 0. (1.7.10)

Theorem 1.7.15 Let u ∈ BD(IR^n) and ρ > 0. For any x ∈ IR^n

A_ρ(u)(x) = − 1 2w_n ∫ {|y−x|≥ρ} Γ(y − x) |y − x|^{n+2} dEu(y), (1.7.11)

b_ρ(u)(x) = 1 nw_n ∫ {|y−x|≥ρ} ⋀ (y − x) |y − x|^n dEu(y). (1.7.12)

Proof. It is not restrictive to prove the theorem in the case x = 0. Let us first show that the matrix A_ρ(u) verifies (1.7.11). To this aim, we fix two indices i, j with i ≠ j, and we let τ > ρ. Since

n∑ m=1 D_mΨ_{lm}(y) = 0 and n∑ m=1 Ψ_{lm}(y) y_m |y| = y_i 2w_n|y|^{n+1} if l = i, y_i 2w_n|y|^{n+1} if l = j, 0 if l /∈ {i, j}, applying the generalized Green formula of Theorem 1.6.1 (iii) in B_τ (0) \ B_ρ(0) to the symmetric matrix-valued function

Ψ_{lm}(y) = Γ^{lm}_{ij} (y)/(2w_n|y|^{n+2})

we obtain ∫ Bτ (0)\Bρ(0) Ψ(y)dEu(y) = − ∫ Bτ (0)\Bρ(0) (divΨ, u)dy+ ∫ ∂(Bτ (0)\Bρ(0)) (γ(u)⊙ν, Ψ)dH^{n−1}

1.7 A POINCARÉ TYPE INEQUALITY FOR BD FUNCTIONS 49

where ν denotes the outward unit normal to ∂(B_τ (0) \ B_ρ(0)). Then ∫ Bτ (0)\Bρ(0) Ψ(y)dEu(y) = ∫ ∂Bτ (0) (γ(u) ⊙ ν, Ψ)dH^{n−1} − ∫ ∂Bρ(0) (γ(u) ⊙ ν, Ψ)dH^{n−1}. Let r > 0. Taking into account the fact that Ψ_{lm} = 0 for any l /∈ {i, j}, we compute the integral ∫ ∂Br(0) (γ(u) ⊙ ν, Ψ)dH^{n−1}

= n∑ l,m=1 ∫ ∂Br(0) γ(u)_lν_mΨ_{lm}(y)dH^{n−1}(y)

= n∑ m=1 {∫ ∂Br(0) (γ(u)_iν_mΨ_{im}(y) + γ(u)_jν_mΨ_{jm}(y))dH^{n−1}(y) }

= ∫ ∂Br(0) γ(u)_i( n∑ m=1 Ψ_{im} y_m |y| )dH^{n−1}(y) + ∫ ∂Br(0) γ(u)_j( n∑ m=1 Ψ_{jm} y_m |y| )dH^{n−1}(y)

= ∫ ∂Br(0) γ(u)_i y_j 2w_n|y|^{n+1} dH^{n−1}(y) − ∫ ∂Br(0) γ(u)_j y_i 2w_n|y|^{n+1} dH^{n−1}(y)

= 1 2w_nr^n ∫ ∂Br(0) (γ(u) ⊗ ν − ν ⊗ γ(u))dH^{n−1}(y). Therefore ∫ Bτ (0)\Bρ(0) Ψ(y)dEu(y) + A_ρ(u) (1.7.13)

= 1 2w_nτ^n ∫ ∂Bτ (0) (γ(u) ⊗ ν − ν ⊗ γ(u))dH^{n−1}(y). Since_{+∞} ∫ 0 ∫ ∂Br(0) |γ(u)|dH^{n−1}(y)dr = ∫ IR^n |u|dx < +∞, then lim r→+∞ ∫ ∂Br(0) |γ(u)|dH^{n−1}(y) = 0

50 CHAPTER I THE SPACE BD(Ω): CLASSICAL PROPERTIES and therefore lim τ→+∞ 1 τ^n ∫ ∂Bτ (0) (γ(u) ⊗ ν − ν ⊗ γ(u))dH^{n−1}(y) = 0. So, letting τ → +∞ in (1.7.13) we obtain A_ρ(u) = − ∫ {|y|≥ρ} Γ(y) 2w_n|y|^{n+2} dEu(y). The identity (1.7.12) is proved in a similar way. ⊓⊔

Chapter 2 Fine Properties of BD Functions

2.1 Introduction

E. De Giorgi and L. Ambrosio defined in their pioneering work [99] weak formulations of free discontinuity problems which led to the introduction of the space SBV (Ω) of special functions of bounded variation on Ω. In order to establish existence and regularity results (see e.g., Ambrosio [11], De Giorgi-Carriero-Leaci [100], Ambrosio-pallara [29], Ambrosio-Fusco-Pallara [24, 25, 26], Bonnet [49, 50], David [87, 88] and David-Semmes [89, 90]) for those weak formulations, more properties of functions of bounded variation have been given for instance by De Giorgi-Ambrosio [99], Ambrosio [9, 10, 11, 13], Ambrosio-Dal Maso [22], Alberti [6], Braides-Coscia [67], De Giorgi-carriero-Leaci [100] and Pallara [171].

However, in some applications, for example in fracture mechanics problems where one deals with bulk parts energy which are functions of the symmetrized gradient Eu, the correct function space is not BV any more, nor its offspring SBV , but the space BD of functions with bounded deformation. So, analogously to the space BV there is a necessity to provide fine properties of functions with bounded deformation in order to define weak formulations of free discontinuity problems on that space.

The purpose of this chapter is to present the fine properties of BD functions

52 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

obtained first by Kohn [141], and recently by Bellettini-Coscia [45], Ambrosio- Coscia-Dal Maso [21] and Bellettini-Coscia-Dal Maso [46, 47]. For instance, the rectifiability of the jump set for BD functions is proved; analogously to the measure Du for a BV function, the measure Eu of a BD function u is split into three main parts each one having a precise interpretation. A subspace of BD(Ω) called the space of special functions with bounded deformation and denoted by SBD(Ω) is introduced. A structure theorem which allows to characterize BD functions using suitable one-dimensional sections is proved. Finally, a compactness criterion similar to Theorem 1.3.4 of the previous chapter is given and as we will see in the next chapter will be used in order to prove the lower semicontinuity of some functionals defined in SBD(Ω).

Let us first begin with some notations that will be used along this chapter. If μ = {μ_{ij}} is an M^{n×n}_s -valued Radon measure on Ω and ξ = (ξ^1, · · · , ξ^n) ∈ IR^n, then the real-valued Radon measure (μξ, ξ) is defined by (μξ, ξ) := n∑ i,j=1 ξ^iξ^jμ_{ij}, (2.1.1)

so that (μξ, ξ)(B) = (μ(B)ξ, ξ) for every B ∈ B(Ω). One can easily check that for any basis {ξ_1, . . . , ξ_n} of IR^n there exists a positive constant C, depending on the basis, such that |μ| ≤ C n∑ i,j=1 |(μ(ξ_i + ξ_j), ξ_i + ξ_j)|.

(2.1.2)

2.2 The sections of BD functions

2.2.1 One-dimensional sections

We will use the following notations involving the one-dimensional sections of sets defined in the previous chapter. Given a function u : B → IR^n, defined on a

§2.2 THE SECTIONS OF BD FUNCTIONS 53 subset B of IR^n, for every y, ξ ∈ IR^n, ξ ≠ 0, the function u^ξ_y : B^ξ_y → IR called the one-dimensional section of u is defined by u^ξ_y(t) := u^ξ(y + tξ) = (u(y + tξ), ξ) ∀t ∈ B^ξ_y. (2.2.1) When ξ = e_i, the i^{th} vector of the canonical basis, we write u^i_y instead of u^{ei}_y . If u ∈ L^1(Ω, IR^n), then the one-dimensional section ũ^ξ_y of the Lebesgue representative ũ of u is defined for every t ∈ (Ω_u)^ξ_y and the corresponding pointwise variation V ũ^ξ_y is evaluated using only points t ∈ (Ω_u)^ξ_y. The following theorem characterizes BD functions from their one-dimensional sections.

Theorem 2.2.1 Let u ∈ BD(Ω) and let ξ ∈ IR^n with ξ ≠ 0. Then the following two conditions hold for H^{n−1}-almost every y ∈ Ω^ξ:

(i) ũ^ξ_y is defined and coincides with u^ξ_y L^1-almost everywhere in Ω^ξ_y; (ii) u^ξ_y ∈ BV (Ω^ξ_y) and the measures |Du^ξ_y| and V ũ^ξ_y coincide on Ω^ξ_y. Moreover, (Euξ, ξ) = ∫ Ω^ξ Du^ξ_ydH^{n−1}(y), |(Euξ, ξ)| = ∫ Ω^ξ |Du^ξ_y|dH^{n−1}(y) (2.2.2) as measures in Ω.

Conversely, let u ∈ L^1(Ω, IR^n) and let {ξ_1, . . . , ξ_n} be a basis of IR^n. If we assume that for every ξ of the form ξ_i + ξ_j, u^ξ_y ∈ BV (Ω^ξ_y) for H^{n−1} -a.e. y ∈ Ω^ξ, ∫ Ω^ξ |Du^ξ_y|(Ω^ξ_y)dH^{n−1}(y) < +∞. (2.2.3) Then u ∈ BD(Ω).

Proof. Since all the properties are local, by the corollary 1.6.3 of the previous chapter, we may assume that Ω = IR^n. Let u ∈ BD(IR^n); the condition (i) easily

54 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

follows from Fubini’s theorem since L^n(S_u) = 0 and u = ũ L^n -almost everywhere in IR^n.

Let u_ε := u ⋆ ψ_ε be a regularization of u; since (Eu_εξ, ξ) = (Euξ, ξ) ⋆ ψ_ε, Fubini’s theorem and (1.3.6) of chapter one imply |Euξ, ξ)|(IR^n) ≥ |(Eu_εξ, ξ)|(IR^n)

= ∫ π_ξ V [ (u_ε)^ξ_y ] (IR)dH^{n−1}(y). Now we pass to the limit as ε → 0^+ using the fact that u_ε converges pointwise to ũ at every Lebesgue point of u and noticing that v → V v(IR) is lower semicontinuous with respect to the pointwise convergence. By Fatou’s lemma we get |(Euξ, ξ)|(IR^n) ≥ ∫ π_ξ V ũ^ξ_y(IR)dH^{n−1}(y). (2.2.4)

By (1.3.4), we infer that u^ξ_y ∈ BV (IR) for H^{n−1}-almost every y ∈ π_ξ and ∫ π_ξ |Du^ξ_y|(IR)dH^{n−1}(y) < +∞. Let φ ∈ C^1_c (IR^n), we set φ_{y,ξ}(t) := φ(y + tξ) for every y, ξ ∈ IR^n and for every t ∈ IR. By Fubini’s theorem we get ∫ IR^n φd(Euξ, ξ) = − ∫ IR^n u^ξD_ξφdx

= − ∫ π_ξ [∫ IR u^ξ_y(t)Dφ_{y,ξ}(t) ] dH^{n−1}(y) (2.2.5)

= ∫ π_ξ [∫ IR φ_{y,ξ}(t)d(Du^ξ_y)(t) ] dH^{n−1}(y). Then the first equality in (2.2.2) follows from a density argument. The second equality is a consequence of the total variation formula for measures obtained by integration. The condition (ii) easily follows from (2.2.2), (2.2.4) and

§2.2 THE SECTIONS OF BD FUNCTIONS 55

(1.3.4).

Conversely, if (2.2.3) is satisfied for every ξ = ξ_i + ξ_j, then from (2.2.5) there exists a positive constant C(ξ) such that ∫ IR^n

u^ξD_ξφdx ≤ C(ξ) ‖φ‖_L∞_{(IR}n_) ∀φ ∈ C^1_c (IR^n).

This implies that D_ξu^ξ is a bounded Radon measure on IR^n and by property (ii) of Theorem 1.4.8, u ∈ BD(IR^n) . ⊓⊔

Remark 2.2.2 The second equality of (2.2.2) implies that

|(Euξ, ξ)|(B) = 0 for every B ∈ B(Ω) with H^{n−1}(B) = 0.

Then taking into account (2.1.2) we get H^{n−1}(B) = 0 =⇒ |Eu|(B) = 0 (2.2.6)

for every B ∈ B(Ω). More generally, |Eu|(B) = 0 for every B ∈ B(Ω) such that H^{n−1}(p_ξ(B)) = 0 for H^{n−1} -almost every ξ ∈ S^{n−1}.

(2.2.7)

(2.2.7) has also been proved by Kohn [141, Proposition 4.16 and Lemma 4.2] using a relationship obtained between the symmetric gradient Eu and the “level sets” of u - i.e., the flat currents ∂(E^n {x ∈ Ω : (u(x), ξ) ≥ t}). It is a kind of Fleming- Rishel’s co-area formula for BD functions representing one of the links between the analysis of BD functions and geometric measure theory.

2.2.2 BD functions on linear subspaces of IRn

The theorem 2.2.1 is extended in the next proposition to a more general situation. Precisely, one can define the space BD(V ) for every linear subspace V of IR^n by introducing a suitable orthogonal coordinate system on V . By virtue of point (ii) in Theorem 1.4.8, this definition will not depend on the choice of the coordinate system on V .

56 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS Proposition 2.2.3 Let V be a linear subspace of IR^n of dimension k, let V^⊥ be the orthogonal subspace, and let p_V be the orthogonal projection onto V . Given a function u ∈ BD(IR^n), for every z ∈ V^⊥ let v_z : V → V be the function defined by v_z(y) := p_V u(y + z).

Then v_z ∈ BD(V ) for H^{n−k} -almost every z ∈ V^⊥ and for every B ∈ B(IR^n) and every ξ ∈ V , (Euξ, ξ)(B) = ∫ V^⊥ (Ev_zξ, ξ)(B_z)dH^{n−k}(z), (2.2.8) |(Euξ, ξ)|(B) = ∫ V^⊥ |(Ev_zξ, ξ)|(B_z)dH^{n−k}(z), (2.2.9) where B_z = {y ∈ V : y + z ∈ B}.

Proof. Let {ξ_1, . . . , ξ_k} be a basis of V and let ξ be a vector of the form ξ_i + ξ_j. By (ii) of theorem 1.4.8, it is enough to prove that D_ξ(v_z)^ξ is a Radon measure on V for H^{n−k} -almost every z ∈ V^⊥.

Let us define for any f ∈ L^1_{loc}(IR^n), ξ ∈ V and A ⊂ IR^n ∫ A |D_ξf| := sup {∫ A f(x)D_ξφ(x)dx, φ ∈ C^1_c (A) ‖φ‖_∞ ≤ 1 } . One can easily verify that ∫ A |D_ξf| = ∫ A |(∇f(x), ξ)|dx if f ∈ C^1(A) and that f → ∫ A |D_ξf| is strongly lower semicontinuous in L^1_{loc}(A).

Since the function f_z(y) := f(y, z) ∈ L^1_{loc}(A_z) for H^{n−k}-almost every z ∈ V^⊥, then we can consider ∫ Az |D_ξf_z| := sup {∫ Az f(y, z)D_ξφ(y)dy; φ ∈ C^1_c (A_z), ‖φ‖_∞ ≤ 1 } (2.2.10)

where the convention ∫ Az |D_ξf_z| = 0 whenever A_z = ∅ has been adopted. It follows by regularization that the function z → ∫ Az |D_ξf| is H^{n−k}-measurable.

§2.2 THE SECTIONS OF BD FUNCTIONS 57 Now, let u_ε := u ⋆ ψ_ε be a regularization of u. Since (Eu_εξ, ξ) = (Euξ, ξ) ⋆ ψ_ε, then ∫ A |D_ξ(u^ξ)| ≥ ∫ A |(Eu_εξ, ξ)| = ∫ A |(∇(u_ε)^ξ, ξ)|dx

= ∫ V^⊥ [∫ Az |(∇(v_ε)^ξ_z, ξ)|dH^k(y) ] dH^{n−k}(z) where (v_ε)_z(y) := p_V u_ε(y + z) and the last equality follows from Fubini’s theorem. Since (v_ε)^ξ_z → (v_z)^ξ in L^1_{loc}(A_z) for H^{n−k}-almost every z ∈ V^⊥, we get from Fatou’s lemma and the lower semicontinuity of (2.2.10) in L^1_{loc}(A_z) ∫ A |D_ξ(u^ξ)| ≥ lim inf_{ε→0+} ∫ V^⊥ [∫ Az |(∇(v_ε)^ξ_z, ξ)|dH^k(y) ] dH^{n−k}(z)

≥ ∫ V^⊥ [ lim inf ε→0^+ ∫ Az |(∇(v_ε)^ξ_z, ξ)|dH^k(y) ] dH^{n−k}(z)

≥ ∫ V^⊥ ∫ Az |D_ξ(v_z)^ξ|dH^{n−k}(z). So that ∫ V^⊥ ∫ Az |D_ξ(v_z)^ξ|dH^{n−k}(z) ≤ |(Euξ, ξ)|(A) < +∞. Now, let φ ∈ C^1(A). From Fubini’s theorem we get ∫ A u^ξD_ξφ(x)dx = ∫ V^⊥ [∫ Az (v_z)^ξD_ξφ(y, z)dH^k(y) ] dH^{n−k}(z)

≤ ∫ V^⊥ ∫ Az |D_ξ(v_z)^ξ|dH^{n−k}(z). So that we have the equality |(Euξ, ξ)|(A) = ∫ V^⊥ ∫ Az |D_ξ(v_z)^ξ|dH^{n−k}(z). (2.2.11) This implies that for H^{n−k}-almost every z ∈ V^⊥, D_ξ(v_z)^ξ is a Radon measure on V ; the equality (2.2.11) can be extended to any B ∈ B(IR^n) and this gives (2.2.9).

58 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

(2.2.8) is obtained as in the proof of the first equality of (2.2.2). In fact, given φ ∈ C^1_c (IR^n) we get ∫ IR^n φd(Euξ, ξ) = ∫ IR^n φD_ξu^ξ = − ∫ IR^n u^ξD_ξφdx

= − ∫ V^⊥ (∫ V v^ξ_z(y)D_ξφ_z(y)dH^k(y) ) dH^{n−k}(z)

= ∫ V^⊥ (∫ V φ_zD_ξ(v_z)^ξ ) dH^{n−k}(z). Then (2.2.8) follows by a density argument. ⊓⊔

2.3 The rectifiability of the jump set of a BD function

Let u ∈ BD(Ω). In order to prove the rectifiability of the Jump set J_u of u defined in the paragraph 1.2.3 of the previous chapter, Kohn has introduced in [141] the set Θ_u of points in Ω where the (n − 1)-dimensional upper density of |Eu| is positive, i.e., Θ_u := { x ∈ Ω: lim sup_{ρ→0+} |Eu|(B_ρ(x)) ρ^{n−1} > 0 } . (2.3.1)

Lemma 2.3.1 For every u ∈ BD(Ω), the jump set J_u of u is contained in Θ_u.

Proof. Let x be a jump point of u; using the lower semicontinuity of the map v → |Ev|(B_1(0)) with respect to the L^1(B_1(0), IR^n)-norm convergence, we obtain from (1.2.3) and (1.6.2) that

lim inf ρ→0^+ |Eu|(B_ρ(x)) ρ^{n−1} = lim inf ρ→0^+ |Eu_ρ|(B_1(0)) ≥ |Eu_0|(B_1(0)).

§2.3 THE RECTIFIABILITY OF THE JUMP SET 59

Since

|Eu_0|(B_1(0)) = w_{n−1} ‖ ‖(u^+(x) − u^−(x)) ⊙ ν(x) ‖ ‖ ≥ w_{n−1} √ 2 ‖ ‖ ‖u^+(x) − u^−(x) ‖ ‖ ‖ > 0, we get x ∈ Θ_u. ⊓⊔

The rectifiability of the jump set J_u is proved in the following theorem.

Theorem 2.3.2 Let u ∈ BD(Ω), then the Jump set J_u of u is a countably (H^{n−1}, n− 1)-rectifiable Borel set. Moreover, H^{n−1}(Θ_u \ J_u) = 0.

Proof. It is enough to prove that Θ_u is countably (H^{n−1}, n − 1)-rectifiable and that H^{n−1}(Θ_u \ J_u) = 0. The rectifiability of the set Θ_u has been proved by Kohn in [141] (see also Ambrosio-Coscia-Dal Maso [21]). We repeat the proof here for the reader’s convenience. For any ε > 0, We only need to prove the same property for the Borel set

Θ^ε_u := { x ∈ Ω: lim sup_{ρ→0+} |Eu|(B_ρ(x)) ρ^{n−1} > ε } . By covering theorems (see e.g., Federer [119, Theorem 2.10.19], Evans-Gariepy [118]), we have εH^{n−1}(B) ≤ w_{n−1}|Eu|(B) ∀B ∈ B(Ω), B ⊂ Θ^ε_u. (2.3.2)

In particular, H^{n−1}(Θ^ε_u) < +∞ and by virtue of the Federer’s structure theorem (see Federer [119, Theorem 3.3.13 and Theorem 2.10.19]) there exists a countably (H^{n−1}, n − 1)-rectifiable Borel set R^ε ⊂ Θ^ε_u such that

H^{n−1}(p_ξ(Θ^ε_u \ R^ε)) = 0 for H^{n−1}-a.e. ξ ∈ S^{n−1}.

Then from (2.2.7) of Remark 2.2.2 we deduce that |Eu|(Θ^ε_u \ R^ε) = 0. Choosing now B = Θ^ε_u \ R^ε in (2.3.2) we get H^{n−1}(Θ^ε_u \ R^ε) = 0 and this proves that Θ^ε_u is

60 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

rectifiable.

From the rectifiability of Θ_u and (1.6.2) we deduce that the one-sided Lebesgue limits u^±(x) of u at x are well defined for H^{n−1}-almost every x ∈ Θ_u. For every ε > 0 the Borel set B^ε = {x ∈ Θ^ε_u: u^+(x) = u^−(x)} verifies from (2.3.2) and (1.6.2) εH^{n−1}(B^ε) ≤ w_{n−1}|Eu|(B^ε) = 0. Therefore

H^{n−1}({x ∈ Θ_u: u^+(x) = u^−(x)}) = 0.

That is H^{n−1}(Θ_u \ J_u) = 0. ⊓⊔

Remark 2.3.3 Following Remark 1.6.2 of Chapter I, if ν_u denotes the Borel field of directions with respect to which the one-sided Lebesgue limits of u are defined, then ν_u(x) is an approximate unit normal to J_u for H^{n−1}-almost every x ∈ J_u. Therefore, from (1.6.2) we get

Eu J_u = (u^+ − u^−) ⊙ ν_uH^{n−1} J_u.

2.4 The decomposition of the measure Eu

Given u ∈ BD(Ω). The Radon-Nikodym decomposition of the measure Eu gives Eu = E^au + E^su where E^au = EuL^n Ω and E^su are respectively the absolutely continuous part with density Eu and the singular part of Eu with respect to L^n. The following closed subspace of BD(Ω) LD(Ω) := {u ∈ BD(Ω): E^su = 0}

§2.4 THE DECOMPOSITION OF THE MEASURE Eu 61

introduced and studied in Temam [191] plays the same role in BD(Ω) as W^{1,1}(Ω, IR^n) does in BV (Ω, IR^n). As in the remark 1.7.7, one can easily see that

W^{1,1}(Ω, IR^n) ⊂ LD(Ω)

with strict inclusion. The space LD(Ω) will be used in Chapter IV in order to study the lower semicontinuity of some “regular” functionals defined in BD(Ω), i.e., functionals depending only on the absolutely continuous part E^au of Eu.

In Ambrosio-Coscia-Dal Maso [21], the measure E^su has been split into two mutually singular parts. That is, analogously to what has been adopted to BV functions, E^su = E^ju + E^cu. E^ju := E^su J_u is called the Jump part of Eu and is characterized following the remark 2.3.3 and H^{n−1}(Θ_u \ J_u) = 0 by

E^ju = (u^+ − u^−) ⊙ ν_uH^{n−1} J_u = (u^+ − u^−) ⊙ ν_uH^{n−1} Θ_u.

E^cu = E^su (Ω\J_u) is called the Cantor part of Eu and has the following property.

Proposition 2.4.1 For every u ∈ BD(Ω) the measure E^cu vanishes on any Borel set B ⊂ Ω which is σ-finite with respect to H^{n−1}.

Proof. Since Θ_u \ J_u is H^{n−1}-negligible, by (2.2.7) of Remark 2.2.2 we only need to prove that

|E^cu|(B) = 0 for any B ∈ B(Ω) with B ∩ Θ_u = ∅ and H^{n−1}(B) < +∞.

For such a Borel set B, the (n − 1)-dimensional density of |E^cu| at any its point is zero. Then following covering theorems (see, e.g., Federer [119, Theorem 2.10.19]) we get |E^cu|(B) ≤ εH^{n−1}(B) for any ε > 0; hence by the arbitrariness of ε we obtain |E^cu|(B) = 0. ⊓⊔

62 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

For any u ∈ BV (Ω, IR^n) the density of the absolutely continuous part of the measure Du, as we have seen in Chapter I, is interpreted as the approximate differential of u. For any u ∈ BD(Ω), a similar result holds as shown by Bellettini- Coscia-Dal Maso [46] (see also Ambrosio-Coscia-Dal Maso [21]), for the density Eu of the absolutely continuous part of Eu using an appropriate terminology.

Definition 2.4.2 We say that a symmetric linear map L : IR^n → IR^n is the approximate symmetric differential of a function u : Ω → IR^n at a point x ∈ Ω if lim_{ρ→0+} − ∫ Bρ(x) |(u(y) − u(x) − L(y − x), y − x)| |y − x|^2 dy = 0. (2.4.1)

One can easily verify that the approximate symmetric differential of u at x is unique.

Theorem 2.4.3 Let u ∈ BD(Ω). For L^n-almost every x ∈ Ω,

lim_{ρ→0+} − ∫ Bρ(x) |(u(y) − u(x) − Eu(x)(y − x), y − x)| |y − x|^2 dy = 0. (2.4.2)

Proof. We give here the proof by Ambrosio-Coscia-Dal Maso [21]. Let B_ρ(x) ⊂ Ω, τ ∈ (0, 1) and v ∈ C^1(B_ρ(x), R^n). Using the identity (v(y) − v(x + τ(y − x)), y − x) = 1∫ τ (Ev(x + t(y − x))(y − x), y − x)dt and Fubini’s theorem, we obtain ∫ Bρ(x) |v(y) − v(x + τ(y − x)), y − x)| |y − x|^2 dy ≤ 1∫ τ |Ev|(B_ρ(x)) t^n dt. (2.4.3)

Now, take v ∈ BD(Ω) and let v_ε = v ⋆ ψ_ε be the corresponding regularization. After writing (2.4.3) for v_ε, we pass to the limit as ε → 0^+ using the fact that

|Ev_ε|(B_{tρ}(x)) converges to |Ev|(B_{tρ}(x)) for any t ∈ (0, 1) such that

§2.4 THE DECOMPOSITION OF THE MEASURE Eu 63 |Ev|(∂B_{tρ}(x)) = 0. Then we obtain (2.4.3) also for v ∈ BD(Ω). If x is a Lebesgue point of v, letting τ → 0^+ and dividing both sides by ρ^n we get 1 ρ^n ∫ Bρ(x) |(v(y) − v(x), y − x)| |y − x|^2 dy ≤ 1∫ 0 |Ev|(B_{tρ}(x)) (tρ)^n dt. (2.4.4)

Let us now fix a Lebesgue point x for u and Eu and such that |E^su| has ndimensional density zero at x; applying (2.4.4) to the function v(y) := u(y) − Eu(x)(y − x) we obtain 1 ρ^n ∫ Bρ(x) |(u(y) − u(x) − Eu(x)(y − x), y − x)| |y − x|^2 dy

≤ sup_{t∈(0,1)} [ |E^su|(B_{tρ}(x)) (tρ)^n + 1 (tρ)^n ∫ Btρ(x) |Eu(y) − Eu(x)|dy ] . By the choice of x, both terms in the right-hand side vanish as ρ → 0^+. ⊓⊔

To summarize, we have seen that for any u ∈ BD(Ω), the measure Eu is split into three main parts. That is

Eu = E^au + E^ju + E^cu = EuL^n Ω + (u^+ − u^−) ⊙ ν_uH^{n−1} J_u + E^cu.

64 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

2.5 The structure theorem for BD functions

The main result of this paragraph is the theorem 2.5.1 which allows not only to construct any u ∈ BD(Ω) from its one-dimensional sections as in Theorem 2.2.2, but also to reproduce each of the three parts of the measure Eu from their corresponding one-dimensional section. In other words, Theorem 2.5.1 below is an analogous of Theorem 1.3.3.

Before giving the statement of the structure theorem, let us introduce the following notations. For any ξ ∈ IR^n, we define J^ξ_u := {x ∈ J_u: (u^+(x) − u^−(x), ξ) ≠ 0}.

Since H^{n−1}({ξ ∈ S^{n−1}: (u^+(x) − u^−(x), ξ) = 0}) for every x ∈ J_u, by Fubini’s theorem we have H^{n−1}(J_u \ J^ξ_u) = 0 for H^{n−1}-a.e. ξ ∈ S^{n−1}.

(2.5.1) Theorem 2.5.1 (Structure theorem for BD functions ) Let u ∈ BD(Ω) and let ξ ∈ IR^n with ξ ≠ 0. Then

(i) (E^auξ, ξ) = ∫ Ω^ξ D^au^ξ_ydH^{n−1}(y), |E^auξ, ξ)| = ∫ Ω^ξ |D^au^ξ_y|dH^{n−1}(y). (ii) For H^{n−1}-almost every y ∈ Ω^ξ, the functions u^ξ_y and ũ^ξ_y belong to BV (Ω^ξ_y) and coincide L^1-almost everywhere on Ω^ξ_y, the measures |Du^ξ_y| and V ũ^ξ_y coincide on Ω^ξ_y, and (Eu(y + tξ)ξ, ξ) = ∇u^ξ_y(t) = (ũ^ξ_y)^′(t) for L^1-almost every t ∈ Ω^ξ_y.

(iii) (E^juξ, ξ) = ∫ Ω^ξ D^ju^ξ_ydH^{n−1}(y), |(E^juξ, ξ)| = ∫ Ω^ξ |D^ju^ξ_y|dH^{n−1}(y). (iv) For H^{n−1} -almost every y ∈ Ω^ξ, we have ( J^ξ_u )ξ y = J_uξ_y and (u^+(y + tξ), ξ) = ( u^ξ_y )+ (t) = lim_{s→t+} ũ^ξ_y(s),

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 65 (u^−(y + tξ), ξ) = ( u^ξ_y )− (t) = lim_{s→t−} ũ^ξ_y(s)

for every t ∈ ( J^ξ_u )ξ y, where the normals to J_u and J_uξ_y are oriented so that (ν_u, ξ) ≥ 0 and ν_uξ_y = 1.

(v) (E^cuξ, ξ) = ∫ Ω^ξ D^cu^ξ_ydH^{n−1}(y), |(E^cuξ, ξ)| = ∫ Ω^ξ |D^cu^ξ_y|dH^{n−1}(y). Remark 2.5.2 From the structure theorem above one can easily see that a function u ∈ L^1(Ω, IR^n) belongs to LD(Ω) if and only if for any ξ ∈ S^{n−1} the following two conditions hold:

(a) u^ξ_y ∈ W^{1,1}(Ω^ξ_y) for H^{n−1}-almost every y ∈ Ω^ξ, (b) ∫ Ω^ξ [∫ Ω^ξ_y |(u^ξ_y)^′(t)|dt ] dH^{n−1}(y) < +∞. 2.5.1 The space SBD(Ω) of special functions with bounded deformation

Before beginning the proof of the structure theorem, let us present here a proper subspace of BD(Ω) introduced first by Bellettini, Coscia and Dal Maso in [46] and also studied by Ambrosio-Coscia-Dal Maso [21] under another definition. It is the class SBD(Ω) of special functions with bounded deformation. The first definition of SBD(Ω) given in [46] is the following.

Definition 2.5.3 (Bellettini-Coscia-Dal Maso [46]) A function u ∈ BD(Ω) belongs to SBD(Ω) if for H^{n−1}-almost every ξ ∈ S^{n−1} we have u^ξ_y ∈ SBV (Ω^ξ_y) for H^{n−1}-a.e. y ∈ Ω^ξ.

As we have seen, for any u ∈ BD(Ω) the Cantor part E^cu does not have a precise representation. Motivated by the structure theorem above Ambrosio, Coscia and Dal Maso have introduced in [21] another definition of the class SBD(Ω) and they were able to prove that their definition is equivalent to the previous one.

66 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

Definition 2.5.4 (Ambrosio-Coscia-Dal Maso [21]) A function u ∈ BD(Ω) is in SBD(Ω) if the Cantor part E^cu of the measure Eu is zero, i.e., |E^su|(Ω \ J_u) = 0.

Proposition 2.5.5 Let u ∈ BD(Ω) and let {ξ_1, . . . , ξ_n} be a basis of IR^n. Then the following three conditions are equivalent:

(i) u ∈ SBD(Ω) following Definition 2.5.4.

