CVGMT Preprint Server - http://cvgmt.sns.it/papers/giucla01/

ON THE RELAXATION OF SOME OPTIMAL PARTITION PROBLEMS

GIUSEPPE BUTTAZZO^∗ AND CLAUDIA TIMOFTE^{∗∗}

Abstract. We consider optimization problems for which the cost functional depends on a partition of a given domain Ω. It is well known that, unless we assume special monotonicity conditions on the cost functional or geometric constraints on the class of admissible choices, an optimal solution does not exist and a relaxation procedure is then necessary to describe the asymptotic behavior of the minimizing sequences. In this paper we determine the form of the relaxed optimization problem.

1. Introduction

In this paper we consider optimal partition problems of the following type

(1.1) min{F (A_{1,} . . . , A_k) : A_i ∈ A(Ω), A_i ∩ A_j = ∅ for i ≠ j},

where Ω is a bounded open subset of R^N, k is a fixed positive integer, A(Ω) is the class of all admissible domains, i.e. the class of all (quasi) open subsets of Ω and F : A(Ω)^k → [0, +∞] is the cost functional. A family {A_1, . . . , A_k} of pairwise disjoint subsets of Ω will be called partition in the following.

Problems of this kind have been considered by Bucur, Buttazzo and Henrot in [1], where the existence of an optimal partition, made of quasi-open subsets, is shown under suitable monotonicity assumptions on the cost functional F. On the other hand, even in the case in which k = 1, it is known that, without extra assumptions involving either the monotonicity of the cost functional or some geometric constraints on the class of competing domains (see [1]), the existence of an optimal domain may fail. In this case, if we want to study the asymptotic behavior of the minimizing sequences, a relaxation procedure is needed and we may only speak of a solution in a relaxed sense.

However, this still allows to obtain some necessary conditions of optimality for the relaxed solutions (see [2]).

The notion of “relaxed Dirichlet problem” was introduced in [5] in order to describe the asymptotic behavior of the solutions of classical Dirichlet problems in highly perturbed domains. Such a “relaxed” problem can be formally written as

(1.2) { −Δu + μu = f, in Ω, u = 0, on ∂Ω,

where Ω is a bounded open subset of R^N, N ≥ 2, f ∈ H^{−1}(Ω) and the “coefficient” μ is a suitable nonnegative Borel measure on Ω, which must vanish on all sets of harmonic capacity zero, but is allowed to take the value +∞ on nonpolar subsets of Ω. We shall denote by M_0(Ω) the class of all measures μ allowed in (1.2).

More precisely, problems of type (1.2) arise naturally as asymptotic equations satisfied by the limit u of sequences of “perturbed” solutions u_n, on varying open 1

subsets Ω_n of Ω, of Dirichlet problems of the form

(1.3) { −Δu_n = f, in Ω_n, u_n = 0, on ∂Ω_n.

Here, Ω_n = Ω \ S_n, {S_n} is a sequence of compact subsets of Ω and u_n is extended to zero on Ω\Ω_n.

Such problems correspond, in fact, to the measures μ_n=∞_{Sn} of the class M_0(Ω), defined by

(1.4) ∞_{Sn} (B) = { 0, if cap(B ∩ S_n) = 0, +∞, if cap(B ∩ S_n) > 0, for every Borel subset B of Ω. These measures are sometimes called measures of Dirichlet type.

It is well known that the solutions u_n of problems (1.3) may have wild oscillatory behavior as n → +∞ and, therefore, u_n will converge to some limit u in Ω only in a weak topology, like that of the space H^1(Ω). Also, the limit u may be no more a solution of a problem of the same type. In fact, the solution u verifies a “relaxed” equation of the type (1.2), with a new “penalization” term μu.

In order to study the dependence of the solution u of (1.2) on the measure μ, one can rely on a notion of convergence for sequences {μ_n} in M_0(Ω), called γ−convergence. We refer to [3] and [4] for more details and applications to the study of perturbation problems in the calculus of variations.

The main properties of the γ−convergence are the following compactness and density results ([6]):

a) for every sequence {μ_n} in M_0(Ω), there exists a subsequence {μ_{nk} } which γ−converges to a measure μ ∈ M_0(Ω);

b) for every μ ∈ M_0(Ω), there exists a sequence {S_n} of compact and regular subsets of Ω such that the sequence of measures {∞_{Sn} } γ−converges to μ.

In other words, the class M_0(Ω) is sequentially compact and the measures of the Dirichlet type are dense in M_0(Ω). Therefore, M_0(Ω) proves to be a natural variational closure of the class of Dirichlet measures (1.4).

