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1. INTRODUCTION
A strong formulation of the Prandtl-Reuss model of perfect plasticity is the following:
given a domain 2 C R™,

body force f(t,x):[0,T] x Q@ — R™,
boundary displacement w(t,z) : [0,T] x Ty — R™,
surface force F(t,z) : [0,T] x I'; — R",

the problem is to find functions
u(t,x), e(t,z), p(t,z) and o(t,x)
such that for every ¢ € [0,T], for every x € Q the following hold:
(1) kinematic admissibility: e(u(t, z)) = e(t,z) + p(t,z) in Q, u(t,z) = w(t,z) on I'y

(2) constitutive equation: o(t,x) = A~le(t,z),
(3) equilibrium: div,o(t,z) = —f(t,z) in Q, o(t,z)v(xz) = g(t,z) on 'y,
(4) stress constraint o(t,z) € K,
(5) associative flow rule: (£ —o(t,x)) : p(t,z) <0 for every & € K,
where
Vu+ Vul
) = VEVE

K={reM" : |7P| < V2k,}

sym
and A is the compliance tensor (the inverse of the elasticity tensor), which in the isotropic
case has the form

¢ 1
(1.1) Ao =2 D

Wi, Tt
where nKj is the first Lamé constant, and g is the shear modulus. The problem is supple-
mented by initial conditions at time ¢t = 0.

During the last decades there was an extensive study of this problem in its weak formu-
lation (see e.g. [2, 5, 15]). Due to the linear growth of the functional with respect to e(u),
arising in this problem, one looks for displacements u in the space BD(2) and for stresses o

in the space L?({; My <) . However, one can expect a better regularity of the stress tensor
1
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o. Namely, as it was shown in [10, 11, 12, 13], in some static situations the stress belongs
to the space W2 (Q;R™).

In this paper we address the issue of a higher regularity of the stress tensor o(t) with
respect to spatial variables. The main result (see Theorem 2.1 below) states that for the
Prandtl-Reuss model one has

o € L([0,T); Wy (2 M)

A similar result was obtained in [1], where the authors used Norton-Hoff approximations
and the dual theory of elliptic equations. However, our proof is based on a completely
different approach, developed by G. Seregin for proving regularity of stresses in the case of
Hencky perfect plasticity (see [4, 10, 14]). Observe, that due to this fact, our assumptions
on the data of the problem are different from those of [1].

We believe, that the method proposed in this paper can be used for proving the differen-
tiability of stresses for other models occurring in plasticity.

Shortly, the strategy for proving Theorem 2.1 consists in refining the proof of the existence
of a solution to the quasistatic problem, carried out in [2], by generalizing the estimates
obtained in [4] for proving the regularity of stresses in the case of Hencky perfect plasticity.

More precisely, we follow the general scheme for proving the existence of weak solutions
of the continuous-time energy formulation of rate-independent processes (see e.g. [8] and the
references contained therein). Our arguments are similar to the ones used in [14] for the case
of plasticity with hardening. Note, that in [5, 15] the existence was proved by visco-plastic
approximations, while in order to use the methods of [4] one needs to have some analogue
of the static problem. This is why we follow the proof of the existence given in [2], where a
quasistatic problem in perfect plasticity was solved by time discretization. In this case the
incremental problems one has to solve to get the updated values of solutions, play the role
of the static problem, where one can use the machinery of [4].

We perform the standard time-discretization procedure, and for suitable defined approxi-
mate solutions (un(t),en(t),pn(t),on(t)), converging to a weak solution of the quasistatic
problem, we obtain the estimate

(1.2) sup sup_[low (8)|lyy12 gy < C,
NGNtE[O’T] loc sWMlsym

which yields Theorem 2.1. To get (1.2), one looks for solutions of the incremental problems,
regarded as saddle points of some minimax problem, similar to the one considered in [4, 10]
for the static case of Hencky perfect plasticity. The main difference is the presence of a term
which takes into account the preceding history of plastic deformation.

Let us note, that Theorem 2.1 does not give any information about the behavior of the
stress tensor near the boundary. As it was observed in [9], the method we use is not suitable
for the investigation of regularity up to the boundary, at least in the case of a nonconvex
domain €. The issue of boundary regularity was discussed also in [3].

To our best knowledge, the only global regularity result for the stress in the case of Hencky
perfect plasticity is contained in [6] where under appropriate assumptions it is proved that
o € W/2792(Q) for every 6 > 0.

The paper is organized as follows: in Section 2 we introduce the definitions and state the
main result. In Section 3 we present a weak formulation of the quasistatic problem, outline
the proof of existence of the quasistatic evolution and obtain some time-continuity estimates
for the approximate solutions. In Section 4 an abstract scheme of relaxation of convex
functionals in non reflexive spaces is described. A minimax formulation of the incremental
problems is given in Section 5. In Section 6 we formulate the regularized problems, which
are used for obtaining the differentiability of stresses, and show the convergence properties
of their solutions. Section 7 contains the estimates of the VVZIOC2 norms of the solutions to
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the regularized problems, which imply that for every approximate solution we actually have

sup ||UN||WLL?(Q;MQ;,;T) < C(N),
te[0,T] o¢ ’

however, without any uniformity with respect to N. The uniform estimates (1.2) and the
proof of Theorem 2.1 are contained in Section 8. In Section 9 we consider the examples which
show that there is no analogue of regularity theorem, as in [4, 10, 11], for the displacement
u and the plastic strain p.