(ii) For every ξ = ξ_i + ξ_j with 1 ≤ i, j ≤ n, we have u^ξ_y ∈ SBV (Ω^ξ_y) for H^{n−1}- almost every y ∈ Ω^ξ.

(iii) The measure |E^su| is concentrated on a Borel set B ⊂ Ω which is σ-finite with respect to H^{n−1}.

The proof of this proposition easily follows from (v) of the structure theorem 2.5.1, from (2.1.2) and the rectifiability of J_u.

In the following proposition proved in [46, 47] we show some relationships between the spaces BD(Ω), SBD(Ω), BV (Ω, IR^n) and SBV (Ω, IR^n).

Proposition 2.5.6 We have BV (Ω, IR^n) ∩ SBD(Ω) = SBV (Ω, IR^n). Moreover, the inclusions SBV (Ω, IR^n) ⊂ SBD(Ω) ⊂ BD(Ω) are strict.

Proof. The inclusion SBV (Ω, IR^n) ⊂ BV (Ω, IR^n) ∩ SBD(Ω) is obvious. To prove the opposite inclusion, let us fix u ∈ BV (Ω, IR^n) ∩ SBD(Ω). Therefore E^cu = 0. Let D^cu be the Cantor part of Du and let Ψ the density of D^cu with respect to its variation |D^cu|. Since u ∈ BV (Ω, IR^n), the measure E^cu is the symmetric part of D^cu. This means that the symmetric part of the matrix Ψ(x) vanishes for |D^cu|- almost every x ∈ Ω. On the other hand, following a result by Alberti [7] Ψ(x) is a rank-one matrix for |D^cu|-almost every x ∈ Ω. Therefore Ψ = 0 |D^cu|-almost everywhere in Ω and this implies D^cu = 0, so that u ∈ SBV (Ω, IR^n).

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 67

Since it is known that there exists a function u in BV (Ω, IR^n) which does not belong to SBV (Ω, IR^n), the identity BV (Ω, IR^n)∩SBD(Ω) = SBV (Ω, IR^n) implies u /∈ SBD(Ω), and so the inclusion SBD(Ω) ⊂ BD(Ω) is strict. In order to prove that the inclusion SBV (Ω, IR^n) ⊂ SBD(Ω) is strict, it is enough to construct a function u ∈ SBD(Ω) such that u /∈ BV (Ω, IR^n). The following example has been given in [21]. Let B = B_1(0). Using an example of Ornstein [170] we can construct a sequence {φ_h} ∈ C^∞_c (B, IR^n) which does not satisfy Korn’s inequality for the L^1 norm, i.e., if we normalize ∫ B |∇φ_h|dx, we have

2^h ∫ B |Eφ_h|dx ≤ ∫ B |∇φ_h|dx = 1. (2.5.2)

In particular, by Poincaré inequality, the integrals ∫ B |φ_h|dx are bounded by a constant C independent of h. Let us now consider a sequence of pairwise disjoint balls B_h := B_{rh} (x_h) contained in B such that ∑∞ h=1 r_h < +∞ and whose centers x_h converges to 0. Let us consider the function u ∈ C^∞(IR^n \ {0}, IR^n) with compact support in B and defined by

u(x) := { r^{1−n}_h φ_h(r^{−1}_h (x − x_h)) if x ∈ B_h, 0 otherwise. As ∑ h r_h < +∞, we have u ∈ L^1(Ω, IR^n) and, by a change of variables we have ∫ B |∇u|dx ≥ +∞∑ h=1 r^{1−n}_h ∫ B_h |∇(φ_h(r^{−1}(x − x_h)))|dx = ∞∑ h=1 ∫ B |∇φ_h|dx = +∞,

while by (2.5.2), ∫ B |Eu|dx ≤ ∞∑ h=1 2^{−h} < +∞, so that u ∈ LD(Ω) ⊂ SBD(Ω), but u /∈ BV (Ω, IR^n). ⊓⊔

68 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

2.5.2 An integral-geometric measure related to BD functions

Another consequence of the structure theorem is the introduction in [46] of an integral-geometric measure associated with the jump set of the one-dimensional sections of BD functions. The first compactness criterion in the space SBD(Ω) has been proved in [46] using that measure.

Definition 2.5.7 For any u ∈ BD(Ω) we define the non-negative Borel measure λ_u on Ω as λ_u(B) := k_n ∫ S^{n−1} λ^ξ_u(B)dH^{n−1}(ξ) ∀B ∈ B(Ω). where k_n := (2w_{n−1})^{−1} and for any ξ ∈ S^{n−1}, λ^ξ_u(B) := ∫ Ω^ξ H^0(J_uξ_y ∩ B^ξ_y)dH^{n−1}(y) ∀B ∈ B(Ω). The following theorem characterizing the integral-geometric measure λ_u as the restriction to J_u of H^{n−1} has allowed Bellettini, Coscia and Dal Maso to prove in [47] their compactness criterion in SBD(Ω) in a more realistic form. Theorem 2.5.8 For every u ∈ BD(Ω) and any ξ ∈ S^{n−1}, λ^ξ_u(B) = ∫ J^ξ_u∩B |(ν_u, ξ)|dH^{n−1}(y) B ∈ B(Ω) (2.5.3) where ν is the approximate unit normal to J_u. Moreover λ_u = H^{n−1} J_u. Proof. From the equality J_uξ_y = ( J^ξ_u )ξ y in (iv) of the structure theorem, we get

λ^ξ_u(B) = ∫ Ω^ξ H^0({t ∈ IR: y + tξ ∈ B ∩ J^ξ_u})dH^{n−1}(y) (2.5.4) = H^{n−1} ( p_ξ(B ∩ J^ξ_u) )

where the last equality follows from the area formula for the map p_ξ : J_u → π_ξ. Since |(ν_u, ξ)| is the area element of p_ξ, we get 2.5.3. The equality λ_u = H^{n−1} J_u

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 69

will then follow integrating the two members of (2.5.3) on S^{n−1} and using the formula ∫ S^{n−1} |(ν, ξ)|dH^{n−1}(ξ) = k^{−1}_n = 2w_{n−1} for any ν ∈ S^{n−1}. ⊓⊔

2.5.3 The proof of the structure theorem 2.5.1

Since all the arguments here are local, we can assume Ω = IR^n. The crucial point in the proof of this theorem is the use of an induction process on the dimension n in order to prove that the measure ∫ π_ξ D^ju^ξ_ydH^{n−1}(y) is concentrated on J_u for u ∈ BD(IR^n). The main ingredient in the passage from the lower dimensions to n is the following theorem which states that under some assumptions, for any η ∈ S^{n−1}, points of (n − 1)-dimensional density zero for |Eu| are Lebesgue points of the restriction of p_ηu to π_η.

Theorem 2.5.9 Let u ∈ BD(IR^n), x /∈ Θ_u, η ∈ S^{n−1}. Assume that H^{n−1}-almost every point of x + π_η is a Lebesgue point of u in IR^n. If we further assume that the function v : π_η → π_η defined by v(y) := p_ηũ(x + y) has one-sided Lebesgue limits at 0 in π_η with respect to a suitable direction ν ∈ S^{n−1} ∩ π_η, then 0 is a Lebesgue point of v in π.

Proof. Up to a rotation and a translation we can always assume that η = e_n and x = 0. If we denote π = π_{en} , the function v : π → π is defined by v(y) = (ũ^1, · · · , ũ^{n−1}, 0). Up to a rotation in π it is not restrictive to assume also that ν^1 = (ν, e_1) > 0 and that the one-sided Lebesgue limits v^+_0 and v^−_0 of v in π satisfy 2|(v^+_0 − v^−_0 , e_1)| ≥ |v^+_0 − v^−_0 |. We claim that v^+_0 = v^−_0 . Let Y := { ρ ≥ 0: y + ρe_1 and y − ρe_1 are Lebesgue points of u for H^{n−1}-a.e. y ∈ π } . By Fubini’s theorem and the fact that L^n-a.e. x ∈ IR^n are Lebesgue points of u we have L^1(IR_+ \ Y ) = 0. By our assumption we also have that 0 ∈ Y .

70 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS For every ρ ≥ 0, let C_ρ be the n-dimensional closed cube in IR^n with centre 0 and sides parallel to the axes with length 2ρ. We set Q_ρ := C_ρ ∩ π, Q^±_ρ := {y ∈ Q_ρ: (y, ±ν) ≥ 0} and A_ρ := π ∩ B_ν1_ρ(0) so that A_ρ + ρe_1 ⊂ Q^+_{2ρ} and A_ρ − ρe_1 ⊂ Q^−_{2ρ}. By the assumptions we have that lim_{ρ→0+} 1 ρ^{n−1} |Eu|(C_ρ) = 0 (2.5.5) and lim_{ρ→0+} 1 ρ^{n−1} ∫ Q^±_ρ |v(y) − v^±_0 |dH^{n−1}(y) = 0. (2.5.6) Since |v^+_0 − v^−_0 | ≤ 2|(v^+_0 − v^−_0 , e_1)|, for every ρ > 0 we have |v^+_0 − v^−_0 | ≤ 2 ( |(v(y + ρe_1) − v^+_0 , e_1)|

(2.5.7) +|(v(y − ρe_1) − v^−_0 , e_1)| +|(v(y + ρe_1) − v(y − ρe_1), e_1)| ) ≤ 2 ( |v(y + ρe_1) − v^+_0 | + |v(y − ρe_1) − v^−_0 | +|v^1(y + ρe_1) − v^1(y − ρe_1)| ) . Now integrating the two members of (2.5.7) in A_ρ with respect to H^{n−1} we obtain |v^+_0 − v^−_0 | ≤ 2k ρ^{n−1} [∫ Aρ |v(y + ρe_1) − v^+_0 |dH^{n−1}(y) + ∫ Aρ |v(y − ρe_1) − v^−_0 |dH^{n−1}(y) + ∫ Aρ |v^1(y + ρe_1) − v^1(y − ρe_1)|dH^{n−1}(y) ] , where k = (w_{n−1}(ν^1)^{n−1})^{−1}.

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 71 Then by changes of variables we get |v^+_0 − v^−_0 | ≤ 2k ρ^{n−1} [∫ Aρ+ρe_1 |v(y) − v^+_0 |dH^{n−1}(y) (2.5.8) + ∫ Aρ−ρe_1 |v(y) − v^−_0 |dH^{n−1}(y) + ∫ Aρ |v^1(y + ρe_1) − v^1(y − ρe_1)|dH^{n−1}(y) ]

≤ 2k ρ^{n−1} [∫ Q^+_{2ρ} |v(y) − v^+_0 |dH^{n−1}(y) + ∫ Q^−_{2ρ} |v(y) − v^−_0 |dH^{n−1}(y) ]

+ 2k ρ^{n−1} [∫ Aρ |v^1(y + ρe_1) − v^1(y − ρe_1)|dH^{n−1}(y) ] . By (2.5.6) the first two terms of (2.5.8) vanishes as ρ → 0^+. So, to achieve the proof of the theorem, we only need to show that also the last term vanishes as ρ → 0^+. Let us observe that for any ρ ∈ Y with ρ > 0 the term 2 [ v^1(y + ρe_1) − v^1(y − ρe_1) ]

can be written as 2 [ v^1(y + ρe_1) − v^1(y − ρe_1) ] = [ (ũ^1 − ũ^n)(y − ρe_n) − (ũ^1 − ũ^n)(y − ρe_1) ] − [ (ũ^1 − ũ^n)(y + ρe_n) − (ũ^1 − ũ^n)^1(y + ρe_1) ] + [ (ũ^1 + ũ^n)(y − ρe_n) − (ũ^1 + ũ^n)^1(y − ρe_1) ] (2.5.9) − [ (ũ^1 + ũ^n)(y − ρe_n) − (ũ^1 + ũ^n)^1(y + ρe_1) ] + [ ũ^n(y − ρe_n) − ũ^n(y + ρe_n) ]

for H^{n−1}-almost every y ∈ π. Since the last term in (2.5.9) is an increment of the function ũ_n in the direction e_n, by the point (ii) of theorem 2.2.1 we get |ũ^n(y − ρe_n) − ũ^n(y + ρe_n)| ≤ V ũ^n_y ([−ρ, ρ]) = |Du^n_y |([−ρ, ρ])

72 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS for H^{n−1}-almost every y ∈ A_ρ. Then integrating the two members on A_ρ and using the second equality of (2.2.2) we obtain ∫ Aρ |ũ^n(y − ρe_n) − ũ^n(y + ρe_n)|dH^{n−1}(y) ≤ |(Eue_n, e_n)|(C_ρ) ≤ |Eu|(C_ρ) for any ρ ∈ Y with ρ > 0. Analogously the other terms of (2.5.9) are increments of the function ũ^1 − ũ^n in the direction e_1 − e_n or of the function ũ^1 + ũ^n in the direction e_1 + e_n. Let us estimate for example the term ∫ Aρ |(ũ^1 + ũ^n)(y + ρe_n) − (ũ^1 + ũ^n)(y − ρe_1)|dH^{n−1}(y).

Set ξ = e_1 + e_n, p(y, ρ) = p_ξ(y − ρe_1) and Σ_ρ = p_ξ(A_ρ − ρe_1); we have y + ρe_n = p(y, ρ) + y_1ξ and y − ρe_1 = p(y, ρ) + (y_1 − ρ)ξ.

Then ∫ Aρ |(ũ^1 + ũ^n)(y + ρe_n) − (ũ^1 + ũ^n)(y − ρe_1)|dH^{n−1}(y) = ∫ Aρ |ũ^ξ_{p(y,ρ)}(y_1) − ũ^ξ_{p(y,ρ)}(y_1 − ρ)|dH^{n−1}(y) = ∫ Aρ−ρe_1 |ũ^ξ_{pξy}(y_1 + ρ) − ũ^ξ_{pξy}(y_1)|dH^{n−1}(y) ≤ ∫ Aρ−ρe_1 V ũ^ξ_{pξy}([(−ν^1 + 1)ρ, (ν^1 + 1)ρ])dH^{n−1}(y) ≤ √ 2 ∫ Σρ |Du^ξ_{pξy}|([(−ν^1 + 1)ρ, (ν^1 + 1)ρ])dH^{n−1}(y) ≤ √ 2|(Euξ, ξ)|(C_{2ρ}) ≤ 2 √ 2|Eu|(C_{2ρ}). Analogously, we obtain the estimates of the other terms. Hence for some positive constant C we finally get ∫ Aρ |v^1(y + ρe_1) − v^1(y − ρe_1)|dH^{n−1}(y) ≤ C|Eu|(C_{2ρ}) for any ρ > 0 with ρ > 0. Thus by (2.5.6) the last term at the right-hand side of (2.5.8) also vanishes as ρ → 0^+; hence the equality v^+_0 = v^−_0 follows from (2.5.8) and this achieves the proof of the theorem. ⊓⊔

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 73

The proof of Theorem 2.5.1. We assume that Ω = IR^n. Let u ∈ BD(IR^n) and let ξ ∈ IR^n with ξ ≠ 0. Let

Y := { y ∈ π_ξ: u^ξ_y ∈ BV (IR), ũ^ξ_y = u^ξ_y L^1-almost everywhere in IR and V ũ^ξ_y = |Du^ξ_y| as measures on IR } . We have H^{n−1}(π_ξ \ Y ) = 0 by Theorem 2.2.1. From the identity (Euξ, ξ) = ∫ π_ξ Du^ξ_ydH^{n−1}(y) proved in Theorem 2.2.1, we get that (E^auξ, ξ) − ∫ π_ξ D^au^ξ_ydH^{n−1}(y) = ∫ π_ξ D^su^ξ_ydH^{n−1}(y) − (E^suξ, ξ). Since the left-hand side is absolutely continuous with respect to L^n, while the righthand side is singular, necessary both members are 0 and then the first equality in (i) is proved. The second equality follows from the formula (1.3.8) in Chapter I giving the total variation of a measure defined by integration. Let us recall that for y ∈ Y we have D^au^ξ_y = ∇u^ξ_yL^1 = ( ũ^ξ_y )′ L^1. Then we get (E^auξ, ξ) = ∫ π_ξ ∇u^ξ_yL^1dH^{n−1}(y) = ∫ π_ξ ( ũ^ξ_y )′ L^1dH^{n−1}(y). Now since the density of E^au is Eu, the point (ii) follows by Fubini’s theorem. The decompositions in jump and Cantor parts of the measures E^su and D^su^ξ_y yield to the equality (E^juξ, ξ) − ∫ π_ξ D^ju^ξ_ydH^{n−1}(y) = ∫ π_ξ D^cu^ξ_ydH^{n−1}(y) − (E^cuξ, ξ). (2.5.10)

Now we claim that both sides in (2.5.10) are 0. By definition |E^cu|(J_u) = 0. Using the fact that the measures D^cu^ξ_y are non-atomic and the result of Federer [119, Corollary 2.10.11] which states that for H^{n−1} -almost every y ∈ π_ξ, the line y + ξIR meets any set B which is σ-finite with respect to H^{n−1} in an at most countable set, we can show that the restriction to J_u of the right-hand side of (2.5.10) is

74 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

identically equal to 0. So, to prove the assertion, we only need to show that the left-hand side is concentrated on J_u.

To this aim it is sufficient to prove that the measure ∫ π_ξ D^ju^ξ_ydH^{n−1}(y) is concentrated on J_u. This will be done by induction on n ≥ 2 using Theorem 2.5.9. The case n = 2 is trivial since the measure μ := ∫ π_ξ D^ju^ξ_ydH^{n−1}(y) is concentrated on the set of points of the form y + tξ with y ∈ Y and t ∈ J_uξ_y . By Theorem 2.5.9, these points belong to Θ_u; otherwise such t will be Lebesgue’s points of u^ξ_y. Hence μ is concentrated on Θ_u. Since by definition, the measure μ vanishes on H^{n−1}-negligible sets and H^{n−1}(Θ_u \ J_u) = 0, then μ is concentrated on J_u. Now we assume that the statement is valid for n − 1 ≥ 2 and we want to prove it for n. Let us choose η ∈ S^{n−1} orthogonal to ξ, so that the hyperplane π_η contains 0 and ξ. For any s ∈ IR we consider the function v_s : π_η → π_η defined by v_s(z) := p_ηu(z + sη). By Proposition 2.2.3 we have v_s ∈ BD(π_η) for L^1-almost every s ∈ IR. Moreover, since ξ ∈ π_η, for any w ∈ π_{ηξ} := π_η ∩ π_ξ and any s, t ∈ IR we have

(v_s)^ξ_w(t) = (v_s(w + tξ), ξ) = (p_ηu(w + sη + tξ), ξ) = u^ξ_{w+sη}(t).

On the other hand, if for any B ∈ B(Ω) and s ∈ IR we set B_s := {z ∈ π_η: z + sη ∈ B}, then using the fact that ξ ∈ π_η we also get (B_s)^ξ_w = B^ξ_{w+sη} for any w ∈ π_{ηξ}. Fubini’s theorem then yields to the equality ∫ π_ξ D^ju^ξ_y(B^ξ_y)dH^{n−1}(y) = ∫ IR [∫ π_{ηξ} D^ju^ξ_{w+sη}(B^ξ_{w+sη})dH^{n−2}(w) ] ds (2.5.11) = ∫ IR [∫ π_{ηξ} D^j(v_s)^ξ_w((B_s)^ξ_w ) dH^{n−2}(w) ] ds. Let S := {s ∈ IR: v_s ∈ BD(π_η), v_s(z) = p_ηũ(z + sη) for H^{n−1}-a.e. z ∈ π_η}.

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 75 Fubini’s theorem implies L^1(IR \ S) = 0. By the induction assumption, for any s ∈ S the measure μ_s(B) := ∫ πηξ D^j(v_s)^ξ_w ( (B_s)^ξ_w ) dH^{n−2}(w) B ∈ B(π_η). is concentrated on J_{vs} . Therefore the measure μ is concentrated on the set Y^′ := {x ∈ IR^n: x = z + sη, z ∈ J_{vs} and s ∈ S}. This set is contained in Θ_u. Otherwise by Theorem 2.5.9 for any point x = z +sη ∈ Y^′ such z would be a Lebesgue point of the function v_s and this is impossible since z ∈ J_{vs} by definition. Therefore, exactly as in the case n = 2 we deduce that μ is concentrated on J_u. Then this proves that the two members of (2.5.10) are identically equal to 0 so that the first equalities of points (iii) and (v) are proved. The second equalities follow from (1.3.8) of Chapter I. Let us now prove the point (iv). Applying the area formula for rectifiable sets to the map p_ξ : J_u → π_ξ whose jacobian is (ν_u, ξ) ≥ 0 we obtain (E^juξ, ξ)(B) = ∫ B∩J^ξ_u (u^+(x) − u^−(x), ξ)(ν_u(x), ξ)dH^{n−1}(x) = ∫ π_ξ [ ∑ t∈(B∩J^ξ_u)^ξ_y (u^+(y + tξ) − u^−(y + tξ), ξ) ] dH^{n−1}(y)

for any Borel set B ⊂ IR^n. Hence, from (iii) we get the equality of measures D^ju^ξ_y = ∑ t∈(J^ξ_u)^ξ_y (u^+(y + tξ) − u^−(y + tξ), ξ)δ_t (2.5.12)

for H^{n−1}-almost every y ∈ Y , where δ_t denotes the Dirac measure. On the other hand, the measure D^ju^ξ_y is characterized by the equality D^ju^ξ_y = ∑ t∈J_{uξy} [( u^ξ_y )+ (t) − ( u^ξ_y )− (t) ] δ_t (2.5.13)

76 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS for every y ∈ Y (recalling that the sets J_u and J^ξ_u have been oriented in such a way that ν_uξ_y = 1). The equalities ( J^ξ_u )ξ y = J_uξ_y , (2.5.14)

(u^+(y + tξ) − u^−(y + tξ), ξ) = ( u^ξ_y )+ (t) − ( u^ξ_y )− (t) ∀t ∈ ( J^ξ_u )ξ y. (2.5.15) are then obtained from (2.5.13) for any y ∈ Y satisfying (2.5.12). We prove the full property (iv) in three main steps using a localization argument. Precisely, from the rectifiability of J_u, we can say that this set is covered H^{n−1}- almost everywhere by a countable union of boundaries of C^1 bounded open sets {Ω_k}_k ⊂ IR^n. That is J_u ⊂ ⋃ k∈IN ∂Ω_k and H^{n−1} ( ⋃ k∈IN ∂Ω_k \ J_u ) = 0.

For any k ∈ IN, let us define the function v^k : IR^n → IR^n by v^k(x) := { u(x) if x ∈ Ω_k 0 otherwise.

From Corollary 1.6.3, we have v^k ∈ BD(IR^n). We choose the sign of ν_vk so that (ν_vk , ξ) ≥ 0 in J_vk . In order to simplify the notations we will write v = v^k. Let us divide the boundary ∂Ω_k in three disjoint parts which are ∂^±_ξ Ω_k := {x ∈ ∂Ω_k : ± (ν_{Ωk} (x), ξ) > 0} and ∂^0_ξ Ω_k := {x ∈ ∂Ω_k : (ν_{Ωk} (x), ξ) = 0}, where ν_{Ωk} denotes the outward unit normal to ∂Ω_k. Since (ν_u, ξ) ≥ 0, by the definition of the approximate unit normal we have ν_u(x) = ±ν_{Ωk} (x) for H^{n−1}-a.e. x ∈ J_u ∩ ∂^±_ξ Ω_k.

(2.5.16) Step 1: Let us prove that for H^{n−1}-almost every y ∈ π_ξ we have (u^−(y + tξ), ξ) = (u^ξ_y)^−(t) ∀t ∈ (J^ξ_u ∩ ∂^+_ξ Ω_k)^ξ_y.

(2.5.17)

§2.5 THE STRUCTURE THEOREM FOR BD FUNCTIONS 77 If x ∈ J^ξ_u ∩ ∂^+_ξ Ω_k satisfies ν_u(x) = ν_{Ωk} (x), then as a consequence of the trace theorem, the function v has one-sided Lebesgue limits with respect to ν_u(x) and v^+(x) = 0 , v^−(x) = u^−(x).

(2.5.18) Let y ∈ Y and t ∈ (J^ξ_u ∩ ∂^+_ξ Ω_k)^ξ_y. From the fact that (ν_{Ωk} (y + tξ), ξ) > 0, one can see that the functions u^ξ_y and v^ξ_y have one-sided Lebesgue limits with respect to ν = 1 and ( v^ξ_y )+ (t) = 0, ( v^ξ_y )− (t) = ( u^ξ_y )− (t). (2.5.19) Let us now divide J^ξ_u ∩ ∂^+_ξ Ω_k into the following two disjoint sets: M := {x ∈ J^ξ_u ∩ ∂^+_ξ Ω_k: (u^−(x), ξ) ≠ 0}, N := {x ∈ J^ξ_u ∩ ∂^+_ξ Ω_k: (u^−(x), ξ) = 0}. If we apply (2.5.14) to the function v we obtain that J_vξ_y = (J^ξ_v )^ξ_y for H^{n−1}-almost every y ∈ π_ξ. From (2.5.18) and (2.5.16) one can easily see that N^ξ_y ∩ (J^ξ_v )^ξ_y = ∅ for H^{n−1}-almost every y ∈ π_ξ. Therefore ( v^ξ_y )+ = ( v^ξ_y )− in N^ξ_y for H^{n−1}-almost every y ∈ π_ξ. By (2.5.19) this implies that ( u^ξ_y )− = 0 in N^ξ_y and consequently, for H^{n−1}-almost every y ∈ π_ξ we have (u^−(y + tξ), ξ) = 0 = ( u^ξ_y )− (t) t ∈ N^ξ_y . (2.5.20) On the other hand recalling that (ν_v, ξ) ≥ 0, from the equalities (2.5.19) and (2.5.16) we have for H^{n−1}-almost every y ∈ π_ξ M^ξ_y ⊂ ( J^ξ_v )ξ y and ν_v(y + tξ) = ν_u(y + tξ) for every t ∈ M^ξ_y .

Applying (2.5.15) to the function v and taking into account (2.5.19) and (2.5.16), for H^{n−1}-almost every y ∈ π_ξ we obtain (u^−(y + tξ), ξ) = ( u^ξ_y )− (t) ∀t ∈ M^ξ_y . (2.5.21) The equality (2.5.17) follows then from (2.5.20) and (2.5.21).

78 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

Step 2: From (2.5.17) and (2.5.15) we get

(u^+(y + tξ), ξ) = ( u^ξ_y )+ (t), (u^−(y + tξ), ξ) = ( u^ξ_y )− (t) (2.5.22)

for H^{n−1}-almost every y ∈ π_ξ and for every t ∈ (J^ξ_u ∩ ∂^+_ξ Ω_k)^ξ_y. In the same way we can also prove that (2.5.22) holds for H^{n−1}-almost every y ∈ π_ξ and for every t ∈ (J^ξ_u ∩ ∂^−_ξ Ω_k)^ξ_y.

Step 3: Let us now consider the third part ∂^0_ξ Ω_k of ∂Ω_k. By the area formula,

H^{n−1}(p_ξ(J^ξ_u ∩ ∂^0_ξ Ω_k)) = ∫ J^ξ_u∩∂^0_ξ Ω_k |(ν_{Ωk} (x), ξ)|dH^{n−1}(x) = 0. Then (2.5.22) holds for H^{n−1}-almost every y ∈ π_ξ and for every t ∈ (J^ξ_u ∩ ∂Ω_k)^ξ_y. Since J_u is covered H^{n−1}-almost everywhere by the union of ∂Ω_k, we get that (2.5.22) holds for H^{n−1}-almost every y ∈ π_ξ and for every t ∈ (J^ξ_u)^ξ_y. We conclude the proof of the structure theorem by observing that the last equalities in (iv) of theorem 2.5.1 follow from the fact that for any y ∈ Y , ũ^ξ_y and u^ξ_y coincide L^1-almost everywhere in IR and ũ^ξ_y has pointwise bounded variation. ⊓⊔

2.6 Discontinuity points which are not in the jump set It is known that for any BV function u, the set S_u \ J_u is H^{n−1}-negligible; This property is not known for BD functions. Kohn [141] proved that the set S_u \ J_u whenever u ∈ BD(Ω), has Hausdorff dimension at most n − 1, i.e.,

H^{n−1+ε}(S_u \ J_u) = 0 for any ε > 0.

Ambrosio, Coscia and Dal Maso have proved the following theorem in [21].

Theorem 2.6.1 If u, v ∈ BD(Ω), then |Ev|(S_u \ J_u) = 0. In other words, |Ev|- almost every point x ∈ Ω is either a Lebesgue point or a Jump point of u.

§2.6 DISCONTINUITY POINTS WHICH ARE NOT 79

Before beginning the proof of Theorem 2.6.1, let us first examine known assumptions under which the measure |Ev|, for any v ∈ BD(Ω) vanishes.

Remark 2.6.2

(i) From theorem 2.6.1 one can easily see that for any u ∈ BD(Ω), the set S_u \J_u is purely (H^{n−1}, n − 1)-unrectifiable, i.e., H^{n−1}((S_u \ J_u) ∩ M) = 0 for any C^1 hypersurface M ⊂ IR^n. In fact, for such M we have 0 = |Eu|((S_u \ J_u) ∩ M) = ∫ (Su\Ju)∩M |(u^+ − u^−) ⊙ ν_u|dH^{n−1} ≥ 1 √ 2 ∫ (Su\Ju)∩M |u^+ − u^−|dH^{n−1}. If H^{n−1}((S_u \ J_u) ∩ M) > 0, then H^{n−1}-almost every x ∈ (S_u \ J_u) ∩ M will be a Lebesgue point of u and this will contradicts the fact that x ∈ S_u. Therefore H^{n−1}((S_u \ J_u) ∩ M) = 0.

(ii) For any u ∈ BV (Ω, IR^k), it is known by the co-area formula that the measure |Du| vanishes on purely (H^{n−1}, n − 1)-unrectifiable Borel set while the measure |Eu| whenever u ∈ BD(Ω) vanishes on purely (H^{n−1}, n−1)-unrectifiable Borel sets which are σ-finite with respect to H^{n−1}. In fact, for such a Borel set B we have from the decomposition of the measure Eu |Eu|(B) = |E^ju|(B) = |Eu|(B ∩ J_u) = ∫ B∩Ju |(u^+ − u^−) ⊙ ν_u|dH^{n−1}. Since J_u is countably (H^{n−1}, n − 1)-rectifiable, we get H^{n−1}(B ∩ J_u) = 0 and then |Eu|(B) = 0.

Let us observe that we cannot use the argument of Remark 2.6.2 (ii) in the proof of Theorem 2.6.1. In fact, first of all it is not known whether the set S_u \ J_u for any u ∈ BD(Ω) is σ-finite with respect to the measure H^{n−1} and the extension

80 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

of the argument in Remark 2.6.2 (ii) to a more general class of rectifiable sets is still an open problem. However, Ambrosio, Coscia and Dal Maso were able to prove Theorem 2.6.1 by induction on n. The induction step being based essentially on the following refinement of Theorem 2.5.9

Theorem 2.6.3 Under the assumptions of Theorem 2.5.9, x is a Lebesgue point of p_ηu in IR^n.

In the proof of Theorem 2.6.3 we will need the following lemma whose proof has been first given by Kohn [141] and after by Ambrosio-Coscia-Dal Maso [21] under some variants.

Lemma 2.6.4 Let u ∈ BD(Ω). Then

lim_{ρ→0+} min_{b∈IRn} 1 ρ^n ∫ Bρ(x) |u(y) − b|dy = 0 (2.6.1)

for every x ∈ Ω \ Θ_u.

Proof. For the reader’s convenience we reproduce here the proof by Ambrosio- Coscia-Dal Maso [21]. We can always assume by the locality of the statement that Ω = IR^n and x = 0. The Poincaré type inequality for BD functions on small balls gives the following inequality: ∫ Bρ(0) |u(y) − b_ρ(u) − A_ρ(u)y|dy ≤ C(n)ρ|Eu|(B_ρ(0)). This implies ∫ Bρ(0) |u − b_ρ(u)|dy ≤ w_nρ^{n+1}|A_ρ(u)| + C(n)ρ|Eu|(B_ρ(0)). Then

min_{b∈IRn} 1 ρ^n ∫ Bρ(0) |u(y) − b|dy ≤ w_nρ|A_ρ(u)| + C(n) |Eu|(B_ρ(0)) ρ^{n−1} . Since 0 /∈ Θ_u, then lim_{ρ→0+} |Eu|(B_ρ(0)) ρ^{n−1} = 0.

§2.6 DISCONTINUITY POINTS WHICH ARE NOT 81

So, to conclude the proof of the lemma, we only need to prove that ρA_ρ(u) converges to 0 as ρ → 0^+.