The purpose of this note is to consider the case in which we have k sequences {A^1_n}, . . . , {A^k_n} of pairwise disjoint subsets of Ω.

If we consider the associated Dirichlet measures μ^i_n = ∞_{Ω\A}i_n , i = 1, . . . , k, of the class M_0(Ω), from the sequential compactness property of M_0(Ω), we know that, up to a subsequence, there exist k measures μ_i ∈ M_0(Ω), i = 1, . . . , k, such that μ^i_n γ−converge to μ_i, for any i = 1, . . . , k.

The natural question arising here is to characterize all k−tuples (μ_1, . . . μ_k) which are the γ−limits of μ^i_n = ∞_{Ω\A}i_n , with A^i_n pairwise disjoint (we shall call such a k−tuple an admissible or an attainable one). If we denote by A_{μi} the set of σ−finiteness of the measure μ_i, we shall prove that (μ_1, . . . μ_k) is admissible if and only if it satisfies the following property: (P) cap(A_{μi} ∩ A_{μj} ) = 0, for any i ≠ j, i, j = 1, . . . , k. In particular, if the property above holds, it is possible to find k sequences of pairwise disjoint domains {A^i_n} such that the corresponding Dirichlet measures μ^i_n = ∞_{Ω\A}i_n γ−converge to μ_i, for any i = 1, . . . , k.

The main tool for finding such sequences of disjoint domains {A^i_n} will be a “localization” result obtained in [3]: if two γ−convergent sequences of measures of class M_0(Ω) coincide on all finely open subsets of a finely open set, then the same property holds for their γ−limits.

Then, we shall address the optimal partition problem (1.1) and since is well known that, unless we assume special monotonicity conditions on the cost functional F or geometric constraints on the class of admissible choices, an optimal solution may not exist, we shall consider the relaxed problem associated to (1.1). Using the compactness and density results obtained in Section 3, we shall prove that under suitable hypotheses on the cost functional F , the associated relaxed problem admits a solution. Moreover, we shall prove some necessary optimality conditions for the relaxed solutions.

The paper is organized as follows: in Section 2 we recall some definitions and preliminary results, necessary in the sequel. Section 3 is devoted to the proof of our main results, the relationship between the regular sets of the γ−limits measures μ_i, i = 1, . . . , k and the possibility of ”reconstructing” the disjoint domains A^i_n from the given measures μ_i satisfying the property (P ). In the final section of the paper we shall address the optimization problem and we shall give some necessary conditions of optimality for the solution of the relaxed problem associated to (1.1).

2. Notation and Preliminary Results

In this section we fix the notation and recall some definitions and preliminary results necessary in the sequel.

Let Ω be a bounded open subset of R^N, with N ≥ 2. By H^1(Ω) we shall denote the usual Sobolev space of all real-valued functions u ∈ L^2(Ω) with first-order distribution derivatives Du ∈ L^2(Ω), endowed with the scalar product

(u, v)_H 1_{(Ω)} = ∫ Ω DuDvdx + ∫ Ω uvdx and with the corresponding norm ‖·‖_H 1_{(Ω)} .

As usual, by H^1_0 (Ω) we shall denote the closure of C^∞_0 (Ω) in H^1(Ω) and by H^{−1}(Ω) the dual space of H^1_0 (Ω). Making the convention that each function u ∈ H^1_0 (Ω) is extended to R^N by putting u = 0 on R^N \ Ω, we have H^1_0 (Ω) ⊆ H^1(R^N).

The capacity of a subset E of R^N is defined by

cap(E) = inf_{u∈UE} ‖u‖^2_H 1_{(R} N_) ,

where U_E is the set of all functions u ∈ H^1(R^N) such that u ≥ 1 a.e. in a neighborhood of E. If a property P (x) holds for all x ∈ E, except for a set Z ⊆ E with cap(Z) = 0, then we say that P (x) holds quasi-everywhere on E (q.e. on E). A set A ⊆ Ω is called quasi-open (respectively quasi-closed, quasi-compact) in Ω if, for every ϵ > 0, there exists an open (respectively closed or compact) set U ⊆ Ω such that cap(AΔU) < ϵ, where Δ denotes the symmetric difference of sets.

A function f : A → R is said to be quasi-continuous in Ω if for every ϵ > 0 there exists a subset E ⊆ Ω with cap(Ω \ E) < ϵ such that the restriction of f to E is continuous on E.

