TIME-DEPENDENT SYSTEMS OF GENERALIZED YOUNG
MEASURES

G. DAL MAso, A. DESIMONE, M.G. MORA, M. MORINI

SISSA-International School for Advanced Studies
Via Beirut 2-4
34014, Trieste, Italy

ABSTRACT. In this paper some new tools for the study of evolution problems
in the framework of Young measures are introduced. A suitable notion of
time-dependent system of generalized Young measures is defined, which allows
to extend the classical notions of total variation and absolute continuity with
respect to time, as well as the notion of time derivative. The main results are a
Helly type theorem for sequences of systems of generalized Young measures and
a theorem about the existence of the time derivative for systems with bounded
variation with respect to time.

1. Introduction. The notion of Young measure was introduced by L.C. Young
in [29] to describe generalized solutions to minimum problems in the calculus of
variations. Since then it has been applied to several problems in the calculus of
variations, in control theory, in partial differential equations, and in mathematical
economics. For the general theory of Young measures we refer to [3], [4], [7], [15,
Chapters 2 and 3], [18], [23], [27], [28, Chapter IV], and [30]. Several applications
are devoted to evolution problems (see, e.g., [12], [13], [21], [22], [24], and [25]).

In this paper we introduce some new tools in the theory of Young measures for
the study of rate independent evolution problems. To describe the content of this
paper, let us consider a problem defined on a time interval I, with space variable x
in a compact metric space X, and state variable u in a finite dimensional Hilbert
space =. We assume that X is endowed with a given nonnegative Radon measure
A with suppA = X. Given a sequence up = ug(t,z) of functions from IxX
to =, satisfying suitable estimates, it is often possible to extract a subsequence
converging, for every ¢ € I, to a Young measure pu,, which encodes information on
the statistics of the space oscillations of w(t,x) at time ¢.

To simplify the notation, the Young measure p, will always be regarded as a
measure on X XZ, whose projection on X coincides with A. In this introduction
we will never consider the standard disintegration (u¥)zex, which is usual in the
classical presentation of the theory (see Remark 3.5).

If we want to extend some natural notions, like total variation, absolute conti-
nuity, or time derivative, from the original context of time dependent functions to
the generalized context of time-dependent Young measures, we need to know the
joint oscillations of wg(t1,x),. .., uk(tm,x) for every finite sequence t1,..., &, of
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times. These are described by the Young measure u,, , , with state space =™,
generated by the sequence of E™-valued functions (ug(t1,z), ..., ug(tm,x)). It is
easy to see that p, , cannot be derived from the measures p; ,...,pu, . Indeed,

these measures give no information on the correlation between the oscillations at
different times. The situation is similar to what happens in stochastic processes,
where the knowledge of the distribution function of each single random variable is
not enough to deduce their joint distribution.

This leads to the notion of system of Young measures, defined as a family
(W4, 4,.), where ti,...,t, run over all finite sequences of elements of I, with
t1 < -+ < ly, and each p, , is a Young measure on X with values in =™.
We assume that (u,, , ) satisfies the following compatibility condition, which is
always satisfied when p,, , is generated by a sequence of time-dependent func-
tions: if {s1,...,8,} C {t1,...,tm} and 51 < --- < s,, then p, . coincides with
the corresponding projection of p,,  ; .

The notions of total variation (Definition 8.1), time derivative (Definition 9.4),
and absolute continuity (Definition 10.1) can be easily defined in the framework
of systems of Young measures in such a way that they coincide with the standard
notions in the case of time-dependent functions. The main result of the paper
is a version of Helly’s Theorem for systems of Young measures (Theorem 8.10):
if (uf . ) has uniformly bounded variation, then there exist a system (p,, , )
with bounded variation, a set © C I, with I\ © at most countable, and a sub-
sequence, still denoted (pf, , ), such that pf , — p, ., weakly* for every
finite sequence tq,...,t; € © with t; < --- <t,,.

Another important result provides the existence of the time derivative g, for
almost every ¢ whenever the family (u,;, , ) has bounded variation (Theorem 9.7).
The variation can be expressed by an integral involving the time derivatives when
(14, 4,,) is absolutely continuous (Theorem 10.4).

In the forthcoming papers [10] and [11] we will apply these results to deal with
some quasistatic evolution problems with nonconvex energies, which arise in the
study of plasticity with softening. Since in these applications the energy functionals
have linear growth in some directions, we have to consider the case where the
generating sequence (ug(t,z)) is bounded in L% (X;E) only for r = 1. It is well
known that in this case Young measures should be replaced by more general objects,
which take into account concentrations at infinity (see [13]). In [1] and [14] this is
done by considering a pair (1Y, u>), where pY is a Young measure on X with values
in = and p®°, called the varifold measure, is a measure supported on X XY=, where
Y= denotes the unit sphere in Z. Other results on this subject are contained in
[19], [20], and [17].

In the spirit of [13], we prefer to present these generalized Young measures in
a different way, using homogeneous coordinates to describe the completion of =
obtained by adding a point at infinity for each direction. We replace the pair
(u¥, u>) by a single nonnegative measure u on X xZxR (Definition 3.9), acting
only on continuous functions f(x,£,n) which are positively homogeneous of degree
one in (§,m). We assume that g is supported on the set {n > 0} and that the
projection of nu onto X coincides with A. We show that, if A is nonatomic, then
the space L}(X;E) can be identified (Definition 3.1) with a dense subset of the
space of generalized Young measures (Theorem 5.1).
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Using this approach, we are able to prove the results on total variation and time
derivatives for systems of Young measures in a context that is general enough for
the applications considered in [10] and [11].

2. A space of homogeneous functions and its dual. If F is a locally compact
space with a countable base and Z is a finite dimensional Hilbert space, My(E;E)
denotes the space of bounded Radon measures on E with values in =, endowed
with the norm ||v| := |v|(E), where |v| denotes the variation of v. When E =R,
the corresponding space will be denoted simply by M,(F). As usual, M;' (E)
denotes the cone of nonnegative bounded Radon measures on E. If v € M,(E)
and f € LL(E;E), the measure fv € My(E;E) is defined by (fv)(A) := [, fdv
for every Borel set A C E.

By the Riesz Representation Theorem M, (F;Z) can be identified with the dual
of Cy(E;E), the space of continuous functions ¢: E — = such that {|p| > e} is
compact for every ¢ > 0. The weak* topology of M,(E;Z) is defined using this
duality.

Throughout the paper (X,d) is a given compact metric space and X is a fixed
nonnegative Radon measure on X with supp A = X . The symbol = will denote any
finite dimensional Hilbert space. The spaces L"(X;Z), r > 1, will always refer to
the measure \. If € My(X;Z), pu® and p® denote the absolutely continuous and
the singular part of 1 with respect to A. Measures in M, (X; E) which are absolutely
continuous with respect to A will always be identified with their densities, which
belong to L*(X;Z). In this way L'(X;ZE) is regarded as a subspace of M;(X;Z).

In order to define the notion of generalized Young measure on X with values in
=, it is convenient to introduce a space of homogeneous functions and to discuss
some properties of its dual.

Definition 2.1. Let C"*™(X xZ) be the space of all continuous f: Xx= — R
such that £ — f(z,£) is positively homogeneous of degree one on = for every
x € X;ie., f(z,t8) =tf(x,£) for every z € X, £ € E, and t > 0. This space is
endowed with the norm
Hf”hom = max{|f(x,§)| rx € X, g € EE}»

where ¥z :={£ € E: || =1}.

We introduce now two dense subspaces of C"*™(X xZ) that will be useful in the
proof of some properties of generalized Young measures.

Definition 2.2. Let C?°™(X xZE) be the space of all f € C"™(X xZ) satisfying
the following Lipschitz condition: there exists a constant a € R such that

|f(z, &) — f(2, &) < alé — &l (2.1)
for every z € X and every &1,& € =.

Remark 2.3. If f € C?"(XxE) and w is the modulus of continuity of the
restriction of f to X xXz, then (2.1) and the homogeneity of f imply that

|f(w1,&) = f(x2,82)] < [f(21,61) — f(w1,&)| + | f(x1,82) — f(22,62)] <
<alé = &f + [§2|w(d(z1, 22)) .
Exchanging the roles of & and &; we obtain
|f(z1,81) — f(22,&2)| < aléy — &aof + min{[&1], [€2]} w(d(z1, 72))

for every z1,29 € X and every £1,& € =.
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Lemma 2.4. The space C'°™(X xE) is dense in C"™(X xZ).

Proof. Let us fix f € C"*™(XxZ). For every k > | f|lhom let us consider the
Moreau-Yosida approximation f;: X XZ — R defined by

fr(x,8) == gleig{f(x,i’) + kg =]},

Using the standard properties of Moreau-Yosida approximations it is easy to check
that fy € O™ (X xZ) (with constant k) and that the sequence f, is nondecreasing
and converges pointwise to f (see, e.g., [8, Remark 9.6 and Theorem 9.13]). By
Dini’s Theorem we conclude that f; — f uniformly on X xXz=, hence fr — f in
Chom(X xE). O
Definition 2.5. Let CZ"(XxZ) be the space of all f € C"™(XxZ) which

satisfy the triangle inequality f(z,& + &) < f(x,&1) + f(x,&2) for every x € X
and every &, & € 2.

Remark 2.6. As |f(2,&)| < €] |fllhom, each f € Cho™(X xZ) is Lipschitz con-
tinuous with respect to £ and satisfies

[f(@,61) = fz,&2)] < €0 = &al [|flnom

for every z € X and every &;, & € =. Therefore Cho™(X xZE) C Chom(X x=).

Lemma 2.7. The space of functions of the form fi— fa, with f1, fa € CE™(XxE),
is dense in CMM (X xE).