Let us fix τ > 0 and let ρ ∈ (0, τ). From the equality (1.7.13) at the end of the previous chapter, i.e.,

A_ρ(u) = − ∫ {τ≥|y|≥ρ} Γ(y) 2w_n|y|^{n+2} dEu(y)+ 1 2w_nτ^n ∫ ∂Bτ (0) (γ(u)⊗ν−ν⊗γ(u))dH^{n−1}(y). Then, it follows that ρ|A_ρ(u)| ≤ Cρ (∫ {τ≥|y|≥ρ} 1 2w_n|y|^n d|Eu|(y) + 1 w_nτ^n ∫ ∂Bτ (0) |γ(u)|dH^{n−1}(y) ) . Therefore,

lim sup ρ→0^+ ρ|A_ρ(u)| ≤ lim sup_{ρ→0+} Cρ ∫ {τ≥|y|≥ρ} 1 2w_n|y|^n d|Eu|(y). (2.6.2)

It suffices to prove that the right-hand side of (2.6.2) goes to 0 as τ → 0^+. Setting μ = |Eu| {τ > |y| ≥ ρ} and using the change of variables t = 1 s^n we get ∫ {τ≥|y|≥ρ} 1 |y|^n d|Eu|(y) = ∫ IR^n 1 |y|^n dμ(y) = +∞∫ 0 μ({ 1 |y|^n })dt

= n +∞∫ 0 μ({|y| < s}) s^{n+1} ds = n τ∫ ρ |Eu|({s > |y| ≥ ρ}) s^{n+1} ds

+ |Eu|({τ > |y| ≥ ρ}) τ^n . From this we get the estimate

lim sup ρ→0^+ ρ ∫ {τ>|y|≥ρ} 1 |y|^n d|Eu|(y) ≤ n sup_{t∈(0,τ)} |Eu|({|y| < t}) t^{n−1} . (2.6.3)

Since 0 /∈ Θ_u, the right-hand side of (2.6.3) vanishes as τ → 0^+. ⊓⊔

82 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

Proof of Theorem 2.6.3. We use the notations adopted in the proof of Theorem 2.5.9 assuming that x = 0 and π = π_{en} . From Theorem 2.5.9, we know that 0 is a Lebesgue point of the function v(y) := (ũ^1(y), · · · , ũ^{n−1}(y), 0) in π. In order to prove that 0 is a Lebesgue point of (u^1(x), · · · , u^{n−1}(x), 0) in IR^n, we only need to prove that the first component v^1_0 of the Lebesgue representative in π of v at 0 coincide with ũ^1(0), the Lebesgue representative of u^1 at 0. The other components will be obtained by a similar argument. Since 0 /∈ Θ_u, by Lemma 2.6.4 the quantity

w(ε) := 1 ε^n ∫ Qε [ ε∫ −ε |u^1(y + te_n) − b_ε|dt ] dH^{n−1}(y) for some b_ε ∈ IR vanishes as ε → 0^+. Since 1 ε^n ∫ Cε |u^1(x) − v^1_0 |dx ≤ w(ε) + |b_ε − v^1_0|, we have only to prove that b_ε converges to v^1_0 in IR as ε → 0^+. We have w(ε) = 1 ε ε∫ 0 ( 1 ε^{n−1} ∫ Qε |ũ^1(y + te_n) − b_ε| + |ũ^1(y − te_n) − b_ε|dH^{n−1}(y) ) dt. Then 2w(ε) ≥ 2 ε ε∫ 1 2 ε ( 1 ε^{n−1} ∫ Qε |ũ^1(y + te_n) − b_ε| + |ũ^1(y − te_n) − b_ε|dH^{n−1}(y) ) dt. Therefore, for any ε > 0 there exists ρ(ε) ∈ (^1_2 ε, ε) ∩ Y (where the set Y has been introduced in the proof of Therorem 2.5.9) such that 2w(ε) ≥ 1 ε^{n−1} ∫ Qε |ũ^1(y + ρe_n) − b_ε| + |ũ^1(y − ρe_n) − b_ε|dH^{n−1}(y). On the other hand we write ũ^1(y + ρe_n) + ũ^1(y − ρe_n) − 2v^1_0

(2.6.4) = [ (ũ^1 + ũ^n)(y + ρe_n) − (ũ^1 + ũ^n)(y − ρe_1) ] + [ (ũ^1 − ũ^n)(y − ρe_n) − (ũ^1 − ũ^n)(y − ρe_1) ] + [ ũ^n(y − ρe_n) − ũ^n(y + ρe_n) ] + 2 [ v^1(y − ρe_1) − v^1_0 ] .

§2.6 DISCONTINUITY POINTS WHICH ARE NOT 83 Now integrating both sides of (2.6.4) on Q_ε and exploiting the same arguments as in the proof of Theorem 2.5.9 we get ∫ Qε |ũ^1(y + ρe_n) + ũ^1(y − ρe_n) − 2v^1_0|dH^{n−1}(y) ≤ C|Eu|(C_{3ε}) + 2 ∫ Qε |v^1(y − ρe_n) − v^1_0|dH^{n−1}(y). Using the fact that 0 /∈ Θ_u and that 0 is a Lebesgue point of v in π we obtain lim_{ε→0+} 1 ε^{n−1} ∫ Qε |ũ^1(y + ρe_n) + ũ^1(y − ρe_n) − 2v^1_0|dH^{n−1}(y) = 0.

(2.6.5) From (2.6.5) and

2|b_ε − v^1_0| ≤ 1 ε^{n−1} ∫ Qε |ũ^1(y + ρe_n) + ũ^1(y − ρe_n) − 2v^1_0|dH^{n−1}(y) + 1 ε^{n−1} ∫ Qε |ũ^1(y + ρe_n) − b_ε| + |ũ^1(y − ρe_n) − b_ε|dH^{n−1}(y) ≤ 2w(ε) + 1 ε^{n−1} ∫ Qε |ũ^1(y + ρe_n) + ũ^1(y − ρe_n) − 2v^1_0|dH^{n−1}(y).

we get lim_{ε→0+} b_ε = v^1_0 and this achieves the proof of Theorem 2.6.3. ⊓⊔ Let us now prove Theorem 2.6.1 in the particular case u = v.

Proposition 2.6.5 For every u ∈ BD(Ω), |Eu|(S_u \ J_u) = 0. The following lemma will be used in the proof of Proposition 2.6.5. Lemma 2.6.6 Let u ∈ L^1(IR^n, IR^n), let μ = {μ_{ij}} be a symmetric matrix of Radon measure in IR^n. Assume that, for any ξ ∈ IR^n, |(μξ, ξ)|-almost every point of IR^n is a Lebesgue point of u^ξ : IR^n → IR defined by u^ξ(x) := (u(x), ξ). Then |μ|-almost every point of IR^n is a Lebesgue point for u.

Proof. We have to prove that for any η ∈ IR^n, |μ|-almost every point of IR^n is a Lebesgue point of u^η. By the inequality (2.1.2) it is enough to prove that for any choice of ξ ∈ IR^n, |(μξ, ξ)|-almost every point of IR^n is a Lebesgue point for u^η. If we apply the assumptions of the Lemma to the vectors ξ, η, ξ ± η and set μ_{ξξ} := (μξ, ξ), μ_{ηη} := (μη, η), μ_{ξη} := (μξ, η) we obtain the following properties:

84 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS (a) |μ_{ξξ}|-almost every x ∈ IR^n is a Lebesgue point for u^ξ. (b) |μ_{ηη}|-almost every x ∈ IR^n is a Lebesgue point for u^η. (c) |μ_{ξξ} ± 2μ_{ξη} + μ_{ηη}|-almost every x ∈ IR^n is a Lebesgue point for u^ξ ± u^η.

Set λ := |μ_{ξξ}| + |μ_{ηη}| + |μ_{ξη}|. From the absolute continuity of the measures μ_{ξξ}, μ_{ξη} and μ_{ξη} with respect to λ, we get the existence of three locally λ-integrable functions h_1, h_2 and h_3 such that μ_{ξξ} = h_1λ, μ_{ηη} = h_2λ and μ_{ξη} = h_3λ.

Let us consider the following partition of IR^n

A_1 := {x ∈ IR^n: h_1(x) + h_2(x) = 0}; A_2 := {x ∈ IR^n: h_1(x) + h_2(x) ≠ 0}. On A_1 we have μ_{ξξ} = −μ_{ηη}. Hence the total variations are the same on A_1 and (b) implies that |μ_{ξξ}|-almost every x ∈ A_1 is a Lebesgue point for u^η. In order to conclude the proof of the lemma we need only to prove that |μ_{ξξ}|-almost every x ∈ A_2 is a Lebesgue point for u^η. Set

C_1 := { x ∈ A_2: x is neither a Lebesgue point of u^ξ + u^η nor a Lebesgue point of u^ξ − u^η } . Then by the property (c) 0 = |μ_{ξξ} ± 2μ_{ξη} + μ_{ηη}|(C_1) = ∫ C_1

|h_1 + h_2 ± 2h_3|dλ.

If λ(C_1) > 0, then for λ-almost every x ∈ C_1 we have h_1(x) + h_2(x) ± 2h_3(x) = 0; this is impossible since C_1 ⊂ A_2. Therefore λ(C_1) = 0 and this means that λalmost every x ∈ A_2 is either a Lebesgue point of u^ξ + u^η or a Lebesgue point of u^ξ − u^η. On the other hand, if x is either a Lebesgue point of u^ξ + u^η or of u^ξ − u^η and x is a Lebesgue point of u^ξ, then x is also a Lebesgue point of u^η. Hence, from the property (a) and the fact that |μ_{ξξ}|(C_1) = 0 we obtain that |μ_{ξξ}|-almost every x ∈ A_2 is a Lebesgue point of u^η. This achieves the proof of Lemma 2.6.6. ⊓⊔

§2.6 DISCONTINUITY POINTS WHICH ARE NOT 85

The proof of Proposition 2.6.5. Also in this case we may assume that Ω = IR^n since the argument to be proved is local. Let u ∈ BD(IR^n). we will proceed as we have said before by induction on n. The statement is trivial if n = 1. Assume that it is true for n − 1 ≥ 1 and let us prove it for n.

For any ξ ∈ IR^n, if we assert that |(Euξ, ξ)|-almost every x ∈ IR^n \ J_u is a Lebesgue point of u^ξ, then by Lemma 2.6.6 above with μ = Eu (IR^n \ J_u) we have |Eu|- almost every x ∈ IR^n \ J_u is a Lebesgue point of u. So, it will be sufficient to prove that the assertion: |(Euξ, ξ)|-a.e. x ∈ IR^n \ J_u is a Lebesgue point of u^ξ holds. Let η ∈ S^{n−1} be orthogonal to ξ so that 0 and ξ belong to π_η. Let

S := { s ∈ IR:

v_s(y) := p_ηũ(y + sη) is defined for H^{n−1}-a.e. y ∈ π_η and v_s ∈ BD(π_η) } . By Proposition 2.2.3 we have L^1(IR\ S) = 0. By the induction assumption, for any s ∈ S, |Ev_s|(S_{vs} \ J_{vs} ) = 0. Therefore v_s has one-sided (possibly equal) Lebesgue limits v^+_s and v^−_s in π_η at |(Ev_sξ, ξ)|-almost every point in π_η. On the other hand, we have seen in Proposition 2.2.3 that for any B ∈ B(IR^n), (Euξ, ξ)(B) = +∞∫ −∞ (Ev_sξ, ξ)(B_s)ds

where B_s = {y ∈ π_η: sη + y ∈ B}. Therefore the measure (Euξ, ξ) is concentrated on the set

Y^′ := {x = sη + y: s ∈ S and y such that v^+_s and v^−_s exists at y}.

From Theorem 2.6.3 any point x ∈ Y^′ either is in Θ_u or is a Lebesgue point of p_ηu in IR^n. Since ξ ∈ π_η, this implies that |(Euξ, ξ)|-almost every point either belongs to Θ_u or is a Lebesgue point of u^ξ. Since H^{n−1}(Θ_u \ J_u) = 0 then by the second equality (2.2.2) of Theorem 2.2.1, we have |(Euξ, ξ)|(Θ_u \ J_u) = 0. Therefore, |(Euξ, ξ)|-almost every point of IR^n \ J_u is a Lebesgue point of u^ξ and this achieves the proof of Proposition 2.6.5. ⊓⊔

86 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

Using Proposition 2.6.5 we are in a position to prove Theorem 2.6.1 in the general case.

The proof of Theorem 2.6.1. Let u, v ∈ BD(Ω). By the Radon-Nikodym decomposition of the measure |Ev| with respect to |Eu|, there exists a Borel set N such that |Eu|(N) = 0 and |Ev| (Ω \ N) is absolutely continuous with respect to |Eu|. By Proposition 2.6.5 we have |Eu|((S_u \ J_u) \ N) = 0 and this implies that |Ev|((S_u \ J_u) \ N) = 0. So, it only remains to prove that |Ev|((S_u \ J_u) ∩ N) = 0. Since S_u \ J_u ⊂ (S_v \ J_v) ∪ ((S_u \ J_u) \ S_v) ∪ ((S_u \ J_u) ∩ J_v) and |Ev|(S_v \ J_v) = 0 (by Proposition 2.6.5), it is enough to prove that |Ev|(((S_u \ J_u) \ S_v) ∩ N) = 0, (2.6.6) |Ev|((S_u \ J_u) ∩ J_v ∩ N) = 0. (2.6.7) Observing that any Lebesgue point of v is a Lebesgue or jump point of u if and only if it is respectively a Lebesgue or Jump point of u + v, we have the equality (S_u \ J_u) \ S_v = (S_{u+v} \ J_{u+v}) \ S_v.

So that by Proposition 2.6.5 |E(u + v)|(S_u \ J_u) \ S_v) = 0. Since Ev and E(u + v) coincide as measures on N, we obtain (2.6.6).

Let x ∈ J_v. If x /∈ S_{u+v}, then x ∈ J_u; If x ∈ J_{u+v} and ν_{u+v}(x) = ±ν_v(x), then x /∈ S_u or x ∈ J_u. So, if we set A := {x ∈ J_v ∩ J_{u+v}: ν_{u+v}(x) = ±ν_v(x)} then A ⊂ J_v ∪ (Ω \ S_u). This implies that (S_u \ J_u) ∩ J_v ⊂ J_v \ A. On the other hand, J_v \ A = (J_v ∩ J_{u+v} \ A) ∪ (J_v \ (J_v ∩ J_{u+v}))

= (J_v ∩ J_{u+v} \ A) ∪ (J_v ∩ S_{u+v} \ (J_v ∩ J_{u+v})) ∪ ((J_v \ S_{u+v}) \ (J_v ∩ J_{u+v})).

§2.6 DISCONTINUITY POINTS WHICH ARE NOT 87 Since J_v ∩ S_{u+v} \ (J_v ∩ J_{u+v}) = J_v ∩ (S_{u+v} \ J_{u+v}) and J_v \ S_{u+v} ⊂ J_v ∩ J_u we obtain (S_u \ J_u) ∩ J_v ⊂ (J_v ∩ J_{u+v} \ A) ∪ (J_v ∩ (S_{u+v} \ J_{u+v})) ∪ ((J_v ∩ J_u) \ (J_v ∩ J_{u+v})). However, [(S_u \ J_u) ∩ J_v] ∩ [(J_v ∩ J_u) \ (J_v ∩ J_{u+v})] = ∅ so that we finally get (S_u \ J_u) ∩ J_v ⊂ (J_v ∩ J_{u+v} \ A) ∪ (S_{u+v} \ J_{u+v}). Since J_u and J_{u+v} are countably (H^{n−1}, n−1)-rectifiable, the Borel set J_u ∩J_{u+v} \A is H^{n−1}-negligible. So, by Proposition 2.6.5 and the fact that the measure |E(u+v)| vanishes on H^{n−1}-negligible set, we get |E(u + v)|((S_u \ J_u) ∩ J_v) = 0. Since Ev and E(u + v) coincide on N as measures, we obtain |Ev|((S_u \ J_u) ∩ J_v ∩ N) = 0 and this achieves the proof of Theorem 2.6.1. ⊓⊔

88 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS

2.7 A compactness criterion in SBD(Ω)

Let Ω be a bounded open subset of IR^n. In order to study the lower semicontinuity of some family of functionals defined on the space SBD(Ω) of special functions with bounded deformation, Bellettini, Coscia and Dal Maso have proved in [47] the following compactness theorem in SBD(Ω).

Theorem 2.7.1 Let ϕ : [0, +∞[→ [0, +∞[ be a non-decreasing function such that lim t→+∞ ϕ(t) t = +∞. (2.7.1) Let {u_h} be a sequence in SBD(Ω) such that ∫ Ω |u_h|dx + |E^ju_h|(Ω) + ∫ Ω ϕ(|Eu_h|)dx + H^{n−1}(J_{uh} ) ≤ K (2.7.2) for some positive constant K independent of h. Then there exists a subsequence, still denoted by {u_h} and a function u ∈ SBD(Ω) such that u_h → u strongly in L^1_{loc}(Ω, IR^n),

(2.7.3) Eu_h ⇀ Eu weakly in L^1(Ω, M^{n×n}_s ),

(2.7.4) E^ju_h ⇀ E^ju weakly ⋆ in M_b(Ω, M^{n×n}_s ),

(2.7.5) H^{n−1}(J_u) ≤ lim inf_{h→+∞} H^{n−1}(J_{uh} ).

(2.7.6) Remark 2.7.2

(i) This theorem is the analogue of Ambrosio’s compactness theorem in the space SBV (Ω) (see Theorem 1.3.4 of Chapter one).

(ii) An other version of Theorem 2.7.1 has been first proved in Bellettini-Coscia- Dal Maso [46] with the measure H^{n−1} J_u replaced by the integral-geometric measure λ_u, since at the time when the authors were writing that paper it was not clear whether λ_u and H^{n−1} J_u coincide as measures on Ω.

§2.7 A COMPACTNESS CRITERION IN SBD(Ω) 89

(iii) Let us observe that Theorem 2.7.1 cannot be obtained directly from the Ambrosio’s compactness theorem. In other words, even if the sequence {u_h} were taken in SBV (Ω, IR^n), the assumptions of Theorem 2.7.1 would not be sufficient to obtain the conclusion using the Ambrosio’s compactness theorem. In fact, the bound (2.7.2) on Eu_h does not lead to a similar bound for the approximate gradients {∇u_h} because there is no analogue of Korn’s inequality allowing to control ∫ Ω ϕ(|∇u_h|)dx from (2.7.2) uniformly with respect to h.

(iv) the main ingredient in the proof of Theorem (2.7.1) will be the structure Theorem 2.5.1 proved before. The basic idea is to obtain from the bound (2.7.2), new analogue bounds for the one-dimensional sections of the functions u_h, which will allow to apply the one-dimensional version of the Ambrosio’s compactness theorem and to obtain the results by integration.

The proof of Theorem 2.7.1. By (2.7.1) and (2.7.2) the sequence {u_h} is bounded in BD(Ω) so that by the compact injection of BD(Ω) in L^1_{loc}(Ω, IR^n) (see Theorem 1.7.14 of Chapter I), there exists a subsequence, still denoted by {u_h}, which converges in L^1_{loc}(Ω, IR^n) to a function u ∈ BD(Ω). Again by (2.7.1) and (2.7.2) and the Dunford-Pettis criterion we can also assume that {Eu_h} converges weakly in L^1(Ω, M^{n×n}_s ).

We claim that u ∈ SBD(Ω) and that (2.7.6) holds. To simplify the notation we set I^ξ_y (u_h) := ∫ Ω^ξ_y ϕ(|∇u^ξ_{h,y}(t)|)dt, H^ξ_y (u_h) := |Du^ξ_{h,y}|(Ω^ξ_y), where u^ξ_{h,y} = (u_h)^ξ_y. By the point (ii) of the structure theorem, using Fubini-tonel-li’s theorem and the fact that ϕ is non-decreasing, for any ξ ∈ S^{n−1} we get ∫ π_ξ I^ξ_y (u_h)dH^{n−1}(y) = ∫ Ω ϕ(|Eu_h(x)ξ, ξ)|)dx ≤ ∫ Ω ϕ(|Eu_h(x)|)dx ≤ K. (2.7.7)

90 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS Moreover, by (2.2.2) of Theorem 2.2.1, we have ∫ π_ξ H^ξ_y (u_h)dH^{n−1}(y) = |(Eu_hξ, ξ)|(Ω) ≤ |Eu_h|(Ω) ≤ C (2.7.8) where 0 < C < +∞ depends on K and also on the function ϕ. Let {u_k} = {u_{hk} } be a subsequence such that lim k→+∞ H^{n−1}(J_{uk} ) = lim inf_{h→+∞} H^{n−1}(J_{uh} ) < +∞.

(2.7.9) By the structure theorem 2.5.1, for any ξ ∈ S^{n−1}, the functions u^ξ_{k,y} belong to SBV (Ω^ξ_y) for H^{n−1}-almost every y ∈ Ω^ξ. Let us fix 0 < ε < 1. Using the fact that H^{n−1} J_u = λ_u we get for any ξ ∈ S^{n−1}, lim sup k→+∞ ∫ π_ξ [εI^ξ_y (u_k) + εH^ξ_y (u_k)]dH^{n−1}(y) + lim inf k→+∞ ∫ S^{n−1} [ ∫ π_ξ H^0(J_uξ_{k,y} )dH^{n−1}(y)]dH^{n−1}(ξ) < +∞. Applying now Fatou’s lemma to the second term above we get lim sup k→+∞ ∫ π_ξ [εI^ξ_y (u_k) + εH^ξ_y (u_k)]dH^{n−1}(y) + ∫ S^{n−1} lim inf k→+∞ ∫ π_ξ H^0(J_uξ_{k,y} )dH^{n−1}(y)dH^{n−1}(ξ) < +∞. So that we finally obtain lim inf k→+∞ ∫ π_ξ [εI^ξ_y (u_k) + εH^ξ_y (u_k) + H^0(J_uξ_{k,y} )]dH^{n−1}(y) < +∞.

Let us fix ξ ∈ S^{n−1} such that the inequality above holds. Let {u_m} = {u_{km} } be such that lim m→+∞ ∫ π_ξ [εI^ξ_y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} )]dH^{n−1}(y)

(2.7.10) = lim inf k→+∞ ∫ π_ξ [εI^ξ_y (u_k) + εH^ξ_y (u_k) + H^0(J_uξ_{k,y} )]dH^{n−1}(y) < +∞.

§2.7 A COMPACTNESS CRITERION IN SBD(Ω) 91 By Fubini-Tonelli’s theorem we have lim m→+∞ ∫ Ω^ξ [∫ Ω^ξ_y |u^ξ_{m,y}(t) − u^ξ_y(t)|dt ] dH^{n−1}(y) = lim_{m→+∞} ∫ Ω |(u_m(x) − u(x), ξ)|dx ≤ lim_{m→+∞} ∫ Ω |u_m(x) − u(x)|dx = 0. Therefore, up to a subsequence, we have for H^{n−1}-almost every y ∈ Ω^ξ u^ξ_y ∈ BV (Ω^ξ_y) and u^ξ_{m,y} → u^ξ_y in L^1(Ω^ξ_y).

(2.7.11) Now, by (2.7.10) and Fatou’s lemma, we obtain for H^{n−1}-almost every y ∈ Ω^ξ lim inf m→+∞[εI ξ y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} )] < +∞.

(2.7.12) Let us fix y ∈ Ω^ξ satisfying (2.7.11) and (2.7.12) and such that u^ξ_{m,y} ∈ SBV (Ω^ξ_y) for any m. Passing to a further subsequence {u_j} = {u_{mj} } (depending on ε, ξ, and y) we can assume that lim j→+∞[εI ξ y (u_j) + εH^ξ_y (u_j) + H^0(J_uξ_{j,y} )]

(2.7.13) = lim inf m→+∞[εI ξ y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} )] < +∞.

From (2.7.11) and (2.7.13) we deduce that the sequence {u^ξ_{j,y}} is bounded in BV (A), hence in L^∞(A), for any open set A ⊆ Ω^ξ_y with a finite number of connected components. By (2.7.13) we can apply the one-dimensional version of the Ambrosio’s compactness theorem (see [10, Proposition 4.2]) to obtain u^ξ_y ∈ SBV (A) and H^0(J_uξ_y ∩ A) ≤ lim inf_{j→+∞} H^0(J_uξ_{j,y} )

(2.7.14) ≤ lim_{j→+∞}[εI^ξ_y (u_j) + εH^ξ_y (u_j) + H^0(J_uξ_{j,y} )] = lim inf m→+∞[εI ξ y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} )] < +∞.

92 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS As u^ξ_y ∈ BV (Ω^ξ_y), from the arbitrariness of A we deduce that u^ξ_y ∈ SBV (Ω^ξ_y). Therefore, we have proved that for H^{n−1}-almost every ξ ∈ S^{n−1} and y ∈ Ω^ξ, u^ξ_y ∈ SBV (Ω^ξ_y). So that for such ξ, |(E^cuξ, ξ)| = 0 (2.7.15) by the structure theorem. Hence, there exists a basis {ξ_1, · · · , ξ_n} of IR^n such that (2.7.15) holds for any ξ := ξ_i + ξ_j. Then, it follows that u ∈ SBD(Ω). Moreover, (2.7.14) yields to H^0(J_uξ_y ) ≤ lim inf_{m→+∞}[εI^ξ_y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} )].

(2.7.16) Integrating the two members over π_ξ and using (2.7.10), (2.7.16), Fatou’s lemma and Definition 2.5.7, we get

λ^ξ_u(Ω) ≤ lim_{m→+∞} ∫ π_ξ [ εI^ξ_y (u_m) + εH^ξ_y (u_m) + H^0(J_uξ_{m,y} ) ] dH^{n−1}(y) = lim inf k→+∞ ∫ π_ξ [ εI^ξ_y (u_k) + εH^ξ_y (u_k) + H^0(J_uξ_{k,y} ) ] dH^{n−1}(y) < +∞ for H^{n−1}-almost every ξ ∈ S^{n−1}. Integrating with respect to ξ and using Theorem 2.5.8 we get

H^{n−1}(J_u) ≤ cε + lim_{k→+∞} H^{n−1}(J_{uk} ) = cε + lim inf_{h→+∞} H^{n−1}(J_{uh} ) where c = k_nH^{n−1}(S^{n−1})(K + C); k_n being the constant used in the definition of λ_u. Letting ε → 0^+, we obtain (2.7.6).

Now we claim (2.7.4). Using Fatou’s lemma, from (2.7.2) and Theorem 2.5.8, we get ∫ S^{n−1} [ lim inf h→+∞ λ^ξ_{uh} (Ω) ] dH^{n−1}(ξ) < +∞. Hence there exists a basis {ξ_1, · · · , ξ_n} of IR^n such that lim inf_{h→+∞} λ^ξ_{uh} (Ω) < +∞ for every ξ of the form ξ_i + ξ_j. Let us fix such a ξ. Then, there exists a subsequence

§2.7 A COMPACTNESS CRITERION IN SBD(Ω) 93 {u_k} = {u_{hk} } (depending on ξ) such that lim k→+∞ λ^ξ_{uk} (Ω) < +∞. (2.7.17) Let w ∈ L^1(Ω) and set K^ξ_y (u_k, w) := ∫ Ω^ξ_y |∇u^ξ_y(t) − w(y + tξ)|dt By Fubini-Tonelli’s theorem and the point (ii) of Theorem 2.5.1 we obtain ∫ π_ξ K^ξ_y (u_k, w)dH^{n−1}(y) = ∫ π_ξ ∫ Ω^ξ_y |(Eu_k(y + tξ)ξ, ξ) − w(y + tξ)|dtdH^{n−1}(y) = ∫ Ω |(Eu_k(x)ξ, ξ) − w(x)|dx. Then from (2.7.2) we can find a further subsequence {u_l} = {u_{kl} } (depending on ξ and w) such that lim l→+∞ ∫ π_ξ K^ξ_y (u_l, w)dH^{n−1}(y) = lim inf_{k→+∞} ∫ Ω |(Eu(x)ξ, ξ)−w(x)|dx < +∞. (2.7.18) Now using the same arguments as in (2.7.10) and (2.7.11) we can construct from {u_l} a further subsequence {u_m} = {u_{lm} } (depending on ε, w, and ξ) such that (2.7.11) is satisfied for H^{n−1}-almost every y ∈ Ω^ξ and lim m→+∞ ∫ π_ξ {K^ξ_y (u_m, w) + ε[I^ξ_y (u_m) + H^ξ_y (u_m) + H^0(J_uξ_{m,y} )]}dH^{n−1}(y)

(2.7.19) = lim inf l→+∞ ∫ π_ξ {K^ξ_y (u_l, w) + ε[I^ξ_y (u_l) + H^ξ_y (u_l) + H^0(J_uξ_{l,y} )]}dH^{n−1}(y) < +∞ where the last inequality is a consequence of (2.7.7) ,(2.7.8) and (2.7.18). Now, using Fatou’s lemma, for H^{n−1}-almost every y ∈ Ω^ξ we obtain lim inf m→+∞{K ξ y (u_m, w) + ε[I^ξ_y (u_m) + H^ξ_y (u_m) + H^0(J_uξ_{m,y} )]} < +∞.

(2.7.20)

94 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS Let us fix a point y ∈ Ω^ξ, satisfying (2.7.11), (2.7.20) and such that u^ξ_{m,y} ∈ SBV (Ω^ξ_y) for any m. Passing to a further subsequence {u_j} = {u_{mj} } (depending on ξ, w, ε, and y) we can assume that lim j→+∞{K ξ y (u_j, w) + ε[I^ξ_y (u_j) + H^ξ_y (u_j) + H^0(J_uξ_{j,y} )]}

(2.7.21) = lim inf m→+∞{K ξ y (u_m, w) + ε[I^ξ_y (u_m) + H^ξ_y (u_m) + H^0(J_uξ_{m,y} )] < +∞.

Consequently, H^ξ_y (u_j) is bounded uniformly with respect to j. This fact, together with (2.7.11), implies that {u^ξ_{j,y}} is bounded in BV_{loc}(Ω^ξ_y), hence in L^∞_{loc}(Ω^ξ_y). So, by (2.7.21) we can apply the one-dimensional version of the Ambrosio’s compactness theorem (see [10, Proposition 4.2]) to obtain that ∇u^ξ_{j,y} converges to ∇u^ξ_y weakly in L^1_{loc}(Ω^ξ_y) as j → +∞. Thus we have

K^ξ_y (u, w) ≤ lim inf_{j→+∞} K^ξ_y (u_j, w) ≤ lim_{j→+∞}{K^ξ_y (u_j, w) + ε[I^ξ_y (u_j) + H^ξ_y (u_j) + H^0(J_uξ_{j,y} )]} = lim inf m→+∞{K ξ y (u_m, w) + ε[I^ξ_y (u_m) + H^ξ_y (u_m) + H^0(J_uξ_{m,y} )]}.

By Fatou’s lemma and by (2.7.19) we get ∫ π_ξ K^ξ_y (u, w)dH^{n−1}(y) ≤ lim inf j→+∞ ∫ π_ξ K^ξ_y (u_j, w)dH^{n−1}(y) ≤ lim inf l→+∞ ∫ π_ξ {K^ξ_y (u_l, w) + ε[I^ξ_y (u_l) + H^ξ_y (u_l) + H^0(J_uξ_{l,y} )]}dH^{n−1}(y).

Using now the point (ii) of Theorem 2.5.1, (2.7.7), (2.7.8) and (2.7.18) we obtain ∫ Ω |(Euξ, ξ)(x) − w(x)|dx ≤ lim inf k→+∞ ∫ Ω |(Eu_kξ, ξ)(x) − w(x)|dx + ε[K + C + lim_{k→+∞} λ^ξ_{uk} (Ω)].

§2.7 A COMPACTNESS CRITERION IN SBD(Ω) 95 Letting ε → 0^+, we obtain ∫ Ω |(Euξ, ξ)(x) − w(x)|dx (2.7.22) ≤ lim inf k→+∞ ∫ Ω |(Eu_kξ, ξ)(x) − w(x)|dx ∀w ∈ L^1(Ω). From this we obtain (Eu_kξ, ξ) ⇀ (Euξ, ξ) weakly in L^1(Ω) applying the proposition (4.4) of Ambrosio [10]. Since {Eu_h} is weakly convergent in L^1(Ω, M^{n×n}_s ), it follows that the whole sequence {(Eu_hξ, ξ)} converges to (Euξ, ξ) weakly in L^1(Ω) for every ξ = ξ_i + ξ_j. As {ξ_1, · · · , ξ_n} is a basis of IR^n, (2.7.4) follows.