2. PRELIMINARY DEFINITIONS AND THE MAIN RESULT

We use the following notations:
R"™ denotes the n-dimensional Euclidian space,

M, denotes the space of all n x n symmetric matrices, equipped with a Hilbert-Schmidt
scalar product o : § = 0;&;,

1 stands for the identity matrix, and we consider the orthogonal decomposition Mgl =

M7" @ R1 of the space Mg " into the subspace of trace-free matrices M',*" and of the
multiples of identity R1,

D . .
1% represents an orthogonal projection onto the subspace M7*"™,
a ® b stands for the symmetrized tensor product of two vectors a,b € R™, given by the
formula (a ® b)lj = %(aibj + ajbi),
LP(Q;R™) is the Lebesgue space of all functions from  into R™, having the finite norm

(Joo L£17 d) 7,

WHP(Q; R™) is the Sobolev space of all functions from Q into R™ with the norm

T
Il = ([ S21va1)"

My(£2; R™) is the space of all bounded Radon measures on € with values in R™,
BD(9) is the space of all functions in L'(Q;R™) such that e(u) € My(Q;MZx"),

L™ stands for the Lebesgue measure on R",

H"~! is the (n — 1)-dimensional Hausdorf meausure.

In the sequel we will make use of the spaces
D>1(9) = {v € LNOR™ : [ollo = [divoll ey + foll ey + I @)l < +oo,
D2Y(Q) = {v €D>(Q):v=0 on FO},

which are well-known spaces of weakly differentiable vector-valued functions. For their
properties we refer to [4, Appendix A.2]. Let us introduce the notation

X = {a € LA(yMyyn) ¢ dive € L"(;R"), o € L“(Q;MTE)X")},

sym

sym

K= {a € L2(;M2x) ¢ o(z) € K for ae. x € Q}

2.1. The main result. We impose the following assumptions on the data of the problem
f € AC([0.T); L (% R™)) 1 L((0, T}; CL, (S5 R™)

(2.1) F e AC([0, T}; L=(I')
w € AC([0, T); WhH2(Q; R™)).
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We also assume the so-called uniform safe-load condition:
there exists a function ¢ € AC([0,T]; L?(Q; M7%X")), such that

sym
div z0(t) = —f(t) in Q and [pv] = F(t) on I'y for every t € [0, T],
0P (t, )| < (1 — N\)V/2k, for some 0 < X\ < 1, a.e. x € Q, for every t € [0,7],

and oP € AC([0, T]; L (S MB*™)).

(2.2)

Suppose that 92 € C? is partitioned into two disjoint open sets I'g, I'; and their common
interface v = 0I'g = 0I';:
N = FO U Y U Fl.
Further, assume that

for each x € v, there exists a C? diffeomorphism defined in a
(2.3) neighbourhood of z which maps 92 to an (n — 1)—dimensional
hyperplane, and 7 to an (n — 2)-dimensional plane.

The main result of this paper is the following theorem.

Theorem 2.1. Suppose that n = 2,3, 9Q € C?, A has the form (1.1) and the assump-
tions (2.1)-(2.3) are satisfied. Then for the solution (u,e,p) of the quasistatic problem, see
Definition 3.6, we have

o€ L*([0,T); Wk

loc

(M),

sym

with o(t,r) = A le(t, ).
3. WEAK FORMULATION OF THE QUASISTATIC PROBLEM

There are several equivalent ways to state the original problem in a weak form. In
this section we present a formulation, expressed in terms of energy balance and energy
dissipation, presented in [2]. Then we state the existence and regularity results for this
quasistatic problem and briefly discuss the method of the proof, which consists in time-
discretization procedure. Finally, in the end of the section, we obtain a discrete version of
the absolute continuity with respect to time, which holds also at the level of incremental
problems.

3.1. Weak formulation: quasistatic evolution. The variational formulation of rate-in-
dependent processes, for which we refer to [8], expresses the evolution in terms of energy
balance and dissipation. In the rest of this section we follow the exposition of [2]. First, we
recall two definitions, which are needed to deal with boundary conditions in a relaxed form
and to have the duality between the plastic part of the strain and functions from the set
Y, defined above. We note that the latter definition generalizes the well-known stress-strain
duality, studied in [7].

Definition 3.1. A triple (u,e,p) € BD(2) x L?(;M7X") x M, (22U To; ME*") is said to

be admissible for a given boundary data w € W12((; ]lél#; if
(1) e(u)=e+pin Q,
(2) p=(w—u)®vH"! on Iy.
The set of all admissible triples for a given w is denoted by A(w).

Remark 3.2. We point out that the first part of this definition is responsible for the additive
decomposition, while the second condition reflects the weak form of the boundary conditions,
which are typical in the variational theory of functionals with linear growth.

Definition 3.3. For w € WH2(Q;M2X") | an admissible triple (u,e,p) € A(w) and o €

sym

we define a measure [0 : p] € M,(QUT,) by

/QUFO /Q “)] - /anoD cePdx + /FO o(w —u) - [UV]J_ dH" Y
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for every ¢ € C(QUTy). Thus, the following duality is well-defined:
(P :p)ysm = [0 : pl(QUTY).

Remark 3.4. Here [0P : ¢P(u)] is the measure, defined in [7]. As in the case of stress-strain
duality, here the difficulty is due to the fact, that o is an L* function, while p is just a
bounded Radon measure.

One can show, that for the duality defined in this way, the usual integration by parts
formula holds:

Proposition 3.5. Let 0 € &, f € L"(§;R™), F € L>®(T'1;R™) and let (u,e,p) € A(w)
with w € HY(Q;R™). Assume that dive = —f a.e. in Q and [ov] =F on I'y. Then

(3.1) <quhm4i/

Q

0:(e—e(w))dm:/Qf-(u—w)dac—l—/F g (u—w)dH" .