Functions in H^1(Ω) can be defined q.e. in Ω and it is well known (see, for instance, [2]) that every function u ∈ H^1(Ω) admits a quasi-continuous representative, which is uniquely defined up to a set of capacity zero. By convention, we shall always identify in the sequel the function u with its quasi-continuous representative.

The fine topology (see for details [7]) is defined as the weakest topology in R^N making continuous every superharmonic function on R^N.

For every set E ⊆ Ω we denote by int^∗E, cl^∗E and ∂^∗E, respectively, the fine interior, the fine closure and the fine boundary of E in Ω. It is well-known that every finely open (respectively finely closed) subset of Ω is quasi-open (respectively quasi-closed).

Also, a real-valued function u is quasi-continuous on an open set Ω if and only if u is finely continuous q.e. in Ω. So, by the above mentioned convention, every function u ∈ H^1(Ω) is finely continuous q.e. in Ω.

If Ω is a finely open subset of R^N, by H^1_0 (Ω) we denote the space of all functions u ∈ H^1(R^N) such that u = 0 q.e. on R^N \ Ω, with the Hilbert space structure inherited from H^1(R^N). Note that if Ω is open, the previous definition is equivalent to that one introduced at the beginning of this section.

We recall now the definition of the class of measures M_0(Ω), already introduced in [2] and [3]. If B(Ω) denotes the σ−field of all Borel subsets of the open bounded subset Ω of R^N, by a Borel measure on Ω we mean a nonnegative countably additive set function μ : B(Ω) → [0, +∞] such that μ(∅) = 0.

Definition 2.1. By M_0(Ω) we denote the set of all nonnegative Borel measures μ on Ω such that μ(E) = 0, for every Borel set E ⊆ Ω with cap(E) = 0.

Let us note that the measures of the class M_0(Ω) are not required to be regular nor σ−finite; for instance, for every set E ⊆ Ω, the Borel measure ∞_E defined by

(2.1) ∞_E(B) = { 0, if cap(B ∩ E) = 0, +∞, if cap(B ∩ E) > 0, for any B ∈ B(Ω)

belongs to M_0(Ω).

Definition 2.2. We say that two measures μ, ν ∈ M_0(Ω) are equivalent if

(2.2) ∫ Ω u^2dμ = ∫ Ω u^2dν, for every u ∈ H^1_0 (Ω).

It is well known (see, for instance, [3]) that two measures of the class M_0(Ω) are equivalent if and only if they agree on all finely open subsets of Ω. In fact, we have the following well known result ([3], [4]):

Proposition 2.1. Let μ and ν be two measures of the class M_0(Ω). The following conditions are equivalent:

(a) μ(A) = ν(A), for every finely open set A ⊆ Ω; (b) μ(A) = ν(A), for every quasi-open set A ⊆ Ω; (c) μ and ν are equivalent.

Let us recall now the notion of regular set of a measure μ ∈ M_0(Ω). Definition 2.3. For every measure μ ∈ M_0(Ω), the regular set A(μ) (or the set of σ−finiteness) of μ is defined as the union of all finely open subsets A of Ω such that μ(A) < +∞. The singular set S(μ) of μ is defined as the complement of A(μ) in Ω.

Let us remark here that the regular set A(μ) of μ is finely open. Also, it is easy to see that if A is a finely open subset of Ω which intersects S(μ), then μ(A) = +∞. From Proposition 2.1., we have A(μ) = A(ν) and S(μ) = S(ν), if μ and ν are equivalent measures of the class M_0(Ω).

We recall now the notion of “relaxed Dirichlet problems”. If μ ∈ M_0(Ω) and f ∈ H^{−1}(Ω), we may consider the elliptic problem formally written as

(2.3) u ∈ H^1_0 (Ω) ∩ L^2_μ(Ω), − Δu + uμ = f.

The precise meaning of problem (2.3), which is called “relaxed Dirichlet problem”, is given in a weak form (see [2]) as

(2.4) ∫ Ω DuDvdx + ∫ Ω uvdμ = ⟨f, v⟩_H −1_{(Ω)} , ∀v ∈ H^1_0 (Ω) ∩ L^2_μ(Ω)

and it is easy to show that for every μ ∈ M_0(Ω) the problem (2.3) admits a unique solution u ∈ H^1_0 (Ω) ∩ L^2_μ(Ω).