Let us now prove (2.7.5). Since the sequence {u_h} is bounded in BD(Ω) and u_h converges to u in L^1_{loc}(Ω, IR^n), then Eu_h converges to Eu weakly^⋆ in M_b(Ω, M^{n×n}_s ). Since u_h and u belong to SBD(Ω) and Eu_h ⇀ Eu weakly in L^1(Ω, M^{n×n}_b ), we deduce that E^ju_h = Eu_h − Eu_hL^n Ω ⇀ E^ju = Eu − EuL^n Ω weakly^⋆ in M_b(Ω, M^{n×n}_s ) and this achieves the proof of the theorem. ⊓⊔ Remark 2.7.3 Motivated by the compactness theorem 2.7.1, we introduce the following subspace of SBD(Ω). Let p > 1. We set SBD^p(Ω) := {u ∈ SBD(Ω): H^{n−1}(J_u) < +∞ and Eu ∈ L^p(Ω, M^{n×n}_s )}. We define in SBD^p(Ω) the following weak convergence: we say that the sequence {u_h} ⊂ SBD^p(Ω) weakly converges in SBD^p(Ω) to u if u_h → u in L^1(Ω, IR^n), sup_h {|E^ju_h|(Ω) + H^{n−1}(J_{uh} )} < +∞, Eu_h ⇀ Eu in L^p(Ω, M^{n×n}_s ). (2.7.23)

96 CHAPTER II FINE PROPERTIES OF BD FUNCTIONS From (2.7.23) we have

sup_h { ‖u_h‖_1 + |E^ju_h|(Ω) + ‖Eu_h‖_p + H^{n−1}(J_{uh} ) } < +∞ (2.7.24) and by the compactness theorem 2.7.1, we get u ∈ SBD^p(Ω). Conversely, any sequence verifying (2.7.24) has a subsequence weakly convergent to a function u ∈ SBD(Ω)^p.

Chapter 3

The Approximate Differentiability

of BD Functions

3.1 Introduction

The notion of symmetric approximate differential related, by Theorem 2.4.3 to the density Eu of the absolute continuous part of the measure Eu for a BD function u, makes one think about the existence of the full approximate differential ∇u of which Eu is the symmetric part. This fact has been confirmed by Hajłasz [136], Ambrosio-Coscia-Dal Maso [21] (and also by Ebobisse [114]) who proved that functions with bounded deformation are approximately differentiable L^n-almost everywhere inside their domain.

In the first part of this chapter, we will present the proof by Ambrosio, Coscia and Dal Maso of the approximate differentiability of BD functions. In the second part, we present the result of Ebobisse [114] on a quantitative Lusin type approximation of BD functions by Lipschitz ones from which one can also deduce the approximate differentiability result.

98 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

3.2 The approximate differentiability

Let us first recall the definition of approximate differentiability.

Definition 3.2.1 Let u : Ω ⊂ IR^n → IR^m be a Borel function and x ∈ Ω. We say that u is approximately differentiable at x, if there exists an m × n matrix L such that ap lim_{y→x} |u(y) − u(x) − L(y − x)| |y − x| = 0,

(3.2.1) i.e., the Borel set

A_ε := { y ∈ Ω: |u(y) − u(x) − L(y − x)| |y − x| > ε }

has L^n density 0 at x, for any ε > 0.

As we have seen in Chapter I, a stronger definition of approximate differentiability is used for BV functions. That is

lim_{ρ→0+} − ∫ Bρ(x) |u(y) − u(x) − L(y − x)| |y − x| dy = 0. (3.2.2)

The following proposition gives a sufficient condition for the approximate differentiability, intermediate between the stronger condition (3.2.2) and (3.2.1).

Proposition 3.2.2 Let u ∈ L^1_{loc}(Ω, IR^m) and assume that

lim_{ρ→0+} 1 ρ^n ∫ Bρ(x_0) |u(y) − u(x_0) − L(y − x_0)| ρ dy = 0 (3.2.3)

for some x_0 ∈ Ω and for some m×n matrix L. Then the function u is approximately differentiable at x_0 and ∇u(x_0) = L.

Proof. We need to prove that for every ε > 0 the set

A_ε := { y ∈ Ω: |u(y) − u(x_0) − L(y − x_0)| |y − x_0| > ε }

§3.2 THE APPROXIMATE DIFFERENTIABILITY 99

has L^n-density zero at x_0, i.e., lim_{ρ→0+}

|A_ε ∩ B_ρ(x_0)| |B_ρ(x_0)|

= 0.

For any ρ > 0 and any t ∈ (0, 1), splitting B_ρ(x_0) into the disjoint sets B_{tρ}(x_0) and B_ρ(x_0) \ B_{tρ}(x_0) we obtain 1 ρ^n |B_ρ(x_0) ∩ A_ε| ≤ 1 tερ^n ∫ Bρ(x_0) |u(y) − u(x_0) − L(y − x_0)| ρ dy + w_nt^n. Therefore lim sup ρ→0^+ |B_ρ(x_0) ∩ A_ε| ρ^n ≤ w_nt^n and letting t → 0^+ we obtain the statement. ⊓⊔

Let us now state the approximate differentiability theorem. Theorem 3.2.3 (Ambrosio-Coscia-Dal Maso [21]) Let u ∈ BD(Ω). Then for L^n-almost every x ∈ Ω, there exists an n × n matrix ∇u(x) such that

lim_{ρ→0+} 1 ρ^n ∫ Bρ(x) |u(y) − u(x) − ∇u(x)(y − x)| ρ dy = 0. (3.2.4) In particular, u is approximately differentiable L^n-almost everywhere in Ω. Moreover, when Ω is either IR^n or a bounded open subset with a Lipschitz continuous boundary, the approximate differential ∇u satisfies the following L^1 weak estimate L^n({x ∈ Ω: |∇u(x)| > t}) ≤ C(Ω) t ‖u‖_{BD(Ω)} ∀t > 0 (3.2.5) where C(Ω) is a constant only depending on Ω. Remark 3.2.4

(i) From (3.2.4) and Theorem 2.4.3 one can easily verify that Eu(x) = (∇u(x) + ∇u^t(x))/2 for L^n-almost every x ∈ Ω, i.e., the approximate symmetric differential is exactly the symmetric part of the approximate differential.

100 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

(ii) In the proof of Proposition 2.5.6, using the Ornstein’s counter-example we have constructed a function u ∈ C^∞(IR^n \ {0}) having a compact support in B_1(0), which verifies ∫ IR^n |∇u(x)|dx = +∞ and ‖u‖BD(IR^n) < +∞. This im-

plies that, in general, no strong L^1 estimate can be obtained for the approximate differential of functions with bounded deformation. We only get the weak L^1 estimate (3.2.5).

The main ingredient in the proof of Theorem 3.2.3 will be the explicit version of the Poincaré type inequality in small balls B_ρ(x) (cf. Section 1.7.3). From this inequality we can estimate at L^n-a.e. x ∈ Ω the difference quotient of u up to a constant vector b_ρ(u)(x) and an affine map α_ρ(u)(x)(y − x). The approximate differentiability of u will then follow from Federer [119, Theorem 3.1.8]. From Theorem 2.4.3 we will obtain an estimate of the vector b_ρ(u)(x), while the matrix α_ρ(u)(x) will be expressed as a singular integral. So that a weak L^1 estimate of α_ρ(u)(x) will be obtained applying the following well known proposition proved in Ambrosio-Coscia-Dal Maso [21].

Proposition 3.2.5 Let K : IR^n \ {0} → IR be a 0-homogeneous function, smooth and with mean value zero on the unit sphere S^{n−1}. For any Radon measure μ with finite total variation in IR^n, let us define the functions

h_ρ(x) = ∫ |y−x|≥ρ K(y − x) |y − x|^n dμ(y) ρ > 0. Then the function h(x) = sup_{ρ>0} |h_ρ(x)| satisfies the following weak L^1 estimate

L^n({x ∈ IR^n: h(x) > t}) ≤ C(n, K) t |μ|(IR^n). (3.2.6)

Remark 3.2.6 If we apply the proposition above to each component of the fourthorder tensor Γ(x)/|x|^2 defined in subsection 1.7.3 we obtain L^n({x ∈ IR^n: A_u(x) > t}) ≤ C(n) t |Eu|(IR^n) (3.2.7)

§3.2 THE APPROXIMATE DIFFERENTIABILITY 101 where A_u(x) = sup_{ρ>0} |A_ρ(u)(x)|.

The proof of Theorem 3.2.3. Since the approximate differentiability is a local property, for the first part of the statement, we can assume with no loss of generality that Ω = IR^n. From Theorem 2.4.3 and Remark 3.2.6, L^n-almost every x ∈ IR^n satisfies the properties: (i) lim_{ρ→0+} 1 ρ^n ∫ Bρ(x) |(u(y) − u(x) − Eu(x)(y − x), y − x)| ρ|y − x| dy = 0;

(ii) x is a Lebesgue point for Eu and ~Eu(x) = Eu(x); (iii) |E^su| has n-dimensional density zero at x;

(iv) The matrices A_ρ(u)(x) in section 1.7.3 are equi-bounded with respect to ρ. Step 1: Let us fix x ∈ IR^n verifying (i)-(iv). We want to prove that lim_{ρ→0+} 1 ρ^n ∫ Bρ(x) |u(y) − u(x) − α_ρ(u)(x)(y − x)| ρ dy = 0 (3.2.8) for suitable n × n matrices α_ρ(u)(x) satisfying sup_{ρ>0} |α_ρ(u)(x)| ≤ k_n|Eu(x)| + sup_{ρ>0} |A_ρ(u)(x)|. (3.2.9) To this end we consider the cut-off function ψ ∈ C^1_c (IR) such that:

ψ(t) = 1 for |t| ≤ 1; ψ(t) = 0 for |t| ≥ 2 and |ψ^′(t)| ≤ 2 for every t ∈ IR. Let us define the functions φ(y) := ψ(|y − x|), w(y) := φ(y)Eu(x)(y − x) and v(y) := u(y) − w(y)

102 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

for every y ∈ IR^n. Applying to the function v the explicit version of the Poincaré type inequality in paragraph 1.7.3 we obtain for any ρ > 0 ∫ Bρ(x) |v(y) − b_ρ(v)(x) − A_ρ(v)(x)(y − x)| (3.2.10) ≤ C(n)ρ|Ev|(B_ρ(x)) ≤ C(n)ρ ∫ Bρ(x) |Eu(y) − Eu(x)|dy + C(n)ρ|E^su|(B_ρ(x)) for suitable vectors b_ρ(v)(x) with

A_ρ(v)(x) = A_ρ(u)(x) + A_ρ(w)(x)

(3.2.11)

= A_ρ(u)(x) + 1 2w_n ∫ {|y−x|≥ρ} Γ(y − x) |y − x|^{n+2} Ew(y)dy. Setting α_ρ(u)(x) := Eu(x) + A_ρ(v)(x) and dividing both sides of (3.2.10) by ρ^{n+1} we obtain 1 ρ^n ∫ Bρ(x) |u(y) − b_ρ(v)(x) − α_ρ(u)(x)(y − x)| ρ dy

≤ 1 ρ^n ∫ Bρ(x) |v(y) − b_ρ(v)(x) − A_ρ(v)(x)(y − x)| ρ dy

≤ C(n) 1 ρ^n ∫ Bρ(x) |Eu(y) − Eu(x)| + C(n) |E^su|(B_ρ(x)) ρ^n . So that by the properties (ii) and (iii) we get

lim_{ρ→0+} 1 ρ^n ∫ Bρ(x) |u(y) − b_ρ(v)(x) − α_ρ(u)(x)(y − x)| ρ dy = 0 (3.2.12)

From the inequality ∫ Bρ(x) |(b_ρ(v)(x) − u(x), y − x)| ρ|y − x| dy

≤ ∫ Bρ(x) |(u(y) − u(x) − α_ρ(u)(x)(y − x), y − x)| ρ|y − x| dy

+ ∫ Bρ(x) |u(y) − b_ρ(v)(x) − α_ρ(u)(x)(y − x)| ρ dy,

§3.2 THE APPROXIMATE DIFFERENTIABILITY 103

the identity (3.2.12) and the fact that the property (i) is also valid with Eu replaced by α_ρ(u)(x) (since A_ρ(v)(x) is skew-symmetric) we deduce that

lim_{ρ→0+} 1 ρ^n ∫ Bρ(x) |(b_ρ(v)(x) − u(x), y − x)| ρ|y − x| dy = 0 (3.2.13)

which implies that b_ρ(v)(x) = u(x) + o(ρ). Inserting this into (3.2.12) we obtain (3.2.8).

Now, since ∇w(y) = ψ(|y − x|)Eu(x) + [Eu(x)(y − x)] ⊗ ∇φ(y), (3.2.14)

and since the function Γ has mean value zero on the unit sphere, the first term in the right-hand side of (3.2.14) gives no contribution to the integral in (3.2.11). Consequently, | | | 1 2w_n ∫ {|y−x|≥ρ} Γ(y − x) |y − x|^{n+2} Ew(y)dy | | | ≤ C(n)|Eu(x)| ∫ B_2(x) dy |y − x|^{n−1} (3.2.15) = 2nw_nC(n)|Eu(x)|. The inequality (3.2.9) is then obtained from (3.2.11), (3.2.12), (3.2.15) and the fact that |α_ρ(u)(x)| ≤ |Eu(x)| + |A_ρ(v)(x)|. Step 2. Let us now prove that

ap lim sup y→x |u(y) − u(x)| |y − x| ≤ sup_{ρ>0} |α_ρ(u)(x)| < +∞ for any x ∈ IR^n satisfying (i)-(iv) and hence (3.2.8) and (3.2.9). In fact , for any such x and any ε > 0, we need only to prove that the Borel set

A_ε := { y ∈ IR^n: |u(y) − u(x)| |y − x| − sup_{ρ>0} |α_ρ(u)(x)| > ε }

has L^n density zero at x. To this end, let t ∈ (0, 1).

104 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

Then 1 ρ^n L^n(A_ε ∩ B_ρ(x))

(3.2.16)

≤ 1 ρ^n L^n(A_ε ∩ (B_ρ(x) \ B_{tρ}(x))) + 1 ρ^n L^n(A_ε ∩ B_{tρ}(x)

≤ 1 tερ^n ∫ Bρ(x) |u(y) − u(x) − α_ρ(u)(x)(y − x)| |y − x| dy + w_nt^n. By (3.2.8) we obtain

lim sup ρ→0^+ 1 ρ^n L^n(A_ε ∩ B_ρ(x)) ≤ w_nt^n. So that by letting t → 0^+, we get

lim_{ρ→0+} 1 ρ^n L^n(A_ε ∩ B_ρ(x)) = 0.

This means that

ap lim sup y→x |u(y) − u(x)| |y − x| ≤ ε + sup_{ρ>0} |α_ρ(x)|. So, by the arbitrariness of ε we get the statement of Step 2.

Now from Federer [119, Theorem 3.1.8], we deduce that the function u is L^n-almost everywhere approximately differentiable in IR^n and that ∇u satisfies |∇u(x)| ≤ sup_{ρ>0} |α_ρ(x)| ≤ k_n|Eu(x)| + sup_{ρ>0} |A_ρ(u)(x)| for L^n-a.e. x ∈ IR^n. So that L^n({x ∈ IR^n: |∇u(x)| > t}) ≤ L^n({x ∈ IR^n: |Eu(x)| > t 2k_n }) + L^n({x ∈ IR^n: |A_u(x)| > t 2 }) ≤ C(n) t |Eu|(IR^n)

§3.2 THE APPROXIMATE DIFFERENTIABILITY 105

where A_u(x) has been introduced in the remark 3.2.6. This last inequality implies the weak L^1 estimate (3.2.5).

Step 3: Now let us prove the stronger condition (3.2.4). Let x be an approximate differentiability point where (3.2.8) holds and the matrices α_ρ(u)(x) are equibounded with respect to ρ. Let L be the limit of α_{ρk} (u)(x) for some sequence ρ_k converging to 0 as k → +∞. By (3.2.8) we have lim k→+∞ 1 (ρ_k)^n ∫ Bρ_k (x) |u(y) − u(x) − L(y − x)| ρ_k dy = 0. This means that the sequence of rescaled functions v_k(y) := [u(x + ρ_ky) − u(x)]/ρ_k converges to Ly in L^1(B_1(0), IR^n) strongly. Then it converges in measure to Ly. On the other hand, from the definition of the approximate differentiability we deduce that the sequence {v_k} converges in measure to ∇u(x)y; hence L = ∇u(x). Since the sequence ρ_k is arbitrary, this proves that α_ρ(u)(x) converges to ∇u(x) as ρ → 0^+ so that (3.2.8) implies (3.2.5) and this achieves the proof of Theorem 3.2.3. ⊓⊔

106 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

3.3 A Lusin type approximation of BD functions

In this paragraph, we present the result of Ebobisse [114] from which we can also deduce the approximate differentiability of functions with bounded deformation. In that paper we prove that any function with bounded deformation can be approximated in the sense of Lusin by Lipschitz functions. Precisely, we prove the following theorem:

Theorem 3.3.1 Let Ω be a Lipschitz bounded open subset of IR^n and u ∈ BD(Ω). Then for any λ > 0, there exists a Lipschitz function v_λ : Ω → IR^n with lip(v_λ) ≤ C(n, Ω)λ such that: L^n({x ∈ Ω : v_λ(x) ≠ u(x)}) ≤ C(n, Ω) λ ‖u‖_{BD(Ω)} , (3.3.1)

where C(n, Ω) is a positive constant only depending on n and Ω.

Let us recall that Lusin type results for Sobolev functions have been established by Liu [147], Michael-Ziemer [152] and Acerbi-Fusco [1]. Those results have been successfully applied by Acerbi-Fusco [1] to prove the lower semicontinuity of quasi-convex integral functionals defined in W^{1,p}(Ω) (1 ≤ p < +∞). Precisely, they proved that it is possible to extract from bounded sequences in W^{1,p}(Ω), approximating subsequences in the sense of Lusin which are bounded in W^{1,∞}(Ω) and for which the W^{1,∞}(Ω)- weak^⋆ lower semicontinuity of quasi-convex integral functionals was already known.

By using the notion of maximal function of Radon measures with finite total variation, Ambrosio [12] was able to extend in the space BV (Ω, IR^k) the Acerbi- Fusco approximating result and proved the L^1(Ω, IR^k)-strong lower semicontinuity of integral functionals defined in SBV (Ω, IR^k).

The Lusin type approximation of Sobolev functions is also useful to study the regularity properties of minimizers of quasi-convex integral functionals. In fact, a

§3.3 A LUSIN TYPE APPROXIMATION 107

partial regularity result of minimizers of the integral functional ∫ Ω f(∇u(x))dx with a twice continuously differentiable and uniformly strictly quasi-convex integrand f was first proved by Evans [117] under a more restrictive assumption on the growth of the second derivative of f. Acerbi-Fusco [2] have singled out the Lusin type approximation of Sobolev functions as a powerful tool to prove the Evans’ result without no assumption on the growth of D^2f.

It is well known (see Federer [119, Theorem 3.1.8]) that for any function u approximately differentiable L^n-almost everywhere and any ε > 0 there is a Lipschitz function v that agrees with u on a set whose complement has Lebesgue measure less than ε. Thus, the approximate differentiability of BD functions implies part of Theorem 3.3.1. So, the real interest of this theorem is the quantitative estimate 3.3.1 which could be useful as in the case of Sobolev and SBV spaces, to study the lower semicontinuity of integral functionals involving the symmetric gradient Eu or some of its parts, defined in the spaces BD(Ω) or SBD(Ω).

The main ingredients in the proof of Theorem 3.3.1 will be the maximal function of the measure Eu, the explicit version of the Poincaré type inequality on small balls and Theorem 2.4.3.

3.3.1 The maximal function of a Radon measure

Let μ be a Radon measure with finite total variation in IR^n. We define the maximal function M(μ) of μ by

M(μ)(x) := sup_{ρ>0} |μ|(B_ρ(x)) |B_ρ(x)| ∀x ∈ IR^n. By the Besicovitch covering theorem (see Evans-Gariepy [118], Federer [119], Simon [181], etc...), we have the following weak L^1 estimate L^n({x ∈ IR^n: M(μ)(x) > t}) ≤ C(n) t |μ|(IR^n).

108 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD Therefore, for any u ∈ BD(IR^n), we have L^n({x ∈ IR^n: M(Eu)(x) > t}) ≤ C(n) t |Eu|(IR^n). (3.3.2) We will need the following abstract lemma in the proof of Theorem 3.3.1. Lemma 3.3.2 Let C be a convex subset of IR^n having a positive measure. If we suppose that C generates all the space IR^n, then there exists a positive constant α such that ∫ C |(w, y)|dy ≥ α|w| for any w ∈ IR^n. (3.3.3) Proof. Suppose w ≠ 0. we have α = min_{v∈Sn−1} ∫ C |(v, y)|dy > 0. In fact, α = 0 implies ∫ C |(v_0, y)|dy = 0 for some v_0 ∈ S^{n−1}. Since C generates all the space IR^n, we get v_0 = 0 and this is absurd. Therefore ∫ C |( w |w| , y)|dy ≥ α and the lemma follows. ⊓⊔

3.3.2 The proof of Theorem 3.3.1

For all what follows, we will denote by C(n), or possibly C(n, Ω), any positive constant only depending on n, or also depending on Ω.

Step 1: We will first prove the theorem for Ω = IR^n. Let us define for any λ > 0, E_λ = {x ∈ IR^n: M(Eu)(x) ≤ λ ; A_u(x) ≤ λ}, where A_u(x) = sup_{ρ>0} |A_ρ(u)(x)|.

From the explicit version of the poincaré type inequality on balls, we have for any x ∈ E_λ and ρ > 0, ∫ Bρ(x) |u(y) − b_ρ(u)(x) − A_ρ(u)(x)(y − x)|dy ≤ C(n)ρ|Eu|(B_ρ(x)) (3.3.4) ≤ C(n)λρ^{n+1}.

§3.3 A LUSIN TYPE APPROXIMATION 109 We also have from (2.4.4) in the proof of Theorem 2.4.3 ∫ Bρ(x) |(u(y) − u(x), y − x)|dy ≤ λρ^{n+2}, for any Lebesgue point x of u in E_λ. Now let S_u be the complement of Lebesgue points of u, x and x^′ two points in E_λ \ S_u and let ρ = |x − x^′|. Then ∫ Bρ(x) |(b_ρ(u)(x) + A_ρ(u)(x)(y − x) − u(x), y − x)|dy ≤ ∫ Bρ(x) |(u(y) − b_ρ(u)(x) − A_ρ(u)(x)(y − x), y − x)|dy + ∫ Bρ(x) |(u(y) − u(x), y − x)|dy ≤ C(n)λρ^{n+2}. Therefore ∫ Bρ(x) |(b_ρ(u)(x) + A_ρ(u)(x)(y − x) − u(x), y − x)|dy ≤ C(n)λρ^{n+2} and this yields ∫ Bρ(x) |(b_ρ(u)(x) − u(x), y − x)|dy (3.3.5) ≤ C(n)λρ^{n+2} + ∫ Bρ(x) |(A_ρ(u)(x)(y − x), y − x)|dy ≤ C(n)λρ^{n+2}. Then |b_ρ(u)(x) − u(x)| ≤ C(n)λρ (3.3.6) since the left hand side of (3.3.5) is equal to |b_ρ(u)(x) − u(x)|ρ^{n+1} up to a positive multiplicative constant depending only on n. Now from ∫ Bρ(x^′) |(u(y) − u(x^′), y − x^′)|dy ≤ λρ^{n+2} (3.3.7)

110 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD and the identity (b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′), y − x^′) = (b_ρ(u)(x) + A_ρ(u)(x)(y − x) − u(y), y − x^′) +(u(y) − u(x^′), y − x^′) − (A_ρ(u)(x)(y − x^′), y − x^′), we obtain ∫ Bρ(x)∩Bρ(x^′) |(b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′), y − x^′)|dy (3.3.8) ≤ ∫ Bρ(x) |(b_ρ(u)(x) + A_ρ(u)(x)(y − x) − u(y), y − x^′)|dy + ∫ Bρ(x^′) |(u(y) − u(x^′), y − x^′)|dy + ∫ Bρ(x)∩Bρ(x^′) |(A_ρ(u)(x)(y − x^′), y − x^′|dy. From (3.3.4), (3.3.7) one can easily see that the right hand side of (3.3.8) is estimated from above by C(n)λρ^{n+2}. The left hand side can always be estimated from below by ρ^{n+1}|b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′)| up to a multiplicative positive constant. In fact, after rescaling, the left hand side of (3.3.8) is equal to ρ^{n+1} ∫ B_1(0)∩B_1((x−x^′)/ρ) |(b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′), y)|dy. (3.3.9) Applying the abstract lemma 3.3.2 with w = b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′) and C is the closure of B_1(0) ∩ B_1((x − x^′)/ρ), we obtain the result. Then from (3.3.8), (3.3.9), and Lemma 3.3.2, the following inequality holds |b_ρ(u)(x) − A_ρ(u)(x)(x − x^′) − u(x^′)| ≤ C(n)λρ.

§3.3 A LUSIN TYPE APPROXIMATION 111

Therefore |b_ρ(u)(x) − u(x^′)| ≤ C(n)λρ. (3.3.10) So from (3.3.6), (3.3.10) and our choice of ρ we have |u(x) − u(x^′)| ≤ C(n)λ|x − x^′|. (3.3.11) Then we have proved that the function u|_{Eλ\Su} is Lipschitz continuous with its Lipschitz constant less or equal to C(n)λ. The Kirszbraun’s theorem (see Federer [119, Theorem 2.10.43]) will then provide an extension v_λ in IR^n of the function u|_{Eλ\Su} with lip(v_λ) ≤ C(n)λ. Let us now prove (3.3.1) in the case Ω = IR^n. It follows from the weak type estimates (3.2.7) and (3.3.2) that

L^n({x ∈ IR^n: v_λ(x) ≠ u(x)}) ≤ L^n(IR^n \ (E_λ \ S_u)) ≤ L^n({x ∈ IR^n: M(Eu)(x) > λ}) +L^n({x ∈ IR^n: A_u(x) > λ}) ≤ C(n) λ |Eu|(IR^n). Step 2: Now let u ∈ BD(Ω), where Ω is a bounded open subset of IR^n with Lipschitz boundary ∂Ω. Then, the extension u_∗ of u by 0 outside Ω is in BD(IR^n) (see Corollary 1.6.3) and satisfies |Eu_∗|(IR^n) ≤ C(n, Ω) ‖u‖_{BD(Ω)} . Applying now what we have done above to u_∗, we obtain a Lipschitz function v_λ in IR^n with lip(v_λ) ≤ C(n)λ and

L^n({x ∈ Ω: v_λ(x) ≠ u(x)}) ≤ L^n({x ∈ IR^n: v_λ(x) ≠ u_∗(x)}) ≤ C(n) λ |Eu_∗|(IR^n) ≤ C(n, Ω) λ ‖u‖_{BD(Ω)} . ⊓⊔

112 CHAPTER III THE APPROXIMATE DIFFERENTIABILITY OF BD

Remark 3.3.3 (i) Let us observe that the Lusin type result proved above does not require all the theorem 2.4.3. But as we have seen, it only needs the inequality (2.4.4) used in the proof of theorem 2.4.3. As we have said before, from Theorem 3.3.1 one can deduce the full approximate differentiability of BD-functions. In fact, one can easily see that any density point of the set {u = v_λ} in which v_λ is differentiable in a classical sense is a point of approximate differentiability of the function u.

(ii) Since any Lipschitz function is approximated in the sense of Lusin by C^1 functions, from Theorem 3.3.1 one easily deduces the Lusin type approximation of BD-functions by C^1 ones, with the same quantitative estimate.

Chapter 4 Functionals Defined in BD(Ω)

4.1 Introduction

In these last years a large attention has been devoted to functionals of the type

F (u) := ∫ Ω f(x, u, ∇u)dx + ∫ Su∩Ω g(x, u^+, u^−, ν_u)dH^{n−1}(x), (4.1.1)

modelling various phenomena where there is a competion between volume and surface energies. Precisely, those functionals arise in image segmentation theory (e.g., the model of Mumford & Shah) and some fields of mathematical physics as for instance, fracture mechanics and the theory of liquid crystals.

Various existence and approximation results for problems involving those functionals have been obtained in the space BV (Ω, IR^k) or in SBV (Ω, IR^k). (See e.g., Ambrosio [11], De Giorgi-Carriero-Leaci [100], Dal Maso-Morel-Solimini [86], Ambrosio-Braides [16, 17], Ambrosio-Tortorelli [30], Chambolle [79], Braides-Dal Maso [68], Gobbino [133]).

Concerning fracture mechanics problems, the study was limited on BV functions only because of the rich structure of this space. Recently, Bellettini, Coscia and Dal Maso have studied in [46, 47] functionals of the type

G(u) := ∫ Ω f(x, u, Eu)dx + ∫ Ju∩Ω g(x, u^+, u^−, ν_u)dH^{n−1}(x), (4.1.2)

114 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω)

for which the correct function space is BD(Ω) or its offspring SBD(Ω). By the theory developed in Chapter II, all the elements appearing in (4.1.2) are well defined. The aim of this chapter is to show how some of the properties presented in the previous chapters can be used in order to study the lower semicontinuity and some minimization problems for functionals defined in BD(Ω).

We will begin this chapter with the result of Ebobisse [115], where we discuss a new weak convexity property under which we study the lower semicontinuity of some “regular” functionals defined in BD(Ω). In Section 4.3, we present a lower semicontinuity theorem by Bellettini-Coscia-Dal Maso [46, 47] for some functionals of the type (4.1.2) with a superlinear bulk part. Using that theorem two minimization problems are studied in Section 4.4. We end this chapter by proving in the section 4.5 a lower semicontinuity theorem for some linear growth functionals defined in all the space BD(Ω).

4.2 Symmetric quasi-convexity and lower semicontinuity of functionals defined in LD(Ω)

We study in this paragraph the lower semicontinuity of functionals of the type: F (u) = ∫ Ω f (Eu(x)) dx, (4.2.1) where f is a Borel function defined in the space M^{n×n}_s of symmetric n×n matrices. This kind of functionals arises very often in the framework of the mathematical theory of elasto-plasticity. Precisely, they can model the deformation energy of some elasto-plastic body whose reference configuration is Ω.

When we look for the equilibrium configuration of the body Ω in the absence of loads, we need to minimize the functional (4.2.1) above in some suitable function space. Very often this is done following the so-called direct method of the calculus of variations, i.e. looking for a topology in which the functional (4.2.1) is lower semicontinuous and coercive.

§4.2 SYMMETRIC QUASI-CONVEXITY AND LOWER SEMI. 115

Various lower semicontinuity results for functionals (4.2.1) under the convexity of f have been proved, for example, in the framework of mathematical formulation of perfect plasticity (see for instance Anzellotti-Giaquinta [37, 38], Suquet [186, 187], Temam [191]). We will introduce and study in the first part of this paragraph a weak convexity property of the integrand f related to the lower semicontinuity of the functional (4.2.1) with respect to weak topologies.

Definition 4.2.1 We will say that a Borel function f : M^{n×n}_s → IR_+ is symmetric quasi-convex if − ∫ D f (A + Eφ(x))dx ≥ f(A) (4.2.2)

for any bounded open subset D of Ω, A ∈ M^{n×n}_{sym} and φ ∈ W^{1,∞}_0 (D, IR^n).

This property is similar and also related to the classical quasi-convexity in the sense of Morrey [161]. A variety of results about the classical quasi-convexity and its connection to the lower semicontinuity of integral functionals in Sobolev spaces and also in the space BV of functions with bounded variation can be found in Acerbi- Fusco [1], Ambrosio-Dal Maso [23], Ball [42], Dacorogna [81], Fonseca-Müller [122], Morrey [161] and the references therein. If the classical quasi-convexity is more related to functions spaces whose topologies involve gradients (like Sobolev and BV spaces), our property is related to function spaces with topologies involving only the deformation tensor Eu like BD(Ω).

We will prove in Theorem 4.2.3 and Remark 4.2.4(ii) that the symmetric quasiconvexity is a necessary and sufficient condition to the lower semicontinuity of the functional (4.2.1) in the space LD(Ω) with respect to the L^1(Ω, R^n)-norm topology.

Following the result of Šverák [189], we will construct an example of non convex function which is symmetric quasi-convex.

Let us make some observations about the symmetric quasi-convexity .

116 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) Remark 4.2.2 (i) One can easily see that a function f is symmetric quasiconvex if and only if f ∘ π is quasi-convex in the sense of Morrey [157], where π denotes the canonical projection of M^{n×n} on M^{n×n}_s .

(ii) The symmetric quasi-convexity is weaker than convexity, i.e. any convex function is symmetric quasi-convex.

(iii) If f has a linear growth, by a density argument one can easily verify that the test functions in (4.2.2) could also be taken in the space LD_0(D), closure of C^1_c (D, IR^n) in the BD(D)-norm topology.

4.2.1 The lower semicontinuity theorem

For all what follows C, C_1, C_2, C_3 will denote positive constants. Theorem 4.2.3 Let f : M^{n×n}_s → [0, +∞[ be a Borel function which verifies the following conditions:

(H1) C_1 ‖A‖ − C_2 ≤ f(A) ≤ C_3(1 + ‖A‖) for any A ∈ M^{n×n}_s ; (H2) f is symmetric quasi-convex.

Then the functional (4.2.1) is lower semicontinuous in the space LD(Ω) with respect to the L^1(Ω, IR^n)-norm topology.

Remark 4.2.4 (i) From Theorem 4.2.3 we have the lower semicontinuity of the functional (4.2.1) with respect to the following weak convergences in LD(Ω): u_h ⇀ u in LD(Ω) iff u_h ⇀ u in L^1(Ω, IR^n) and Eu_h ⇀ Eu in L^1(Ω, M^{n×n}_s ). u_h^⋆⇀ u in LD(Ω) iff u_h → u in L^1(Ω, IR^n) and Eu_h^⋆⇀ Eu in M_b(Ω, M^{n×n}_s ).