Proof. Thanks to the obvious density in C?°™(X xZ) of the space of functions
f € Ch*™(X xE) such that f(z,-) belongs to C2(Z\ {0}) for every z, it is enough
to prove that every such function can be written as f = f1 — fo, with f1, fo €
Chem(X x=). To this aim it suffices to show that there exists a constant c := c(f)
such that fa(x,&) = c|€| — f(z,§) is convex in & for every z € X. A simple
calculation shows that the quadratic form corresponding to the Hessian matrix of
f2 with respect to £ at a point (z,e), with e € ¥z, is given by
Difa(z,e)€-€=clé]* —c(E-¢)® — Dif(w,e) € €. (2.2)
By the Euler relation we have D¢f(z,£)§ = f(z,§). Taking the derivative with
respect to £ we obtain Dgf(m,f) & =0 for every &, in particular Dgf(m, e) has an
eigenvalue 0 with eigenvector e. This implies that there is a constant b(z,e) such
that Dgf(x,e)ff < b(x,e)|¢H|?, where £F := € — (¢-¢€) e is the component of ¢
orthogonal to e. As b(z, e) is bounded by the continuity of the second derivatives of
f,and |[€1]% = |€]2— (€ -e)?, by (2.2) there exists a constant ¢ such that Dgfg(.’t, e)
is positive definite for every x € X and every e € Xz, hence fa(z,§) is convex with
respect to £ for every x € X. O

Definition 2.8. The dual of the space C"*™(X xZ) is denoted by M, (X xZ), and
the corresponding dual norm by || - ||« ; the weak* topology of M, (X xZ) is defined
by using this duality. It is sometimes convenient to write the dummy variables
explicitly and to use the notation (f(x,&), u(x,&)) for the duality product (f, u).
The positive cone M (X xZ) is defined as the set of all u € M,(XxE) such that

(f,u) >0 for every f € C"™(X xZ) with f > 0.
Remark 2.9. It is easy to see that for every pu € M (X xZ) we have

lall« = (I, p(, ) -
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Strictly speaking, the elements p of M,(X XE) are not measures, because they
act only on homogeneous functions. However, the notion of image of pu under a
map ¢ can be defined by duality, as in measure theory.

Definition 2.10. Let = and Z’ be two finite dimensional Hilbert spaces and let
P: XxE — XXZ' be a continuous map of the form ¥(z,&) = (x,¢(x,§)), with
p: X x= — Z' positively one-homogeneous in ¢. The image ¥(p) of p € M (X x=)
under 1 is defined as the element of M, (X xZ') such that

(f;0() = (f ot ) = (f (=, 0(2,€)), (2, €))
for every f € CMom(X xZ').

Similarly we can define the notion of support of p € M,(XxZ). We say that a
subset C' of X xE is a E-cone if (z,£) € C = (x,t£) € C for every t > 0.

Definition 2.11. The support supp o of p € M, (X xZ) is defined as the smallest
closed Z-cone C C X xZ such that (f, u) =0 for every f € C"™(X x=) vanishing
on C.

Remark 2.12. For every p € M,(XXE) there exists a measure fi € M(XXE)
with compact support such that

() = /X S (2.3)

for every f € Ch™(X xZ). A measure with this property can be constructed by
considering the continuous linear map on C(X x¥z) defined by

g9~ (Elg(@,&/IED), w(=,€)) -
By the Riesz Representation Theorem there exists fi € M(X x¥z) such that

Ielg(r, €/ 16D, . €)) = /X i

for every g € C(X xXz). Regarding fi as a measure on X xZ supported by X x¥=,
we obtain (2.3). This construction suggests that the measure fi satisfying (2.3) is
not unique; indeed, we can repeat the same construction with Y= replaced by any
other concentric sphere. More in general, suppose that F is a compact subset of
X x(2\{0}) with the following property: for every € X and every £ € Xg there
exists a unique ¢ > 0 such that (z,t§) € E. Then there exists a unique measure
it € My(E) such that

(o = [ 1

for every f € C"™(XxZE). The measure ji clearly depends on E, as explained
above in the case F = X xY=.

For the applications it is convenient to extend some of the previous results to a
suitable space of possibly discontinuous functions.

Definition 2.13. Given two finite dimensional Hilbert spaces = and Z', define
Blom(X x=;Z') as the space of Borel functions f: X xZ — Z’ such that
(a) for every x € X the function & — f(x,&) is positively homogeneous of degree
one on =,
(b) there exists a constant a € R such that |f(z,£)| < al¢| for every (z,§) €
XxE.
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The smallest constant a satisfying the previous inequality is denoted by || f|lrom -
When Z’ = R, the corresponding space will be denoted simply by B™(X xZ).

Definition 2.14. For every f € B (X xZ) and every p € M, (X xZE) the duality
product (f,u) is defined by

o= [t

where [z is any measure satisfying the conditions of Remark 2.12. By homogeneity
the value of (f, ) does not depend on the particular measure i chosen in (2.3). The
same definition (with values in R U {400} this time) is adopted if u € M (X xZ)
and f: XX= — R U {400} is a Borel function such that f(x,&) is positively
homogeneous of degree one in & and f(z,£) > —c|¢| for some constant ¢ > 0.

Let mx: XxZ — X be the projection onto X. We now define the image under
mx of the product hy of an element p of M,(XXE) by a homogeneous function
h.

Definition 2.15. Let = and Z’ be two finite dimensional Hilbert spaces, let u €
M, (XxZE), and let h € B"™(XxZ;Z'). The measure 7x (hu) is the element of
My(X;Z) such that

/X o drx (hpr) = {p(x) - bz, €), p(, 6)) (2.4)

/

for every ¢ € C(X;Z'), where the dot denotes the scalar product in Z'.

Remark 2.16. For every i € M,(X xE) satisfying (2.3) we can consider the Radon
measure hji € My(X xE;E") having density h with respect to fi. It is easy to check
that the measure 7x (hu) defined by (2.4) coincides with the image under 7wx of
the measure hfi. Note that the measure hfi depends on the choice of i satisfying
(2.3), while, by (2.4), its projection wx (hfi) does not.

Remark 2.17. It follows from the definition that we have the estimate

[l () | < (1l o |12l «
for every pu € M,(X xZ) and every h € Bho™(X x=;E').

3. Generalized Young measures. As mentioned in the introduction, the notion
of generalized Young measure is used to describe oscillation and concentration phe-
nomena for sequences which are bounded in L"(X;Z) only for » = 1. To study
concentration phenomena, where the sequences tend to infinity along given direc-
tions in the space =, it is useful to introduce homogeneous coordinates. This is
done by replacing the space = by ZxR, whose generic point is denoted by (£,7);
the set of points with n = 1 is identified with =, while points with n = 0 are
interpreted as directions at infinity.

In our presentation the space of generalized Young measures will be a subset
of the space M (X xZExR), where ExR plays the role of the Hilbert space = of
the previous section. Before describing this set, we first consider generalized Young
measures associated with functions.

Definition 3.1. Given u € L'(X;Z), the generalized Young measure associated
with u is defined as the element &, of M (X xZExR) such that

(f.6.) = /X f(,u(z), 1) dA(z)
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for every f € C"™(X x=ExR).
In the spirit of [16] and [26] we extend this definition to measures p € My(X;E).

Definition 3.2. Given p € My(X;E), the generalized Young measure associated
with p is defined as the element §, of M (XxExR) such that for every f €
Chom(X xZxR)

o= [ S @), B dote).

where ¢ is an arbitrary nonnegative Radon measure on X with A << ¢ and
p<<Lo.

The homogeneity of f implies that the integral does not depend on ¢ and that
the definitions coincide when p = u € L'(X;Z). The norm of 0p is given by the
following lemma.

Lemma 3.3. Let p € My(X;E). Then

10p]1+ = /X VI 2 dA + [p[(X) < AX) + [pl(X) -

Proof. Let us consider the Borel partition X = X*UX*® with A(X®) =0 = |p°|(X?)
and let o := XA+ |p®|, so that ¢ = A on X* and o = |[p°| on X*®. By Remark 2.9
we have

16,11 = (VIEP T T, 8z, ,1) =/ w22 g, =
/ V1 [pe?dh 4+ [p*|(X /\/1+\p |2 dX + [p*|(X

which concludes the proof. O

We recall the definition of Young measure.

—

Definition 3.4. A Young measure on X with values in = is a measure v €
M,;F(XxE) such that 7x(v) = A. The space of Young measures on X with values
in 2 is denoted by Y (X;E). For every r > 1 let Y"(X;Z) be the space of all

v € Y(X;E) whose r-moment
|l avag
XXE

Remark 3.5. By the Disintegration Theorem (see, e.g., [27, Appendix A2]) for ev-
ery v € Y(X;E) there exists a measurable family (v*),cx of probability measures
on = such that

/Xxgg(m’g)d”@f):/x (/Eg(m) dv* (€)) dA\(z)

for every bounded Borel function g: X x= — R. The probability measures v are
uniquely determined for A-a.e. x € X.

is finite.

Definition 3.6. Given v € Y!(X;Z), the generalized Young measure associated
with v is defined as the element 7 of M (X xZExR) such that

)= [ fas vl

for every f € CMm(XxExR).
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Remark 3.7. It follows from Remark 2.9 that
= [ VIFERd @ <A+ [ Jeldnag).
Xx= Xx=
Remark 3.8. If y =4, for some p € M;(X;E), the following properties hold:
supp i C X XEx[0, +00) , (3.1)
Tx(np) = A. (3.2)

We will refer to (3.2) as the projection property. According to (2.4), it is equivalent
to

(plapnnte. ) = [ pdx for every o € O(X). (33
Properties (3.1) and (3.2) continue to hold if ;=7 for some v € Y1(X;Z).
This motivates the following definition.

Definition 3.9. The space GY (X;E) of generalized Young measures on X with
values in = is defined as the set of all p € M (XXExR) satisfying (3.1) and
(3.2). On GY(X;E) we consider the norm and the weak™ topology induced by
M (X xEXR).

Remark 3.10. By approximation we can prove that (3.3) holds for every u €
GY (X;E) and for every bounded Borel function ¢: X — R.

The sequential compactness of every bounded subset of GY (X;E) is given by
the following theorem.

Theorem 3.11. Every bounded sequence in GY (X;E) has a subsequence which
converges weakly* to an element of GY (X;E).

Proof. Since GY (X;ZE) is closed in the weak* topology of M, (X XExXR), the result
follows from the Banach-Alaoglu Theorem. O

Remark 3.12. If puy is a sequence in GY (X; =) which converges weakly* to p €
GY (X;E), then ||uk|l« — |||« by Remark 2.9.

Remark 3.13. If f: XxExR — RU {400} is lower semicontinuous, (&,7n) —

f(x,&,m) is positively homogeneous of degree one, and f(z.£,n) > —cv/|€]2 + |n|?
for some constant ¢ > 0, then

{f, 1) < Timinf (f, pur)

for every sequence i in GY (X;Z) which converges weakly* to u € GY (X;E),
where (f,-) is defined by (2.3). Indeed, any such f is the supremum of a family of
functions in C"*™ (X xExR).

In the case of a generalized Young measure p € GY(X;E) the duality prod-
uct (f,u) can be defined for every f in the space ng,qn (X XExR) introduced by
the following definition, which is slightly larger than the space B!o™(X xZxR)
considered in the previous section.

- ’

Definition 3.14. Given two finite dimensional Hilbert spaces = and Z’, we con-
sider the space BLOT (X XEXR;E') of all Borel functions f: X xExR — E’ such
that
(a) for every x € X the function (§,7n) — f(z,&,n) is positively homogeneous of
degree one on ZxR,
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(b) there exist a constant a € R and a function b € L'(X) such that

|f(z,&n)| < alg] + b(a)|n] (3.4)
for every (z,&,m) € X xExR.