Following [2], we may then introduce the resolvent operator R_μ defined by R_μ(f) = u, where f ∈ H^{−1}(Ω) and u ∈ H^1_0 (Ω) ∩ L^2_μ(Ω) is the unique solution of (2.3). It can be proved that R_μ is a continuous, symmetric linear operator and that there exists a constant C(Ω) independent of μ such that

(2.5) ‖R_μ(f)‖_{H 1(Ω)} ≤ C ‖f‖_H −1_{(Ω)} ,

for every f ∈ H^{−1}(Ω).

Definition 2.4. A sequence {μ_n} of measures of the class M_0(Ω) γ−converges to a measure μ ∈ M_0(Ω) if and only if R_{μn} (f) → R_μ(f), strongly in L^2(Ω), for every f ∈ L^2(Ω). In this case, we shall write μ_n^γ→ μ.

From (2.5) we see immediately that {μ_n} γ−converges to μ if and only if R_{μn} (f) is weakly convergent in H^1_0 (Ω), for any f ∈ H^{−1}(Ω).

The following compactness and density results were proved in [6]: Theorem 2.2. For every sequence {μ_n} of measures of class M_0(Ω), there exists a subsequence {μ_{nk} } which γ−converges to a measure μ ∈ M_0(Ω). Theorem 2.3. For every measure μ ∈ M_0(Ω), there exists a sequence {S_n} of compact and smooth subsets of Ω such that the sequence {∞_{Sn} } of measures of the class M_0(Ω) γ-converges to μ.

Let μ ∈ M_0(Ω) and let {S_n} be the sequence of compact subsets of Ω given by Theorem 2.3.. For any f ∈ H^{−1}(Ω), let A_n = Ω \ S_n and let u_n ∈ H^1_0 (A_n) be the solution of the Dirichlet problem

(2.6) u_n ∈ H^1_0 (A_n), − Δu_n = f in H^{−1}(A_n).

If μ_n = ∞_{Sn} , the solution u_n of (2.6) can be written as u_n = R_{μn} (f) and from the γ−convergence of μ_n to μ, we get immediately the weak convergence in H^1_0 (Ω) of the sequence of solutions {u_n} of (2.6) to the solution u of the “relaxed Dirichlet problem” (2.3).

So, the solution u of (2.3) can be approximated by the solutions of the classical Dirichlet problems (2.6) and this justifies the name “relaxed Dirichlet problems” given to such kind of problems.

We conclude this section by recalling the following fine localization theorem, which was proved in [3].

Theorem 2.4. Let {μ_n} and {ν_n} be two sequences of measures of class M_0(Ω) which γ−converge to μ and, respectively, ν and let E be a quasi-open subset of Ω. If μ_n and ν_n coincide on all quasi-open subsets of E, for every n ∈ N, then their γ−limits μ and ν coincide on all quasi-open subsets of E.

3. The Relaxation Result

Consider k sequences of compact subsets {S^i_n} of Ω, i = 1, . . . , k, such that the corresponding domains A^i_n = Ω \ S^i_n are pairwise disjoint. We define the associated measures μ^i_n, i = 1, . . . , k, of the class M_0(Ω), by putting μ^i_n = ∞_Si_n .

From the sequential compactness property of the γ−convergence (given by Theorem 2.2.), we get, by passing possibly to some subsequences, the existence of k measures μ_i, i = 1, . . . , k, of class M_0(Ω), such that μ^i_n^γ→ μ_i, for any i = 1, . . . , k.

We shall prove that the above γ−limit measures μ_i, i = 1, . . . , k, are related by the following property: (3.1) cap(A_{μi} ∩ A_{μj} ) = 0, for any i ≠ j, i, j = 1, . . . , k. If μ_i satisfy (3.1), the k-tuple (μ_1, . . . , μ_k) will be called an admissible or an attainable one.

So, the limit measures are not ”independent”. For example, it will be not possible to get an attainable k-tuple formed by k measures of the Lebesgue type.

Conversely, we shall prove that if μ_1, . . . , μ_k satisfy (3.1), then there exist k sequences of pairwise disjoint domains {A^i_n} such that the corresponding Dirichlet measures ∞_{Ω\A}i_n γ−converge to μ_i, for any i = 1, . . . , k.

For simplicity, in what follows we shall restrict ourselves to the case k = 2, but all the results we shall obtain hold for the general case, in which k is an arbitrary fixed positive integer.

So, for the case in which k = 2, let us denote the two sequences of compact subsets of Ω by {S_n} and, respectively, {T_n} and the corresponding disjoint domains by A_n = Ω \ S_n and, respectively, B_n = Ω \ T_n.