§4.2 SYMMETRIC QUASI-CONVEXITY AND LOWER SEMI. 117

(ii) The symmetric quasi-convexity of f is a necessary condition for the lower semicontinuity of the functional (4.2.1) in W^{1,∞}(Ω, IR^n) with respect to the weak^⋆ convergence and also in W^{1,p}(Ω, IR^n) with respect to the weak convergence, under some additional p-growth assumptions on f. In fact, the weak^⋆ (resp. weak) lower semicontinuity of the functional (4.2.1) in W^{1,∞}(Ω, IR^n) (resp. W^{1,p}(Ω, IR^n)) implies that f ∘ π is quasi-convex and hence f is symmetric quasi-convex.

(iii) In many applications, existence theorems for integral functionals with linear growth and with integrands depending only on the tensor Eu involve the space BD(Ω). So it would be interesting to study, under the symmetric quasi-convexity assumption on f, the integral representation of the relaxed functional of (4.2.1) in the space BD(Ω) with respect to the L^1(Ω, IR^n)-norm topology. That is, for any u ∈ BD(Ω),

F (u) = inf { lim inf h→+∞ F (u_h):

u_h → u in L^1_{loc}(Ω, IR^n), {u_h} ⊂ C^1(Ω, IR^n) } . (4.2.3)

In other words one would like to obtain, under the symmetric quasi-convexity assumption on the integrand f, a BD-version of the result by Ambrosio- Dal Maso [23], Fonseca-Müller [123]. However, from Theorem 4.2.3 and by regularization we have

F (u) = ∫ Ω f(Eu(x))dx for any u ∈ LD(Ω). In fact, from Theorem 4.2.3 we have the inequality F (u) ≥ ∫ Ω f(Eu(x))dx for any u ∈ LD(Ω) and by considering the regularizing sequence u_ε := u ⋆ ρ_ε we have

u_ε → u in L^1(Ω, IR^n) and Eu_ε → Eu in L^1(Ω, M^{n×n}_s ).

118 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) By using the growth assumption (H1) one can show that the function f is continuous. The reverse inequality will then follow from the Lebesgue dominated convergence theorem applied to ∫ Ω f(Eu_ε(x))dx. Proof of Theorem 4.2.3 : We will divide the proof in three main steps. Step 1: Under the assumptions of the theorem we show that |Ω|f(A) ≤ lim inf_{h→+∞} ∫ Ω f (A + Eu_h(x)) dx (4.2.4) whenever A ∈ M^{n×n}_s , Ω is any bounded open subset of IR^n and {u_h}_h ⊂ LD(Ω) converges to 0 strongly in L^1(Ω, IR^n). We can assume without loss of generality that:

lim inf h→+∞ ∫ Ω f (A + Eu_h(x)) dx = lim_{h→+∞} ∫ Ω f (A + Eu_h(x)) dx < +∞. (4.2.5) Then, by the growth condition (H1), the sequence {‖Eu_h‖_L1 } is bounded. So there exists a positive Radon measure μ ∈ M_b(Ω) such that up to a subsequence, lim h→+∞ ∫ Ω φ(x) ‖Eu_h(x)‖ dx = ∫ Ω φ(x)dμ(x), for any φ ∈ C_0(Ω).

(4.2.6) Let {Ω_k}_k be an increasing sequence of subdomains of Ω and {φ_k}_k ⊂ C^1_0 (Ω) such that:

Ω_k ⊂⊂ Ω and Ω = ∞⋃ k=1 Ω_k, 0 ≤ φ_k ≤ 1, φ_k = 1 in Ω_k and φ_k = 0 in Ω \ Ω̄_{k+1}.

Since f is symmetric quasi-convex, we have by Remark 4.2.2 (iii): |Ω|f(A) ≤ ∫ Ω f(A + E(φ_ku_h)(x))dx = ∫ Ω\Ω̄_{k+1} f(A)dx + ∫ Ω_{k+1}\Ω_k f(A + E(φ_ku_h)(x))dx + ∫ Ω_k f(A + Eu_h(x))dx.

§4.2 SYMMETRIC QUASI-CONVEXITY AND LOWER SEMI. 119 Then f(A)|Ω_{k+1}| ≤ ∫ Ω_{k+1}\Ω_k f(A + E(φ_ku_h)(x))dx + ∫ Ω_k f(A + Eu_h(x))dx. As f is non negative we have ∫ Ω f(A + Eu_h(x))dx − f(A)|Ω_{k+1}| ≥ − ∫ Ω_{k+1}\Ω_k f(A + E(φ_ku_h)(x))dx. (4.2.7) On the other hand ∫ Ω_{k+1}\Ω_k f(A + E(φ_ku_h)(x))dx ≤ C_3 ∫ Ω_{k+1}\Ω_k (1 + ‖A + E(φ_ku_h)(x)‖) dx ≤ C|Ω_{k+1} \ Ω_k| + C_3 ∫ Ω_{k+1}\Ω_k φ_k ‖Eu_h‖ dx + C_3 ∫ Ω_{k+1}\Ω_k |u_h| ‖∇φ_k‖ dx. Following (4.2.6) and (4.2.7), lim h→+∞ ∫ Ω f(A + Eu_h(x))dx − f(A)|Ω_{k+1}| ≥ −C|Ω_{k+1} \ Ω_k| − C_3 ∫ Ω (φ_k − φ_{k−1})dμ(x). Now summing for k = 2, · · · , i and dividing by i − 1 we obtain lim h→+∞ ∫ Ω f(A + Eu_h(x))dx − f(A) 1 i − 1 i∑ k=2 |Ω_{k+1}| ≥ − C i − 1 {|Ω_{i+1} \ Ω_2| + ∫ Ω (φ_i − φ_1)dμ(x)} ≥ − C i − 1 (|Ω| + μ(Ω)).

Then passing to the limit as i → +∞ we obtain the result of Step 1. Still assuming (4.2.5) with A = 0 and u_h → u in L^1(Ω, IR^n), then there is a positive Radon measure μ ∈ M_b(Ω) such that:

f(Eu_h) ⇀ μ in M_b(Ω) weakly^∗ as h → +∞.

120 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) By the Lebesgue-Nikodym decomposition we have: μ = μ_aL^n Ω + μ_s, where μ_s ⊥ L^n and μ_a is such that: μ_a(x_0) = lim_{ρ→0+} μ(B(x_0, ρ)) L^n(B(x_0, ρ)) < +∞ (4.2.8) for L^n-almost every x_0 ∈ Ω. Step 2: If we suppose that μ_a(x_0) ≥ f(Eu(x_0)) for L^n − a.e. x_0 ∈ Ω,

(4.2.9) then the conclusion of the theorem follows. In fact, let {φ_k}_k be an increasing sequence of smooth cut-off functions with 0 ≤ φ_k ≤ 1 and sup_k φ_k = 1 in Ω. Then lim h→+∞ ∫ Ω f(Eu_h(x))dx ≥ lim_{h→+∞} ∫ Ω φ_k(x)f(Eu_h(x))dx = ∫ Ω φ_k(x)dμ(x) ≥ ∫ Ω φ_k(x)dμ_a(x) ≥ ∫ Ω φ_k(x)f(Eu(x))dx. Letting k → +∞, the result follows by the monotone convergence theorem. Step 3. In this step we prove (4.2.9) using the “blow-up” technique by Fonseca- Müller [122, 123].

Let B = B(0, 1) be the open unit ball centered at the origin 0, B^′ ⊂⊂ B be a subdomain. Let x_0 be an approximate differentiability point of u such that (4.2.8) holds true and also Eu(x_0) = (∇u(x_0) + ∇u(x_0)^t)/2.

Let us now consider the functions u_0, w_0 : B → R^n defined by u_0(x) = u(x_0) + ∇u(x_0)x;

§4.2 SYMMETRIC QUASI-CONVEXITY AND LOWER SEMI. 121 w_0(x) = ∇u(x_0)x and φ ∈ C_0(B), 0 ≤ φ ≤ 1 with φ = 1 in B^′.

Then we have

μ_a(x_0) = lim_{ρ→0+} μ(B(x_0, ρ)) |B(x_0, ρ)| ≥ lim sup ρ→0^+ 1 |B(x_0, ρ)| ∫ B(x_0,ρ) φ( x − x_0 ρ )dμ(x) = lim sup ρ→0^+ lim h→+∞ 1 |B(x_0, ρ)| ∫ B(x_0,ρ) φ( x − x_0 ρ )f(Eu_h(x))dx = lim sup ρ→0^+ lim h→+∞ 1 |B| ∫ B φ(x)f(Eu_h(x_0 + ρx))dx ≥ lim sup ρ→0^+ lim sup h→+∞ 1 |B| ∫ B^′ f(Ew_{h,ρ}(x))dx, where w_{h,ρ} : B → R^n are defined by w_{h,ρ}(x) = 1 ρ (u_h(x_0 + ρx) − u(x_0)) = 1 ρ (u_h(x_0 + ρx) − u_0(ρx)) + w_0(x).

Following (3.2.4) in Theorem 3.2.3 we have lim_{ρ→0+} lim_{h→+∞} ‖w_{h,ρ} − w_0‖_{L1(B,Rn)} = 0.

Then by a diagonalization argument we obtain a sequence

w_k = w_{hk,ρk} with ρ_k → 0^+ and h_k → +∞ as k → +∞ such that w_k → w_0 in L^1(B, R^n) and μ_a(x_0) ≥ lim sup_{k→+∞} 1 |B| ∫ B^′ f(Ew_k(x))dx ≥ 1 |B| lim inf k→+∞ ∫ B^′ f(Ew_k(x))dx = 1 |B| lim inf k→+∞ ∫ B^′ f(Eu(x_0) + E(w_k − w_0))dx ≥ |B^′| |B| f(Eu(x_0))

122 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) where the last inequality follows from Step 1. Then μ_a(x_0) ≥ |B^′| |B| f(Eu(x_0)) L^n − a.e. x_0 ∈ Ω.

By the arbitrariness of B^′ we obtain (4.2.9) and this achieves the proof of Theorem 4.2.3. ⊓⊔

4.2.2 An example of symmetric quasi-convex function

Let us introduce for a given function f : M^{n×n}_s → [0, +∞[, the notion of symmetric quasi-convex envelope defined as: SQf(A) = sup{g ≤ f; g is symmetric quasi-convex}.

(4.2.10) Following the explicit characterization of the quasi-convex envelope by Dacorogna [81], one can show that: SQf(A) = inf { − ∫ D f(A + Eφ(x))dx; φ ∈ W^{1,∞}_0 (D, R^n) } , (4.2.11) for any A ∈ M^{n×n}_s and for any bounded open subset D of R^n. One can also verify that the function defined in (4.2.11) is independent of the open subset D. As we have said in the introduction, we are looking for a non convex function which is symmetric quasi-convex.

Theorem 4.2.5 Let p ≥ 1, K = {I, −I} and f : M^{2×2}_s → [0, +∞[ defined as: f(A) = d(A, K)^p = min(‖A − I‖^p , ‖A + I‖^p); where I is the identity matrix in M^{2×2}. Then, SQf(0) > 0. In particular, SQf is not a convex function.

Proof: Suppose that SQf(0) = 0, then by (4.2.11) there exists for some bounded open subset Ω of R^2 with regular boundary a sequence {φ_j} ⊂ C^∞_0 (Ω, R^2) such that lim_{j→∞} ∫ Ω f(Eφ_j(x))dx = 0. (4.2.12)

§4.2 SYMMETRIC QUASI-CONVEXITY AND LOWER SEMI. 123 Since d(A, K)^p ≥ C_p(|A_{11} − A_{22}|^p + |A_{12}|^p), with C_p = 2^{− p+2}2 , by (4.2.12) we get lim_{j→∞} ∫ Ω (|∂_1φ_{j1} − ∂_2φ_{j2}|^p + |∂_1φ_{j2} + ∂_2φ_{j1}|^p)dx = 0.

(4.2.13) On the other hand, { Δφ_{j1} = ∂_1(∂_1φ_{j1} − ∂_2φ_{j2}) + ∂_2(∂_2φ_{j1} + ∂_1φ_{j2}) Δφ_{j2} = ∂_1(∂_2φ_{j1} − ∂_1φ_{j2}) + ∂_2(∂_1φ_{j1} + ∂_2φ_{j2}).

(4.2.14) Since the second members of (4.2.14) go to zero in W^{−1,p}(Ω, R^2) strongly, using the L^p-strong estimates of the Laplace operator for p > 1, we deduce that {‖Dφ_j‖} converges strongly to zero in L^p(Ω) for p > 1. Then also {‖Eφ_j‖} strongly converges to zero in L^p(Ω) and this contradicts (4.2.12). In the case p = 1 we have from the L^1-weak estimate of the Laplacian lim_{j→∞} |{x ∈ Ω, ‖∇φ_j(x)‖ ≥ α}| = 0, (4.2.15) for any α > 0. Then lim_{j→∞} |{x ∈ Ω, ‖Eφ_j(x)‖ ≥ α}| = 0. (4.2.16) On the other hand (4.2.12) implies lim_{j→∞} ∫ Ω ‖Eφ_j(x) − A_j(x)‖ dx = 0 for some A_j : Ω → K.

Since ∫ {‖Eφ_j (x)‖≥α} ‖Eφ_j(x)‖ dx ≤ ∫ Ω ‖Eφ_j(x) − A_j‖ dx + ‖I‖ |{‖Eφ_j(x)‖ ≥ α}|, we have lim_{j→∞} ∫ {‖Eφ_j (x)‖≥α} ‖Eφ_j(x)‖ dx = 0. (4.2.17)

124 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) But from (4.2.16) we have up to a subsequence ‖Eφ_j(x)‖ → 0 for L^n − a.e. x ∈ Ω. Then lim_{j→∞} ∫ {‖Eφ_j (x)‖≤α} ‖Eφ_j(x)‖ dx = 0. (4.2.18) From (4.2.17) and (4.2.18) we deduce that lim_{j→∞} ∫ Ω ‖Eφ_j(x)‖ dx = 0, and this contradicts (4.2.12). So we conclude that SQf(0) > 0. If the function SQf were convex, then we would have SQf(0) ≤ 1 2 (SQf(I) + SQf(−I)) ≤ 1 2 (f(I) + f(−I)) = 0 and this contradicts the result above. So, the function SQf is an example of a non convex function which is symmetric quasi-convex. ⊓⊔

4.3 The lower semicontinuity of some functionals in SBD(Ω) with a superlinear bulk part

As a direct consequence of the compactness criterion in SBD(Ω) of Chapter 2 (Theorem 2.7.1), Bellettini-Coscia-Dal Maso [46, 47] proved the lower semicontinuity of functionals of the form

F(u) := ∫ Ω f(x, Eu)dx + ∫ Ju g(x, (u^+ − u^−) ⊙ ν_u)dH^{n−1} + H^{n−1}(J_u),

(4.3.1) where f : Ω × M^{n×n}_s → [0, +∞] and g : Ω × M^{n×n}_s → [0, +∞] satisfy the following properties:

(i) f(x, ·) is convex and lower semicontinuous on M^{n×n}_s for L^n-almost every x ∈ Ω, (ii) f(·, A) is measurable for every A ∈ M^{n×n}_s ,

§4.3 THE LOWER SEMICONTINUITY OF SOME FUNCTIONALS 125 (iii) f(x, A) ≥ ϕ(|A|) for a non-decreasing function ϕ : [0, +∞[→ [0, +∞[ verifying lim t→+∞ ϕ(t) t = +∞, (4.3.2) (iv) g is lower semicontinuous on Ω̄ × M^{n×n}_s , (v) g(x, ·) is convex and positively 1-homogeneous on M^{n×n}_s for every x ∈ Ω̄. We have the following lower semicontinuity theorem. Theorem 4.3.1 Let F_0(u) := { F(u) if u ∈ SBD(Ω) +∞ if u ∈ L^1_{loc}(Ω, IR^n) \ SBD(Ω)

(4.3.3) and let {u_h} be a sequence bounded in L^∞(Ω, IR^n) and converging in L^1_{loc}(Ω, IR^n) to u. Then F_0(u) ≤ lim inf_{h→+∞} F_0(u_h).

(4.3.4) Proof. We assume that lim inf_{h→+∞} F_0(u_h) = lim_{h→+∞} F_0(u_h) < +∞. Then {u_h} ⊂ SBD(Ω) and sup_h { ‖u_h‖_1 + ∫ Ω ϕ(|Eu_h|)dx + H^{n−1}(J_{uh} ) } < +∞. Since |E^ju_h|(Ω) ≤ 2 ‖u_h‖_∞ H^{n−1}(J_{uh} ) and {u_h} is bounded in L^∞(Ω, IR^n), we have sup_h { ‖u_h‖_1 + |E^ju_h|(Ω) + ∫ Ω ϕ(|Eu_h|)dx + H^{n−1}(J_{uh} ) } < +∞. By the compactness theorem 2.7.1 of Chapter II we have u ∈ SBD(Ω) and a subsequence, still denoted by {u_h} such that Eu_h ⇀ Eu weakly in L^1(Ω, M^{n×n}_s ),

(4.3.5) E^ju_h ⇀ E^ju weakly^⋆ in M_b(Ω, M^{n×n}_s ),

(4.3.6) H^{n−1}(J_u) ≤ lim inf_{h→+∞} H^{n−1}(J_{uh} ).

(4.3.7)

126 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) By Fatou’s lemma, the function M → ∫ Ω f(x, M(x))dx is lower semicontinuous with respect to the strong convergence in L^1(Ω, M^{n×n}_s ); by convexity, it is also weakly lower semicontinuous. So that from (4.3.5) we get ∫ Ω f(x, Eu)dx ≤ lim inf_{h→+∞} ∫ Ω f(x, Eu_h)dx. (4.3.8) From (4.3.6) and the Reshetnyak’s theorem (see for instance Reshetnyak [173], Ambrosio-Fusco-Pallara [26]) it follows that ∫ Ju g(x, (u^+ − u^−) ⊙ ν_u)dH^{n−1} ≤ lim inf_{h→+∞} ∫ Ju_h g(x, (u^+_h − u^−_h ) ⊙ ν_{uh} )dH^{n−1}. (4.3.9) Then (4.3.4) follows from (4.3.7), (4.3.8) and (4.3.9). ⊓⊔ Remark 4.3.2 If we remove the L^∞-boundedness assumption on the sequence {u_h} the theorem still holds under the following additional coerciveness assumption on g: there exists a positive constant C such that g(x, A) ≥ C|A| for every (x, A) ∈ Ω̄ × M^{n×n}_s . The functional F defined in (4.3.1) is related to some variational models arising in fracture mechanics. For example, when one deals with a linearly elastic body which undergoes fractures, the term ∫ Ω f(x, Eu)dx called bulk energy of the body in the “solid” region (or the region where linear elasticity is supposed to hold) is a quadratic form with respect to Eu (e.g. f(x, A) := λ 2 (Tr(A))^2 + μ|A|^2, where λ, μ > 0 are the Lamé constants) while the term ∫ Ju g(x, (u^+ − u^−) ⊙ ν_u)dH^{n−1} + H^{n−1}(J_u)

(4.3.10)

§4.4 EXISTENCE RESULTS FOR SOME MINIMIZATION 127

represents the energy released by the fracture J_u. The first term in (4.3.10) is the contribution due to the displacement u^+ −u^− while the presence of the second term called the “area” of the fracture follows by Griffith’s model in crack propagation. In generale, we have to consider energies of the type F(u) + ∫ Ω (h, u)dx or F(u) + ∫ Ω φ(x, u)dx where the additional terms represent the work done by some volume forces.

4.4 Existence results for some minimization problems

In this paragraph, we present two minimization problems in the space SBD(Ω) proposed by Bellettini, Coscia and Dal Maso in [46, 47].

4.4.1 An obstacle problem in SBD(Ω)

We consider here an obstacle problem with Neumann boundary conditions for the functional F(u) + ∫ Ω (h, u)dx, where h : Ω → IR^n represents the volume force density.

Theorem 4.4.1 Let f, g be as in Theorem 4.3.1 with the additional coerciveness assumption

g(x, A) ≥ C|A| for every x ∈ Ω̄ and for every A ∈ M^{n×n}_s .

(4.4.1)

Let h ∈ L^1(Ω, IR^n) and let {H(x)}_{x∈Ω} be a uniformly bounded family of closed subsets of IR^n. Then the constrained minimum problem

(P_1) min_{u∈SBD(Ω)} u(x)∈H(x) a.e. x∈Ω { F(u) + ∫ Ω (h, u)dx }

has solution.

128 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω)

Proof. We assume that the infinimum is finite. Let {u_h} be a minimizing sequence for (P_1). Since {H(x)}_{x∈Ω} is uniformly bounded, the sequence {u_h} is bounded in L^∞(Ω, IR^n). So, by the coerciveness assumption (4.4.1), we have

sup_h { ‖u_h‖_1 + |E^ju_h|(Ω) + ∫ Ω ϕ(|Eu_h|)dx + H^{n−1}(J_{uh} ) } < +∞. Applying the compactness theorem 2.7.1, we get a subsequence still denoted by {u_h} and a function u ∈ SBD(Ω) such that u_h → u in L^1_{loc}(Ω, IR^n) and also L^n a.e. in Ω. From the fact that H(x) is closed for L^n a.e. x ∈ Ω and by the lower semicontinuity theorem 4.3.1 we get that u is a solution of (P_1). ⊓⊔ Remark 4.4.2 (i) In the particular case where H(x) := {y ∈ IR^n: x + y ∈ K} for a fixed compact set K ⊂ IR^n containing Ω, (P_1) represents the problem of looking for the equilibrium configuration of a cracked elastic body contained inside a fixed box K and subject to a volume force with density h. In this case, the constraint

u(x) ∈ H(x) L^n-a.e. x ∈ Ω

means that up to negligible pieces, all its deformed configurations remain contained inside the box K.

(ii) Let us observe that whenever g ≡ 0 and h ≠ 0, the problem (P_1) would not have solutions in general if we removed the boundedness assumption on {H(x)}. In fact, if we assume that f(x, 0) ∈ L^1(Ω) and h ∈ L^∞(Ω, IR^n) with h ≠ 0, then there exist a closed ball B and a vector ξ ∈ S^{n−1} such that ∫ B(h(x), ξ)dx > 0. Setting u_k(x) := −kξ1_B, the value of the functional in (P_1) on u_k is ∫ Ω f(x, 0)dx + H^{n−1}(∂B) − k ∫ B (h(x), ξ)dx which tends to −∞ as k → +∞. So that when H(x) = IR^n we get that the infinimum is equal to −∞ for h ≠ 0.

§4.4 EXISTENCE RESULTS FOR SOME MINIMIZATION 129

4.4.2 A Dirichlet boundary value problem in SBD(Ω)

Let us assume that Ω is a bounded open subset of IR^n with Lipschitz continuous boundary, whose outer unit normal is denoted by ν. Given ψ ∈ L^1(∂Ω, IR^n), we introduce for any u ∈ BD(Ω) the set Γ^ψ_u := {x ∈ ∂Ω: γ(u)(x) ≠ ψ(x)} where γ(u) denotes the trace of u on ∂Ω. We consider the following weak formulation of a Dirichlet problem for the functional F(u) with boundary datum ψ:

(P_2) min u∈SBD(Ω) { F(u) + ∫ Γ^ψ_u g(x, (ψ − γ(u)) ⊙ ν)dH^{n−1} + H^{n−1}(Γ^ψ_u ) } . We have the following theorem

Theorem 4.4.3 Let Ω be a bounded open set in IR^n with Lipschitz boundary and let ψ ∈ L^1(∂Ω, IR^n). Let f, g be as in Theorem 4.3.1 with g satisfying the additional condition (4.4.1). Then the minimum problem (P_2) has a solution.

Proof. Let us fix a bounded open set Ω^′ such that Ω̄ ⊂ Ω^′. We follow a classical procedure in which the problem (P_2) is equivalent, up to an additive constant, to another problem defined in all Ω^′ with the Dirichlet condition γ(u) = ψ replaced by a new condition holding almost everywhere in Ω^′ \ Ω. Precisely, by the Gagliardo’s trace theorem, (see, e.g., Giusti [132, Theorem 2.16]) there exists a function w in W^{1,1}(Ω^′ \ Ω̄, IR^n) with trace ψ on ∂Ω. Since Ew ∈ L^1(Ω^′ \ Ω̄, M^{n×n}_s ), there exists a non-decreasing function ϕ satisfying (4.3.2) such that ∫ Ω^′\Ω̄ ϕ(|Ew|)dx < +∞ (4.4.2)

(see, e.g., Dellacherie-Meyers [105, Chapter II, Theorem 22]). We can always assume without loss of generality that ϕ is convex and satisfies also f(x, A) ≥ ϕ(|A|) for any x ∈ Ω and for any A ∈ M^{n×n}_s . We extend the function f to Ω^′ × M^{n×n}_s by setting f(x, A) = ϕ(|A|). In the same way we also extend g so that the condition

130 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω)

(4.4.1) is satisfied on Ω̄^′ × M^{n×n}_s . For any u ∈ BD(Ω) we consider the function v ∈ BD(Ω^′) defined by

v(x) := { u(x) in Ω w(x) in Ω^′ \ Ω.

For such a function v we have ∫ Ω^′ f(x, Ev)dx = ∫ Ω f(x, Eu)dx + ∫ Ω^′\Ω ϕ(|Ew|)dx,

∫ Jv g(x, (v^+ − v^−) ⊙ ν_v)dH^{n−1} = ∫ Ju g(x, (u^+ − u^−) ⊙ ν_u)dH^{n−1} + ∫ Γ^ψ_u g(x, (ψ − γ(u)) ⊙ ν)dH^{n−1}, H^{n−1}(J_v) = H^{n−1}(J_u) + H^{n−1}(Γ^ψ_u ).

We obtain that u is a a solution of (P_2) if and only if v is a solution of the problem

(P_3) min {∫ Ω^′ f(x, Ev)dx + ∫ Jv g(x, (v^+ − v^−) ⊙ ν_v)dH^{n−1} + H^{n−1}(J_v) } , where the minimum is taken among all functions v ∈ SBD(Ω^′) such that v = w almost everywhere in Ω^′ \ Ω. So, we only need to prove that the problem (P_3) has a solution.

We assume that the infinimum is finite and we consider a minimizing sequence {v_h} for (P_3). By the growth conditions on f, g, and ϕ we check that the sequence {|Ev_h|(Ω^′)} is bounded. If we apply the proposition 1.7.6 of Chapter I to the function v_h − w we obtain that the sequence {v_h} is bounded in BD(Ω^′). By the compactness theorem 2.7.1, we obtain a subsequence still denoted by {v_h}, and a function v ∈ SBD(Ω^′) such that v_h → v in L^1(Ω^′, IR^n) and v = w almost everywhere in Ω^′ \ Ω. Since {v_h} is a minimizing sequence, by Theorem 4.3.1 and Remark 4.3.2 we get that v is a solution of (P_3). ⊓⊔

§4.5 A LOWER SEMICONTINUITY THEOREM FOR SOME 131

4.5 A lower semicontinuity theorem for some linear growth functionals defined in BD(Ω)

We begin this section by introducing some useful definitions and notations. We say that a function ϑ : IR × IR → IR is subadditive if for all u, v, w ∈ IR we have ϑ(u, v) ≤ ϑ(u, w) + ϑ(w, v). If f : IR^k → [0, +∞] is convex, we define the recession function f^∞ : IR^k → [0, +∞], by f^∞(p) = lim_{t→+∞} f(p_0 + tp) − f(p_0) t ∀p ∈ IR^k where p_0 ∈ IR^k is any vector such that f(p_0) < +∞. We remark that f^∞ is a Borel function, which is convex and is positively homogeneous of degree 1. A modulus of continuity will be any continuous increasing function w : [0, +∞[→ IR such that w(0) = 0.

For functionals with linear growth defined in BV (Ω) and having the form

F (u) := ∫ Ω f(x, u, ∇u)dx + ∫ Ω\Su f^∞(x, ũ, D^su) + ∫ Su∩Ω ϑ_f (x, u^+, u^−, ν_u)dH^{n−1}, where f is a lower semicontinuous Caratheodory integrand, convex in the last variable, f^∞ its recession function (with respect to the last variable) and ϑ_f (x, u, v, ν) = | | | v∫ u f^∞(x, z, ν)dz | | |, lower semicontinuity results have been obtained by Goffman-Serrin [134] for f depending only on the last variable, Giaquinta-Modica-Součeck [130] for f = f(x, p) and Dal Maso [82] for f = f(x, u, p). Dal Maso’s result was generalized to BV vector-valued functions by Aviles-Giga [40], Ambrosio-Mortola-Tortorelli [27], Ambrosio-Pallara [28] and Fonseca-Rybka [124] with ϑ_f having a more complex formula involving the solutions of a variational problem. These last results have

132 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω)

been refined later for example by Ambrosio-Dal Maso [23], Fonseca-Müller [123] and Braides-Chiado Piat [64] to the case when f is quasiconvex in the last variable.

On the other hand, Bouchitté and Buttazzo have exhibited in [54, 55, 56] a class of non convex functionals defined on measures and for which lower semicontinuity and relaxation results have been obtained. From those results, one can deduce the lower semicontinuity of functionals defined in BV (a, b) of the form

F_0(u) = ∫ (a,b) f(u^′)dt + ∫ (a,b)\Su f^∞(D^su) + ∑ t∈(a,b)∩Su ϑ(u(t+) − u(t−)), for some subadditive ϑ ≤ ϑ_f .

This last result has been generalized by Bouchitté, Braides and Buttazzo in [53] for radial functionals, by Braides and Coscia in [67] for non-radial functionals or for vector-valued functions under some restrictive hypotheses and also by Braides and De Cicco in [69] for functionals of the type

F(u) := ∫ Ω f(x, u, |∇u|)dx + ∫ Ω\Su f^∞(x, ũ, |D^su|) + ∫ Su∩Ω ϑ(x, u^+, u^−, ν_u)dH^{n−1} under some compatibility conditions between f and ϑ that generalize the conditions given in [54, 55], [53].

From the classical properties of functions with bounded deformation and the Reshetnyak lower semicontinuity theorem (see e.g., Ambrosio-Fusco-Pallara [26, Theorem 2.38]) convex functionals with linear growth of the type ∫ Ω (φ(E^Du) + k 2 (divu)^2)dx + ∫ Ω φ^∞ ( E^D_s u |E^D_s u| ) |E^D_s u|, (4.5.1)

where Ω is a bounded open subset of IR^n, A^D = A−^1_n Tr(A)I is called deviator of A for any A matrix n×n, have been studied in order to model perfectly plastic bodies under the Von Mises’ criterion (see e.g., Anzellotti-Giaquinta [36, 37], Suquet [186, 187], Temam [191]). Precisely, setting

P(Ω) := {u ∈ BD(Ω): divu ∈ L^2(Ω)},

§4.5 A LOWER SEMICONTINUITY THEOREM FOR SOME 133

it has been proved that the functional (4.5.1) is the natural L^1(Ω, IR^n)-lower semicontinuous extension to P(Ω) of the strain energy ∫ Ω (φ(E^Du) + k 2 (divu)^2)dx

of the body Ω.

Braides, Defranceschi and Vitali have proposed in [72] a different approach to problems involving the functional in (4.5.1) by introducing a somehow simpler model. They consider a subspace S(Ω) of SBD(Ω) ∩ P(Ω) whose elements are allowed to have “singularities” in the form of jump discontinuities along surfaces (the possible slippage surfaces of the material). They proposed in that subspace the following functional

F (u) := ∫ Ω (φ(E^Du) + k 2 (divu)^2)dx + c ∫ Ju |u^+ − u^−| u ∈ S(Ω) (4.5.2)

as a more realistic model which, through the presence of the last term, takes into account the possible sliding of the material. By relaxing the functional in (4.5.2) with respect to the L^1(Ω, IR^n) topology, they obtain

F (u) = ∫ Ω (ϕ(E^Du) + k 2 (divu)^2)dx + ∫ Ω ϕ^∞ ( E^D_s u |E^D_s u| ) |E^D_s u| u ∈ P(Ω) where ϕ is some convex function with linear growth at infinity. They also proved that, whenever the Tresca yielding criterion is adopted, the relaxation procedure described above recovers exactly the functional in (4.5.1).

In the superlinear case, we have seen in Theorem 4.3.1 that the lower semicontinuity is obtained from the compactness theorem 2.7.1 in SBD(Ω).

In this section we study the lower semicontinuity with respect to the L^1(Ω, IR^n)- norm convergence of some class of linear growth functionals defined in all the space BD(Ω). Precisely, we study the lower semicontinuity of functionals of the type

F (u) := ∫ Ω f(x, ‖Eu‖_∗)dx + ∫ Ω\Ju f^∞(x, ‖E^cu‖_∗) + ∫ Ju∩Ω φ(x, u^−, u^+, ν_u)dH^{n−1}

134 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) where for any A ∈ M^{n×n}_s , ‖A‖_∗ := sup_{ξ∈Sn−1} |(Aξ, ξ)| is the maximum eigenvalue of A. We obtain the following lower semicontinuity theorem.