When =’ = R, the corresponding space will be denoted simply by ngT (X XExR).

Lemma 3.15. Let pn € GY(X;E) and let i € My(XxEXR) be a measure with
compact support satisfying (2.3). Then every f € ngﬁT(XXEXR) is fi-integrable.

Proof. Letusfix f € BZCO,T (X XExR). Forevery k let fi be the function defined by

fe(@,&m) = f(z,&n) if [f(x,&,n)| < al§|+k|n|, and by fi(z,§,n) := 0 otherwise.
Then we have

/ [l dit < / [alé] + (b(z) A B)lnll dfi =
X XEXR X XEXR
= (al¢] + (0(z) A K)[nl, p(z, & m)) < (alé], p(z, &m)) +/deA.

It follows from Fatou’s Lemma that f is f-integrable. O

Definition 3.16. Given f € ng’{’(XxExR) and p € GY(X;E), the duality
product (f,u) is defined by

(fou) = /xX=fodﬂ’ (3.5)

where i € M,(Xx=ExR) is any measure with compact support satisfying (2.3),
with = replaced by ZxR.

Remark 3.17. The integral in (3.5) is well defined by Lemma 3.15. It is easy to
see that the value of this integral does not depend on the choice of [ satisfying
(2.3), and that

[(Fsm| < allplls + 1ol
where a and b satisfy (3.4) and ||b||; denotes the L' norm of b.

We now consider the image of a generalized Young measure.

Definition 3.18. Let Z and Z' be two finite dimensional Hilbert spaces and let
P: XXEXR — XXZ'XR be a map of the form ¢(z,&,n) = (z,p(z,£,n),n), with
@€ Bhom (X xExR; E'). The image 1(u) of p € GY (X;E) under 1 is defined as
the element of GY (X;E’") such that

(fio(w) = (f oo, ) = {f (@, (2, & m), ), wlx, §,m)) (3.6)
for every f € BEOT (X xE'xR).

Remark 3.19. Under the assumptions of the definition the function f o1 belongs
to BAoT (X XEXR), so that the duality product (fow), 1) is well defined. Moreover,
by the particular form of the map 1), the element of M (X x=Z'xR) defined by (3.6)
satisfies (3.1) and (3.2), therefore it belongs to GY (X;Z’).
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4. Comparison with other presentations of the theory. In this section we
show that every u € GY(X;E) can be represented by a unique Young measure-
varifold pair (uY¥, u>), where p¥ € Y1(X;E) and pu> € M, (X x¥z). To introduce
this representation, we recall that Y'!(X; =) can be identified with a suitable subset
of GY(X;Z) (Definition 3.6). The following definition identifies the measures in
M,F(Xx¥z) with particular elements of M,(XxExR).

Definition 4.1. For every v € M, (XxXz) let & be the element of M,(XxExR)
defined by

(f,0)

for every f € CM"(XxExR).

/ F(.€,0) dv(z, €)
X XY=

Remark 4.2. It follows from the definition that 7x(n?) = 0 for every v €
M;(XXZE). Since © does not satisfy the projection property (3.2), it does not
belong to GY (X;=).

The main result of this section is the following theorem.

Theorem 4.3. Let p € GY (X;Z). Then there exists a unique pair (u¥, p>), with
pY € YYX;E) and p>™ € M7 (XxXz), such that
p=n"+pn>,
which is equivalent to
G = [ Seend@o s [ f@e0d=@o (@)
X XE X xX=
for every f € BEOT (X XEXR).

Remark 4.4. The converse of Theorem 4.3 is also true: if pu¥ € Y!(X;E) and
1> € Mp(X xXz), then formula (4.1) defines an element of GY (X;E).

Remark 4.5. Let \>® := 7x(u>). Since A\ = 7x(uY), by the Disintegration
Theorem (see, e.g., [27, Appendix A2]) there exist a measurable family (u®?Y),ecx
of probability measures on Z and a measurable family (u™).cx of probability
measures on Y= such that

= [ e dd @+ [ fee0)dit@ -

XxXX=

:/X (/Ef(w,ﬁ,l)dum’y(fD dA(a:)+/X< . f(z,€,0) d;ﬁ-fx’(g)) dA®(2)
for every f e BIOT(XXEXR).

Remark 4.6. Thanks to Remark 2.9, if we apply (4.1) to f(z,&,n) = /|¢|2 + n]2,

we obtain

Il = [ VIR 0.6 + 5 (Xx52) <

<AX) + / €l dpY (2,€) + 1 (X xa)

XE
Proof of Theorem 4.3. For every Borel function ¢g: X x= — R with

Kg =  sup gt O < 400, (4.2)

(z,6)exxE v/1 + |€]?
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we consider the Borel function ¢g: X xExXR — R defined by

ng(x,&/n) ifn>0,

Pl &m) = {0 ifn<0.

Since ¢, € B™(XxExR), we can consider the duality product (¢,,pu). The
function g +— (g4, 1) is linear, bounded, and positive on Cy(X xZ). By the Riesz
Representation Theorem there exists ¥ € JMbJr (X xZ) such that

o) = [ d @) (13)

for every g € Co(XXZ). As ||g|lhom < kg, we have

] 9. dw.O) < nglull

for every g € Cy(X xZ). By approximation we can prove that

[t < ul. (14)
X xE2
and that (4.3) holds for every Borel function g: X xE — R satisfying (4.2). By
(3.2) we have mx(uY) = X\, which, together with (4.4), gives u¥ € Y1(X;Z).

For every bounded Borel function h: X XY=z — R we consider the Borel function
¥n: XXEXR — R defined by

§lh(x, /1)) ifn=0,£#0,
(e, o) = 4 SN .

0 otherwise.
Since 9y, € B"™(XxZxR), we can consider the duality product (i, ). The
function h +— (tp,, u) is linear, bounded, and positive on C(X x3z). By the Riesz
Representation Theorem there exists > € M, (X x¥z) such that

(no 1) = /X i (4.5)

for every h € C'(X xXz). By approximation we can prove that the previous equality
holds for every bounded Borel function h: X x¥z — R.

Given any f € B"™(XxZExR), we consider the functions g: XxZ — R and
h: Xx¥=z — R defined by

g(l‘,f) = f(m,fal)’ h(i&f) = f(x7£,0>

By homogeneity we have f = ¢4+, on X xEx][0,+00). Then (4.1) follows from
(3.1), (4.3), and (4.5). The result can be extended to f € BEOT(XxExR) by
approximation.

The uniqueness of the pair (¥, ) can be deduced from the fact that, if (4.1)
is satisfied, then (4.3) holds for every g € Co(X xE), while (4.5) holds for every
heC(XxDz). O

Remark 4.7. It is easy to prove, by approximation, that (4.1) continues to hold
when f: XXZxR — R U {+o0} is a Borel function such that f(x,&,n) is posi-
tively homogeneous of degree one in (£,n) and satisfies the inequality f(z,&,n) >
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|€]2 + |n|? for some constant ¢ > 0. This allows to characterize the general-
ized Young measures associated with Young measures with finite r-moment, r > 1,
using the homogeneous functions {P.}: ZxR — [0, 4o00] defined by

lE|"/n" =t ifn >0,

| (4.6)
+00 ifn<0.

{Pr}(&m) = {
Indeed, for r > 1 formula (4.1) implies that y = @¥ with ¥ € Y7 (X;Z) if and
only if ({P.}, u) < +o0.

Let 95 : Xx=xR — XxExR be the Borel map defined by

(x,&m) ifn#0,

U5 (z,&,m) = {(x,0,0) =0,

Note that 15 satisfies the conditions of Definition 3.18.
For every f € BioT (X xEXR) we have

fl@,&m) ifn#0,

(fow(?)(x’én):{o 1f77:0

From (4.1) it follows that for every p € GY (X; =)

(f,5") = (o5, B) = (fou§,m),
hence 71" = ¢ (1)
Lemma 4.8. Let = and Z' be two finite dimensional Hilbert spaces, let u €
GY(X;Z), let ¥: XXEXR — XXZ'xR be a map as in Definition 3.18, and let
v:=1(u). Then

7 =y(@E"), D= =(p>).
Proof. The former equality follows from the fact that v o5 = 1/;5/ o1y. The latter
follows now from Theorem 4.3 by the linearity of the map p+— 1 (u). O

Combining the compactness property (Theorem 3.11) and the representation
formula (Theorem 4.3) we recover the following result, originally proved in [1] (see
Remark 4.5).

Theorem 4.9. Let uy be a bounded sequence in L'(X;Z). Then there exist a
subsequence, still denoted uy, a Young measure p* € YYX;Z), and a measure
u> € Mp(XxXz), such that

/X oo un(@)dMz) — [ gla,€)dun¥(,€) + / 6% (2, €) du™ (2,€) (4.7)

X XE XXXz

for every continuous function g: XxE — R such that for every (xo,&) € X xZ
the limit

9% (w0,&) == lim  ng(z,{/n)
z—x0, §—&0
n—0"
exists and is finite.

Proof. Let us consider the sequence d,, in GY (X;Z) introduced in Definition 3.1.
By Lemma 3.3 we have [[0y, [/« < sup; [Jujl1 + A(X) < +o0o. By Theorem 3.11
there exists a subsequence, still denoted wyg, such that §,, converge weakly* to
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an element p of GY(X;E). Let g be as in the statement of the theorem and let
f: Xx=EXR — R be defined by

_Jmg(z,&/m) ifn>0,
f@fmy_{f%%a ifn<0.

It is easy to check that f is continuous in (z,&,n) and homogeneous of degree one
in (&,m). Therefore, the weak™* convergence of d,, to p implies that

/ o, u () dA(z) = / £ (), 1) dA @) — (f. ). (48)
X X

By Theorem 4.3, taking into account the definition of f, we obtain that there exists
a pair (u¥, ™), with p¥ € Y1(X;E) and p> € M, (X xXz), such that

= [ a@Od @+ [ t@oac@e. 49

X XY=
The conclusion follows from (4.8) and (4.9). O

5. A density result. In this section we prove that, if A is nonatomic, then the
generalized Young measures of the form 4, associated with functions u € L1(X;Z)
are dense in GY (X;Z). The main result is the following approximation theorem.

Theorem 5.1. Assume that X\ is nonatomic and let p € GY (X;Z). Then there
exists a sequence u, in L'(X;Z) such that §,, — p weakly* in GY (X;Z).

Proof. We consider the decomposition
p=n"+pi>
of Theorem 4.3 and fix a sequence o,, converging to 0 with 0 < o, < min{1, \(X)}.

. .. — Y
For every n we consider two countable partitions = = (J; B}"" and Xz = |J; B}"™,

where the sets B?’Y and B}"™ satisfy
diam B?’Y <o and diam B?’oo <o,. (5.1)

Let \Y := mx(\/1+ |€2pY) and A := 7x (u™>); i.e.,
M(A) = / VIF[E2dpY(x,6) and  A®(A) = p>(AxXg)
AXE

for every Borel set A C X. As A = wx(uY), the measure \Y is absolutely contin-
uous with respect to .