Let us introduce the associated measures of class M_0(Ω), by putting

(3.2) μ_n = ∞_{Sn} and ν_n = ∞_{Tn} .

Proposition 3.1. Let Ω be an open bounded subset of R^N and let {S_n} and {T_n} be two sequences of compact subsets of Ω such that the corresponding domains A_n = Ω \ S_n and B_n = Ω \ T_n are disjoint. Then, there exist two measures μ and ν of the class M_0(Ω) such that, up to a subsequence, the sequences of measures {μ_n} and {ν_n} defined by (3.2) γ-converge to μ and, respectively, ν. Moreover, the limit measures μ and ν satisfy the property (3.1).

Proof. Let {S_n} and {T_n} be two sequences of compact subsets of Ω such that the domains A_n = Ω \ S_n and B_n = Ω \ T_n are disjoint and let the corresponding measures μ_n and ν_n be defined by (3.2).

For any domain A ⊆ Ω, let us denote by w_A the solution of the auxiliary problem

(3.3) w_A ∈ H^1_0 (A), − Δw_A = 1, on A.

Replacing A with A_n, respectively B_n and using the Poincaré inequality, we see immediately that the sequences of solutions {w_{An} } and {w_{Bn} } are bounded in H^1_0 (Ω). So, there exist w_μ and w_ν in H^1_0 (Ω) such that w_{An} ⇀ w_μ and w_{Bn} ⇀ w_ν weakly in H^1_0 (Ω). It is easy to see that A_μ = {w_μ > 0} and A_ν = {w_ν > 0}.

On the other hand, since the domains A_n and B_n are disjoint, we get

(3.4) w_{An} · w_{Bn} = 0.

The weak convergence of w_{An} to w_μ in H^1_0 (Ω) implies that w_{An} → w_μ strongly in L^2(Ω). In a similar manner, we obtain that w_{Bn} → w_ν strongly in L^2(Ω).

Therefore

(3.5) w_μ · w_ν = 0 a.e. in Ω.

But since w_μ · w_ν is finely continuous q.e. in Ω and every nonempty finely open set has positive Lebesgue measure, it follows that

(3.6) w_μ · w_ν = 0 q.e. in Ω

and this proves that the regular sets A_μ and A_ν are disjoint (up to a set of capacity zero), so the γ-limit measures μ and ν satisfy the property (3.1). □

Let us consider now the converse problem of the “reconstruction” of the disjoint domains A_n and B_n from the given measures μ and ν satisfying the property (3.1).

As already mentioned, we shall prove that given two measures μ and ν satisfying (3.1), it is possible to find two sequences of disjoint domains {A_n} and {B_n} such that the corresponding Dirichlet measures μ_n = ∞_{Ω\An} and ν_n = ∞_{Ω\Bn} γ−converge to μ and, respectively, ν.

The main tool for finding such sequences of disjoint domains is the “localization” result given by Theorem 2.4..

Proposition 3.2. Let μ and ν be two given measures of class M_0(Ω) satisfying the property (3.1). Then, there exist two sequences of disjoint domains {A_n} and {B_n} such that the corresponding Dirichlet measures μ_n = ∞_{Ω\An} and ν_n = ∞_{Ω\Bn} γ−converge to μ and, respectively, ν.

Proof. Let μ and ν be two given measures of class M_0(Ω) satisfying (3.1). From the density result given by Theorem 2.3., there exist two sequences of compact subsets of Ω, {S_n} and, respectively, {T_n}, such that the measures μ_n = ∞_{Sn} and ν_n = ∞_{Tn} are γ−convergent to μ and, respectively, ν. So

(3.7) μ_n^γ→ μ and ν_n^γ→ ν.

Let ~A_n = Ω \ S_n and ~B_n = Ω \ T_n. If A_μ and A_ν are the regular sets of μ and, respectively, ν, consider the Dirichlet measures

(3.8) μ_n = ∞_{Ω\( ~An ∩Aμ)} and ν_n = ∞_{Ω\( ~Bn ∩Aν )}.

Of course, the domains A_n = ~A_n ∩ A_μ and B_n = ~B_n ∩ A_ν will be disjoint (up to a set of capacity zero).

We shall prove that these new measures are also γ−convergent to μ and, respectively, ν and, since their domains are disjoint, this will conclude the proof.

From the compactness result given by Theorem 2.2., we know that there exist two measures ~μ and, respectively, ~ν, of the class M_0(Ω), such that, up to a subsequence, ~μ_n^γ→ ~μ and ~ν_n^γ→ ~ν. We shall prove that μ = ~μ and ν = ~ν and this will end, in fact, the proof.