1

Now let us define the functionals which appear in the energy formulation of the problem.
We start by defining the quadratic form Q : L?(Q; M 57) — R, corresponding to the stored
elastic energy, by

Qe) = %/QA_le ed.

Denoting by H : M,*" — R the support function to the sections of K, which in the
case of Prandtl-Reuss perfect plasticity has a very simple form, we introduce in the usual
way the convex functional of measures H : M(2 U To; M'y*") — R. Then the dissipation
associated with H in any time interval [s,t] C [0,7] is given by

M
Dy (p; s,t) = Sup{ZH(p(tj) —p(tj—1)) + s=tg<---<ty, M€ N}.

j=1

Finally, we define the total load M : [0,T] — BD()" by
(3.2) Mltlu = / f(@) -uder/ F(t)-udH" .
Q 'y

Now we are in a position to give a variational formulation of the quasistatic problem.
Definition 3.6. A quasistatic evolution is a function
(u,e,p) : [0,T] = BD(Q) x L*(Q M%) x My(QU To; ME™),
which satisfies the following conditions
(gsl) (global stability): For every t € [0,T] the triple (u,e,p)(t) € A(w(t)) and

Q(e(t)) — Mltu(t) < Q(n) +H(g — p(t)) — M[t]v

for every (v,7,4) € A(w(t)),
(gs2) (energy balance): p : [0,7] — My(Q U T'o;M}*") has bounded variation and for
every t € [0,T]

Q(e(t)) + Drlp: 0,1) — MrJu(r) =
= Q(e(0) = MI0u(0) + [ [{0(). () 12 = Mlshi(s) = M[sJu(s)] s

where o(t) = A7 te(t).
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3.2. Existence result and time-discretization. The following theorem establishes the
existence of a solution to the quasistatic problem in perfect plasticity.

Theorem 3.7. Let (ug,e0,po) € A(w(0)) satisfy the stability condition
Qo) — M[0]uo < Q(n) + H(g — po) — M[0]v,
for every (v,n,q) € A(w(0)). Then there exists a quasistatic evolution
(u(t), e(t), p(t)),
such that
U(O) = Uo, 6(0) = €o, p(o) = Po-

Moreover, the elastic part of the symmetrized gradient t — e(t) is unique and a quasistatic
evolution (u,e,p) as a function from [0,T] to BD(Q) x L*(Q; MZxm) x My(QU Lo; M,*™)
is absolutely continuous in time.

In [2] this theorem is proved by a discretization of time. We divide the interval [0, 7] into
N equal parts of length T//N by points (t3})m=o0,...n. For m=0,..., N we set

33)  wi =wlth), [ = f(R), F§¥ = F(ty), My = M[t], and of = o).

For every N we define uf;, e} and p}} by induction. We set

(u}, ¥, P) = (uo, €0, p0) € A(w(0)),
while for every m = 1,...,N we define (u}},ely,p%) as a solution to the incremental
problem
3.4 min Qe) + H(p—p—t Mmu}.
(3.4 womin {00+ HEp - - MR

Remark 3.8. We note, that (u,e,p) is a solution to (3.4) if and only if one of the following
conditions holds:

(1) =H(g) < (almr2;e2 = ([ [0) o pn < H(=q) for every (v,7,q) € A(0).
(2) 0 € XNK with dive = —fJ and [ov] = Ff.

For m = 0,...,N we set ot = A~le® and for every t € [0,7] we define piecewise
constant interpolations

UN(t) = 'LL7]G7 eN(t) = 6%) pN(t) = p%v UN(t) = O—Wa

wN(t):wﬁa fN(t):fﬁv FN(t):F]an MN(t):M]?/ﬁb, QN(t):Qﬁa

where m is the largest integer such that ¢§ < ¢. By definition (un(t),en(t),pn(t)) €
A(wn (t)).

In the proof of the existence, it was shown that for approximate solutions one has the
estimate

(3.5) sup |len(t)||z2 + Var(pn;0,7) + sup |un|sp < C,
te[0,T] t€[0,T]

which is uniform with respect to IV, and it was established, that these functions converge
pointwise (with respect to ¢) to a solution of the quasistatic evolution problem.
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3.3. Continuity estimates of solutions of the incremental problems. In [2] it was
established that the quasistatic evolution is absolutely continuous in time. However, as we
will deal precisely with the solutions of the time-discretized problems, we would need the
continuity estimates of solutions at the level of incremental problems.

Below the following notations will be often used: given a function h: [0,T] — X,

(3.6) ShR == h(tR) — h(tR ).
We also consider the increment of the data of the problem, defined by
(3.7) N = 110012 + 1608 Lo + 0w llwrz + [6f3 |Ln + [6FA || Lo

We note, that by (2.1), we may assume the data of the problem to be Lipschitz with
respect to time. Indeed, the absolutely continuous functions can be made Lipschitz just by
time reparametrization.

Theorem 3.9. For solutions of the incremental problems (u}y,eN,pR) the following in-
equality holds:

(3-8) 0€R 1|2 + [10p3 | an, + lle(Ouip)llar, + louR|[Lr < C Dy,

where 0L} in understood as in (3.6) and DYy denotes the increment of the data of the
problem, defined by (3.7).