Let us consider the partition X = X*UX?®, with A(X®) =0 = \°>>*(X?), where
A% ig the singular part of A\* with respect to A. To prove the theorem, for every
n we will consider a new partition X = X™% U X™° where X™% and X™° are
suitable approximations of X and X?® such that A(X™%) > 0 and A(X™*®) > 0.
We will construct the approximating sequence u,, by defining it separately on X™¢
and X™*.

Step 1. Definition of u, on X™°. We begin by constructing X™*. For every n
we can find a countable Borel partition X* = J, X;"® U N™*, where each X"* is
closed,

diam X;"* < 0,/2, and  A®(N™®)=0. (5.2)
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In the following, given a subset £ C X and a radius r > 0, the r-neighbourhood
of E will be denoted by

(E)r:={zeX: dx,FE)<r}.

Since A(X;"%) = AY(X"*) = 0 and A\((X;""),) > 0 for every r > 0, we can
construct inductively a decreasing sequence 7 such that 0 < r? < g,/2,

AX)rp) < 00 AP (X%,
A )p) < 2700m,
AT (X %)rm \ X°) <2700,
M Drp,,) < gAX)en) -
We define
A?’S = (Xz'n’s)r;‘ \Uj>i(X;'L’S)r;L .
By (5.6) we have
AAT?) = 3M(X%)er) > 0,
while (5.2), together with the inequality 0 < r < o,,/2, yields
diam A;"* < gy, . (5.7)
By (5.3) we have
0 < MAP™) < 0 A% (X]%) = 0™ (X[ x52) = 0 5, 52 (X[ X B").
Since A is nonatomic we can find a countable Borel partition A}"* = J; A};” such
that

0 < A(AF°) < oppu™ (X" xB}"™). (5.8)
For every n we define
X =y Al U XE. (5.9)
Note that by (5.4) and (5.5) we have
M(X™) <o, and A°(X™*\X*)<o0,. (5.10)
We define
up () i= ;™ for w € A, (5.11)
where &> are arbitrary points of B;"™ and
(X X B
C'Ln‘ = n,s ! . (512)
! A(A37)
By (5.8) we have that
ciy > 1/on. (5.13)

By (5.12) and by (5.13) we have
/ VTF P dr < A2 (X*)/TF 02 (5.14)

Step 2. Definition of u, on X™*. We set
XM =X\ X%,

In order to define u, on X™® we consider a countable Borel partition X™¢% =
U; A%, with A" satisfying

0 <diam A" <o, . (5.15)
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As X™% C X* by (5.9), A\*>° is absolutely continuous with respect to A on X™.
Since A is nonatomic, for every i we may choose 0 < ¢} < ¢, and two disjoint
Borel sets A" and A" in such a way that A™* = A" U A™> and

AAPT) = el AC(AY) < opA(AY). (5.16)

Since A is nonatomic and
EF AT (APY) = el u> (AP xBg) = 37, ef u™ (A% BI"™),
we can also find a countable Borel partition A;"* = (J; A}y such that
MAGT) = el ™ (AP xB"™). (5.17)
Note also that by (5.16) we have
ACATY) = AA) = AAP™) 2 (1= o) A

and so there exists 0 < 67 < o, such that A(A™Y) = (1 — 67)A(AM). As A =

7x (pY), arguing as before we may find a countable Borel partition A?’Y =U I AZ?Y
such that
MAGY) = (1= a)p (A7 xB}Y) . (5.18)
We are ready to define u,, on X™% by setting
n n 1 n,oo n,oo
Un(ﬂf) = 5] Y for xT € A”’Y and un(x) = 575-]’ for x € Aij’ ,

?

(5.19)
where f;l’y are arbitrary points in B;“Y and £"> are the points of B}"> chosen
in (5.11). Using (5.17) and (5.18) it is easy to check that

/ V1 [un|2dX < op MX) + AV (X) + A2 (X /1 + 02 . (5.20)

By (5.14) énd (5.20) we have
/X VIF TP dr < oA (X) + Y (X) £ 3°(X)V/1 402,  (5.21)
which implies that wu, is bounded in L'(X;Z). Tt follows from Lemma 3.3 that

|0u,, ||« is uniformly bounded.

Step 3. Proof of the convergence. Thanks to Lemma 2.4, to prove the weak™
convergence of §,,, it is enough to show that

(£ 0u) = {fs 1) (5.22)

for every function f € CPom(XxZExR). Let us fix f € Chm(XxExR). By
Remark 2.3 there exist a constant a € R and a continuous functon w: [0 + c0) —
[0+ o0), with w(0) = 0, such that

|f(z1,60,m) — f(@2,&,m2)| < av/1€1 — & + [m — ma2]?> +

. (5.23)
+w(d(@r, w2)) min{\/1& 2 + [m 2, /1€ + [n2]?}
for every z1,22 € X, £, € E, mi,m2 €R.
By definition we have
(fs0u,) = flzyun, 1)dA+ fzyun, 1) dA. (5.24)

Xn.a X n,s
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By (5.19) the first integral in the right-hand side can be written as

/ flzyun, 1) dX =
-3 /A ALY / @S (50

_Zf na7£nY ) AnY+Zf na,é»nOO/El’l) (A?j,OO)_’_Tfrzl,l7

where z["“ are arbitrary points in A]"® and the remainder 7%! tends to 0 as a

consequence of (5.15), (5.17), (5.18), and (5.23), which lead to the estimate

Irt < wloy) Z\/1+|§”Y
ot me

< opw(op) M(X™Y) + w(an) A (X™) + w(o,) A (X™) /14 02
On the other hand by (5.17) and (5.18) we have
Zf na,fnY AnY"—Zf n,a noo ))\(ATLOO)_

_Zl—aﬂ M,gﬂ%) (AyaxByY)+

5.26
+Zf n,a 'r.LOO, :7,) (AnaxBnOO): ( )

- / Hnt 1) da¥s6) + / F(.€,0) dp> (a, €) + 12
Xx= Xax¥=

where the remainder 732 tends to 0 as a consequence of (5.1), (5.10), (5.15), and
(5.23), which lead to the estimate

[rn?| < (2000 + w(o)) (N(X) + X2 (X)) V1 +02) + 2a0,.

From (5.25) and (5.26) we obtain

| tewna= [ fesnadeor [ fee0de@ £

(5.27)
where 72 :=r®! + 722 tends to 0.
By (5.11) and (5.12) the second integral in the right-hand side of (5.24) can be
written as

|t i DI N e 6

where z"% are arbitrary points in X;"* and the remainder 73! tends to zero as a

consequence of (5.2), (5.7), (5.12), (5.13), and (5.23), which lead to the estimate

[t < wlon) A (X*)V/1+ 07
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On the other hand by (5.12)
D F@EP e DAL =
j

=3 f@P 1)l p (X x B = (5.29)
ij

= f(x,g,O)duoo(I,f)+7’z’2,
XXXz

where the remainder r$? tends to 0 as a consequence of (5.1), (5.2), (5.13), and
(5.23), which lead to the estimate

[rs?] < (aan +w(on)V/1+ o%)AOC(XS) .
From (5.28) and (5.29) we obtain
feu = [ feE0dT@ . (530)

Xne X*xSs
where 8 :=r3! + 752 tends to 0.

From (4.1), (5.24), (5.27), and (5.30) we obtain (5.22), which concludes the proof
of the theorem. O

Remark 5.2. If u, is a sequence in L'(X;Z) such that §,, — pu weakly* in
GY (X;E), then

/ VI TP dX — |l
X

by Lemma 3.3 and Remark 3.12.

6. The notion of barycentre. In this section we study some properties of the
barycentre of a generalized Young measure.

Definition 6.1. The barycentre of a generalized Young measure u € GY (X;E) is
the measure bar(p) € My(X;Z) defined by

bar(u) = mx (& 1) -

Remark 6.2. By Definition 2.15 a measure p € M(X;E) coincides with bar(u)
if and only if

/X o+ dp = {p(x) &, plx, €,1)) (6.1)

for every ¢ € C(X;Z). By approximation we can prove that the same equality
holds for every bounded Borel function ¢ : X — =.

Remark 6.3. Let = 7i¥ 4+ be the decomposition of Theorem 4.3, let (1Y) ,ex
and (u™*)zex be the families of probability measures introduced in Remark 4.5,

and let A := 7x(u>). We consider the functions u¥: Q — = and u>®: Q — =
defined by

W)= [ md o @)= [ dro).
E Se
Then bar(p) = u¥ 4+ u™ A>®. In particular, if © = ¥, then bar(y) = u¥ €

LY(X;Z). Therefore, bar(s,) = u for every u € L*(X;ZE). It follows immediately
from Definition 3.2 and (6.1) that we have also bar(d,) = p for every p € My(X;E).
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Remark 6.4. From Remark 2.17 we obtain

[[bar ()| < [[]]« -

If pp — p weakly™ in GY(X;Z), then bar(ug) — bar(p) weakly™ in My(X;E).
If w =p" with p¥ € Y"(X;Z) for some r > 1, then Remark 6.3 implies that
bar(p) € L™(X;E) and

sl < ([l an@.o) " = (p

where || - || denotes the norm in L"(X;E) and {P.} is the homogeneous function
defined in (4.6).

xX=

We now prove the Jensen inequality for generalized Young measures.

Theorem 6.5. Let f: X xExR — RU{+o0} be a Borel function such that (§,n) —
f(z, & n) is positively one-homogeneous, convex, and lower semicontinuous for every
x € X and satisfies the inequality

f(x7§7n) Z —Cv |§|2 + |77‘2
for some constant c. Then

<f7 6bar(,u)> < <fa l’L> (62)
for every p € GY (X;2).

Proof. Let us fix p € GY(X;E), let p := bar(u), and let ¢ € M,;"(X) be such
that p << ¢ and A << o. We consider an increasing sequence of functions f
converging to f such that each f; has the form

fi(@,&,m) = sup {ai(z) &+ bi(z)n}
1<i<k

with a;: X — E and b;: X — R bounded o-measurable functions (see, e.g., [6,
Theorem 2.2.4]). For every k there exists a Borel partition (BF)i<;<x such that

k

/fk z, &, @) do :Z{Lfai'dp+/gfbidk}.

i=1
By (3.2) and (6.1) we obtain

[ oot [ bdr= (la)- €+ bl o).l 6.m) <
S <f(x7£?77)13f(x)3u(xvgan)> .