Let us show that μ = ~μ. By construction, μ_n ≤ ~μ_n and so, μ ≤ ~μ. Using the localization result given by Theorem 2.4., it suffices to prove that μ_n and ~μ_n coincide on all finely open subsets of A_μ. This will imply that μ and ~μ coincide on A_μ and since outside of A_μ they are obviously equal (being both equal to +∞), this gives μ = ~μ. In a similar manner we obtain ν = ~ν.

So, it remains only to prove that μ_n and ~μ_n coincide on all finely open subsets of A_μ. Let E be an arbitrary finely open subset of A_μ.

We can write E in the form E = (E ∩ ~A_n) ∪ (E \ ~A_n).

If cap(E \ ~A_n) = 0, then μ_n(E) = μ_n(E ∩ ~A_n) ≤ μ_n( ~A_n) = 0. On the other hand, ~μ_n(E) ≤ ~μ_n(E ∩ ~A_n) ≤ ~μ_n(A_μ ∩ ~A_n) = 0 and so, in this case, we get that μ_n and ~μ_n coincide on all finely open subsets of A_μ.

If cap(E \ ~A_n) > 0, then μ_n(E) ≥ μ_n(E \ ~A_n) = +∞ and ~μ_n(E) ≥ μ_n(E) = +∞. Then, in this case too, μ_n and ~μ_n coincide on all finely open subsets of A_μ.

This means that in any case μ_n and ~μ_n coincide on all finely open subsets of A_μ and the proposition is proved. □

4. Some Necessary Conditions of Optimality Let us consider two given functions, f = (f_1, ..., f_k) ∈ L^2(Ω)^k and j : Ω×R^k→ R, satisfying the following conditions:

(i) j(·, s) is L^N −measurable in Ω, for every s ∈ R^k; (ii) j(x, ·) is continuous in R^k, for a.e. x ∈ Ω;

(iii) there exist a_0 ∈ L^1(Ω) and c_0 ∈ R such that, for a.e. x ∈ Ω and for every s ∈ R^k, |j(x, s)| ≤ a_0(x) + c_0 |s|^2 . For every (u_1, . . . , u_k) ∈ L^2(Ω)^k, let us define

(4.1) J(u_1, . . . , u_k) = ∫ Ω j(x, u_1(x), . . . , u_k(x))dx. The aim of this section is to study the optimization problem (4.2) min{J(u_{A1} , . . . , u_{Ak} ) : A_i ∈ A(Ω), A_i ∩ A_j = ∅, for i ≠ j}, where A(Ω) is the class of all admissible domains, i.e. the class of all quasi-open subsets of Ω and u_{Ai} , i = 1, . . . , k, are the solutions of the Dirichlet problems (4.3) u_{Ai} ∈ H^1_0 (A_i), − Δu_{Ai} = f_i in H^{−1}(A_i).

It is well known that, in general, problem (4.2) has no solution (see, for instance, Example 4.1. below) and in order to study the minimizing sequences, we introduce the relaxed optimization problem (4.4) min{J(u_{μ1} , . . . , u_{μk} ): μ_i ∈ M_0(Ω), μ_i satisfy (3.1)}, where u_{μi} , i = 1, . . . , k, are the solutions, in the sense of (2.4), of the relaxed problems (4.5) u_{μi} ∈ H^1_0 (Ω) ∩ L^2_{μi} (Ω), − Δu_{μi} + u_{μi} μ_i = f_i.

The connection between problems (4.2) and (4.4) is given, like in [2], by the following theorem.

Theorem 4.1. Let f ∈ L^2(Ω)^k and j : Ω × R^k→ R satisfy conditions (i)-(iii). Then, the relaxed problem (4.4) admits a solution and min{J(u_{μ1} , . . . , u_{μk} ) : μ_i ∈ M_0(Ω), μ_i satisfy (3.1)} = = inf{J(u_{A1} , . . . , u_{Ak} ) : A_i ∈ A(Ω), A_i ∩ A_j = ∅, for i ≠ j}.

Proof. Let us notice that the functional J is continuous in the strong topology of L^2(Ω)^k. So, the function (μ_1, . . . , μ_k) → J(u_{μ1} , . . . , u_{μk} ) is continuous on M_0(Ω)^k with respect to the γ−convergence and the conclusion of the theorem follows immediately from the compactness and density properties stated in Propositions 3.1. and 3.2.. □ In what follows, our aim is to obtain, as in [2], some necessary conditions of optimality for the solutions of the relaxed optimization problem (4.4).