PROOF: As the triple
(uy ™+ wl —wy T ey T e(wi) —e(wi T Py € A(wR),
the minimality condition (3.4) and the integration by parts formula (3.1) imply
Qe — [ s ey da + R — %) = (R p — P s <
Q
< Qe +e(w) —e(wy ™)) - /Q N ¢ (e +e(wpy) —e(wy ™)) do

Developing the quadratic form in the right-hand side we arrive at:

1 1

f/ on efyda — 7/ Uﬁ_l : 671\'}”_1 dx + H(p} —pz_l) <

2 Jo 2 Ja

(3.9) < Qe(wf) —e(wy ™) + [ o (e(wh) —e(wiy™")) dat
R =% mn = [ o R  e(R) — R do + [ o R

Now consider the functions

v=ul — uz_l — (W — wﬁ_l)7 n = ey . e%_l — (e(wiy) — 5(wﬁ_1)),
q=pN — PN

Since (v,7,q) € A(0) and (up ™', et p~!) is a solution of the corresponding minimum
problem at the previous step, we obtain, by means of Remark 3.8 and the integration by
parts formula (3.1)

—/ onl (e —eﬁ_l)dx—l—/ ol (e — e dot

Q Q

3.10 m— m m— m— m— m m—

G100 P = e+ [ R = ) () — () <
<HPR —py -
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By combining (3.9) and (3.10) we get the following
1 1
Qe —el ™) = = /a}(}:eﬁdw—f/af{}_lze%_ldx—
2 Ja 2 Ja
/907\? Po(el — e do < Qe(wi) —e(wy ) + | o (e(wi) -

Q
e(wih)) dz + (o, PR — P sim—

[ e R~ stwR o+ [ e da-
Q Q
- [ (e - e da
Q

(e P R — e n — / (00— oY) : (e(wf) — (wi ).

(3.11)

m m—1

Let us apply the integration by parts formula (3.1) to compute (0%, pR — PN~ )siar:
(G 0% =R s = [ O (e — (k) — R (R dot
(3.12) / fare (uf —wi —u Tt wl ) dot
/F (uf —wf —uy T wy T dH
1

with the analogous expression for (o™, pRt — pu Vs
Putting the identity (3.12) into the inequality (3.11) we end up with the estimate

Qe — e 1) < Qle(wR) — e(wy ™))+

N =S (ulf —uy ™ = (0 —wy ™)) dat

(3.13) PR =P = = e @ <
1 < Cle(w) — e(wlp ™)+
(1% = £ e + 1FR = FR o ) uky = it — (™" = 0l ™) sp.
Now let us estimate |p% — p '||; in terms of the data of the problem. First of all, the

safe load condition yields

m—1 m—1

allp® — oyl < WK - oY) = (kP ok — Y.

Now, the relation (3.9) and the boundedness of ||o%zz, [|o% P, lle®|lz: and [|pR|:
imply
(3.14) % — o~ 1 < C(lleR — e~ lz= + DY)

Taking into account the inequality
lufy —w = (uy ™ —wi e < Clllef —ey ™" oz +pR —pi~ i +lle(wi) —e(wy ™)l z2),
proved in [2, relations (3.24) and (3.25) in Theorem 3.8], the estimate
(3.15) 1% — %~ lag, + lleR — ey~ llz2 < CDY
follows now from (3.13), (3.14) and the application of the Cauchy inequality.

To prove
(3.16) le(ui) = (™), < CDY

we recall the additive decomposition (u) = e + p and make use of (3.15).
Finally to show the validity of (3.8), it remains to estimate ||uf —u% *|z1. By the
Poincare inequality for BD it suffices to estimate [[uf — un™ || r1(ry):

[y = uiy ™ e gy < V20K — PR+ Cllwit — wi ™ ez,
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so the result follows from (3.15), (3.16) and the latter inequality. O

4. RELAXATION OF CONVEX VARIATIONAL PROBLEMS IN NON-REFLEXIVE SPACES

For the reader’s convenience, here we state the general construction of the relaxed convex
variational problems in non-reflexive spaces, which is well-suited for studying the problems
in plasticity theory. For the details, we refer to [4, Chapter 1]. We remark that, by abuse
of notations, in this section the symbol ug stands for the boundary data of a saddle-point
problem, which corresponds to wfy;, the boundary data of the incremental problems, and
has nothing to do with the initial data ug of the quasistatic problem.

Let V,U and P be Banach spaces, V C U, and let Vj be asubspaceof V. Let A: V — P
denote a linear bounded operator, and suppose that G : P — R and M:U — R are convex,
proper, lower semicontinuous functionals. We denote by P* and U* the dual spaces to P
and U, and by (-,-)pp~ and (-,-)yu~ the duality relations between the corresponding
spaces.

By G* we denote the conjugate functional to G, i.e. G*(p*) = sup{(p*,p)p.p- — G(p) :
p € P}, for p* € P*. Let us consider the variational problem

(4.1) find uw € ug + Vp such that I'(u) = inf{I(v) : v €ug+ Vp},

where ug € V is fixed, and
I(v) = G(Av) + M (v).
Let us intoduce the Largangian ¢ by letting

(42) v,q°) = (¢, Av) p p = G*(¢") + M (v).
The dual problem thus takes the form
(4.3) find p* € P* such that R(p*) =sup{R(¢") : ¢* € P*},

where R(q*) = inf{l(v,q*) : v € ug+ Vo}. The following theorem (see [4, Chapter 1])
states that the problem (4.3) has a solution.

Theorem 4.1. Suppose that the following two conditions hold

~

(4.4) C:=inf{I(v) : veuy+VW}eR;

(45) there exists u1 € ug + Vo such that G(Auy) < +o0, M\(ul) < 400
’ and the function p — G(Auq + p) is continuous at zero.

Then the problem (4.3) has at least one solution and the identity

(4.6) C =sup{R(¢*) : ¢" € P*}

is valid.

Together with problems (4.1) and (4.3) let us consider the following minimax problem

(47) {ﬁnd a pair (u,p*) € (ug + Vp) x P* such that

Lu,q*) < l(u,p*) <Ll(v,p*), for all v € ug + Vg, ¢* € P*.