Summing over i we get

[ e ) do < (o).
and taking the limit with respect to k gives inequality (6.2). O

Remark 6.6. Let f: X xExR — [0, +00] be a Borel function such that (£,7n) —
f(x, & n) is positively one-homogeneous for every « € X, and let ¢ f be the lower
semicontinuous convex envelope of f with respect to (£,7). By applying (6.2) to
co f we obtain

<E fu 5bar(p)> < <fu ,U,>
for every p € GY (X;E).
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The opposite inequality requires special conditions on f and p, as shown in the
following lemma, that will be used in [11].

Lemma 6.7. Let p € GY(X;E), let f: XxEXR — [0,400] be a Borel function
such that (§,m) — f(x,&,n) is positively one-homogeneous for every x € X, and
let To f be the lower semicontinuous convex envelope of f with respect to (§,7).
Assume that (f, ) < (€O f, dpar(u)) < +00. Then supp p is contained in the closure

of {f =70 f}.
Proof. Using the hypothesis and (6.2) we obtain

<@fa6bar(p)> S <@f,/,b> S <fa /J/> S <®fa 6bar(p,)>a

hence, (f — <o f,u) = 0. Since f — o f and p are nonnegative, we conclude that
supp 4 is contained in the closure of {f =¢o f}. O

7. Compatible systems of generalized Young measures. Let A C R and
let p be a function from A into M(X;E). For every finite sequence t; < ty <
-++ <t in A we consider the measure (p(t1),...,p(tm)) € Mp(X;E™) and the
corresponding generalized Young measure

(51,),51_“% = 5(p(t1)7...,p(tm)) S GY(X; Em) (7.1)

introduced in Definition 3.2, with = replaced by =™. To describe an important
property of this family of generalized Young measures it is convenient to introduce
the following definition.

Definition 7.1. If {s1,52,...,8,} C {t1,t2,...,tm} CR, with 81 < 89 <+ < 8,
and t; <ty < --- < ty,, we define the projection 7l im: X xE™XR — X xE"xR
by

Tréits: (ZL’, gtla s agtmvn) - (ZL’, 551) s afsnﬂ?) .
Remark 7.2. It is easy to see that the family of generalized Young measures dp,
defined in (7.1), satisfies the compatibility condition

(Op)sicsn = Tob 5 ((Op)ta..tn)
whenever {si,s2,...,8,} and {t1,t2,...,t,} are as in Definition 7.1.

This motivates the following definition.

Definition 7.3. A compatible system of generalized Young measures on X, with
values in a finite dimensional Hilbert space = and with time set A C R, is a
family p = (g4, 4, ) of generalized Young measures p,, , € GY(X;E™), with

ty,...,ty, running over all finite sequences of elements of A with t; <ty < -+ < t,,
such that the following compatibility condition holds:

p‘sl...sn = 71-2?: (H’tl...tm) 9 (72)
whenever {s1,82,...,8,} C {t1,t2,...,tm}. The space of all such systems is de-

noted by SGY (A, X;E) and is equipped with the weakest topology such that the
maps p+— py,,  from SGY (A, X;E) into GY (X;E™), endowed with the weak*
topology, are continuous for every m and every finite sequence ty,...,t, in A with
t] <ty <--- <t,. Although this topology is not induced by duality, we shall refer
to it as the weak* topology of SGY (A, X;=).

Definition 7.4. Given a function p from A C R into M;(X;E), the family d,
defined in (7.1) is called the compatible system of generalized Young measures as-
soctated with p.
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The compatibility condition (7.2) implies that the barycentre of p, , is com-
pletely determined by the barycentres of g, ,...,p; .

Proposition 7.5. Let p € SGY (A, X;E). Then
bar(p,,  4,.) = (bar(py, ), ..., bar(p,, )
for every finite sequence ti,... ty in A with t| <t < -+ <ty,.
Proof. Let (p1,...,pm) := bar(u,, , ) and ¢; = bar(p,,) for i =1,...,m. Using
(6.1) for every (¢1,...,¢m) € C(X;E™) we have
3 /X pivdp =S (0i(0) €ty o, (5 E0r s ) (7.3)
i=1 i=1

/X(Pi'd%‘:<(Pi(x)'§i7ﬂti(x7fi7n)> fori=1,...,m. (7.4)
The compatibility condition (7.2) implies that

<<,02(.’E) : giv u'tl...tm (l’, 513 s 7£ma 77)> = <<,01(.’E) : giv u'ti (.’E, giv 77)> ’
hence (7.3) and (7.4) yield

;/X%'dpi;/x%'d%

for every (¢1,...,pm) € C(X;E™). This gives p; = ¢; for i=1,...,m. O

The notion of left continuity, introduced in the next definition, is very useful in
the applications.

Definition 7.6. A system p € SGY (A, X;E) is said to be left continuous if for
every finite sequence t1,...,t,, in A with t; < --- < t,, the following continuity
property holds:

Mg, s — My, ¢ weakly” in GY(X;E™) (7.5)
as s; — t;, with s; € A and s; <t;.

The following theorem proves the weak * compactness of subsets of SGY (A, X; E)
defined by imposing bounds on the norms of u, for every ¢t € A.

Theorem 7.7. For every function C: A — [0,+00) the set
{n e SGY (A, X;E) : |l < C(t) for every t € A} (7.6)
is weakly* compact in SGY (A, X;E).

To prove the theorem we need the following lemma which provides an estimate
of the norm |[|g;, ||+ in terms of the norms ||gs,, |«

Lemma 7.8. For every u € SGY (A, X;Z) we have

m
e, [« < Z Hl'l'ti
i=1

for every finite sequence t1,...,ty, n A with t1 <ty < -+ <tp,.

*
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Proof. By Remark 2.9 and by the compatibility condition (7.2) we have

”“tl...tm H* = <‘(€1, e af’man)‘?“’tl...tm (xvgla e ,fmﬂ?» S

m

< Z<|(£ian)|7 Kyt (x>€17 s ?Emvn» =

1

I
_

Ms

<|(§lﬂ )| u’t T 527 ZHp’t

o
Il
s

which concludes the proof. O

Proof of Theorem 7.7. By Lemma 7.8 for every function C: A — [0,+0c0) the set
defined in (7.6) is contained in the set of all u € SGY (A, X;Z) such that

m
||Nt1 t,,, Z

for every finite sequence t1,...,t, in A with t; <ty <--- <t,. As the topology
in SGY (A, X;E) is induced by the product of the weak™* topologies of the spaces
GY (X;E™) corresponding to the projections g, , -, the set (7.6) is compact in
the weak* topology of SGY (A, X;ZE) by Tychonoff’s Theorem. O

Remark 7.9. If A = {ag,a1,...,ax}, with ap < a1 < -+ < ag, then for every
p € GY(X;=F+1) there exists a unique system p? € SGY (A, X;Z) such that
pi o, =p. This system is defined by

.ay

A .
Kyt = ngo...tm (1)
for every {t1,t2,...,tm} C {ag,a1,...,ax} with t; <to <+ <tp,.

The notion of piecewise constant interpolation will be useful in the application
to evolution problems.

Definition 7.10. Let A = {ag,a1,...,ax}, with ag < a; < -+ < ay. For every
tye oyt in [ag,ap] With t) < to < -+ <t let pg. ¢ 0 XXEFFIXR — X xEM™xR
be defined by

Pty tm (xagao’ s 7§ak,77) = (x’gtn' .- 7§tm.?77) y

with &, = &,;, where j is the largest index such that a; < t;. For every

w € GY (X "’”1) the piecewise constant interpolation pl4) of u is the element
of SGY([aO,ak],X,E) defined by

A
pl = pen (1) (7.7)
for every t1,...,tm in [ag,ar] with t; <to < - <t

Remark 7.11. It is easy to check that ps,.., = 7% o py .y, whenever
{81,82,- .-, 8n} C {t1,ta, ..., tm} C [ag,ax], with 51 < 89 < --» < 8, and t; <
ty < -+ < t,,. Therefore the family of generalized Young measures (/,LL] )

defined by (7.7) satisfies the compatibility condition (7.2).
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8. The notion of variation. In this section we study the notion of variation on
a time interval of a compatible system of generalized Young measures, and prove a
compactness theorem which extends Helly’s Theorem.

Definition 8.1. Given a set A C R, the variation of p € SGY (A, X;Z) on the
time interval [a,b], with a, b € A, is defined as

k
Var(”’; a, b) 1= sup Z<|£Z - fi—1|7 Bigty ..t (x7£0a s 75167 7’)> )
i=1
where the supremum is taken over all finite families tg,¢1,...,¢, in A such that
a=ty <ty <-- <tp="b (with the convention Var(u;a,b) =0 if a = ).

Remark 8.2. If u = §, for some function p: A — M(X;Z), then Var(p;a,b)
reduces to the variation of p on [a,b] N A.

Remark 8.3. Returning to the general case, the compatibility condition (7.2) yields

k
Var(u; a,b) = sup Z<|§z =&ial by, 1, (2, 61,60,m))
i=1
where the supremum is taken over all finite families tg,t1,...,%; in A such that

a=1tyg <ty <---<tp=b.

Remark 8.4. If t1,t5,t3 € A and t; < to < t3, by the compatibility condition
(7.2) and by the triangle inequality we have
<|§3 - £1|a Mty (37,51753’77» = <|€3 - gl‘?l”’tltgt;g (1‘751’52753, 77)) <
< <‘€3 - £2|7ll’t1t2t3($7§17£27£3un)> + <|£2 - §1|7“tltztg(xa£17§27£37n)> =
= <|£3 - €2|7 Mt2t3 (xa€27€37n)> + <|§2 - fl‘a“tth (%fla@ﬂl» .

Using this inequality it is easy to deduce from Remark 8.3 that
Var(p; a, ¢) = Var(u;a,b) + Var(u; b, ¢) (8.1)
for every a,b,c € A with a < b < ¢. This implies in particular that the function

t — Var(p;a,t) is nondecreasing on A N [a, +00).

Remark 8.5. If A = {ag,...,ar} C R is a finite set, with ag < a; < -+ < a,
p € GY(X;ZF1) and pu? € SGY (A, X;E) is the associated system defined in
Remark 7.9, it follows from (8.1) that
k
Va,I‘([J,A; ao, ak) = Z<|£’L - fi—1|a u(‘?i,lai (l‘, gi—lafiv 77)> =

=1

<|€Z 5i—1|aﬂ(%§07-~»§k777)>'

|
Mw

=T
Il
—

It is easy to see that, if ul4l € SGY ([ag, ax], X;Z) is the piecewise constant inter-
polation of p defined by (7.7), then

k
Var(pl; ag, ar) = Var(u?; ao, ar) = Z(\&: —&ial pd 0, (@60, 60m))

=1

k
Zlgz z—1| M37507~-~7§k777)>-
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Definition 8.6. Let h: Z — [0,400) be a positively one-homogeneous function
satisfying the triangle inequality. Given a set A C R, the h-variation of p €
SGY (A, X;E) on the time interval [a,b], with a, b € A, is defined as

k
V&I‘h(/l,; a, b) 1= sup Z<h(£l - gi—l)a Bioty .. 4, (SL’, 507 s 75167 77)> )

i=1
where the supremum is taken over all finite families tg,%1,...,t; in A such that
a=ty <ty <--+<tp=>b (with the convention Varp(u;a,b) =0 if a =b).