Theorem 4.5.1 Let f : Ω × IR → [0, +∞[ and ϑ : Ω × IR × IR → [0, +∞[ be two lower semicontinuous functions satisfying the following conditions:

(i) for every x ∈ Ω the map ϑ(x, ·, ·) is continuous, subadditive and ϑ(x, u, v) = ϑ(x, v, u) for every u, v ∈ IR, (ii) for every x ∈ Ω the map p → f(x, p) is convex, even and nondecreasing, (iii) for every T > 0 there exists a modulus of continuity w_T such that ϑ(x, u, v) ≤ f^∞(x, |u − v|) ≤ ϑ(x, u, v) + w_T (|u − v|)|u − v| for every x ∈ Ω, u, v ∈ IR with −T ≤ u < v ≤ T (iv) the function x → f(x, 0) is bounded, (v) there exists C_1, C_2, C_3 positive constants such that f(x, p) ≥ C_1|p| − C_2 and ϑ(x, u, v) ≥ C_3|u − v|. Let φ : Ω × IR^n × IR^n × S^{n−1} → [0, +∞[ be defined by φ(x, u, v, ν) := sup_{ξ∈Sn−1} [ ϑ(x, (u, ξ), (v, ξ))|(ν, ξ)| ] . Then the functional F : BD(Ω) → [0, +∞] defined by F (u) := ∫ Ω f(x, ‖Eu‖_∗)dx + ∫ Ω\Ju f^∞(x, ‖E^cu‖_∗) (4.5.3) + ∫ Ju∩Ω φ(x, u^−, u^+, ν_u)dH^{n−1} is lower semicontinuous with respect to the L^1(Ω, IR^n)-convergence.

§4.5 A LOWER SEMICONTINUITY THEOREM FOR SOME 135 Remark 4.5.2 (i) From the assumption (i) in the theorem we can easily verify that for any x ∈ Ω, ν ∈ S^{n−1}, the map φ(x, ·, ·, ν) is also subadditive.

(ii) From the assumption (iii) we obtain φ(x, u, v, ν) ≤ f^∞(x, ‖(u − v) ⊙ ν‖_∗) ≤ φ(x, u, v, ν) + w_T (|u − v|)|u − v| for any x ∈ Ω, u, v ∈ IR^n, with |u|, |v| ≤ T .

(iii) In the scalar case it has been proved in [69] that the assumptions (i)-(iii) are also necessary. In our case we can say that the convexity of f(x, ·) is necessary.

(iv) Let us observe that, if we remove the coercivity assumption (v) on f and ϑ, we only obtain the weaker conclusion that the functional F is sequentially weakly^⋆ lower semicontinuous in BD(Ω). In fact, let ε > 0 and consider the functional F_ε(u) := F (u) + ε ‖Eu‖_⋆ (Ω).

Then from Theorem 4.5.1, F_ε is sequentially weakly^⋆ lower semicontinuous in BD(Ω). Now, let {u_h} ⊂ BD(Ω) weakly^⋆ converging to u ∈ BD(Ω), and let us verify that F (u) ≤ lim inf_{h→+∞} F (u_h). Since u_h^⋆⇀ u in BD(Ω), then ‖Eu_h‖_⋆ (Ω) ≤ K for some K > 0 independent of h. Therefore,

lim inf h→+∞ F (u_h) ≥ lim inf_{h→+∞} F_ε(u_h) − ε lim sup_{h→+∞} ‖Eu_h‖_⋆ (Ω) ≥ lim inf h→+∞ F_ε(u_h) − εK ≥ F_ε(u) − εK ≥ F (u) − εK and the conclusion follows by the arbitrariness of ε.

136 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) (v) We will prove the theorem following the arguments used in the papers [53], [69] using the “slicing technique” given by the structure theorem 2.5.1 in Chapter II and which will allow to reduce the lower semicontinuity of F to its known one-dimensional version.

Before beginning the proof of Theorem 4.5.1, let us recall its one dimensional version proved by Braides and De Cicco in [69].

Theorem 4.5.3 Let f : (a, b)×IR×IR → [0, +∞[ and ϑ : (a, b)×IR×IR → [0, +∞[ be two lower semicontinuous functions satisfying:

(i) for every t ∈ (a, b) the function ϑ(t, ·, ·) is subadditive, (ii) for every t ∈ (a, b) and u ∈ IR the function f(t, u, ·) is convex, (iii) for every T > 0 there exists a modulus of continuity w_T such that ϑ(t, u, v) ≤ | | | v∫ u f^∞(t, τ, v − u |u − v| )dτ | | |≤ ϑ(t, u, v) + w_T (|u − v|)|u − v| for all t ∈ (a, b), u, v ∈ IR with |u|, |v| ≤ T , (iv) the function (t, u) → f(t, u, 0) is bounded. Then the functional F : BV (a, b) → [0, +∞[ defined by F (u) := ∫ (a,b) f(t, u(t), u^′(t))dt + ∫ (a,b)\Su f^∞(t, u(t), D^su) + ∑ t∈(a,b)∩Su ϑ(t, u(t+), u(t−)) is lower semicontinuous with respect to the BV (a, b) weak^⋆ convergence.

Let us introduce the following notations. Given a direction ξ ∈ S^{n−1} we define the functional F_ξ : BD(Ω) × B(Ω) → [0, +∞] associated to F by F_ξ(u, B) := ∫ B f(x, |(Euξ, ξ)|)dx + ∫ B\Ju f^∞(x, |(E^cuξ, ξ)|) (4.5.4) + ∫ B∩Ju ϑ(x, (u^−(x), ξ), (u^+(x), ξ))|(ν_u(x), ξ)|dH^{n−1}

§4.5 A LOWER SEMICONTINUITY THEOREM FOR SOME 137 and for any y ∈ IR^n we define Φ^ξ_y : BV_{loc}(IR) × B(IR) → [0, +∞] by Φ^ξ_y(v, I) := ∫ I f(y + tξ, |v^′(t)|)dt + ∫ I\Sv f^∞(y + tξ, |D^cv|) + ∑ t∈I∩Sv ϑ(y + tξ, v(t−), v(t+)). In the following lemma we prove that the functional F of Theorem 4.5.1 can be approximated by functionals F_ξ.

Lemma 4.5.4 Let u ∈ BD(Ω) with F (u) < +∞. Let {ξ_h; h ∈ IN} be a dense subset of S^{n−1}. Then we have F (u) = sup k∑ i=1 F_{ξi} (u, A_i): (A_i)_{i=1,···,k} disjoint open subsets of Ω, k ∈ IN . (4.5.5) Proof. Let us consider the Radon measure on Ω μ := L^n Ω + |E^cu| + H^{n−1} (Ω ∩ J_u) and the non-negative μ-measurable function functions

ψ_h(x) := f(x, |(Eu(x)ξ_h, ξ_h)|) L^n-a.e. in Ω f^∞(x, |(ν_u(x), ξ_h)|) |E^cu|-a.e. in Ω ϑ(x, (u^−(x), ξ_h), (u^+(x), ξ_h))|(ν_u(x), ξ_h)| H^{n−1}-a.e. in Ω ∩ J_u,

ψ(x) := f(x, ‖Eu(x)‖_∗) L^n-a.e. in Ω f^∞(x, 1) |E^cu|-a.e. in Ω φ(x, u^−(x), u^+(x), ν_u(x)) H^{n−1}-a.e. in Ω ∩ J_u.

As f is non-decreasing in the last variable, it is easy to check that ψ = sup_h ψ_h μ-a.e. on Ω. Moreover, since F (u) < +∞, we have ψ ∈ L^1_μ(Ω) and ∫ Ω ψ(x)dμ(x) = F (u). On the other hand by Beppo-Levi’s theorem we get ∫ Ω ψ(x)dμ(x) = ∫ Ω sup_h ψ_h(x)dμ(x) = ∫ Ω sup_k sup_{1≤i≤k} ψ_i(x)dμ(x)

= sup_k ∫ Ω k∑ i=1 ∫ B_i ψ_i(x)dμ(x)

138 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω)

where setting C_i := {x ∈ Ω: ψ_i(x) = sup_{1≤j≤k} ψ_j(x)},

we take B_i := C_i \ ⋃ j<i C_j. So that {B_i} is a Borel partition of Ω. Therefore ∫ Ω ψ(x)dμ(x) = sup { k ∑ i=1 ∫ B_i ψ_i(x)dμ(x): (B_i)_{i=1,···,k} Borel partition of Ω, k ∈ IN }

= sup { k ∑ i=1 ∫ K_i ψ_i(x)dμ(x): (K_i)_{i=1,···,k} disjoint compact subsets of Ω, k ∈ IN }

= sup { k ∑ i=1 ∫ A_i ψ_i(x)dμ(x): (A_i)_{i=1,···,k} disjoint open subsets of Ω, k ∈ IN }

where the two last equalities follows from the inner regularity of the measure μ. So that (4.5.5) holds. ⊓⊔

From the lemma 4.5.4 we see that the proof of Theorem 4.5.1 follows immediately from the lower semicontinuity of the functionals F_ξ(·, Ω). This last result is proved in the following proposition.

Proposition 4.5.5 (i) Let u ∈ BD(Ω). Then the following formula holds F_ξ(u, B) = ∫ B^ξ Φ^ξ_y(u^ξ_y, B^ξ_y)dH^{n−1}(y) for any B ∈ B(Ω).

(4.5.6)

(ii) Assume that (i)-(iv) of Theorem 4.5.1 hold. Then for every open subset A of Ω , the functional F_ξ(·, A) is sequentially lower semicontinuous with respect to the weak^⋆ topology of BD(Ω).

Proof. We can write for any B ∈ B(Ω) ∫ B^ξ Φ^ξ_y(u^ξ_y, B^ξ_y)dH^{n−1}(y) = (I) + (II) + (III)

where

(I) = ∫ B^ξ (∫ B^ξ_y f(y + tξ, |(u^ξ_y)^′(t)|)dt ) dH^{n−1}(y) = ∫ B f(x, |(Eu(x)ξ, ξ)|)dx

§4.5 A LOWER SEMICONTINUITY THEOREM FOR SOME 139 by Fubini’s theorem and the point (iii) of the structure theorem 2.5.1; (II) = ∫ B^ξ (∫ B^ξ_y\J_{uξy} f^∞(y + tξ, |D^cu^ξ_y|) ) dH^{n−1}(y) = ∫ B^ξ (∫ (B\J^ξ_u)^ξ_y f^∞(y + tξ, |D^cu^ξ_y|) ) dH^{n−1}(y) = ∫ B\Ju f^∞(x, |(E^cuξ, ξ)|) by using the point (v) of Theorem 2.5.1; (III) = ∫ B^ξ ( ∑ t∈B^ξ_y∩J_{uξy} ϑ(y + tξ, u^ξ_y(t−), u^ξ_y(t+)) ) dH^{n−1}(y)

= ∫ B^ξ ( ∑ t∈B^ξ_y∩(J^ξ_u)^ξ_y ϑ(y + tξ, (u^−(y + tξ), ξ), (u^+(y + tξ), ξ)) ) dH^{n−1}(y) = ∫ B∩Ju ϑ(x, (u^−(x), ξ), (u^+(x), ξ))|(ν_u(x), ξ)|dH^{n−1}(x) by the point (iii) of Theorem 2.5.1 and the co-area formula. Therefore, collecting the expressions obtained for (I), (II), and (III), we get ∫ B^ξ Φ^ξ_y(u^ξ_y, B^ξ_y)dH^{n−1}(y) = ∫ B f(x, |(Eu(x)ξ, ξ)|)dx + ∫ B\Ju f^∞(x, |(E^cuξ, ξ|) + ∫ B∩Ju ϑ(x, (u^−(x), ξ), (u^+(x), ξ))|(ν_u(x), ξ)|dH^{n−1}(x) = F_ξ(u, B). (ii) Now let u_h , u ∈ BD(Ω) such that u_h → u in L^1(Ω, IR^n). Then there exists a subsequence still denoted by {u_h} such that u^ξ_{h,y} → u^ξ_y in L^1(Ω^ξ_y) for H^{n−1}-a.e. y ∈ Ω^ξ. If we suppose that lim inf_{h→+∞} F_ξ(u_h, Ω) < +∞, then by Fatou’s lemma and by the identity (4.5.6) we get ∫ Ω^ξ

lim inf h→+∞ Φ^ξ_y((u_h)^ξ_y, Ω^ξ_y)dH^{n−1}(y) < +∞.

140 CHAPTER IV FUNCTIONALS DEFINED IN THE SPACE BD(Ω) So, for H^{n−1}-a.e. y ∈ Ω^ξ let {h_k} be the subsequence (depending a priori on y) such that lim inf h→+∞ Φ^ξ_y((u_h)^ξ_y, Ω^ξ_y) = lim_{k→+∞} Φ^ξ_y((u_{hk} )^ξ_y, Ω^ξ_y).

Therefore, from the growth assumptions (v) on f and ϑ, we get lim sup k→+∞ |Du^ξ_{hk,y}|(Ω^ξ_y) < +∞. Therefore, for such y we obtain a subsequence {h_{kp} } such that sup_p |Du^ξ_{hk,y}|(Ω^ξ_y) < +∞. Moreover, since u^ξ_{hkp ,y} → u^ξ_y in L^1(Ω^ξ_y), then we have u^ξ_{hkp ,y} ⇀ u^ξ_y in BV (Ω^ξ_y) weak^⋆. Therefore, from Theorem 4.5.3 we get for H^{n−1}-a.e. y ∈ Ω^ξ lim inf h→+∞ Φ^ξ_y((u_h)^ξ_y, Ω^ξ_y) = lim_{k→+∞} Φ^ξ_y((u_{hk} )^ξ_y, Ω^ξ_y) = lim inf p→+∞ Φ ξ y((u_{hkp} )^ξ_y, Ω^ξ_y) ≥ Φ^ξ_y(u^ξ_y, Ω^ξ_y).

Hence by Fatou’s lemma and (4.5.6) we obtain lim inf h→+∞ F_ξ(u_h, Ω) = lim inf_{h→+∞} ∫ Ω^ξ

Φ^ξ_y((u_h)^ξ_y, Ω^ξ_y)dH^{n−1}(y) ≥ ∫ Ω^ξ

lim inf h→+∞ Φ^ξ_y((u_h)^ξ_y, Ω^ξ_y)dH^{n−1}(y) = ∫ Ω^ξ lim k→+∞ Φ^ξ_y((u_{hk} )^ξ_y, Ω^ξ_y)dH^{n−1}(y) = ∫ Ω^ξ

lim inf p→+∞ Φ ξ y((u_{hkp} )^ξ_y, Ω^ξ_y)dH^{n−1}(y) ≥ F_ξ(u, Ω) and this achieves the proof of the lemma. ⊓⊔

Chapter 5 Homogenization of Periodic Multi-dimensional Structures

5.1 Introduction

In this chapter we deal with an homogenization problem involving some particular class of functions with bounded deformation. The classical theory of homogenization applied to composite materials like fibred materials, porous media, materials with many small holes or fissures allows to observe how these structures behave as homogeneous materials at a macroscopic scale. The composite materials have been widely studied in the last thirty years. We refer the reader to the papers and books Bensoussan-Lions-Papanicolaou [48], De Giorgi-Spagnolo [104], Spagnolo [183], Tartar [190], Sanchez Palencia [178], Attouch [39], Marcellini [148], Dal Maso [83], Braides [60], Zhikov-Oleinik-Kozlov [201], Nguetseng [167, 168] for periodic structures, Oleinik-Zhikov [169], Braides [63, 64], Braides-Defranceschi [70] for almost periodic structures. In both non linear and non smooth cases the Γ-convergence approach (see De Giorgi-Franzoni [102], Dal Maso [83], Braides- Defranceschi [70]) is the most suited while in the other situations, various other techniques have been introduced; for example the G-convergence by Spagnolo [183] and De Giorgi-Spagnolo [104], the H-convergence by Tartar [190], the compensated

142 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

compactness by Murat [165] and Murat-Tartar [166], and the two-scale convergence by Nguetseng [167, 168] and Allaire [5].

In these last years there is an interest in media whose microscopic behaviour takes into account lower dimensional or multi-dimensional structures (see e.g., Ansini-Braides-Chiado Piat [32], Bouchitté-Buttazzo-Seppecher [57], Ambrosio- Buttazzo-Fonseca [20]). As a model example we consider the case of perfectly rigid bodies connected with elastic springs studied in [32].

In these problems, we deal with energy functionals concentrated on periodic lower dimensional or multi-dimensional structures and one would study their asymptotic behaviour via Γ-convergence. Following the approach of [20], functionals of the form F_ε(u, Ω) := ∫ Ω f (x ε , dDu dμ_ε ) dμ_ε (5.1.1)

have been considered in [32], and the problem was set in the framework of Sobolev spaces W^{1,p}_{με} (Ω, IR^m) with respect to the measures μ_ε; this is the space of functions u ∈ L^p(Ω, IR^n), whose distributional derivative is a measure absolutely continuous with respect to μ_ε with p-summable density dDu dμ_ε . For μ_ε defined by

μ_ε(B) := ε^nμ( 1 ε B) where μ is a fixed 1-periodic finite positive Borel measure and for a Borel function f : Ω × IR^{n×m} → [0, +∞[, 1-periodic in the first variable, an homogenization theorem for F_ε has been proved under a standard growth condition of order p on f and a notion of p-homogenizability introduced for the measure μ (see [32, Theorem 3.5]).

A “smooth” approach for this problem has been precedently proposed by Zhikov in [200] (see also Braides-Chiado Piat [65]), where the functionals F_ε are defined on C^∞(Ω, IR^m) by F_ε(u) = ∫ Ω f ( x ε , ∇u ) dμ_ε.

§5.2 PRELIMINARIES AND NOTATIONS 143

In this case an homogenization theorem is obtained whenever p > n and the Γ-limit is computed with respect to L^∞-norm.

However, from the mechanical point of view it is more realistic to consider energy functionals which depend explicitly on the strain tensor Eu. So, we consider here functionals of the type

F_ε(u, Ω) := ∫ Ω f (x ε , dEu dμ_ε ) dμ_ε. (5.1.2)

In this case the problem will be set in a particular class of functions with bounded deformation denoted by LD^p_{με} (Ω); this is the space of functions u ∈ L^p(Ω, IR^n), whose deformation tensor Eu is a measure absolutely continuous with respect to μ_ε with p-summable density dEu dμ_ε . We would like to study the asymptotic behaviour of the functionals in (5.1.2) as ε → 0^+ under the same assumptions as in [32] with a modified definition of p-homogenizable measure.

This chapter is organized as follows: in the first section, we give some preliminaries and notations on the Γ-convergence and the notion of Sobolev spaces with respect to Borel measures; in the second section, we present the spaces LD^p_μ(Ω) and their properties; in the third section, we introduce the notion of measure p-homogenizable and some examples, while the fourth section is devoted to the statement of the homogenization theorem which is proved in section 5.

5.2 Preliminaries and notations

Let us recall that Ω is a bounded open subset of IR^n; we will use standard notations L^p(Ω, IR^m) and W^{1,p}(Ω, IR^m) respectively for Lebesgue and Sobolev spaces; p^′ and p^⋆ denoting respectively the conjugate and the Sobolev exponent of p ≥ 1. We denote by A(Ω) the family of all open subsets of Ω. The letter C will denote a strictly positive constant independent of the parameters under consideration, whose value may vary from line to line. If E is a subset of IR^n then χ_E is its characteristic function. If u ∈ L^1(Ω, IR^m), we denote by ũ the precise representative

144 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM of u, whose components are defined by ũ_i(x) := lim sup_{ρ→0+} − ∫ Bρ(x) u_i(y)dy, (5.2.1) where B_ρ(x) denotes the open ball of centre x and radius ρ.

5.2.1 The Γ-convergence

Definition 5.2.1 Let (X, d) be a metric space and let F, F_h : X → [−∞, +∞] be functions. we define

Γ(X, d) − lim inf_{h→+∞} F_h(u) = inf { lim inf h→+∞ F_h(u_h) : u_h → u in X } , and Γ(X, d) − lim sup h→+∞ F_h(u) = inf { lim sup h→+∞ F_h(u_h) : u_h → u in X } ; if these two quantities coincide their common value will be called the Γ-limit of the sequence {F_h} at u and will be denoted by Γ(X, d) − lim_{h→+∞} F_h(u) or by Γ(X) − lim h→+∞ F_h(u) when there is no confusion.

It is easy to check that l = Γ(X) − lim_{h→+∞} F_h(u) if and only if

(i) for any sequence {u_h} ⊆ X converging to u, we have lim inf h→∞ F_h(u_h) ≥ l;

(ii) for any u ∈ X there exists a sequence {u_h} ⊆ X converging to u, such that lim sup h→∞ F_h(u_h) ≤ l.

The peculiarity of this type of convergence is its variational character, explained in the following proposition.

§5.2 PRELIMINARIES AND NOTATIONS 145

Proposition 5.2.2 Assume that {F_h} Γ-converges to F and that there exists a compact set K ⊆ X such that inf_{u∈K} F_h(x) = inf_{u∈X} F_h(u) ∀h ∈ IN.

Then

(i) inf_X F_h converges as h → ∞ to min_X F and any limit point of any sequence {u_h} such that lim_{h→∞} ( F_h(u_h) − inf_{u∈X} F_h(u) ) = 0 is a minimizer of F .

(ii) {F_h + G} Γ-converges to F + G for any G : X → IR continuous. It is easy to see that a sequence {F_ε} Γ-converges to l at u as ε → 0^+ if for every sequence of positive numbers {ε_h} converging to 0 there exists a subsequence {ε_{hk} } such that l = Γ(X) − lim_{k→+∞} F_{εhk} (u). Let us recall that the Γ-upper and Γ-lower limits defined above are (X, d)-lower semicontinuous. We refer the reader to Dal Maso [83] for an exhaustive treatment of Γ-convergence.

5.2.2 Sobolev spaces with respect to a measure

The following notion of Sobolev space with respect to a measure has been introduced by Ambrosio, Buttazzo and Fonseca in [20] where they studied the lower semicontinuity of integral functionals of the form (5.1.1), f being a quasiconvex integrand independent of the variable x.

Definition 5.2.3 Let λ be a finite Borel positive measure on the open set Ω ⊂ IR^n, and let 1 ≤ p ≤ +∞. We define the space

W^{1,p}_λ (Ω, IR^m) := { u ∈ L^p(Ω, IR^m): Du << λ, dDu dλ ∈ L^p_λ(Ω, M^{n×m}) }

146 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

where L^p_λ(Ω, IR^N ) stands for the usual Lebesgue space of p-summable IR^N -valued functions with respect to λ.

It is easy to see that Sobolev spaces with respect to measures are subspaces of BV (Ω, IR^m). When λ = L^n Ω, we obtain the classical Sobolev space W^{1,p}(Ω, IR^m). The Sobolev spaces with respect to measures have been devised in [20] as suitable functions spaces in which one could study for example fracture mechanics problems with localized fractures. This would correspond for example to the space W^{1,p}_λ (Ω, IR^m) with λ = L^n Ω + H^{n−1} M, where M is a C^1 hypersurface in which the fracture is localized. In this case W^{1,p}_λ (Ω, IR^m) is a subspace of functions u ∈ SBV (Ω, IR^m) with S_u ⊂ M up to a H^{n−1}-negligible subset. Properties of lower semicontinuity and relaxation for functionals defined on Sobolev spaces with respect to a measure have been studied in [20].

5.3 The spaces LD^p_λ(Ω)

Definition 5.3.1 Let λ be a finite Borel positive measure on the open set Ω ⊂ IR^n, and let 1 ≤ p ≤ +∞. We define the space

LD^p_λ(Ω) := { u ∈ L^p(Ω, IR^n): Eu << λ, dEu dλ ∈ L^p_λ(Ω, M^{n×n}_s ) }

When p > 1, λ = L^n Ω with Ω having a Lipschitz continuous boundary, then by Korn’s inequality, we have

LD^p_λ(Ω) = W^{1,p}(Ω, IR^n)

while the case p = 1 with λ = L^n Ω gives the space LD(Ω) introduced in the chapters II and IV.

§5.3 THE SPACE LD^p_λ(Ω) 147

Proposition 5.3.2 (i) The spaces LD^p_{λ1} (Ω) and LD^p_{λ2} (Ω) coincide whenever |λ_1 − λ_2|(Ω \ B) = 0 and H^{n−1}(B) = 0 for some Borel subset B of Ω.

(ii) The measure λ in Definition 5.3.1 can always be assumed concentrated on a Borel set where its (n − 1)-dimensional upper density is finite.

Proof. The point (i) easily follows from the fact that BD functions do not charge H^{n−1}-negligible sets. (ii) We set E := { x ∈ Ω: lim sup_{ρ→0+} λ(B_ρ(x)) ρ^{n−1} = +∞ } . (5.3.1)

From covering theorems (see for instance Ziemer [202]), we have H^{n−1}(E) = 0. Set now ν := λ (Ω \ E), then |λ − ν|(Ω \ E) = 0 and by (i) we have LD^p_λ(Ω) = LD^p_ν (Ω). ⊓⊔ In the following theorem we prove a Leibnitz type formula for the densities with respect a measure λ. This formula will be used in the proof of the fundamental estimate.

Theorem 5.3.3 Let u ∈ LD^p_λ(Ω), v ∈ W^{1,∞}_λ (Ω) be such that ũ ⊙^{dDv}_{dλ} belongs to L^p_λ(Ω, M^{n×n}_s ). Then uv ∈ LD^p_λ(Ω) and dE(uv) dλ = ṽ dEu dλ + ũ ⊙ dDv dλ . (5.3.2)

Proof. The identity (5.3.2) will follow from the formula E(uv) = ṽEu + ũ ⊙ Dv (5.3.3)

which will be proved as an identity between measures. Let us observe that (5.3.3) is equivalent to (E(uv)ξ, ξ) = (ṽEuξ, ξ) + (ũ ⊙ Dvξ, ξ) (5.3.4)

148 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

for any ξ = ξ_i + ξ_j where {ξ_1, . . . , ξ_n} is a basis of IR^n.

We will establish (5.3.3) following the “slicing” technique which will allow to obtain it from the one-dimensional version. To this aim, let us remark that if I is an open subset of IR and u_1, u_2 ∈ BV (I), then from the chain rule formula for BV functions (see e.g., Ambrosio-Fusco-Pallara [26, Theorem 3.93 and Example 3.94]) we have u_1u_2 ∈ BV (I) and D(u_1u_2) = ũ_1Du_2 + ũ_2Du_1.

(5.3.5) Therefore, the formula (5.3.3) is always true in dimension one. Now, let us recall some notations used in the chapters I and II in order to define the one-dimensional sections of BV and BD functions:

u^ξ_y(t) := (u(y + tξ), ξ) and v_{y,ξ}(t) := v(y + tξ) for any t ∈ Ω^ξ_y and y ∈ Ω^ξ.

Since u^ξ_y, v_{y,ξ} ∈ BV (Ω^ξ_y) for H^{n−1}-almost every y ∈ Ω^ξ, then by (5.3.5) we have

(uv)^ξ_y = u^ξ_yv_{y,ξ} ∈ BV (Ω^ξ_y) and D ( (uv)^ξ_y ) = ũ^ξ_yDv_{y,ξ} + ṽ_{y,ξ}Du^ξ_y. (5.3.6) for H^{n−1}-almost every y ∈ Ω^ξ, where we have used from the structure theorems for BD and BV functions, the following identities ũ^ξ_y = ~u^ξy and ṽ_{y,ξ} = ~v_{y,ξ}. Note that from the hypotheses of the theorem and by using the second identity of (2.2.2) in Chapter II and Theorem 1.3.3 of Chapter I we get ∫ Ω^ξ (∫ Ω^ξ_y |ṽ_{y,ξ}|d|Du^ξ_y| ) dH^{n−1}(y) = ∫ Ω |ṽ(x)|d|(Euξ, ξ)| < +∞ and ∫

Ω^ξ (∫ Ω^ξ_y |ũ^ξ_y|d|Dv_{y,ξ}| ) dH^{n−1}(y) = ∫ Ω |(ũ, ξ)|d|(Dv, ξ)| < +∞.

§5.4 P -HOMOGENIZABLE MEASURES 149 Therefore, we get from (5.3.6) that ∫ Ω^ξ (∫ Ω^ξ_y |D(uv)^ξ_y|(Ω^ξ_y) ) dH^{n−1}(y) < +∞. So, we have proved that for any ξ = ξ_i + ξ_j

(uv)^ξ_y ∈ BV (Ω^ξ_y) and ∫ Ω^ξ (∫ Ω^ξ_y |D(uv)^ξ_y|(Ω^ξ_y) ) dH^{n−1}(y) < +∞ for H^{n−1}-almost every y ∈ Ω^ξ. Then by Theorem 2.2.1 we have uv ∈ BD(Ω). By integrating with respect to the measure H^{n−1} we obtain from (5.3.6) that (E(uv)ξ, ξ)(B) = ∫ B^ξ D ( (uv)^ξ_y ) (B^ξ_y)dH^{n−1}(y) = ∫ B^ξ ∫ B^ξ_y ũ^ξ_ydDv_{y,ξ}dH^{n−1}(y) + ∫ B^ξ ∫ B^ξ_y ṽ_{y,ξ}dDu^ξ_ydH^{n−1}(y) = ∫ B (ũ, ξ)d(Dv, ξ) + ∫ B ṽd(Euξ, ξ) for any B ∈ B(Ω). Then we obtain (5.3.4) and hence (5.3.3). ⊓⊔

5.4 p-Homogenizable measures

5.4.1 Definition

In order to obtain a meaningful limit of the functionals F_ε in (5.1.2) as ε → 0^+, we introduce the following notion of p-homogenizable measure. Definition 5.4.1 A 1-periodic positive Radon measure μ on IR^n is said to be phomogenizable if it satisfies the following two properties:

(i) (existence of cut-off functions) there exist K > 0 and δ > 0 such that for all ε > 0 and for all pair U, V of open subsets of IR^n with U ⊂⊂ V and dist(U, ∂V ) ≥ δε, and for all u ∈ LD^p_{με} (V ) there exists ϕ ∈ W^{1,∞}_{με} (V ) with 0 ≤ ϕ ≤ 1, ϕ = 1 on U, ϕ = 0 in a neighbourhood of ∂V,

150 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

such that ∫ V | | dDϕ dμ_ε ⊙ ũ | | p dμ_ε ≤ K ( dist(U, ∂V ) )p ∫ V \U |u|^pdx. (5.4.1)

Such a ϕ will be called a cut-off function between U and V ;

(ii) (existence of periodic test-functions) for all i, j = 1, · · · , n, there exist functions z_{ij} in LD^p_{μ,loc}(IR^n) such that x → z_{ij}(x) − x_je_i is 1-periodic.

Remark 5.4.2 (a) Let us first observe that our definition above is a modified version of [32, Definition 3.2]. Note that if μ is p-homogenizable in the sense of [32, Definition 3.2] and z_i is the function in W^{1,p}_{μ,loc}(IR^n) which satisfies (iii) of that definition then z_{ij} = z_je_i satisfies the condition (ii) above; but the converse is not true.

(b) The conditions (i) and (ii) of Definition 5.4.1 will allow to prove both the fundamental estimate and the growth condition necessary and sufficient to obtain the existence and the integral representation of the Γ-limit.

5.4.2 Examples of p-homogenizable measures

The following measures given [32] are also p-homogenizable in our context.