The methods used to prove these conditions are quite similar to those used in [2] for the case of only one measure μ.

Let us suppose that, in addition, the function j : Ω × R^k→ R satisfies: (iv) j(x, ·) is of class C^1 on R^k;

(v) j_{si} (·, s) are L^N −measurable on Ω, for every s ∈ R^k;

(vi) there exist a_1 ∈ L^2(Ω) and c_1 ∈ R such that, for a.e. x ∈ Ω and for every s ∈ R^k,_k ∑ i=1 |j_{si} (x, s)| ≤ a_1(x) + c_1 |s| . It follows immediately that the map J defined by (4.1) is differentiable on L^2(Ω)^k and its differential J^′ can be written as ⟨J^′(u), v⟩ = k∑ i=1 ∫ Ω j_{si} (x, u)v_idx, for any u, v ∈ L^2(Ω)^k. Here, ⟨·, ·⟩ denotes the duality pair between L^2(Ω)^k and its dual.

Following [2, Theorem 6.1.], we introduce the boundary measure ν_A associated with every finely open subset A of R^N by writing equation (3.3) in the weak form

w_A ∈ H^1_0 (A), ∫ A Dw_ADvdx = ∫ A vdx, ∀v ∈ H^1_0 (A). Then, there exists a unique nonnegative Radon measure ν_A belonging to H^{−1}(R^N) such that −Δw_A + ν_A = 1_{cl}∗_A in H^{−1}(R^N).

Moreover, we have ν_A(∂^∗A) = L^N (cl^∗A) and ν_A(R^N \ ∂^∗A) = 0, i.e. ν_A is carried by ∂^∗A. Similarly to what was done in [2, Theorem 7.1.], we can prove that for every μ ∈ M_0(Ω), there exists a unique function α ∈ L^2(Ω, ν_{Aμ} ) such that −Δu_μ + μu_μ + αν_A = f1_{cl}∗_{Aμ} in H^{−1}(Ω), where A_μ is the regular set of μ and u_μ is the solution of the relaxed problem (2.3).

Remark 4.1. We notice that when μ is a measure of the form ∞_{Ω\A} + qL^N |_A , with q ∈ L^∞(A) and A an open set of class C^2, then u_μ satisfies the problem u_μ ∈ H^1_0 (A), − Δu_μ + qu_μ = f in H^{−1}(A) and we get ν_A = − ∂w_A ∂n H^{N−1} |_{Ω∩∂A} and α = ∂u ∂n [ ∂w_A ∂n ]_{−1} H^{N−1} -a.e. on Ω ∩ ∂A.

Let u_{μi} be the solutions of the state equation (4.5). We introduce now the solutions v_{μi} of the corresponding adjoint state equations (4.6) v_{μi} ∈ H^1_0 (Ω) ∩ L^2_{μi} (Ω), − Δv_{μi} + v_{μi} μ_i = j_{si} (x, u_{μ1} , ..., u_{μk} ). Notice that, since {μ_i} satisfy property (3.1), u_{μi} vanish q.e. on Ω \ ⋃ j≠i A_{μj} . By applying the above mentioned Theorem 7.1. of [2], for the relaxed equations (4.5) we get the existence of unique functions α_i ∈ L^2(Ω, ν_{Aμi} ) such that

(4.7) −Δu_{μi} + μ_iu_{μi} + α_iν_{Aμi} = f_i1_{cl}∗_{Aμi} in H^{−1}(Ω).

Similarly, for the adjoint equation (4.6), we get the existence of unique functions β_i ∈ L^2(Ω, ν_{Aμi} ) such that

(4.8) −Δv_{μi} + μ_iv_{μi} + β_iν_{Aμi} = j_{si} (x, u_{μ1} , ..., u_{μk} )1_{cl}∗_{Aμi} in H^{−1}(Ω).