Since G : P — R is a proper, convex, l.s.c. functional, then G = G**, and therefore
(4.8) I(v) = sup{l(v,q*) : ¢" € P*}.
Thus under conditions (4.4) and (4.5) we have the identity

4.9 inf  sup £(v,q* =C= su inf (v, q¢*
(4.9) ey, SO, (v,q) ot SO P (v,q)
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and the general duality theory of provides the following statement:

a pair (u,p*) € (ug + Vp) x P*
(4.10) is a saddle point of the minimax problem (4.7) if and only if
’ u € ug + Vp is a minimizer of problem (4.1) and
p* € P* is a maximizer of problem (4.3).

So by Theorem 4.1 and (4.10), the solvability of problem (4.1) is equivalent to the solv-
ability of the minimax problem (4.7).

Let us assume the following additional properties:

the embedding V' <— U is continuous;

(4.11) Vp is dense in U;

U is a reflexive space;

(4.12) there exists uy € ug + Vg, such that uy € int dom ]\/4\,
’ domM ={ueU : M(u) < +oo}.
(4.13) I(v) = +o0 if ||v||ly — 400 and v € ug + Vp.

If the space V is nonreflexive, in general, problems (4.1) and (4.7) have no solutions.
Thus, we need to relax our problem, and the desired relaxation should satisfy the following
two requirements:

(1) conservation of the greatest lower bound for problem (4.1),
(2) conservation of the dual problem.

Remark 4.2. The first requirement needs no explanations: speaking about relaxation, we
should not change the infimum of the problem. While the second point is due to the fact,
that in many physical applications the solution of the dual problem is unique and has a
clear geometrical or mechanical interpretation, so there is no necessity to change the dual
problem. In the case of perfect plasticity the stress tensor is responsible for the distribution
of elastic and plastic zones.

In order to extend the domain of definition of the functional G, we should construct a
suitable extension of the operator A. We begin by introducing an auxiliary operator A*
with a domain D(A*) defined as

(4.14) {D(A*) = {p* € P* : there exists u* € U*, such that

(p*, Au)p».p = (u*, u)y~,v for all u € Vp}.

The density condition (4.11) implies that for each p* € D(A*) there exists only one element
u* € U* satisfying the identity (p*, Au)p~,p = (u*,w)y+,y on Vy. Thus we can define the
linear operator A* : D(A*) — U* through the relation

(p*, Au)p».p = (A"p", w)y~,wv for every p* € D(AY), u € V.
If ug is a fixed element from V', then we have the identity
(4.15) (p*, Au) p+.p = E(ug, p*) + (A", W)y, forall u € ug+ Vo, p* € D(AY),
where u — ug € Vy and
E(uo,p*) = (p*, Auo) p+:p — (A"p", uo)u+v-
We enlarge the set ug + Vy by letting

(4.16) Vi = {u el : sup |€ (uo, p*) + (A™p™, uyy+u| < —|—oo},
p*€D(A*), |lp*|lpx<1
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and introduce a relaxation ® of the functional I by means of the Lagrangian L:

L(v,q%) = E(ug, ¢*) + (A*q*, v)p-vr — G*(q") + M(v)

(4.17) q" € D(A"), veVy;
®(v)= sup L(v,¢"), ®:Vy—R
q*€D(A*)

Let us collect some consequences of these definitions.

Lemma 4.3. The following relations hold:

(4.18) ug+ Vo CVy,

(4.19) O(v) < I(v), forallv e ug+ V.
Moreover, under certain hypotheses the equality holds in (4.19).

Lemma 4.4. Suppose that for any p € dom G* there exists a sequence pf, € D(A*) such
that

(4.20) {pm p* in P*,

G*(P) — G*(p").

Then the identity

(4.21) O(v) =I(v) forallveus+V
1s valid.

The following Lemma clarifies the meaning of the relaxation considered:

Lemma 4.5. Consider a sequence u,, € ug+ Vo, bounded in the norm of the space V' and
converging to u weakly in U. Then

u e V+,
liminf I(uy,) > ®(u).

m—-+o00

Now we consider the minimax problem
(4.92) find a pair (u*,p) € V4 x D(A*) such that

’ L(u,q*) < L(u,p*) < L(v,p*), forallveVy, ¢* € D(A*).

This minimax problem generates two variational problems being in duality:

find u € V such that
O(u) = inf{®(v) : veVi},

where ®(v) = sup{L(v,q¢*) : ¢* € D(A*)}, and

(4.23)

find p* € D(A*) such that
(424 {R@*) —sup{R(¢") : 4" € D(A")}),
with R(¢*) = inf{L(v,q*) : v €V }.

Remark 4.6. Lemma 4.5 shows that there is a hope to apply the Direct methods: the
coercivity implies the boundedness of a minimizing sequence of the problem (4.1) in U and
the potential minimizer of (4.23) will be a weak cluster point of this sequence, which belongs
to the set V and such that the liminf inequality is satisfied.

Indeed, this remark leads us to the following conclusion:

Theorem 4.7. Suppose that conditions (4.4), (4.5) and (4.11)-(4.13) hold. Then:
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(1) Problems (4.23) and (4.24) are solvable. Moreover, if uw € Vi is a solution to
problem (4.23) and p* € D(A*) is a solution to problem (4.24), then the identity

~

(4.25) ®(u) = C = R(p")

holds true.

(2) Problems (4.3) and (4.24) are equivalent, i.e. they have the same set of solutions.

(3) A pair (u,p*) € Vi x D(A*) is a saddle point of the minimaz problem (4.22) if and
only if u € Vi is a minimizer of problem (4.23) and p* € D(A*) is a mazimizer of
problem (4.24).