Example 5.4.3 the Lebesgue measure trivially satisfies the properties (i) and (ii) of Definition 5.4.1

Example 5.4.4 (Perfectly-rigid bodies connected with elastic springs) We take E = {y ∈ IR^n : ∃i ∈ {1, . . . , n} such that y_i ∈ Z}, that is, the union of all the boundaries of cubes Q_i = i + (0, 1)^n with i ∈ Z^n. E is an (n − 1)-dimensional set in IR^n. We take μ(B) = 1 n H^{n−1}(B ∩ E)

§5.4 P -HOMOGENIZABLE MEASURES 151

for all Borel sets B. For every ε > 0 we have

μ_ε(B) = 1 n εH^{n−1}(B ∩ εE) . So, in this case LD^p_{με} (Ω) consists of functions which are rigid displacements in the sets εQ_i ∩ Ω; i.e., u_i = R_ix + c_i on each εQ_i ∩ Ω with R_i skew n × n symmetric matrix and c_i ∈ IR^n. Hence we have dEu dμ_ε = n ε dEu dH^{n−1} = n ε (u_i − u_j) ⊙ (i − j) on ∂(εQ_i) ∩ ∂(εQ_j) ∩ Ω . In this case the functionals F_ε take the form ε ∫ Ω∩εE g( x ε , 1 ε dEu dH^{n−1} )dH^{n−1} up to a normalization factor. Note that if Ω is bounded then LD^p_{με} (Ω) = LD^∞_{με} (Ω) for all p if the number of connected components of each set Ω ∩ εQ_i is finite. The measure μ in this case satisfies the conditions (i) and (ii) of Definition 5.4.1 for all p ≥ 1. In fact, to prove (i) we consider the same cut-off function in Example 3.4 (a) of [32]. Precisely, for δ = 5 √ n and for fixed ε > 0 we set U_ε := {εQ_i: εQ_i ∩ U ≠ ∅} and using the notation [t] for the integer part of t, we set

ϕ(x) := 1 − ( 1 C [ 1 ε inf{‖x − y‖_∞ : y ∈ U_ε} ] ∧ 1 )

where ‖x − y‖_∞ := max_{1≤i≤n} |x_i − y_i| and

C = [ 1 ε inf{‖x − y‖_∞ : x ∈ U_ε, y ∈ ∂V } ] − 2. One can verify that |dDϕ/dμ_ε| ≤ n/(Cε) ≤ c/dist(U, ∂V ) for some constant c independent of U and V . Let u ∈ LD^p_{με} . If γ denotes the trace operator of

152 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM Chapter I, in this case we can interpret γ(u) as trace of Sobolev function defined on each cube Q_i and we have (∫ ∂Q_i |γ(u)|^pdH^{n−1} )1/p ≤ C ‖u‖_W 1,p_{(Qi,IR}n_) . (5.4.2) So, by a scaling argument and by Korn’s inequality we get ( ε ∫ ∂εQ_i |γ(u)|^pdH^{n−1} )1/p ≤ C ((∫ εQ_i |u|^pdx )1/p + ( ε^{2p−n} ∫ εQ_i |Eu|^pdx )1/p)

= C (∫ εQ_i |u|^pdx )1/p . If p = 1 we can apply the trace inequality in LD(Q_i) to obtain ∫ ∂Q_i |γ(u)|dH^{n−1} ≤ C (∫ Q_i |u|dx + |Eu|(Q_i) )

= C ∫ Q_i |u|dx. So, we get ε ∫ ∂εQ_i |γ(u)|dH^{n−1} ≤ C ∫ εQ_i |u|dx. Hence for all p ≥ 1 ε ∫ ∂εQ_i |γ(u)|^p dH^{n−1} ≤ C ∫ εQ_i |u|^pdx. For two cubes, we obtain ε ∫ ∂εQ_i∩∂εQ_j |γ(u)|^p dH^{n−1} ≤ ε ∫ ∂εQ_i∩∂εQ_j (|u_i|^p + |u_j|^p) dH^{n−1} ≤ C ∫ εQ_i∪εQ_j |u|^pdx, so that ∫ V | | dDϕ dμ_ε ⊙ ~u | | p dμ_ε ≤ C^pε ndist(U, ∂V )^p ∫ (V \U)∩εE∩spt(Dϕ) |~u|^p dH^{n−1} ≤ C^p dist(U, ∂V )^p ∫ V \U |u|^pdx . The proof of (i) is then complete. To verify (ii) we apply the Remark 5.4.2 and the Example 3.4(a) in [32], so we take simply z_{ij}(x) = [x_j]e_i.

§5.5 THE HOMOGENIZATION THEOREM 153

Example 5.4.5 (Elastic media connected with springs) Let E be as in the previous example and let μ(B) = 1 n + 1 ( |B| + H^{n−1}(E ∩ B) )

μ_ε(B) = 1 n + 1 ( |B| + εH^{n−1}((εE) ∩ B) ) . In this case the functions in LD^p_{με} (Ω) are functions whose restriction to each εQ_i ∩Ω belongs to W^{1,p}(εQ_i ∩ Ω; IR^n) when p > 1 and to LD(εQ_i ∩ Ω) when p = 1, while the difference of the traces on both sides of ∂(εQ_i) ∩ ∂(εQ_j) ∩ Ω is p-summable for every i, j ∈ Z^n. The functionals F_ε take the form 1 n + 1 ∫ Ω f( x ε , Eu(x))dx + ε n + 1 ∫ Ω∩εE g( x ε , 1 ε dEu dH^{n−1} )dH^{n−1} where the density g is the one of the previous example.

The measure μ in this case is also p-homogenizable for all p ≥ 1 by the example 3.4(b) in [32].

5.5 The homogenization theorem

Let us first begin by describing the assumptions. Let μ be a non-zero positive Radon measure on IR^n which is 1-periodic, 1.e.,

μ(B + e_i) = μ(B)

for all Borel subsets of IR^n and for all i = 1, . . . , n, where (e_i) is the canonical basis of IR^n. The measure μ will be fixed throughout the chapter. We will assume the normalization μ([0, 1)^n) = 1.

(5.5.1) For all ε > 0 we define the ε-periodic positive Radon measure μ_ε by

μ_ε(B) = ε^nμ( 1 ε B) (5.5.2)

154 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

for all Borel sets B. By (5.5.1) the sequence {μ_ε} converges locally weakly^⋆ in the sense of measures to the Lebesgue measure as ε → 0^+.

In the sequel f : IR^n × M^{n×n}_s → [0, +∞[ will be a fixed Borel function 1-periodic in the first variable and satisfying the growth condition of order p ≥ 1 α|A|^p ≤ f(x, A) ≤ β(1 + |A|^p) (5.5.3)

for some constant 0 < α ≤ β, for all x ∈ IR^n and A ∈ M^{n×n}_s . For every bounded open set Ω, we define the functionals at scale ε > 0 as

F_ε(u, Ω) := ∫ Ω f (x ε , dEu dμ_ε ) dμ_ε if u ∈ LD^p_{με} (Ω) +∞ otherwise.

(5.5.4)

The homogenization theorem for the functionals in (5.5.4) takes the following form

Theorem 5.5.1 Let μ be a p-homogenizable measure and for every bounded open subset Ω of IR^n let F_ε(·, Ω) be defined on L^p(Ω, IR^n) by (5.5.4). Then the Γ-limit

F_{hom}(u, Ω) = Γ(L^p) − lim_{ε→0+} F_ε(u, Ω)

(5.5.5)

exists for all bounded open subsets Ω with Lipschitz boundary; it is finite in (W^{1,p}(Ω))^n ( and in BD(Ω) if p = 1). F_{hom}(·, Ω) can be represented in W^{1,p}(Ω, IR^n) as

F_{hom}(u, Ω) = ∫ Ω f_{hom}(Eu)dx, (5.5.6)

where the homogenized integrand f_{hom} satisfies the asymptotic formula

f_{hom}(A) = lim_{k→+∞} inf { 1 k^n ∫ [0,k)^n f ( x, dEu dμ ) dμ: u ∈ LD^p_{μ,loc}(IR^n) and u − Ax is k − periodic } ; (5.5.7)

(i) if p > 1 then F_{hom}(·, Ω) = +∞ in L^p(Ω, IR^n) \ W^{1,p}(Ω, IR^n);

(ii) if p = 1 then F_{hom}(·, Ω) = +∞ in L^1(Ω, IR^n) \ BD(Ω).

§5.6 THE PROOF OF THE HOMOGENIZATION 155

Futhermore, if f is convex then the Γ-limit can be represented as

F_{hom}(u, Ω) = ∫ Ω f_{hom} ( Eu(x) ) dx + ∫ Ω f^∞_{hom} ( dE^su d|E^su| ) d|E^su| (5.5.8)

for all u ∈ BD(Ω).

Remark 5.5.2 (i) In the formula (5.5.7) we cannot replace the set [0, k)^n by (0, k)^n if μ charges [0, 1)^n \ (0, 1)^n.

(ii) If μ does not satisfy the conditions of Definition 5.4.1 then f_{hom} may be equal to +∞ for all non-zero matrices A. As an example, take μ(B) = ∑ i∈Z^n λ(i + B) , (5.5.9)

where λ is any probability measure with sptλ contained in (0, 1)^n. Then testfunctions u in (5.5.7) must be rigid displacements on a periodic connected component of IR^n, and hence we get that f_{hom}(A) = +∞ if A ≠ 0.

5.6 The proof of the homogenization theorem

The proof of Theorem 5.5.1 will be obtained as a consequence of the following propositions in which we will adapt the usual compactness and integral representation results in Dal Maso [83] with some minor modifications. The proofs of the fundamental estimates and the growth condition will be similar to the propositions 3.1, 3.2 and 3.3 of [32].

Proposition 5.6.1 (Fundamental Estimate) For every σ > 0 there exist ε_σ and M_σ > 0 such that for all U, U^′, V ⊂ Ω open with U^′ ⊂ U and dist(U^′, V \ U) > 0, for all ε < ε_σdist(U^′, V \ U) and for all u ∈ LD^p_{με} (Ω), v ∈ LD^p_{με} (Ω) there exist

156 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

a cut-off function between U^′ and U, ϕ ∈ W^{1,p}_{με} (U ∪ V ), such that

F_ε(ϕu + (1 − ϕ)v, U^′ ∪ V ) ≤ (1 + σ)(F_ε(u, U) + F_ε(v, V ))

(5.6.1) + M_σ (dist(U^′, V \ U))^p ∫ (U∩V )\U^′ |u − v|^pdx + σμ_ε((U ∩ V ) \ U^′). Proof. Let K, δ > 0 be the constants given in the condition (ii) of Definition 5.4.1; let N ∈ IN such that Nδε ≤ dist(U^′, V \ U). Let

U_0 = U^′ and U_k := {x ∈ U : Ndist(x, U^′) < k dist(U^′, V \ U)} .

For each k = 1, . . . , N let ϕ_k be a cut-off function between U_{k−1} and U_k, satisfying (5.4.1) (note that such a function exists since dist(U_{k−1}, ∂U_k) ≥ δε). Then using the Leibnitz type formula in (5.3.2) we get

F_ε(ϕ_ku + (1 − ϕ_k)v, U^′ ∪ V ) = ∫ U^′∪V f( x ε , ϕ̃_k dEu dμ_ε + (1 − ϕ̃_k) dEv dμ_ε + (ũ − ṽ) ⊙ dDϕ_k dμ_ε )dμ_ε = ∫ (U^′∪V )∩U_{k−1} f( x ε , dEu dμ_ε )dμ_ε + ∫ (U^′∪V )\U_k f( x ε , dEv dμ_ε )dμ_ε + ∫ (U^′∪V )∩(U_k\U_{k−1}) f( x ε , ϕ̃_k dEu dμ_ε + (1 − ϕ̃_k) dEv dμ_ε + (ũ − ṽ) ⊙ dDϕ_k dμ_ε )dμ_ε ≤ ∫ U f( x ε , dEu dμ_ε )dμ_ε + ∫ V f( x ε , dEv dμ_ε )dμ_ε +3^pβ ∫ V ∩(U_k\U_{k−1}) | | |(ũ − ṽ) ⊙ dDϕ_k dμ_ε | | | p dμ_ε +3^pβ ∫ V ∩(U_k\U_{k−1}) ( 1 + | | dEu dμ_ε | | p + | | dEv dμ_ε | | p) dμ_ε.

§5.6 THE PROOF OF THE HOMOGENIZATION 157

Then

F_ε(ϕ_ku + (1 − ϕ_k)v, U^′ ∪ V )

≤ F_ε(u, U) + F_ε(v, V ) + 3^pβ ∫ V ∩(U−k\U_{k−1}) ( 1 + | | | dEu dμ_ε | | | p + | | | dEv dμ_ε | | | p) dμ_ε +3^pβ K (dist(U_{k−1}, ∂U_k))^p ∫ U_k\U_{k−1} |u − v|^pdx ≤ F_ε(u, U) + F_ε(v, V ) + 3^pβ ∫ V ∩(U_k\U_{k−1}) ( 1 + | | | dEu dμ_ε | | | p + | | | dEv dμ_ε | | | p) dμ_ε +3^pβ KN^p (dist(U^′, V \ U))^p ∫ U_k\U_{k−1} |u − v|^pdx , where K is the constant appearing in (5.4.1). Now we choose k such that ∫ (U_k\U_{k−1})∩V (1 + | | | dEu dμ_ε | | | p + | | | dEv dμ_ε | | | p )dμ_ε + KN^p (dist(U^′, V \ U))^p ∫ (U_k\U_{k−1})∩V |u − v|^pdx ≤ 1 N (∫ (U∩V )\U^′ (1 + | | | dEu dμ_ε | | | p + | | | dEv dμ_ε | | | p )dμ_ε + KN^p (dist(U^′, V \ U))^p ∫ (U∩V )\U^′ |u − v|^pdx ) . Then, by taking into account the growth condition (5.5.3) on f, we obtain for such k that

F_ε(ϕ_ku + (1 − ϕ_k)v, U^′ ∪ V ) ≤ F_ε(u, U) + F_ε(v, V ) + 3^pβ Nα (∫ (U∩V )\U^′ f( x ε , dEu dμ_ε )dμ_ε + ∫ (U∩V )\U^′ f( x ε , dEv dμ_ε )dμ_ε )

+3^pβ KN^{p−1} (dist(U^′, V \ U))^p ∫ (U∩V )\U^′ |u − v|^pdx + 3^pβ N μ_ε((U ∩ V ) \ U^′).

158 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

Then it follows that

F_ε(ϕ_ku + (1 − ϕ_k)v, U^′ ∪ V ) ≤ ( 1 + 3^pβ Nα )( F_ε(u, U) + F_ε(v, V ) )

+3^pβ KN^{p−1} (dist(U^′, V \ U))^p ∫ (U∩V )\U^′ |u − v|^pdx + 3^pβ N μ_ε((U ∩ V ) \ U^′) .

In order that (5.6.1) holds ε_σ and N should verify 3^pβ N min(1, α)

< σ and ε_σ < 1 Nδ . So that 3^pβ σ min(1, α) < N < 1 ε_σδ . Then by choosing ε_σ such that 3^pβ N min(1, α)

+ 1 = 1 ε_σδ we will obtain an N for which (5.6.1) is satisfied with M = 3^pKβN^{p−1}. ⊓⊔

Proposition 5.6.2 For every A ∈ M^{n×n}_s there exists z_A ∈ LD^p_{μ,loc}(IR^n) such that z_A − Ax is 1-periodic and satisfies ∫ [0,1)^n | | dEz_A dμ | |pdμ ≤ C|A|^p. (5.6.2)

Proof. Define z_A = ∑n i,j=1 Aijzij, where zij are as in the condition (ii) of Definition

5.4.1. The inequality (5.6.2) easily follows. ⊓⊔ Let us fix an infinitesimal sequence {ε_j}. We define

F^′(u, U) = Γ(L^p)- lim inf_{j→+∞} F_{εj} (u, U)

F^{′′}(u, U) = Γ(L^p)- lim sup_{j→+∞} F_{εj} (u, U) for all u ∈ L^p(Ω, IR^n) and for all open subsets U of Ω.

§5.6 THE PROOF OF THE HOMOGENIZATION 159

Proposition 5.6.3 (Growth Condition) We have for all open subsets U of Ω with |∂U| = 0 F^{′′}(u, U) ≤ C ∫ U (1 + |Eu|^p)dx for all u ∈ W^{1,p}(Ω, IR^n) and

F^{′′}(u, U) ≤ C(|U| + |Eu|(U)) for all u ∈ BD(Ω).

Proof. Step 1: We claim that F^{′′}(Ax, U) ≤ C|U| ( 1 + | | A+A^t2 | | p) for any matrix A ∈ M^{n×n} and for any U ∈ A(Ω) with |∂U| = 0.

Suppose that A is symmetric and let z_A be given by Proposition 5.6.2. So, the sequence z^ε_A(x) := εz_A(x/ε) converges in L^p_{loc}(IR^n, IR^n) to Ax, and F^{′′} ( Ax, U ) ≤ lim sup ε→0+ ∫ U f( x ε , dEz^ε_A dμ_ε )dμ_ε ≤ β lim sup ε→0+ ∫ U (1 + | | | dEz^ε_A dμ_ε | | | p )dμ_ε ≤ C|U| (1 + |A|^p). where the last inequalities follow from the growth condition (5.5.3) and the inequality (5.6.2). Since the functionals F_ε(·, U) are invariant by rigid motions, one can easily verify that F^′(u + Rx + c, U) = F^′(u, U) and F^{′′}(u + Rx + c, U) = F^{′′}(u, U) for any skew symmetric matrix R ∈ M^{n×n} and for any c ∈ IR^n. So that for any A ∈ M^{n×n}, we have F^{′′}(Ax, U) = F^{′′} ( A + A^t 2 x, U ) and the step is proved.

Step 2: we claim F^{′′}(u, U) ≤ C ∫ U (1 + |Eu|^p)dx for any piecewise affine function u and for any open set U ⊆ Ω with |∂U| = 0. We write u = ∑N i=1 χ_{Ui} u_i, where U_1, . . . , U_N are disjoint open subsets of U such

160 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM that |U \ ⋃ i U_i| = 0, |U_i| = |U_i|, and u_i(x) = A_ix + c_i for some A_i ∈ M^{n×n} and c_i ∈ IR^n. For each i we set u^ε_i (x) = z^ε_{Ai} (x) + c_i, as in Step 1. We prove this step by induction. We use the fundamental estimate on U_1 ∩ U_2 by setting U^′ = U_2 U = U^η =: {x ∈ U, d(x, U_2) < η} and V = U_1 where η = η_ε will be determined later. Let σ = 1, u = u^ε_2 and v = u^ε_1. Then we obtain a cut-off function ϕ = ϕ_ε between U_2 and U^η_2 such that

F_ε(ϕ_εu^ε_2 + (1 − ϕ_ε)u^ε_1, U_1 ∪ U_2) ≤ 2(F_ε(u^ε_1, U_1) + F_ε(u^ε_2, U^η_2 )) + M η^p ∫ U_1∩U^η_2

|u^ε_2 − u^ε_1|^pdx + μ_ε(U_1 ∩ U^η_2 ) .

The constant M is the one given by Proposition 5.6.1 with σ = 1. Since ∫ U∩U^η |u_2 − u_1|^pdx ≤ C|Du|^p_∞η^{p+1}, then lim_{η→0+} lim_{ε→0+} 1 η^p ∫ U_1∪U^η_2

|u^ε_2 − u^ε_1|^pdx = 0.

So, for some sequence {η_ε} converging to 0 as ε → 0 we have lim_{ε→0+} 1 η^pε ∫ U_1∪U^{ηε}_2

|u^ε_2(x) − u^ε_1|^pdx = 0.

If we define w^ε := ϕ_εu^ε_2 + (1 − ϕ^ε)u^ε_1 we have w^ε → u in L^p(U_1 ∪ U_2, IR^n). Therefore F^{′′}(u, U_1 ∪ U_2) ≤ lim sup_{ε→0+} F_ε(w^ε, U_1 ∪ U_2) ≤ 2 ( lim sup ε→0^+ F_ε(u^ε_1, U_1) + lim sup_{ε→0+} F_ε(u^ε_2, U_2) )

≤ C ∫ U_1∪U_2 (1 + |Eu|^p)dx where the last inequality follows from step 1.

Now we proceed by induction, repeating at each step j the previous argument replacing U_1 by U ∪ · · · ∪ U_{j−1}, U_2 by U_j, u^ε_1 by w^ε_{j−1} constructed at the previous step and u^ε_2 by u^ε_j.

§5.6 THE PROOF OF THE HOMOGENIZATION 161

Step 3: We conclude the proof of the proposition by using the lower semicontinuity of the functional F^{′′}(·, U), the density of piecewise affine functions in W^{1,p}(Ω, IR^n)- strong and in BD(Ω) with respect to the so-called intermediate topology introduced in Chapter I. ⊓⊔

The proof of the following proposition on the existence and the integral representation of the Γ-limit will follow the lines of [32, Proposition 4.4]. Proposition 5.6.4 There exists a subsequence of (ε_j) (not relabeled) such that for all open subsets U of Ω there exists the Γ-limit Γ- lim_{j→+∞} F_{εj} (u, U) = F (u, U) , and there exists a function φ : M^{n×n} → IR such that F (u, U) = ∫ U φ(Eu)dx for all u ∈ W^{1,p}(Ω, IR^n) and all U ⊂ Ω with |∂U| = 0. Furthermore, if the function f is supposed to be convex in the second variable, then the functional F (·, U) has the following integral representation F (u, U) = ∫ U φ ( Eu(x) ) dx + ∫ U φ^∞ ( dE^su d|E^su| ) d|E^su| (5.6.3)

for all u ∈ BD(Ω).

Proof. Step 1: Let us first prove the existence of the Γ-limit. Following the compactness property of Γ- convergence in spaces which satisfy the second axiom of countability (see Dal Maso [83, Theorem 8.5]) and by a diagonal procedure, we extract a subsequence (not relabeled) such that the Γ-limit Γ(L^p)- lim_{j→+∞} F_{εj} (u, U) = F (u, U)

(5.6.4) exists for all u ∈ L^p(Ω, IR^n) and for all sets U in the countable family R_0 of all finite unions of open rectangles of Ω with rational vertices. Exactly as in [70,

162 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

Proposition 24.17] one can see from the propositions 5.6.1 and 5.6.3 that the set functions F^′(u, ·) and F^{′′}(u, ·) are inner regular for every u ∈ W^{1,p}(Ω, IR^n) and also for every u ∈ BD(Ω). That is, for all U ∈ A(Ω) with |∂U| = 0 F^{′′}(u, U) = sup{F^{′′}(u, V ) : V ⊂⊂ U, V open}, F^′(u, U) = sup{F^′(u, V ) : V ⊂⊂ U, V open}. Since the two set functions coincide in R_0 by (5.6.4) and for every V ⊂⊂ U ⊂ Ω there exists R ∈ R_0 such that V ⊂⊂ R ⊂⊂ U we have the existence of the Γ-limit

F (u, U) = Γ- lim_{j→+∞} F_{εj} (u, U)

for such u and U. So, the Γ-limit exists and it’s also finite in W^{1,p}(Ω, IR^n) and in BD(Ω). Step 2: By using Proposition 5.6.1, one can also repeat here the proof of [83, Proposition 18.3] to obtain by the De Giorgi-Letta measure criterion that F (u, ·) is the restriction on the family of open sets U with |∂U| = 0 of a Borel measure. From the integral representation theorems in W^{1,p}(Ω, IR^n) (see e.g. Buttazzo [73, Theorem 4.3.2]) we have the existence of φ : M^{n×n} → IR such that F (u, U) = ∫ U φ(Du)dx for all u ∈ W^{1,p}(Ω, IR^n) and for all U ∈ A(Ω) with |∂U| = 0. Note that the explicit independance of the function φ in x is due to the translation invariance of the functional F as in [83, Theorem 24.1].

By the invariance of the Γ-limits F^′(·, U) and F^{′′}(·, U) with respect to rigid perturbations one can easily verify that for any A ∈ M^{n×n} φ(A) = φ (A + A^t 2 ) , so that we obtain F (u, U) = ∫ U φ(Eu)dx.

§5.6 THE PROOF OF THE HOMOGENIZATION 163

Step 3: The integral representation of the Γ-limit in BD(Ω) when the function f is convex.

It is well known that also the function φ is convex. Let us verify that the function φ satisfies the estimate φ(A) ≥ α|A| for every A ∈ M^{n×n}_s . In fact, the function φ is defined as φ(A) = lim sup_{ρ→0+} F (Ay, B_ρ(x)) |B_ρ(x)| So, for A ∈ M^{n×n}_s and u(y) = Ay, there exists a sequence u_ε ∈ LD^1_{με} (Ω) such that u_ε → u in L^1(Ω, IR^n) and

lim sup ε→0^+ F_ε(u_ε, B_ρ(x)) ≤ F (u, B_ρ(x)). So, φ(A) ≥ lim sup_{ρ→0+} lim sup_{ε→0+}

F_ε(u_ε, B_ρ(x)) |B_ρ(x)| and hence, by the growth condition of f we get

φ(A) ≥ α lim sup_{ρ→0+} lim sup_{ε→0+} |Eu_ε|(B_ρ(x)) |B_ρ(x)| ≥ α lim sup ρ→0^+ |Eu|(B_ρ(x)) |B_ρ(x)| = α|A|. Now, we consider the functional defined in L^1_{loc}(Ω, IR^n) by

G(u) := ∫ Ω φ(Eu)dx if u ∈ C^1(Ω, IR^n) +∞ otherwise,

(5.6.5)

and we introduce

G(u, U) := inf { lim inf h→+∞ G(u_h, U): {u_h} ⊂ C^1(Ω, IR^n) u_h → u in L^1_{loc}(Ω, IR^n) }

the relaxed functional of G. Using the estimate (5.6.5) and following the lower semicontinuity and relaxation theorems for functionals of measures (see for instance

164 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM Goffman-Serrin [134], Buttazzo [73]), we obtain G(u, U) = ∫ U φ ( Eu(x) ) dx + ∫ U φ^∞ ( dE^su d|E^su| ) d|E^su| for every u ∈ BD(Ω) (see for example Temam [191, section 5]). Therefore, by the lower semicontinuity of the Γ-limit and the fact that F (·, U) ≤ G(·, U) in W^{1,1}(Ω, IR^n), we obtain the inequality F (u, U) ≤ ∫ U φ ( Eu(x) ) dx + ∫ U φ^∞ ( dE^su d|E^su| ) d|E^su| for any u ∈ BD(Ω). The reverse inequality is obtained by convolution. In fact, if u_k := u ⋆ ρ_k is a regularization of u ∈ BD(Ω) and U_k := {x ∈ U: d(x, ∂U) > 1 k }, then by the convexity of F (·, U), the Jensen inequality and the translation invariance of F , we get ∫ U_k φ(Eu_k)dx = F (u_k, U_k) = F (∫ B_{1k} (0) ρ_k(y)u(x − y)dy, U_k )

≤ ∫ B_{1k} (0) ρ_k(y)F (u^y, U_k)dy = ∫ B_{1k} (0) ρ_k(y)F (u, τ_{−y}U_k)dy ≤ F (u, U). On the other hand, we also have lim k→+∞ F (u_k, U_k) = G(u, U). So, we get the inequality G(u, U) ≤ F (u, U) and this achieves the proof of Proposition 5.6.4. ⊓⊔

§5.6 THE PROOF OF THE HOMOGENIZATION 165

Proposition 5.6.5 (Homogenization formula) For all A ∈ M^{n×n}_s there exists the limit in (5.5.7) and φ(A) = f_{hom}(A).

The proof of this proposition will follow the lines of [32, Proposition 4.4] and also [70, Proposition 24.18].

Proof. In order to simplify the proof we may assume without loss of generality that μ ( [0, 1)^n \ (0, 1)^n ) = 0. Let us define for all A ∈ M^{n×n}_s and k ∈ IN,

g_k(A) := inf { 1 k^n ∫ [0,k)^n f ( x, dEu dμ ) dμ: u ∈ LD^p_{μ,loc}(IR^n) and u − Ax is k − periodic } . Now fix A ∈ M^{n×n}_s and let u ∈ LD^p_{μ,loc}(IR^n) with u − Ax k-periodic and having mean value 0 in (0, k)^n. Then the sequence u_j(x) := ε_ju(x/ε_j) converges to Ax in L^p_{loc}(IR^n, IR^n), so that we have

φ(A) = F (Ax, (0, 1)^n) ≤ lim inf_{j→+∞} F_{εj} (u_j, (0, 1)^n) = 1 k^n ∫ (0,k)^n f ( x, dEu dμ ) dμ where the last equality follows from the k-periodicity of the function x → f ( x,^{dEu}_{dμ} ) . Hence, φ(A) ≤ lim inf k→+∞ g_k(A). Let us now consider the sequence {w_j} which converges to Ax in L^p_{loc}(IR^n, IR^n) with φ(A) = lim_{j→+∞} F_{εj} (w_j, (0, 1)^n). Let σ > 0 and ε_σ be given by Proposition 5.6.1. Let T_j = 1/ε_j; u_j(x) := T_jw_j(x/T_j) and K_j = [T_j] + 1 where [T_j] denotes the integer part of T_j. For j large enough and N > 4 we can apply the proposition 5.6.1 with ε = 1; u = u_j; v = z_A; U = (0, T_j)^n; V = (0, K_j)^n \(2T_j/N, T_j −2T_j/N)^n and U^′ = (T_j/N, T_j − T_j/N)^n. Then we get

F_1 ( ϕu + (1 − ϕ)v, (0, K_j)^n) ) = F_1 ( ϕu + (1 − ϕ)v, U^′ ∪ V ) ≤ (1 + σ) ( F_1(u, U) + F_1(v, V ) ) + MN^pT^{−p}_j ∫ (U∩V )\U^′ |u − v|^pdx +σμ ( (u ∩ V ) \ U^′ ) .

166 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM Now if we extend the function ϕu + (1 − ϕ)v − Ax by K_j-periodicity we get K^n_j g_{Kj} (A) ≤ F_1 ( ϕu + (1 − ϕ)v, (0, K_j)^n) ) (1 + σ) ( F_1(u_j, (0, T_j)^n) + F_1(z_A, V ) ) +MN^pT^{−p}_j ∫ (0,T_j )^n\(T_j /N,T_j −T_j /N)^n |u_j − z_A|^pdx +σμ ( (u ∩ V ) \ U^′ )

≤ (1 + σ) ( T^n_j F_{εj} (w_j, (0, 1)^n) + C K^n_j N ( 1 + |A|^p ))

+MN^pT^n_j ∫ (0,1)^n |w_j − z_{A,j}(x)|^pdx + σK^n_j where z_{A,j}(x) = T_jz_A(T_jx). Since z_{A,j} converges to Ax in L^p_{loc}(IR^n, IR^n) we obtain lim j→+∞ ∫ (0,1)^n |w_j(x) − z_{A,j}(x)|^pdx = 0 so that by dividing the estimate above by K^n_j , and letting j → ∞, σ → 0 and N → ∞ we get lim sup j→∞ g_{Kj} (A) ≤ lim_{j→∞} F_{εj} (w_j, (0, 1)^n) = φ(A).

Therefore, we have φ(A) = lim inf_{k→∞} g_k(A) = lim_{j→∞} g_{Kj} (A).

So by repeating the reasoning above for a sequence ε_j such that lim_{j→∞} g_{Kj} (A) = lim sup_{k→∞} g_k(A) we get φ(A) = lim_{k→∞} g_k(A) and this achieves the proof of the proposition. ⊓⊔

We conclude the proof of Theorem 5.5.1 by proving in the next proposition the coerciveness of the Γ-limit in W^{1,p}(Ω, IR^n) for p > 1 and also in BD(Ω) for p = 1.

§5.6 THE PROOF OF THE HOMOGENIZATION 167 Proposition 5.6.6 We have the following facts:

(i) F (u, Ω) = +∞ if u ∈ L^p(Ω, IR^n) \ W^{1,p}(Ω, IR^n) whenever p > 1. (ii) F (u, Ω) = +∞ if u ∈ L^1(Ω, IR^n) \ BD(Ω) whenever p = 1. Proof. By the growth assumption (5.5.3) on f and a comparison argument, it is enough to prove the proposition for f(A) = |A|^p. So, the function φ is convex and also p-homogeneous. Let us first verify that for all U ⊂⊂ Ω lim sup j→+∞ ∫ U φ(Eu_j)dx ≤ F^′(u, Ω) (5.6.6) where u_j := u ⋆ ρ_j is a regularization of u. In fact, noting that F (·, R) is convex for any R ∈ R_0, by Jensen’s inequality we have F (u_j, R) ≤ ∫ B_{1j} (0) ρ_j(y)F (τ_yu, R)dy where (τ_yu)(x) := u(x−y). Now, using the definition of Γ-liminf one can prove that, for R, R^′ ∈ R_0 such that U ⊂⊂ R ⊂⊂ R^′ ⊂⊂ Ω we have F (τ_yu, R ≤ F^′(u, τ_{−y}R^′) for any y ∈ B 1_j (0), recalling that τ_{−y}R^′ = {x ∈ Ω: x−y ∈ R^′}. Then the inequality (5.6.6) follows.

(i) We suppose p > 1. It is sufficient to prove that φ(A) ≥ C|A|^p ∀A ∈ M^{n×n}. In fact, this would imply for any u ∈ L^p(Ω, IR^n) \ W^{1,p}(Ω, IR^n) that F^′(u, Ω) ≥ lim inf_{j→+∞} ∫ U φ(Eu_j)dx = lim inf j→+∞ ∫ U φ(Du_j)dx ≥ C lim inf j→+∞ ∫ U |Du_j|^pdx

168 CHAPTER V HOMOGENIZATION OF PERIODIC MULTIDIM

and by the arbitrariness of U, we get F^′(u, Ω) = +∞. If φ(A) ≠ 0 for A ≠ 0, then by the p-homogeneity of φ we get φ(A) = φ ( A |A| |A| ) ≥ C|A|^p where C = inf_{|B|=1} φ(B) > 0. So we need only to prove that φ(A) ≠ 0 for A ≠ 0. To this aim, let A ≠ 0 be a symmetric matrix such that u_ε → Ax in L^p(Ω, IR^n) and F_ε ( u_ε, (0, 1)^n ) → φ(A). If φ(A) = 0, then by the Poincaré type inequality for BD functions in Chapter I, we obtain for a rigid motion R_{uε} (∫ (0,1)^n |u_ε − R_{uε} |^{nn−1} ) n−1_n ≤ C|Eu_ε|(0, 1)^n ≤ C ( μ_ε((0, 1)^n) ) p−1_p (∫ (0,1)^n | | | dEu_ε dμ_ε | | | p dμ_ε ) 1_p

= C ( μ_ε((0, 1)^n) ) p−1_p ( F_ε ( u_ε, (0, 1)^n )) 1_p

where the second inequality follows by the Hölder’s inequality. Then we obtain that R_{uε} → Ax in L^1((0, 1)^n, IR^n) and this contradicts the fact that A is symmetric. (ii) if p = 1, then for u ∈ L^1(Ω, IR^n) \ BD(Ω), we have |Eu|(Ω) = +∞. Let Ω^′ ⊂⊂ Ω, then we get from (5.6.5) and (5.6.6) that F^′(u, Ω) ≥ |Eu|(Ω^′), by the arbitrariness of Ω^′ we obtain F (u, Ω) = +∞ and this achieves the proof of the proposition. ⊓⊔

Bibliography

[1] E. Acerbi & N. Fusco: Semicontinuity Problems in the Calculus of Variations. Arch. Rational Mech. Anal., 86 (1984), 125–145.