We can now perform the first variation arguments used in [2] and follow exactly the same steps in the proof of Theorem 9.3. of [2]. The method is based on perturbing the optimal measures μ_i by approximating measures μ^ϵ_i ; the only difference with [2] consists in taking care of fulfilling for every ϵ the admissibility condition (3.1). We then obtain the following necessary conditions of optimality. Theorem 4.2. Consider f ∈ L^2(Ω)^k and j : Ω × R^k→ R, satisfying the conditions (i)-(vi). Let (μ_1, ..., μ_k) be a solution of the relaxed optimization problem (4.4) and let u_{μi} and v_{μi} be the solutions of the problems (4.5) and (4.6). Then, for every i = 1, ..., k, we have (a) u_{μi} v_{μi} ≤ 0 q.e. on Ω, (b) u_{μi} v_{μi} = 0 μ_i−a.e. on Ω, (c) f_i(·)j_{si} (·, 0, ..., 0) ≥ 0 a.e. on int^∗S_{μi} , (d) α_iβ_i ≥ 0 ν_{Aμi} −a.e. on Ω ∩ [∂^∗A_{μi} \ ( ⋃ j≠i ∂^∗A_{μj} )], where α_i and β_i are defined by (4.7) and (4.8).

Remark 4.2. Assume that the original optimization problem (4.2) admits a solution (u_{A1} , ..., u_{Ak} ), with A_i of class C^2 (which happens, for instance, in the cases considered in [1]). Then, the measures μ_i = ∞_{Ω\Ai} are solutions of the relaxed problem (4.4). In this case, conditions (a)-(d) of Theorem 4.2. take the form (a^′) u_{Ai} v_{Ai} ≤ 0 q.e. on Ω, (c^′) f_i(·)j_{si} (·, 0, ..., 0) ≥ 0 a.e. on S_{μi} , (d^′)^{∂uAi}_{∂n}^{∂vAi}_{∂n} = 0 H^{N−1}−a.e. on Ω ∩ [∂A_i \ ( ⋃ j≠i ∂A_j )], while condition (b) is trivially satisfied in this case.

We conclude this section by exhibiting a simple example where the original problem (4.2) has no solution.

Example 4.1. Consider a function f ∈ L^2(Ω) such that f(x) > 0 for a.e. x ∈ Ω and let {Ω_1, Ω_2} be a given partition of Ω. Take j : Ω × R × R → R defined by j(x, s_1, s_2) = (2s_1 − w_1(x))^2 + (2s_2 − w_2(x))^2, where w_i are the solutions of the following auxiliary problems

w_i ∈ H^1_0 (Ω_i), − Δw_i = f in Ω_i, i = 1, 2.

It is not difficult to see that the relaxed problem (4.4) attains its minimum value 0 at the measures μ = ∞_{Ω\Ω1} +^f_{w1} L^N |_{Ω1} and ν = ∞_{Ω\Ω2} +^f_{w2} L^N |_{Ω2} . On the other hand, it is clear that there are no domains A_1 and A_2 such that j(x, u_{A1} , u_{A2} ) = 0, for a.e. x ∈ Ω and this implies that the original problem (4.2) has no solution.

Acknowledgements. This work is part of the European Research Training Net-

work “Homogenization and Multiple Scales” (HMS 2000), under contract HPRN- 2000-00109. The research of the second author was performed during a postdoctoral fellowship at University of Pisa in the framework of the European project above. The second author wishes to thank the Department of Mathematics of the University of Pisa for the warm hospitality and support.

References

[1] Bucur, D., Buttazzo, G., Henrot, A., Existence results for some optimal partition problems, Advances in Mathematical Sciences and Applications, Gakkōtosho, Tokyo, (2), 8 (1998), 571-579.

[2] Buttazzo, G., Dal Maso, G., Shape optimization for Dirichlet problems: relaxed formulation and optimality conditions, Appl. Math. Optim. 23 (1991), 17-49.

[3] Dal Maso, G., Γ-convergence and μ-capacities, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 14 (1987), 423-464.

[4] Dal Maso, G., An Introduction to Γ−convergence, Progress in Nonlinear Differential Equations and their Applications, 8, Birkhäuser Boston Inc., Boston, MA, 1993.

[5] Dal Maso, G., Mosco, U., Wiener criteria and energy decay for relaxed Dirichlet problems, Arch. Rational Mech. Anal. 95 (1986), 345-387.

[6] Dal Maso, G., Mosco, U., Wiener‘s criterion and Γ−convergence, Appl. Math. Optim. 15 (1987), 15-63.

[7] Doob, J. L., Classical Potential Theory and its Probabilistic Counterpart, Springer-Verlag, Berlin, 1984.

∗ Dipartimento di Matematica, Università di Pisa, Via Buonarroti 2, 56127 Pisa, Italy; e-mail: buttazzo@dm.unipi.it

∗∗ Department of Mathematics, Faculty of Physics, University of Bucharest, P. O. Box MG-11, Bucharest-Magurele, Romania; e-mail: claudiatimofte@hotmail.com