Remark 8.7. It is well known that every positively one-homogeneous function
h: Z — [0,+00) satisfying the triangle inequality is continuous and satisfies an
estimate of the form h(£) < ¢|]| for some constant c. It follows that Vary,(u;a,b) <
cVar(p;a,b). Tt is easy to see that all properties of Var(u;a,b) proved so far can
be extended to Varp(w;a,b).

Using the compatibility condition it is easy to prove the following lemma.

Lemma 8.8. Let T > 0 and let p € SGY ([0,T], X;E) with Var(u;0,T) < 400.
For every f € Chom(X xExR) the function t — (f, u,) has bounded variation on
[0,77].

The proof is omitted, since it is similar to the proof of the following lemma, which
will be used in Theorem 9.7.

Lemma 8.9. Let T > ¢ > 0 and let p € SGY([0,T], X;E) with Var(u;0,T) <
+00. For every f € C1°™(X xE2XR) the function ®I(t) := (f, py,1.) has bounded
variation on [0,T — ].

Proof. Let V (t) := Var(u;0,t) for every t € [0,T]. Let us fix f € Chom(X xZ2xR)
and let a be a constant satisfying (2.1). Let t1,to with 0 < t; < t1 +¢ < ta <
to + ¢ < T. Using the compatibility condition (7.2) and (8.1), we obtain

|1 (t2) — L (t2)| =
= ‘<f(x,§2,f/2777) - f(xvflugi’ n), Ntl,t1+c,t2,t2+c(xaflafi»&vgév77)>| <
<a(|& — &l + 18 — fi‘,l"tl,t1+c,t2,t2+c(x,flvfiv&afé,n» =
= a(|& — &1, Hyy s (z,81,62,m)) +a(|&3 — fi‘v“t1+c,t2+c(xa§17£/2777)> <
<V(ta) = V(1)) +V(ta+c)—V(t1 +¢).

The same inequality can be proved if 0 <t; <ty <t1+c<to+c<T. AsV is
nondecreasing, we conclude that the total variation of ®{ on [0,7 — ¢] is less than
or equal to V(T —c) + V(T). O

The following result can be considered as a version of Helly’s Theorem for com-
patible systems of generalized Young measures. Note that this is a sequential com-
pactness result, in contrast with Theorem 7.7.

Theorem 8.10. Let T > 0 and let p* be a sequence in SGY ([0,T),X;Z) such
that

sup Var(u*;0,T) < C, (8.2)
k

sup | . < .. (8:3)
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for some to € [0,T] and some finite constants C' and C.. Then there exist a
subsequence, still denoted p*, a set © C [0,T], containing 0 and with [0,T]\© at
most countable, and a left continuous pu € SGY ([0,T], X; Z), with

Var(p;0,7) < C, (8.4)
leell« < Cu+C  for every t € [0,T], (8.5)

such that
Nfl...tm = Py, weakly" in GY (X;E™) (8.6)

for every finite sequence ty,...,ty in © with 0 <ty <--- <t, <T.
Proof. The proof is divided in several steps.

Step 1. Boundedness of pf, , . We begin by proving that ||pf|. is bounded
uniformly with respect to ¢ € [0,T] and k. Let us fix ¢ < tp. By the compatibility
condition (7.2)

<|£|7/,Lf($,§, 7l)> - <‘§0|v Nfg (J),fo,’ﬂ» =
= <|§|7th0(567§>§0777)> - <|£O|7Hftg($>£’§0"’7)> <
< <|£ - 50‘7”?)&0(‘%75350777» < Var(/'l’k;tvt()) <C.
Thanks to Remark 2.9, from (8.2) and (8.3) we obtain that
sup |utlle < Co+C (8.7)
for every t € [0,tp). A similar argument proves (8.7) when t € [tg, T].
By Lemma 7.8 and (8.7) we obtain
Iz, e, 1 < m(Ce +C) (8.8)

for every finite sequence ty,...,t, with t1 <--- <tp,.

Step 2. Choice of the subsequence. Let D be a countable dense subset of [0,T] con-
taining 0. By the compactness Theorem 3.11, using (8.8) and a diagonal argument,

we can extract a subsequence, still denoted p”, such that, for every si,...,Sm
in D with 0 < sy <--- < sy, <T, the sequence ,u’;lmsm converges weakly* in
GY(X;=2™).

Step 8. Choice of ©. Let V¥(t) := Var(u¥;0,t). Since V* is nondecreasing, by
(8.2) and by Helly’s Theorem there exists a subsequence, still denoted V*, such
that, for every ¢ € [0,T], V*(t) — V(t), where V is a nondecreasing function on
[0,7] with values in [0,C]. Let

0 :={0}U{te (0,7]: lim V(s) = V(H)}. (8.9)

Step 4. Convergence and left continuity on ©. Let us fix two finite sequences
t1,. oy tm and 81,...,8, in [0,7] such that 0 < 51 <t < -+ < 8§y < by, < T
We want to estimate the difference pf , —pF . . Let fe Clom(XxE™xR).

Then there exists a constant a such that
m

|f(x7£t1v"'a§tm7n) - f(xvghw --afsmﬂ?” < GZEH _§S'i| . (810)
i=1

In order to estimate |(f, py, 4, ) —(f, 15, )|, it is convenient to use the identities

<f’ :u’fl.‘.tm> = <f($,§t1, s 7€t7m77)7p’ls€1t1...smtm (-75’581,&1’ s 7£S7n7§t1n777)> )
<fv “§1~~Sm> = <f(x76317- c agsma 77)7 iu’gltl...smtm (xagsmgtu ce 7§va§tm7n)> ’
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which follow from the compatibility condition (7.2). Taking into account (8.10), we
then have

(fom, ) = (bl o] <

m
<a Z<‘§t1 - gsi 7N§1t1...smtm (LL', 68175151’ s 7§Sm7§tm7n)> =
i=1

= az<|£t7 - 581‘ ap’lsi;ti (x7gsmgtian)> )
i=1

which by (8.1) gives

m

<ad (VE(t) = Vi(s:). (8.11)

i=1

‘<fa /J’)Itcl...tm> - <f7 /J’]sgl...sm>

A simple modification of the proof shows that (8.11) holds even if 0 = 51 = #; <
So <ty < < 8y <ty <T.

If t1,...,ty € © with 0 < t; < -+ < t,, < T, for every € we can choose
S1y.--,8m € D, with 0 < 51 < t] < 890 <ty < -+ < 8, < ty, < T, such that
ay . (V(t;)—V(si)) < e. Using (8.11) we deduce that |(f, Nfl...tm> —{f, Nl;l...sm>| <
e for k large enough. As the sequence (f, u¥ . ) converges, we have |(f, pu¥  )—
(f, ufimsmﬂ < ¢ for k, k" large enough. It follows that |(f, uf , )—(f, /,Lfll )<

tm
3¢ for k, k' large enough, hence (f,puf , ) is a Cauchy sequence for every f €
Chem(X x=mxR). By (8.8) we deduce from Lemma 2.4 that, for every t1,...,t,
in © with 0 <#¢; <--- <t <T, the sequence uflmtm converges weakly* to some

element p, , of GY(X;E™) satisfying

l£6e,t ls <m(Ci £ C). (8.12)
We observe that, given t1,...,t, and s1...s, in ©, we can pass to the limit

in (8.11) and obtain
oty e, = oty s, ) S @Y (V) = V(si)) (8.13)

i=1

for every f satisfying (8.10) and every pair of finite sequences ti,...,t, and
S1,--+58m In © such that s1 < t; < s90 <ty < -+ < 8y < tp,. Using the
definition (8.9) of © and Lemma 2.4, we deduce from (8.12) and (8.13) that, for
every ti,...,t, in © with 3 <.+ <t#,, we have p  , — py . weakly” in

GY(X;E™), as s; — t;, s; €O, and s; <.

Step 5. Extension to [0,T]. It remains to show that we can define p, , when
some t; does not belong to ©, in such a way that the resulting system of generalized
Young measures satisfies the compatibility conditions, inequalities (8.4) and (8.5),
and the continuity property (7.5). To this purpose, it is enough to observe that,
since V has a finite limit from the left at each point, we have

lim (V(sH) = V(si) =0

k,k’—o00
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for every sequence (s¥,...,sk) in ©™ with s¥ — t;, s¥ <t;. Indeed, if t; ¢ O,
we have
V(sh) = V7 (t;) == linrt; V(s). (8.14)
<t
For these sequences (s%,...,s* ) we can deduce from (8.13) that (f, Ky gk ) sat-

isfies a Cauchy condition for every f satisfying (8.10). By (8.12) we deduce from
Lemma 2.4 the existence of the weak*-limit of pu, . as s; — t;, s; € ©, and
si < t;. We take such a weak™ limit as the definition of u,, , . Clearly p,
satisfies (8.12) and, by construction, from (8.13), we deduce that for every f satis-
fying (8.10) and every pair of finite sequences t1,...,t, and s1,...,8y, in [0,7],
with 0 <51 <t) <89 <ty < -+ < 8y <ty < T, there holds

(s Bty ) = (Fo by s, ) S @D (V7 () = V7 (50)) (8.15)
=1

where V'~ is the left-continuous representative of V' defined by (8.14). The conti-
nuity property (7.5) follows easily from (8.15) and from Lemma 2.4.