[2] E. Acerbi & N. Fusco: A regularity theorem for minimizers of quasiconvex integrals. Arch. Rational Mech. Anal., 99 (1987), 261–281.

[3] R. Adams: Sobolev Spaces, Academic Press, 1975.

[4] G. Allaire: Homogénéisation et convergence à deux échelles. Application à un problème de convection diffusion. C. R. Acad. Sci. Paris Sér. I Math. 321 (1991), 581–586.

[5] G. Allaire: Homogenization and two-scale converge. SIAM J. Math. Anal.

23 (1992), 1482–1518.

[6] G. Alberti: Rank-one properties for derivatives of functions with bounded variation. Proc. Roy. Soc. Edinburgh Sect. A, 123 (1993), 239–274.

[7] G. Alberti: A Lusin type property of gradients J. Funct. Anal., 100 (1991), 110–118.

[8] G. Alberti & C. Mantegazza: A note on the theory of SBV functions.

Boll. Un. Mat. Ital., VII Ser. B 11 N. 2 (1997), 375–382.

170 BIBLIOGRAPHY

[9] L. Ambrosio: Variational problems in SBV and image segmentation. Acta Appl. Math., 17 (1989), 1–40.

[10] L. Ambrosio: A compactness theorem for a special class of function of bounded variation. Boll. Un. Mat. Ital. VII Ser. B 3 N. 4 (1989), 857–881.

[11] L. Ambrosio: Existence theory for a new class of variational problems.

Arch. Rational Mech. Anal., 111 (1990), 291–322.

[12] L. Ambrosio: On the lower semicontinuity of quasi-convex integrals in SBV (Ω, IR^k). Nonlinear Analysis, Theory, Methods & Applications, 23 (1994), 405–425.

[13] L. Ambrosio: A new proof of the SBV compactness theorem. Calc. Var., 3 (1995), 127–137.

[14] L. Ambrosio: Free discontinuity problems and special functions with bounded variation. Proceedings ECM2 Budapest 1996, Progress in Mathematics 168, Birkhäuser, 1998, 15–35.

[15] L. Ambrosio: Corso introduttivo alla teoria geometrica della Misura ed alle Superficie Minime. Scuola Normale Superiore Lectures Notes, Pisa 1997.

[16] L. Ambrosio & A. Braides: Functionals defined on partitions in sets of finite perimeter I: integral representation and Γ-convergence. J. Math. Pures Appl., 69 (1990), 285–306.

[17] L. Ambrosio & A. Braides: Functionals defined on partitions in sets of finite perimeter II: semicontinuity, relaxation, homogenization. J. Math. Pures Appl., 69 (1990), 307–333.

[18] L. Ambrosio & A. Braides: Energies in SBV and variational models in fracture mechanics. Homogenization and Applications to Material Sciences,

BIBLIOGRAPHY 171

(D. Cioranescu, A. Damlamian, P. Donato eds.), Gakouto, Gakkōtosho, Tokyo, Japan, 1997, 1–22.

[19] L. Ambrosio, A. Braides & A. Garroni: Special functions with bounded variation and with weakly differentiable traces on the jump set. Nonlinear Differential Equations Appl., 5 (1998), 219–243.

[20] L. Ambrosio, G. Buttazzo & I. Fonseca: Lower semicontinuity problems in Sobolev spaces with respect to a measure. J. Math. Pures Appl., 75 (1996), 211–224.

[21] L. Ambrosio, A. Coscia & G. Dal Maso: Fine properties of functions with bounded deformation. Arch. Rat. Mech. Anal., 139 (1997), 201–238.

[22] L. Ambrosio & G. Dal Maso: A general chain rule for distributional derivatives. Proc. Amer. Math. Soc., 108 (1990), 691–702.

[23] L. Ambrosio & G. Dal Maso: On the representation in BV (Ω; R^m) of quasi-convex integrals. J. Funct. Anal., 109 (1992), 76–97.

[24] L. Ambrosio, N. Fusco & D. Pallara: [Partial regularity of free discontinuity sets II. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 24 (1997), 39–62.

[25] L. Ambrosio, N. Fusco & D. Pallara: Higher regularity of solutions of free discontinuity problems. To appear in Differential Integral Equations.

[26] L. Ambrosio, N. Fusco & D. Pallara: Functions of Bounded Variation and Free Discontinuity Problems Book in preparation.

[27] L. Ambrosio, S. Mortola & V.M. Tortorelli: Functionals with linear growth defined on vector valued BV functions. J. Math. Pures et Appl. 70 (1991) 269–323.

172 BIBLIOGRAPHY

[28] L. Ambrosio & D. Pallara: Integral representation of relaxed functionals on BV (Ω; R^k) and polyhedral approximation. Indiana Univ. Math. J., 42 (1993), 295–321.

[29] L. Ambrosio & D. Pallara: Partial regularity of free discontinuity sets I.

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 24 (1997), 1–38.

[30] L. Ambrosio & V.M. Tortorelli: Approximation of functionals depending on jumps by elliptic functionals via Γ-convergence. Comm. Pure Appl. Math., 43 (1990), 999–1036.

[31] L. Ambrosio & V.M. Tortorelli: On the approximation of free discontinuity problems. Boll. Un. Mat. Ital. VII Ser. B 6 (1992), 105–123.

[32] N. Ansini, A. Braides & V. Chiado Piat: Homogenization of periodic multi-dimensional structures. forthcoming.

[33] N. Ansini, A. Braides & F. Ebobisse: Homogenization of periodic multidimensional structures II. forthcoming.

[34] G. Anzellotti: On the existence of the rates of stress and displacement for Prandt-Reuss plasticity. Quaterly of Appl. Math. 41 (1983), 181–208.

[35] G. Anzellotti: A class of non-coercive functionals and mansory-like materials. Ann. Inst. Henri Poincaré, 2 (1985), 261–307.

[36] G. Anzellotti & M. Giaquinta: Funzioni BV e tracce. Rend. Sem. Mat.

Univ. Padova, 60 (1978), 1–21.

[37] G. Anzellotti & M. Giaquinta: Existence of the Displacement Field for an Elasto-plastic Body Subject to the Henky’s Law and Von Mises Yield Condition. Manuscripta Math. 32 (1980), 101–136.

BIBLIOGRAPHY 173

[38] G. Anzellotti & M. Giaquinta: On the existence of the fields of stress and displacement for an elasto-plastic body in static equilibrium. Journal Math. Pures et Appl. 61 (1982), 219–244.

[39] H. Attouch: Variational convergence for functions and operators. Pitman, London, 1984.

[40] P. Aviles & Y. Giga: Variational integrals on mappings of bounded variation and their lower semicontinuity. Arch. Rational Mech. Anal., 115 (1991), 201-255.

[41] P. Aviles & Y. Giga: Singularities and rank one properties of the Hessian measures. Duke Math. J. 58 (1989), 441–467.

[42] J.M. Ball: Convexity conditions and existence theorems in nonlinear elasticity. Arch. Rational Mech. Anal., 63 (1977), 337–403.

[43] J.M. Ball & F. Murat: W^{1,p} quasi convexity and variational problems for multiple integrals. J. Funct. Anal., 58 (1984), 225–253.

[44] A.C. Barroso, G. Bouchitté, G. Buttazzo & I.Fonseca: Relaxation of bulk and interfacial energies. Arch. Rational Mech. Anal., 135 (1996), 107–173.

[45] G. Bellettini & A. Coscia: Una caratterizzazione dello spazio BD(Ω) per sezioni unidimensionali. Seminario di Analisi Matematica, Dipart. Mat. dell’Univ. Bologna, 1993.

[46] G. Bellettini, A. Coscia, & G. Dal Maso: Special Functions of Bounded Deformation. Preprint SISSA, Trieste (1996).

[47] G. Bellettini, A. Coscia & G. Dal Maso: Compactness and lower semicontinuity in SBD(Ω). Math. Z. 228 (1998), 337–351.

174 BIBLIOGRAPHY

[48] A. Bensoussan, J.L. Lions & G. Papanicolaou: Asymptotic Analysis for Periodic Structures. North-Holland, Amsterdam, 1978.

[49] A. Bonnet: Caractérisation des minima globaux de la fonctionelle de Mumford–Shah en segmentation d’images. C. R. Acad. Sci. Paris Sér. I Math., 321 (1995), 1121–1126.

[50] A. Bonnet: Sur la régularité des bords des minima de la fonctionelle de Mumford–Shah. C. R. Acad. Sci. Paris Sér. I Math., 321 (1995), 1275–1279.

[51] A. Bonnet: On the regularity of edges in image segmentation. Ann. Inst.

H. Poincaré Anal. Non Linéaire, 13 (1996), 485–528.

[52] G. Bouchitté: Homogénéisation sur BV (Ω) de fonctionnelles intégrales à croissance linéaire. Application à un problème d’analyse en plasticité. C. R. Acad. Sci. Paris Sér. I Math. 301 (1985), 785–788.

[53] G. Bouchitté, A. Braides & G. Buttazzo: Relaxation of Free Discontinuity Problems. J. Reine Angew. Math., 458 (1995), 1–18.

[54] G. Bouchitté & G. Buttazzo: New lower semicontinuity results for nonconvex functionals defined on measures. Nonlinear Anal., 15 (1990), 679–692.

[55] G. Bouchitté & G. Buttazzo: Integral representation of non-convex functionals defined on measures. Ann. Inst. H. Poincaré Anal. Non Lin. 9 (1992), 101–117.

[56] G. Bouchitté & G. Buttazzo: Relaxation for a class of non-convex functionals defined on measures. Ann. Inst. H. Poincaré Anal. Non Lin. 10 (1993), 345–361.

BIBLIOGRAPHY 175

[57] G. Bouchitté, G. Buttazzo & P. Seppecher: Energies with respect to a measure and application to low dimensional structures. Calc. Var. 5 (1997), 37–54.

[58] G. Bouchitté, I. Fonseca & L. Mascarenhas: A global method for relaxation Research Report No. 97-NA-007, Preprint Carnegie mellon 1997.

[59] A. Braides: Approximation of free-discontinuity problems. Lecture Notes in Mathematics 1694, Springer, 1998.

[60] A. Braides: Omogeneizzazione di integrali non coercivi. Ricerche Mat. 32 (1983), 347–368.

[61] A. Braides: Homogenization of some almost periodic functional. Rend. Accad. Naz. Sci. XL 103 (1985), 313–322.

[62] A. Braides: Almost periodic methods in the theory of homogenization. Applicable Anal. 47 (1992), 259–277.

[63] A. Braides & M. Amar: Γ-convergence of nonconvex functionals defined on measures. Nonlinear Anal., 34 (1998), 953–978.

[64] A. Braides & V. Chiadò Piat: Integral representation results for functionals defined on SBV (Ω, R^m). J. Math. Pures Appl., 75 (1996), 595–626.

[65] A. Braides & V. Chiadò Piat: Homogenization of multi-dimensional structures. Preprint SISSA (Trieste) 1997.

[66] A. Braides & A. Coscia: A singular perturbation approach to variational problems in fracture mechanics. Math. Mod. Meth. Appl. Sci., 3 (1993), 302– 340.

176 BIBLIOGRAPHY

[67] A. Braides & A. Coscia: The interaction between bulk energy and surface energy in multiple integrals. Proc. Roy. Soc. Edinburgh Sect. A, 124 (1994), 737–756.

[68] A. Braides & G. Dal Maso: Nonlocal approximation of the Mumford– Shah functional. Calc. Var., 5 (1997), 293–322.

[69] A. Braides & V. De Cicco: New lower semicontinuous and relaxation results for functionals defined on BV (Ω). Adv. Math. Sci. Appl., 6 (1996), 1–30.

[70] A. Braides & A. Defranceschi: Homogenization of Multiple Integrals.

Book in preparation.

[71] A. Braides, A. Defranceschi & E. Vitali: Homogenization of free discontinuity problems. Arch. Rational Mech. Anal., 135 (1996), 297–356.

[72] A. Braides, A. Defranceschi & E. Vitali: A relaxation approach to Hencky’s plasticity. Appl. Math. Optim. 35 N. 1 (1997), 45–68.

[73] G. Buttazzo: Semicontinuity, Relaxation and Integral Representation in the Calculus of Variations. Pitman Res. Notes Math. Ser., 207, Longman, 1989.

[74] G. Buttazzo & G. Dal Maso: Integral representation and relaxation of local functionals. Nonlin. Anal. 9 (1985), 515–532.

[75] G. Buttazzo & G. Dal Maso: Γ-limits of integral functionals. J. Analyse Math. 37 (1980), 145–185.

[76] A.P. Calderón & A. Zygmund: On the differentiability of functions which are of bounded variation in Tonelli’s sense. Rev. Un. Mat. Argentina, 20 (1960), 102–121.

BIBLIOGRAPHY 177

[77] C. Castaing & M. Valadier: Convex Analysis and Measurable Multifunctions. Lecture Notes in Math. 580, Springer, 1977.

[78] L. Cesari: Sulle funzioni a variazione limitata, Ann. Scuola Norm. Sup.

Pisa Cl. Sci. (2), 5 (1936), 299–313.

[79] A. Chambolle: Image segmentation by variational methods: Mumford and Shah functional and the discrete approximations. SIAM J. Appl. Math., 55 (1995), 827–863.

[80] A. Chambolle: Finite-differences discretizations of the Mumford–Shah functional. RAIRO Modél. Math. Anal. Numér., forthcoming.

[81] B. Dacorogna: Direct Methods in the Calculus of Variations, Springer, 1989.

[82] G. Dal Maso: Integral representation on BV (Ω) of Γ-limits of variational integrals. Manuscripta Math. 30 (1980), 387–416.

[83] G. Dal Maso: An Introduction to Γ-Convergence, Birkhäuser, 1993.

[84] G. Dal Maso & G.F. Dell’antonio (eds): Composite Media and Homogenization Theory, Birkhäuser, 1991.

[85] G. Dal Maso & G.F. Dell’antonio (eds): Composite Media and Homogenization Theory. Proceeding of the second Workshop, Wolrd Scientic, Singapore 1995.

[86] G. Dal Maso, J.M. Morel & S. Solimini: A variational method in image segmentation: existence and approximation results. Acta Math., 168 (1992), 89–151.

[87] G. David: C^1 arcs for the minimizers of the Mumford–Shah functional.

SIAM J. Appl. Math., 56 (1996), 783–888.

178 BIBLIOGRAPHY

[88] G. David: Crack tips are global minimizers of the Mumford–Shah functional.

Forthcoming.

[89] G. David & S. Semmes: Analysis of and on uniformly rectifiable sets.

Mathematical Surveys and Monographs 38, American Mathematical Society, 1993.

[90] G. David & S. Semmes: On the singular set of minimizers of the Mumford– Shah functional. J. Math. Pures et Appl., 75 (1996), 299-342.

[91] G. David & S. Semmes: Uniform rectifiability and singular sets. Ann. Inst.

H. Poincaré Anal. Non Linéaire, 13 (1996), 383–443.

[92] E. De Giorgi: Su una teoria generale della misura (r − 1)-dimensionale in uno spazio a r dimensioni. Ann. Mat. Pura Appl., (4) 36 (1954), 191–213.

[93] E. De Giorgi: Nuovi teoremi relativi alle misure (r − 1)-dimensionali in uno spazio a r dimensioni. Ricerche Mat., 4 (1955), 95–113.

[94] E. De Giorgi: Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli regolari. Mem Accad. Sci. Torino Cl. Sci. Fis. Mat. Nat., 3 (1957), 25–43.

[95] E. De Giorgi: Sulla proprietà isoperimetrica dell’ipersfera, nella classe degli insiemi aventi frontiera orientata di misura finita. Atti Accad. Naz. Lincei Mem. Cl. Sci. Fis. Mat. Nat. Sez. I,(8) 5 (1958), 33–44.

[96] E. De Giorgi: Frontiere orientate di misura minima. Seminario di Matematica Scuola Norm. Sup. Pisa., Editrice Tecnico Scientifica, 1961, Pisa.

[97] E. De Giorgi: Problemi con discontinuità libera. Int. Symp. “Renato Caccioppoli” (Napoli, 1989), Ricerche Mat., suppl. 40 (1991), 203–214.

BIBLIOGRAPHY 179

[98] E. De Giorgi: Free Discontinuity Problems in Calculus of Variations. Frontiers in pure and applied Mathematics, a collection of papers dedicated to J.L. Lions on the occasion of his 60^{th} birthday, R. Dautray ed., North Holland, 1991, 55-62.

[99] E. De Giorgi & L. Ambrosio: Un nuovo tipo di funzionale del calcolo delle variazioni. Atti Accad. Naz. Lincei Rend. Cl. Sci. Mat. Natur., 82 (1988), 199–210.

[100] E. De Giorgi, M. Carriero & A. Leaci: Existence theorem for a minimum problem with free discontinuity set. Arch. Rational Mech. Anal., 108 (1989), 195–218.

[101] E. De Giorgi, F. Colombini & L.C. Piccinini: Frontiere orientate di misura minima e questioni collegate, Quad. Scuola Norm. Sup. Pisa, Numero 1, Editrice Tecnico Scientifica Pisa, 1972.

[102] E. De Giorgi & T. Franzoni: Su un tipo di convergence variationale. Atti Accad. Naz. Lincei Rend. Cl. Sci. Mat. 58 (1975), 842-850.

[103] E. De Giorgi & G. Letta: Une notion générale de convergence faible pour des fonctions croissantes d’ensemble. Ann. Scuola Norm. Sup. Pisa Cl. Sci., 4 (1977), 61–99.

[104] E. De Giorgi & S. Spagnolo: Sulla convergence degli integrali dell’energia per operatori ellittici del 2 ordine. Boll. Un. Mat. Ital. (4) 8 (1973), 391–411.

[105] C. Dellacherie & P.A. Meyers Probabilités et Potentiel. Hermann, Paris, 1975.

[106] G. Del Piero: A new function space for the mathematical theory of plasticity. Proceedings of “Plasticity ’89”, A.S. Kahn & M. Tokuda eds., Pergamon Press, 1989.

180 BIBLIOGRAPHY [107] G. Del Piero: Costitutive equation and compatibility of the external loads for linear elastic mansory-like materials. Meccanica, 24 (1989), 150–162.

[108] G. Del Piero & Ru Chong-Qing: Existence conditions for non-safe loads in mansory-like bodies. Applicable Anal. 50, N. 1-2 (1993), 17–46.

[109] F. Dibos: Uniform rectifiability of image segmentations obtained by a variational method. J. Math. Pures Appl. (9), 73 (1994), 389–412.

[110] F. Dibos & G. Koepfler: Propriété de régularité des contours d’une image segmentée. C. R. Acad. Sci. Paris Sér. I Math., 313 (1991), 573–578.

[111] F. Dibos & E. Séré: An approximation result for the minimizers of the Mumford-Shah functional. Boll. Un. Mat. Ital. A(7) 11 (1997), 149–162.

[112] S. Di Pasquale: Statica dei solidi murari, teoria ed esperienze. Int. Report, Dipartimento di Costruzioni, University of Florence, 1984.

[113] G. Duvaut & J.L. Lions: Inequalities in Mechanics and Physics. Springer- Verlag, 1976.

[114] F. Ebobisse: Lusin Type Approximation for BD Functions. to appear in Proc. Roy. Soc. Edinburgh Sect. A.

[115] F. Ebobisse: On Lower Semicontinuity of Integral Functionals in LD(Ω).

submitted at Ricerche in Matematica.

[116] I. Ekeland & R. Temam: Convex Analysis and Variational Problems.

North-Holland, Amsterdam, 1976.

[117] L.C. Evans: Quasi-convexity and Partial Regularity in the Calculus of Variations. Arch. Rat. Mech. Anal., 95 (1986), 227–252.

BIBLIOGRAPHY 181

[118] L.C. Evans & R. Gariepy: Measure Theory and fine properties of functions, CRC Press, Boca Raton, 1992.

[119] H. Federer: Geometric Measure Theory, Springer, Berlin (1969).

[120] I. Fonseca & G.A. Francfort: Relaxation in BV versus quasiconvexification in W^{1,p}; a model for the interaction between fracture and damage. Calc. Var. 3, (1995), 407–446.

[121] I. Fonseca & N. Fusco: Regularity results for anisotropic image segmentation problems. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 24 (1997), 463–499.

[122] I. Fonseca & S. Müller: Quasiconvex integrands and lower semicontinuity in L^1. SIAM J. Math. Anal., 23 (1992), 1081–1098.

[123] I. Fonseca & S. Müller: Relaxation of quasiconvex functionals in BV (Ω, IR^p) for integrands f(x, u, ∇u). Arch. Rational Mech. Anal., 123 (1993), 1–49.

[124] I. Fonseca & P. Rybka: Relaxation of multiple integrals in the space BV (Ω, IR^p). Proc. Roy. Soc. Edinburgh Sect. A, 121 (1992), 321–348.

[125] G.A. Francfort & J.J. Marigo: revisiting brittle fracture as an energy minimization problem. J. Mech. Phys. Solids, 46 No. 8 (1998), 1319–1342.

[126] G.A. Francfort & S. Müller: Combined effect of homogenization and singular perturbations in elasticity. J. reine angew. Math. 454, (1994), 1–35.

[127] G.A. Francfort & F. Murat: Homogenization and optimal bounds in linear elasticity. Arch. Rational Mech. Anal. 94, (1986), 307–334.

[128] E. Gagliardo: Caratterizzazione delle tracce sulla frontiera relative ad alcune classi di funzioni in più variabili. Rend. Sem. Mat. Univ. Padova 27 (1957), 284–305.

182 BIBLIOGRAPHY [129] M. Giaquinta & E. Giusti: Researches on the equilibrium of mansory Structures. Arch. Rat. Mech. Analysis, 88 (1985), 359–392.

[130] M. Giaquinta, G. Modica & J. Soucek: Functionals with linear growth in the calculus of variations. Comment. Math. Univ. Carolinae, 20 (1974), 143–172.

[131] E. Giusti: Boundary value problems for non-parametric surfaces of prescribed mean curvature. Ann. sc. norm. sup. Pisa, serie (4) 3, (1976) 501–548.

[132] E. Giusti: Minimal Surfaces and Functions of Bounded Variation, Birkhäuser, 1994.

[133] M. Gobbino: Finite difference approximation of the Mumford–Shah functional. Comm. Pure Appl. Math., 51 (1998), 197–228.

[134] C. Goffman & J. Serrin: Sublinear functions of measures and variational integrals. Duke Math. J. 31 (1964), 159–178.

[135] A.A. Griffith: The phenomenon of rupture and flow in solids. Philos.

Trans. Roy. Soc. London ser. A, 221 (1920), 163–198.

[136] P. Hajłasz: On Approximate Differentiability of Functions with Bounded Deformations. Manuscripta Math., 91, (1996), 61–72.

[137] R. Hart & D. Kinderlehrer: Elastic plastic deformation. Appl. Math.

Optimization 10 (1983), 203–246.

[138] R. Hill: The Mathematical Theory of Plasticity. Oxford, 1950. [139] F. John: Rotation and strain. Comm. Pure Appl. Math. 14 (1961), 273–294. [140] F. John: Bounds for deformations in terms of the average strains. In Inequalities III, O. Shisha ed., Academic Press, 1972.

BIBLIOGRAPHY 183 [141] R.V. Kohn: New Estimates for Deformations in Terms of Their Strains, Ph.D. Thesis, Princeton Univ., 1979.

[142] R.V. Kohn & R. Temam: Dual spaces of stresses and strains with applications to Hencky plasticity, Appl. Math. Optim., 10 (1983), 1–35.

[143] R.V. Kohn (ed.): Topics in the Mathematical Modeling of Composite Materials, Birkhäuser, Boston 1997.

[144] V.A. Kondratiev & O.A. Oleinik: On Korn’s inequalities. C.R. Acad.

Sci. Paris, Sér. 1, 308 (1988), 483–487.

[145] V.A. Kondratiev & O.A. Oleinik: On the dependance of the constants in the Korn’s inequality on the parameters characterizing the geometry of the domain. Russ. Math. Survey 44:6 (1989), 187–195.

[146] H. Liebowitz: Fracture: an Advance Treatise. Academic Press, 1960. [147] F.C. Liu: A Lusin type property of Sobolev functions, Indiana Univ. Math.

J., 26 (1977), pp.645-651.

[148] P. Marcellini: Periodic solutions and homogenization of non-linear variationals problems. Ann. Mat. Pura Appl. 117 (1978), 481–498.

[149] P. Marcellini: Approximation of quasiconvex functions and lower semicontinuity of multiple integrals. Maniscripta Math. 51 (1985), 1–28.

[150] H. Matthies, G. Strang & E. Christiansen: The saddle Point of a Differential Program, Energy Methods in Finite Elements Analysis, Wiley, New York 1979.

[151] V.G. Maz’ja: Sobolev Spaces. Springer, 1985.

184 BIBLIOGRAPHY

[152] J.H. Michael & W.P. Ziemer: A Lusin type approximation of Sobolev functions by smooth functions, Contemporary Mathematics, AMS 42 (1985), pp. 135-167.

[153] M. Miranda: Distribuzioni aventi derivate misure. Insiemi di perimetro localmente finito. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 18 (1964), 27–56.

[154] M. Miranda: Superfici cartesiane generalizzate ed insiemi di perimetro finito sui prodotti cartesiani. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3), 18 (1964), 515–542.

[155] M. Miranda: Sul minimo dell’integrale del gradiente di una funzione. Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (3), 19 (1965), 627–665.

[156] M. Miranda: Comportamento delle successioni convergenti di frontiere minimali. Rend. Sem. Mat. Univ. Padova 38 (1967), 238–257.

[157] J.J Moreau: Champs et distributions de tenseurs déformation sur un ouvert de connexité quelconque. Sèminaire d’analyse convexe, Univeristé de Montpellier, Vol. 6, Exposé N. 5, 1976.

[158] J.M. Morel & S. Solimini: Variational Models in Image Segmentation.

Birkhüser, Boston, 1995.

[159] F. Morgan: Geometric Measure Theory – A beginner’s guide, Academic Press, 1988.

[160] C.B. Morrey: Multiple Integrals in the Calculus of Variations, Springer, 1966.

[161] C.B. Morrey: Multiple Integrals in the Calculus of Variations, Springer, 1966.

BIBLIOGRAPHY 185

[162] A.P. Morse: Perfect blankets. Trans. Amer. Math. Soc., 61 (1947), 418– 442.

[163] D. Mumford & J. Shah: Boundary detection by minimizing functionals.

IEEE Conference on Computer Vision and Pattern Recognition, San Francisco 1985.

[164] D. Mumford & J. Shah: Optimal approximation by piecewise smooth functions and associated variational problems. Comm. Pure Appl. Math., 17 (1989), 577–685.

[165] F. Murat: Compacité par compensation. Ann. Scuola Norm. Sup. Pisa Cl.

Sci. 5 (1978), 489–507.

[166] F. Murat & L. Tartar: Calcul des variations et homogénéisation. Les méthodes de l’homogénéisation: Théorie e applications en physique, Eyrolles, (1985), 319–369.

[167] G. Nguetseng: A general convergence result for a functional related to the theory of homogenization. SIAM J. Math. Anal. 20 (3), (1989), 608–623.

[168] G. Nguetseng: Asymtotic analysis for a stiff variational problem arising in mechanics. SIAM J. Math. Anal. 21 (6), (1990), 1394–1414.

[169] O.A. Oleinik & V.V. Zhikov: On the homogenization of elliptic operators with almost-periodic cefficients. Rend. Sem. Mat. Fis. Milano 52 (1982), 149– 166.

[170] D. Ornstein: A non-inequality in the L^1 norm. Arch. Rational Mech. Anal.

11 (1962), 40–49.

[171] D. Pallara: Some new results on functions of bounded variation, Rend.

Accad. Naz. Sci. XL Mem. Mat., (5) 14 (1990), 295–321.

186 BIBLIOGRAPHY [172] L. Paris: Etude de la régularité d’un champs de vecteurs à partir de son tenseur déformation. Sèminaire d’analyse convexe, Univeristé de Montpellier, 6, Exposé N. 12, 1976.

[173] Y.G. Reshetnyak: Weak convergence of completely additive functions on a set. Siberian Math. J. 9 (1968), 1039–1045.

[174] J.R. Rice: Mathematical analysis in the mechanics of fracture. In Fractures:

an Advance Treatise. Vol. 2 (H. Liebowitz ed.), Academic Press, 1969, 191– 311.

[175] H.L. Royden: Real Analysis. Collier-Macmillan, New York, 1968. [176] W. Rudin: Real and Complex Analysis, Mc Graw–Hill, 1987. [177] W. Rudin: Functional Analysis, Mc Graw–Hill, 1991.

[178] E. Sanchez-Palancia: Non homogeneous media and vibration theory. Lecture notes in physics, n. 127, Springer-Verlag, 1980.

[179] J. Serrin: On the definition and properties of certain variational integrals.

Trans. Amer. Math. Soc. 101 (1961), 139–167.

[180] J. Serrin: A new definition of the integral for non-parametric problems in the calculus of variations. Acta Math. 102 (1959), 23–32.

[181] L. Simon: Lectures on Geometric Measure Theory, Proc. Centre for Math.

Anal., Australian Nat. Univ. 3, 1983.

[182] L. Simon: Theorems on regularity and singularity of energy minimizing maps, Lecture Notes in Mathematics ETH Zürich, Birkhäuser, 1996.

[183] S. Spagnolo: Sulla convergenza di solutioni di equazioni paraboliche ed ellittiche. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3) 22 (1968), 577–597.

BIBLIOGRAPHY 187 [184] E.M. Stein: Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Princeton 1970.

[185] M.J. Strauss Variations of Korn’s and Sobolev’s inequalities. In Berkeley symposium on partial differential equations, AMS symposia, vol. 23, 1971.

[186] P.M. Suquet: Existence et régularité des équations de la plasticité parfaite.

Thèse de 3e cycle, Université de Paris, 1978.

[187] P.M. Suquet: Un espace fonctionel pour les équations de la plasticité. Ann.

Fac. Toulouse, 1 (1979), 77-87.

[188] V. Šverák: Examples of rank-one convex functions. Proc. Roy. Soc. Edinburg, 114A (1990), 237-242.

[189] V. Šverák: Quasi-convex functions with subquadratic growth. Proc. Roy.

Soc. London, A 433 (1991), pp. 723-725.

[190] L. Tartar: H-measures, a new approach for studying homogenization, oscillations and concentration effects in partial differential equations. Proc. Roy. Soc. Edinburgh Sect. A, 115 (1990), 193–230.

[191] R. Temam: Mathematical Problems in Plasticity, Bordas, Paris, 1985. [192] R. Temam & G. Strang: Duality and relaxation in the variational problems of Plasticity. J. Mécanique, (1980), 493–527.

[193] R. Temam & G. Strang: Functions of bounded deformation. Arch. Rational Mech. Anal., 75 (1980), 7–21.

[194] L.Tonelli: Sulle funzioni di due variabili generalmente a variazione limitata, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (2), 5 (1936), 315–320.

188 BIBLIOGRAPHY [195] L.Tonelli: Sur une méthode directe du calcul des variations. Rend. Circ.

Mat. Palermo 39 (1915), 233–264.

[196] E.G. Virga: Drops of nematic liquid crystals. Arch. Rational Mech. Anal., 107 (1989), 371–390.

[197] E.G. Virga: Variational theories for liquid crystals. Chapman & Hall, 1994. [198] A.I.Vol’pert: Spaces BV and quasi-linear equations. Math. USSR Sb., 17 (1967), 225–267.

[199] A.I.Vol’pert & S.I.Hudjaev: Analysis in Classes of Discontinuous Functions and Equations of Mathematical Physics, Martinus Nijhoff Publishers, 1985.

[200] V.V. Zhikov: Lavrentiev phenomenon and homogenization for some variational problems. Composite Media and Homogenization Theory, World Scientific, Singapore (1995), 273–288.

[201] V.V. Zhikov, O.A. Oleinik & S.K. Kozlov: Homogenization of Differential Operators and Integral Functionals. Springer-Verlag, Berlin, 1994.

[202] W.P. Ziemer: Weakly Differentiable Functions, Spinger, Berlin, 1989.