(4) Any minimizing sequence of problem (4.1) contains a subsequence converging to some
solution of problem (4.23) weakly in U .

5. MINIMAX FORMULATION OF THE INCREMENTAL PROBLEM

Recall that, during the proof of existence of a weak solution to the quasistatic evolution
problem of perfect plasticity, the time-discretization procedure leads one to solving the
following incremental problem at every step (see (3.4)):

(5.1) min  {Q(e) +H(p —p ") — My (u)},

(u,e,p)EA(wW)

with pﬁ_l be a solution of the corresponding incremental problem, obtained at the previous
step.

In the rest of this section, to simplify the notations, we will omit writing the indices m
and N when dealing with some functionals and spaces. So, in what follows the functionals
G, .7\/27 M, ¢, L, I, R, ® and the space V should be understood as G, J\/Z]’V”, My, 0%, LY,
Iy, Ry, % and (V4)Rr, written, however, without an explicit dependence on ¢.

We state the minimax formulation of the incremental problem and briefly sketch the ideas,
leading to the notion of a weak solution. Note, that it is a generalization of the functional
formulation of the classical boundary value problem, describing the equilibrium of a perfect
elastoplastic body (see [4, 10, 11, 12, 13, 14]).

First (subsection 5.1) we introduce the functional spaces and define the functionals of the
minimax problem. Then (subsection 5.2) we define the Lagrangian and state the primal and
dual problems. In subsection 5.3 we check the conditions (4.4), (4.5) and (4.11)-(4.13), that
allow us to apply the abstract theory from Section 4. The relaxed problem and the properties
of its solutions are presented in the same subsection. In subsection 5.4 we show, that every
saddle point of the relaxed minimax problem generates a solution to the incremental problem
(5.1).

5.1. Functional formulation. In order to handle this problem using the abstract relax-
ation scheme described in Section 4 we set

V =D>'(Q), Vo =Dy'(Q), U=L"""(Q),

(5.2) P={p={ra}:lpl} = 17"} + s lltr 722 () +
lallpir,) < +oo} C Ll(Q;M?anTLL> x L' (T;R™).
Then
(5.3) P* = {p* ={o,b} : 0P € L®(E ML), tro € L*(),
' be L*(I';R™)}
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Next, let us introduce the functionals G : P — R and M:U—-R
Go) = [ otr+ex ™+ [ FRadtl p={ra)e P
(5.4) 2 . I
M(U):—/f]\,”wdm, veU
Q

Then it is easy to see, that for p* = {o,b} € P* its Legendre transform G* takes the
form

(5.5) G (p*) = A(Q*(o)fa:e%‘l)dz, ifb=Fp
100, otherwise.
Here .
9°(0) = gz T+ il = sup {os e —g) < € ML

is the Legendre transform of

— 1
g: Mg — R? g(%) = 5K0tf2%+ go(|%D|)7 »x € Mg

sym sym *

Here go : R — R, and g is its Legendre transform. In the case of Hencky and Prandtl-Reuss
models of plasticity this function has the form:

wi — { 1 2t = g
’ ko (V2[H = ), ]| > to.

5.2. Lagrangian and a saddle-point problem. The linear operator A : V. — P is
introduced as follows:

Av ={e(), —vr,}, veV,
and in view of the estimate

1/2
1.
[ Av[lp = (nlldlvvlli2<m + P W)l ) + ||v||2L1<r1)) < (2 n)[vll2,1,

one concludes that A is continuous.
Following the ideas, outlined in Section 4 (see (4.7)), the minimax problem is

{ﬁnd a pair (u,0) € (dwRr + Vp) x K, such that

5.6
(56) Uu,7) < lu,0) <L(v,0), forallvewly+Vy, 7€k,

where the Lagrangian, according to (4.2), is given by

v, 7) = /Q (6(1}) THT 67]’\}_1> dx — /ﬂg*(T)dx—&—]/\/l\(v),

and dw} is defined, according to (3.6). The functional I takes the form

I(v):G(Av)—&-]\/{T(v):/Qg(g(v)_|_e7]7\]171>_/F FJT\fn‘UdHn_l—/Qf}'\?mdx.

Recall that the functions f, F and dwy; satisfy the following conditions:
(5.7) e LR, Fy e LT RY),  swhy € WH2(Q;R™).

The minimax problem (5.6) generates two dual variational problems:

(5.8) {ﬁnd u € dwy + Vg such that
I(u) =inf{I(v) : veE WY+ Vo},
and
(5.9) {ﬁnd oy € Qp N K such that
R(o) =sup{R(7) : T€ Qs NK,}
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where

R(o) = {E(MN’T)’ TEQp R ek,

—00, T¢QmNK
with Qp being defined as

Qfp = {T S / T:e(v)de = My (v), forallve Vo},
Q
where we refer to (3.2) and (3.3) for the definition of M7 . We note that
TEQ &divr=—fyinQ, [rv]=Fy onl;.

5.3. The relaxed problem. Let us check the conditions (4.4), (4.5) and (4.11)-(4.13).
Since the functional G is convex and finite, that is dom G = P, the function p — G(Au;+p)
is continuous at zero for any u; € dwy/+Vy. By the finiteness of the functional M, condition
(4.5) is fulfilled. Conditions (4.11) and (4.12) are obviously satisfied.