For every finite sequence t1,...,t,, in © with ¢t; <--- <t,, we have
m
Z<|§Z - §i71|7 I“l’)]fi-,lti (xagifhgia 77)> < C.
i=1

Passing to the limit as kK — oo, we obtain

m
Z<‘§l - 62’71') M, 1, (:L'7 fifla gia 77)> < C
i=1
whenever ti,...,t,, € ©. This restriction can be removed by an approximation

argument, and this proves (8.4).
The compatibility condition (7.2) for p* implies that

(fops )= {(fomtolm puf )

for every f € Ch*™(X xZ"xR) and every pair of finite sequences si,...,s, and
t1,.. oyt in [0,7] with s7 < -+ < sy, t1 < <++ < ty, and {s1,...,8,} C
{t1,...,tm}. Passing to the limit as kK — oo, we obtain

<f7 p’sl...sn> = <f © Wzllzzzé:'a“tl...tm> )

whenever s; and t; belong to ©. This restriction can be removed by an approxi-
mation argument, therefore p € SGY ([0,7T], X;Z). O

Remark 8.11. By taking p* = p in Theorem 8.10 we obtain the following result:
if pe SGY([0,T],X;Z) and Var(p;0,T) < 400, then there exist a left continuous
v € SGY([0,T], X;E) and aset © C [0,T], containing 0 and with [0,7]\O at most
countable, such that Var(v;0,7) < Var(p;0,7) and gy, ; = V4.4, for every
finite sequence t1,...,t, in © with t; < --- < t,,. A slight modification of the
proof shows also that for every finite sequence t1,...,t,, in [0,T] with t; < -+ <1,
we have p . — vy .4, weakly® in GY(X;E™) as s; — t; in [0,T], with
s < t;.

m

We conclude this section by proving the lower semicontinuity of the h-variation.
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Theorem 8.12. Let T > 0 and let u* be a sequence in SGY ([0,T], X;Z). Suppose
that there exist a dense set D C [0,T), and a left continuous p € SGY ([0,T], X; E)
such that

Hfl...tm =y g weakly® in GY (X;E™)
for every finite sequence ty,...,ty, in D with t; < --- <t,,. Then

Varp (p;0,T) < likm inf Vary, (u";0,7T)
—00

for every positively one-homogeneous function h: 2 — [0,+00) satisfying the tri-
angle inequality.

Proof. Let us fix h. For every finite sequence t1,...,t, in D with t; < --- < t,,
we have

S (& — Emr) o mb (@, &m1, &) < Varg (pF;0,T) .

i=1

Since h is continuous (Remark 8.7), passing to the limit as k — oo we obtain

m

Z<h(§’b - 57;71)’ My, 1t; (xa gifla §i7 77)) < hkn_l‘g.}f Varh(ll'k; O’ T)

i=1
whenever tq,...,t, € D. The same inequality can be proved when t¢1,...,t,, €
[0,T] by an approximation argument, thanks to left continuity. The conclusion is
obtained by taking the supremum with respect to t1,...,t,. O

9. Weak™ derivatives of systems with bounded variation. In this section
we introduce the notion of weak® derivative of a compatible system of general-
ized Young measures on the time interval [0,7], with 7' > 0, and prove that, if
Var(p;0,T) < 400, then the weak* derivative exists at almost every ¢ € [0,T].

Definition 9.1. Given p € SGY ([0,T], X; Z), the difference quotient of p between
times t; and to, with 0 < t; <ty < T, is the element of GY (X;Z) defined as the
image

Aty to (l‘l’tltg)
of pty ;, under the map g4, X XEXEXR — X xEXR defined by

qt1t2($7£1a£2an) = (.’E, ﬁz:fiﬂ?) .

Remark 9.2. It follows from Definition 3.18 that the difference quotient is char-
acterized by the equality

<f(xa£7n)aqt1t2 (Ht1t2)(x7£vn)> = <f(xv iz:fll vn)a “t1t2 (xaglv§2777)>
for every f € C"™(X x=ExR).

Remark 9.3. It follows from the definition of barycentre that

) = bar(ﬂt;z Zar(ll'tl) .

In particular, if = 8, for some function p: [0,T] — My(X;E) (see (7.1)), then

bar(qhtz (H’tltz (91)

Gt (Bisty) = Gtats (Op(t1) p(12))) = Omtuz)=pier) (9-2)
(see Definition 3.2).
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Definition 9.4. We say that pu € SGY ([0,T], X;=) has a weak™ derivative f1,,

at time to € [0,T] if g, (ttyy,) — ftg, weakly™ in GY(X;E) as t — ¢, and

Grot (Hege) — Foy, Weakly® in GY (X;E) as t — ¢ , which is equivalent to
<f(xa£07n)a I:Lto ($7£0777)> = lim <f($7 &;:557”)7 Mt (.’E,€7£0,77)> =

t—ty

= lim <f({E, %, 77)7 utot(%f{),&??»

t—td

for every f € CM™M(XxZExR).

(9.3)

Remark 9.5. It follows from (9.2) that, if p = 8, for some function p: [0,7] —
My(X; =) and

t) — p(t .
t—to
strongly in M,(X;ZE) as t — tg, then p has a weak* derivative at to and
Frey = Opto) -
This is not true if
p(t) —p(t .
P Pl) ) 94)
—to

only in the weak* topology of M,(X;Z). However, using Remark 9.3, in this case
we obtain
bar(f,,) = p(to) ,
if the weak ™ derivative of p, ;= d(p(t,),... p(t,n)) €Xists at tg.
An example where (9.4) holds but fi, # 0p(,), can be constructed in the fol-
lowing way. Let T'=2, X =[-1,1], E = R, let A be the Lebesgue measure, let
w: R — R be the 2-periodic function defined by

(2) 1 if 2k <x <2k +1 for some k € Z,
w(x) =
—1 if2k—1<xz <2k for some ke€Z.

For every t € [0,2] let u(t) € L'(X) be the function defined by

t—1 = ift#1
u(t,x) = ( )w(tfl) 1 7& 9
ift=1.
As t — 1 we have
—u(l
% 0 weakly* in My(X;Z),

while
Suw-—ww — 261 + 161 weakly® in GY(X;E),
t—1
which implies f1; = %(51 + %6,1.
Remark 9.6. If p € SGY([0,T], X;E) has a weak* derivative f1, at time to €
[0,T7, then

bar(l‘l’t) - bar(l“l’to) N bar(/l )
t—to to

weakly* in M, (X;E) as t — to. This follows from (9.1) and Remark 6.4.

The following theorem is the main result of this section.
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Theorem 9.7. Let T > 0 and let p € SGY ([0,T),X;Z) with Var(p;0,T) <
+o00. Then the weak™ derivative f1, exists for a.e. t € [0,T]. Moreover, for every
f € CM™(X x=ExR) the function t — (f, f1,) is integrable on [0,T]. Finally, if
h: 2 — [0,400) is a positively one-homogeneous function satisfying the triangle
inequality, then

b
[0l 0)) i < Var s .b) ©.5)
for every a, b € [0,T] with a <b.

Proof. Some ideas of this proof are borrowed from the proof of [2, Theorem 4.1.1]
on the existence of the metric derivative of a Lipschitz curve.

Step 1. Boundedness of the difference quotients. By Remark 2.9 and by (3.1) for
every ti, ta € [0,T], with ¢; < t2, we have
||Qt1t2 (Ht1t2)||* < ﬁ<|£2 - €1|a ”tltz ($,§1,€2,’I7)> + <777I1't1t2 (x7£1a§2a 77)> .
Let V:[0,T] — [0, +00) be the nondecreasing function defined by
V(t) .= Var(p;0,t). (9.6)
By (3.2) and (8.1) we conclude that
st (Bl < PR +A(X)

2—t1
Let ty € [0,7] be a point where the derivative of V exists. By the previous
inequality we have that
||qtto(l‘tt0)||* and Hqtot(l‘tgt)”*

are bounded uniformly with respect to ¢. By the separability of C"™(X x=xR)
there exists a countable dense subset F of the set C%™(XxZxR) introduced in

Definition 2.5. Therefore, since F is dense in C"*™(X xZxR) (see Lemma 2.7), to
prove the existence of the weak™ derivative of p at tg it is enough to show that

hH{ <f(xa %777)7”&0 (xvfa&)vn» = tlig}r<f(x7 %7”)7“1&@5(‘%750757”» (97)

—to
for every f € F.

Step 2. Some auziliary functions. In order to prove (9.7), let us fix f € F and let
7; be a countable dense sequence in [0,T]. For every i we define

<f($,§—Cia(t_Ti)n)»ﬂm(%fv@,ﬂ» ift<7—iv

gozf(t) =40 ift=m;, (9.8)
<f(x7£_Civ(t_Ti)n)al'l'nt(x7<.i7£7n)> lft>7-z

Let us prove that go{ has bounded variation. Let us fix 1, t2 € [0,7], with

t1 < ta. We consider first the case t; < 7; < to. By the compatibility condition
(7.2) we have

o] (t2) = ] (t2)] <
< <|f(1'7§2 - Civ (t2 - 7_2)77) - f(xagl - Cia (tl - Ti)n)|7 Hiyrits (‘Tv Cia€1a€27n)> .
Since, by Remark 2.6,

|f(x, & — G, (t2 —7)n) — f(2, 61 — G, (1 —1o)n)| < (1&2 — & |+ (E2 — t0)[m]) | fl[nom »
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using again (7.2) we obtain

o] (t2) — ! (t1)] <
< ((|é2 = &, pyye, (2, &1, Eaum)) + (b2 — t1) (0], By, (2. &1, E2.m))) ||l om -

The same inequality can be proved when 7; <, or 7; > to. By (3.1), (3.2), (8.1),
and (9.6) we conclude that

o] (t2) — @] (1) < (V(t2) = V(t1) + (t2 = t1)AX)) (|l nom - (9.9)
We now prove that for every t1, to € [0,T], with ¢; < to, we have
ol (t2) = ol (1) < (fla,& = &, (t2 — 1)), By, (2,61, E2,1)) (9.10)

We consider first the case t; < 7; < t2. By (7.2) and (9.8) we have
@{(tQ) = <f(l',€2 - 61 + 51 - <i7 (t2 —t1+1t — Ti)n)7 Hotirits (.’)3761, <i7€2777)> .

From the triangle inequality and from (7.2) we get

ol (t2) < (f(2,& — &1, (ta — t1)n), By, (2,61, 62,m)) + (9.11)
+ <f(xa€1 - Cia (tl - Ti)n)’ll‘tln (x’glv Cia 77)> )

which gives (9.10) by (9.8). The proof in the cases 7; < t; and 7; > to is similar.
Let W: [0,T] — R be the increasing function defined by

W(t) =V(t)+tAX) (9.12)
and let o: [0,W(T)] — [0,7T] be the nondecreasing function defined by
o(s) :==inf{t € [0,T] : W(t) > s}.

It is easy to see that

o(W(t)) =t for every t € [0,T]. (9.13)
As W(ta) — W(t1) > (t2 — t1)M(X) for every t; < ta, we have
0<o(s2)—oa(s1) < (s2—51)/AMX) (9.14)

for every s; < sz, hence o is Lipschitz continuous.

By (9.9) and (9.13) we have

(9] 0 0)(s2) = (o] 0 ) (s1)| < ls2 = s1] | flInom
for every s1,s5 € W([0,T]). Therefore, there exists a function 7 : [0, W (T)] — R
such that wf(s) = (g@f oo)(s) for every s € W([0,T]) and
19/ (s2) = ] (s1)] < Is2 = sl 1f [nom (9-15)
for every s1,s2 € [0, W(T')]. For every sg € [0, W(T)] let

f f
B (s0) = lim sup L&) ~ Vi (50).
550 s — 8o

By (9.15) we have |¢Zf(80)| < || flhom » and by Lebesgue’s Differentiation Theorem
the limsup is a limit for a.e. sq € [0, W (T)]. Finally, let w/: [0, W(T)] — R be the
function defined by

w! (s) := sup ! (s). (9.16)

By the bound on qlzlf we have
|wf(s)| < ”f”hom (917)
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for every s € [0, W(T)].