The conditions (4.4) and (4.13) are guaranteed by the safe-load condition (2.2):

/\dlvv—i—trem Y12 da+
—|—sup{/ o (P () + e ) — g% (o )dm}—
geEK Q K
— | oy : (e(v) —e(dwy})) dx + M(dw}}) > 7/ divo + trey |2 do+

’ +§g£{/ﬂ(0D—9%D)r(€D( )+en ) —g (O'D)dw}—

(5.10)

—C [ troy divvdx+/ o et dat
Q Q

+/ oy : e(dwyy) dx + M(dwyy) > Cy
Q

/ |div v|? da + |€D(v)|1] —C — o0
Q
whenever ||v||y — oo, v € Sw + V. So the coercivity is established. Finally, the condition
(4.4) is provided by the estimate
=inf{I(v) : v € dwy + WV} > R(oy) > —o0c.

Thus, according to Theorem 4.1 we can state that the problem (5.9) has at least one
solution o € Qgr N K, that identity (4.9) holds and the statement (4.10) is valid. Due
to the non-reflexivity of V' the variational problem (5.8) in general has no solutions. We
construct relaxations of these variational problems following the scheme described above.

Define the operator A* : D(A*) — U*. As in (4.14), a pair p* = {0,b} € D(A*) if and
only if there exists u* € U* = L™(;R"™), such that

/u* 'vdm:/a:s(v)daz—/ b-vdH" for all v € V,
Q Q T
that is A*p* :=u* = —dive € L™(Q;R™). Therefore

D(A) = {p* ={o,b} € P* : dive € L"(;R"),
/ b-vdH"! = /(U ce(w)+v-divo)dz, forallve VO}.
Ty Q
According to (4.16) the extension Vi of the set dw} +V; is

V= {v € L1 (R :

sup <— b-owRy dH"71+/ (o : e(dwi)+(dwR—v)-div o) da:> < —|—oo}.
I Q

llp*llp= <1, p*={o,b}eD(A*)
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The important properties of this space are summarized below. In particular, the following
proposition shows that a triple (u, e, p), constructed from a solution (du™,c™) of a relaxed
minimax problem in an obvious way (see Theorem 5.4 below), is kinematically admissible
for a boundary data dw}y.

Proposition 5.1. The following relations hold:

(5.11) V. C BD(Q),

and for every v € V.

(5.12) dive € L*(Q),
(5.13) (v—="0wy) - v=0 onTy.

PROOF: The definition of V. implies that

(5.14) sup </(0’ s e(dwRy) + (dwyy —v)-div o) dm> < C(ltrollrz@) + 0P L= ()-
0€Cge(QULy) \ JO

This estimate and the fact that dwf € W12(R™;R™) ensures the estimate

sup / v-divodr < Cllo| pequmxn)-
€0 (M) /& Mg

So the claim (5.11) is established.

By taking the test vector fields in (5.14) with o” = 0 we conclude, that dive € L*(Q),
thus (5.12) is proved.

As to the last claim, by taking arbitrary ¢ € C°(QUT() and taking 0 = ¢ I we get by
the integration by parts formula the following inequality:

/ o(6wh —v) - vdH ! = / (Swht —v) - [ov]dH" ™ =
To 0

= / (owy —v) -divodx —|—/ trodiv (dwy —v)dz < Cll¢ll12()-
Q Q

This estimate, in its turn, implies that (6wl —v)-v =0 on Ty. O

By the properties of g§ and by (5.5) we have that G*(p*) = G*({7,b}) = 400 if b # F
on I'y or 7 ¢ K. Introduce the relaxed Lagrangian, as in (4.17):
L(v,q") = EQOwy, ") + (A"¢"v) = G (¢") + M (v) =

:—/ Fb - Swi dH™ 1+
I

+ [ [eGuRy s T+ Gup — ) dive = g (0) = R v+ do
Q

for all v € Vy and ¢* = {r, F§'} € D(A*), such that 7 € K. Now we introduce the set

(5.15) Q={reX : {n,Fy} e D(4")}
and a new Lagrangian on Vi X (Q N K) defined as

(5.16) L(v,7) = L(v, q")

where

¢ ={r,Fy} € D(A"), T€K.
Now, instead of the minimax problem (5.6) we consider its relaxation

{ﬁnd a pair (u,0) € V4 x (Q N K) such that

5.17 ~ ~ J
(5.17) L(u,7) < L(u,0) < L(v,0), forallveV,, re@nNK.
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For the functional ® : V; — R we have the formula

(5.18) ®(v)= sup Lv,¢") = sup L(v,q*) = sup L(v,7),
q*€D(A") ¢*={r,Fp}eD(A*), rek reQNK

and the relaxation of the variational problem (5.8) takes the form
(5.19) find u € V such that ®(u) = in‘ﬁ D (v)
veVy

As in [4, Lemma 1.3.1] one can show, that (4.20) holds, and thus Lemma 4.4 reads as
follows.

Lemma 5.2. We have
®(v) =I(v), forallve dwy + V.
Finally, we can state Theorem 4.7, which in this case takes the following form.

Theorem 5.3. Suppose that conditions (2.2) and (5.7) hold. Then there exists at least one
pair (du™,0™) € Vi x (QNK) being a solution to the minimax problem (5.17). Moreover,
o™ s the unique solution to the dual variational problem (5.9), éu™ is a solution of the
relaxed variational problem (5.19) and the identity
(6u™) = inf{I(v) : vedwy +Vo} = L(6u™, 0™) = R(c™)
holds.
Furthermore,
O(v) =I(v) forallv e dwy + Vb.
Finally, any minimizing sequence of the problem (5.8) converges strongly in L'(Q;R")
and weakly in L7 (Q;R™) to some solution of problem (5.19).
5.4. Saddle points generate solutions to the incremental problem. Let us show,
that if we interpret a saddle point (du™,c™) of (5.17) as the increment of uw and the
updated value of o, then we get a solution to the incremental problem (5.1).