Step 3. The exceptional set. Let L' be the Lebesgue measure on R. By (9.14)
and (9.15) there exists a measurable set N C [0, W(T)], with £!(N) = 0, such
that each point of [0, W(T)] \ N is a Lebesgue point of w/ for every f € F and
a differentiability point for zbif for every f € F and for every i. Let Ny be the
set of points of [0, 7] where the derivative W of W does not exist. By Lebesgue’s
Differentiation Theorem we have £'(Ny/) = 0. Since o is Lipschitz continuous and
W=YHN) =o(NNW([0,T])) by (9.13), we have that £}(W~1(N)) =0, hence

LY Nw UWHN)) =0. (9.18)
Step 4. Estimate from below. Let us fix to € Ny UW—L(N), with 0 < ¢ty < T, and
let so = W(to). As go{(t) = w{(W(t)), from (9.10) we obtain
d)zf(W(tQ)) - wzf(W(tl)) S <f(ZL', 52 - 517 (tQ - tl)n)a /‘l’tltg (1” 517 523 77)>
for every t1,ts € [0,T] with ¢; < to. This implies
D] (W (to)) W (to) < liminf (f(x, $52, ), gy, (2, €, &0, 1)) ,

t—ty

B (W (t0)) W (to) < liminf (f(z, $52, 1), gy, (7, €0, €,m))

t—td

for every i, which by (9.16) gives

wf(W(tO)) W(to) < htm 1£1f <f(l'7 %7 77)7 M, (l‘, 57507 77)> ) (919)
w! (W (to)) W (to) < fim inf (f (@, 52522 m), pryge (2, €0, €,m)) - (9.20)

Step 5. Estimate from above. To prove the opposite inequality we show that

W (t2)

<f(l’,£2 - 517 (t2 - tl)n)7“t1t2 (xvgla€27n)> < / wf(s) ds (921)

W(t1)

for every tq1,t2, with 0 < t; <ty < T, such that W is continuous at t; or to. We
prove (9.21) only when W is continuous at t;, the other case being analogous. For
every € > 0 there exists ¢ such that 7; < ¢; and

W(tl) — W(Tl) <e€. (922)
As wlf is Lipschitz, from the compatibility condition (7.2) we get

W (t2) Wi(tz)
/ M@@z/ B () ds = f (W (t2)) — 0 (W(ty)) =

W (t1) W (t1)

= ¢l (t2) — @l (t1) = (f(z,& — G\ (b2 — 7)), Brpa, (2, Cin 61, E0,m)) = (9:23)

= (f(w, &1 — Gis (t1 = T)N)s Boryty, (%5 Gis €15 €25m)) -

Using Remark 2.6 we obtain

f(x7£2 - Cia (t2 - 7_1)7’) Zf(xa€2 - 517 (tQ - tl)n)i(ml - C’L‘ + (tl - Tl)|77|) ||f||hom7
—flz, & = G, (o —m)n) = —(1& — Gl + (1 — 7)) | fl[nom »
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so that, using again (3.2) and (7.2), inequality (9.23) and the definition of W give

W (t2)
Jo 0 2 (5066, 12 = ) s 6 0)
= 2(W(t1) = W (T f llnom -
By (9.22) we conclude that

W (t2)
/ W (5)ds > (f(. € — &1, (t2 — t0)0)s ey (@ €0, E0,0) — 26| o

W (t1)
As € > 0 is arbitrary, this proves (9.21).
Since W is differentiable at ¢, and W (ty) is a Lebesgue point of w/, inequality
(9.21) implies
hmsup <f($, %a 77)7 Ntto (.’13, ga 50? 77)) S wf(W(tOD W(to) )

t—t,

lim sup <f(l‘, i:ifeo: n)a Ntot(‘ra €O7€a 77)> S wf(W(tO)) W(to) )

t—tl
which, together with (9.19) and (9.20), give
lim <f($7 i:fg ’ 77)7 Hiz, (LL', &, 6o, 77)> = wf<W(t0)) W(to) )

t—ty

lim <f(33‘, %v 77)’ Ntot(x’ &0, &, 77)> = wf(W(tO)) W(to) .

t—ty

By (9.18) this proves (9.7) and concludes the proof of the existence of the weak*
derivative f1, for a.e. to € [0,7]. Moreover it shows that

(f(,8m); by (,6,m)) = ! (W (t0)) W (to) (9.24)
for every f € F and for a.e. ¢ty € [0,T].

Step 6. Integrability of t — (f, f,). To prove the measurability of this function for
every f € Ch™(XxExR), we fix a sequence ¢, of positive numbers converging to
0 and a function f € CP°"(XxZExR). By Lemma 8.9 the function

t— <f(xa 5;7;5777)7 ut,tJrek (xvfaglan»

is measurable on [0,7 — x]. Since it converges to ¢ — (f, t,) for a.e. t € [0,T7],
we conclude that this function is measurable on [0,7]. The same property can
be proved for an arbitrary f € Ch"™(XxZExR) by approximation, thanks to
Lemma 2.4.

By (9.17) and (9.24) we have

(s )| < W () [1f | nom

for every f € F. The same inequality holds for any f € Chom (X xExR) by the
density of F (see Lemma 2.7). Since W is integrable, this concludes the proof of
the integrability of ¢ — (f, ft,) on [0,T].

Step 7. Estimate for Varp(p;a,b). Let h: E — [0,400) be a positively one-
homogeneous function satisfying the triangle inequality. Since the function ¢ —
Varyp, (p; a,t) is nondecreasing on [a,b], by Lebesgue Differentiation Theorem it is
differentiable for a.e. t € [a,b] and

b
/ %Varh(u; a,t)dt < Varp(w;a,b). (9.25)



TIME-DEPENDENT SYSTEMS OF GENERALIZED YOUNG MEASURES 33

Let tg € (a,b) be a point where t +— Varp(p;a,t) is differentiable and the weak*
derivative fi,, exists. By the definition of Var, for every ¢ € (t9,b) we have

Varh(ﬂ; a, to) + <h(§ - gO)a IJ‘tot('xa 50; fa 77)> < Varh(ﬂ; a, t) .
Since h is positively homogeneous of degree one, we obtain

—¢o Varh(li§a,t) — Varh(u;a,to)
(h(5=52), pge(, 0. 6,m) < p— .

From (9.3) we deduce that

d
<h(£),ﬂt0($,£,’l7)> < avarh([ll;a,t) L
t=to

Since this inequality holds for a.e. ty € [a, b], from (9.25) we obtain

b
[ b)) e < Vasn(psa )
which concludes the proof of (9.5). O

10. Absolute continuity. In this section we introduce the notion of absolutely
continuous system of generalized Young measures on the time interval [0, 7], with
T > 0, and prove that for these systems the h-variation can be computed using the
weak* derivative by the formula

b
Vary (u: 0, b) = / (W€ ., m)) dt (10.1)
for every a, b € [0,7T], with a < b.

Definition 10.1. We say that a compatible system of generalized Young measures
p € SGY([0,T], X;E) is absolutely continuous on [0,T] if for every € > 0 there
exists d > 0 such that

k
Z<|£2 _51‘7u’aibi(x7£17£27n)> <e (102)
i=1
for every finite family (a1,b1), ..., (ak, bx) of nonoverlapping open intervals in [0, 7]
with
k
Z(bl — ai) S .
i=1

Remark 10.2. It follows from Definition 3.2 that, if p = 6, for some function
p: [0,T] — Mp(X;E), then p is absolutely continuous on [0,7] if and only if p
is absolutely continuous on [0,7] in the usual sense of functions with values in a
Banach space.

If w is an absolutely continuous function from [0,7] into L"(X;Z) for some
r > 1, then the derivative 4(t), defined as the strong L" limit of the difference
quotients, exists at a.e. t € [0,T] (see, e.g., [5, Appendix]). By Remark 9.5 it follows
that, if p = d,, then g1, = d4() for a.e. t € [0,T], and (10.1) follows from the
classical theory (see, e.g., [5, Appendix]).

If p is an absolutely continuous function with values in M, (X;Z), then the
derivative p(t), defined as the weak™ limit of the difference quotients, exists at a.e.
t € [0,T] (see [9, Appendix]). This is not enough to guarantee that f1, = 6, for
a.e. t € [0,7] when p = d, (see Remark 9.5). Therefore, in this case (10.1) cannot
be obtained directly from known results.
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Remark 10.3. As in the classical case, one can see that, if p € SGY ([0,T], X;E)
is absolutely continuous on [0,7], then Var(u;0,7) < +oo. In this case, if
V:[0,T] — [0,+00) is the nondecreasing function defined by

V(t) := Var(p;0,t)
then for every € > 0

k
D (V(bi) = V() <e
i=1
for every finite family (a1,b1), ..., (ag,bx) of nonoverlapping open intervals in [0, T
with
k
> (bi—a;) <6,
i=1

where § is the constant in the definition of the absolute continuity of g. In partic-
ular, V is absolutely continuous on [0,77].

Theorem 10.4. Suppose that p € SGY ([0,T], X;E) is absolutely continuous on
[0,T] and that h: 2= — [0,400) is positively one-homogeneous and satisfies the
triangle inequality. Then

b
Var s .6) = [ 0(€), o, €. )
for every a, b € [0,T] with a <b.

Proof. Let W be defined by (9.12). By Remark 10.3 W is absolutely continuous on
[0,7]. By Remark 8.7 the function f(x,&,7n) := h(€) belongs to CR™ (X xExR).
Therefore, we can add this function to the set F introduced in Step 1 of the proof
of Theorem 9.7 and we can consider the corresponding function w”: [0, W(T)] — R
defined by (9.16). By (9.21) and (9.24) we have

W (t2)

<h(§2 _51)7“t1t2(m7€17£27n)> < / wh(s) dS, (103)
W(tl).

(R(&), gy, & m)) = W™ (W (1)) W(2) (10.4)

for every t1, to € [0,T], with ¢; < t5, and for a.e. ¢t € [0,T].
By the definition of Var,(p;a,b), inequality (10.3) implies that
W (b)
Vary, (u; a, b) S/ Wwh(s) ds (10.5)
W(a)
for every a, b € [0,7], with a < b. On the other hand, since W is absolutely
continuous on [0,7], we have

W (b) b b
/‘ w@m:/wmwmwmmz/m@mmwmwu (10.6)

W (a) a

where the last equality follows from (10.4). The conclusion follows now from (9.5),
(10.5), and (10.6). O
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