Theorem 5.4. Let (du™,0™) € Vi x (QNK) be a saddle point for the relazed Lagrangian
L. Then the triple (u™,e™,p™), constructed as

u™ = um—l + 5um7

em™ =Ao™,

p" =c(u™) —e™ inQ,

p" = (W™ —u™) O rvH" 1 on Ty,

1s admissible for the boundary data wy;, in the sense of Definition 3.1 and is a solution to
the incremental problem (5.1).

PROOF: Let (Ju™,o™) € Vi x (QNK) be a saddle point of L:
L(6u™,7) < L(6u™,0™) < L(v,0™) forallveVy, 7€ QNK.
As o™ € QN K, we have that ™ € K and [c™v] =F on I'y and

/(v —ou™) -dive™dx < —/ N (v—=du™)de,
Q Q
which is in fact an equality, valid for all v € V.. Hence,

(5.20) dive™ = —fy e L™
The inequality of a saddle point yields
/ [5(511%) 2o+ (dwy —du™) -dive™ —g*(a™) + o™ : emfl] dx >
Q

(5.21)
- / [6(5“’”1\}) 0T+ (Qwyy — ou™) - divr — g* (1) + 7 emfl} dx
Q
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On the other hand, by the integration by parts formula (see [7, Theorem 3.2]) for du™ €
BD(Q) and 0™ € ¥ with —dive™ = f§} and [0"v] = F§ on T'y:

/ (Sw — du™) dive™ dx = — (P (SwR — ou™), o™P)—
Q

1
—= / div (dw}} — du™)tr o™ dx + / [c™V] - (dwRy — du™).
Q

n 00
We note that, strictly speaking, in the boundary term the integrand is just a distribution, an
element of (C1(09))". However, as (wt —du™)-v =0 on [y and [o™v] = F* € L>=(T';)
by [7, Proposition 3.4] one has

(5.22)

/ [c™V] - (bwR — du™) =
o0
/ (Swi — ou™) - FR dH™! +/ (Swi — ou™), - [o™v], dH" L
Fl 1—‘0
This relation together with (5.21) and (5.22) implies
(P (6u™), 7P —o™P) — / — (A7, 7)dz+

1
+/ —(Ac™,0™)dx+ — | divou" tr (7 —o™) dz+
nJa

—|—/(T—U ):e™m” 1dx—|—/ (SwR — du™), - [t — o™, dH" " <0,
Q Lo
and hence
(P (6u™), 7P — oa™P) + / (1 —0™):e™ de — / Ac™ (1 —o™)dax+
Q
1
+idiv5um tr (7 —o™) dz+
nJa
1
+/ (Swip™ —su™), - [1 — o™ dH" ! — / —A(c™ —71): (6™ —7)dx <0.
To Q2
Now, taking 7 = ¢™ + a(r — ¢™) € K and letting @ — 0 one gets

(P (6u™), 7P —o™P) + / (r—0o™):e™ tdr + l/ div du™ tr (1 — ™) da—
Q nJa

—/ Ac™ : (1 —0c™)dx —|—/ (SwR —du™), - [1 — o™, dH" " =
Q r
= (P (6u™), 7P — o™P) + / (7P —o™P): (em P — emP) dp
Q
1
+-— / (divou™ — trde™) tr (1 — o™) dx + / (SwR — du™), - [r — o™, dH" <0.

nJa To

for all 7 € QUK. Taking 7 € C°(Q; M) with 77 = 0 we conclude that
tr (e(0u™) — 0e™) = divdu™ —trde™ =0 a.e. in Q,

and the induction hypothesis tr (e(u™~ 1) —e™~1) = 0 a.e. in Q implies that tr (e(u™) —

e™) =0 a.e. in Q, and thus
p™ e My(QUTo; Mp™).
Therefore we have the following inequality
" -y~ 1 ,T—0) <0
forall Te QNK.

The last relation, in its turn, implies that

m—1

Hp™ —py ™) = (™ —py ', 0),
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which yields the following
Heq +p™ —piy™") = HO™ — pw) = (eq,0) >
> (eq+p™ —py o) =" =Py o) —(eg,0) 20,

for every triple (v,7,q) € A(0).
The latter inequality and (5.20) imply that (v, e™,p™) € A(w}y) is a solution to problem
(5.1). O

6. APPROXIMATIONS

In this section we will show that some solutions of the relaxed minimax problem (5.17)
possess an important property of being approximated by more regular functions in a way
that allows us to get the higher regularity of stresses for our evolutionary problem.

Now we consider a family of regularized problems and show that their solutions converge
to a saddle point of (5.17) in a suitable weak sense.

6.1. Regularized problems. We consider a family of variational problems depending on
a parameter « € (0,1)

(6.1)

find u® € V,
I,(u®) = inf{I,(v) : v € WY + V. },

where
Vi = Vo N WH2(QR™),
/|€ v) +en PP de + I(v) =

/\5 )+en 1D\2d1:+/ﬂg(5(v)—I—eN_l)dx—/Qf}\’}-vdx—/F F - vdH" L.

As it is easy to see, for each o > 0, the coercivity estimate (5.10) and Korn inequal-
ity guarantee that the problem (6.1) has the unique minimizer u® € V, which satisfies a
nonlinear system of PDE’s of elliptic type:

(6.2) / o e(w)dr =My()= | fo-vde+ | F-vdH" ' forall v eV,
Q Q Ty

where
0
0% = a(eP () + e P) + ZL () + e ) =
(6.3) = a(eP (u®) + en™P) + Ko(divu® + tren 1)1+

D¢, «a m—1
m e?(u®) +e
+0(le” (u®) + ey~ 1|)4|gD(ua)+eN o
N

Therefore,
(6.4) dive® + fy =0 in Q.

Remark 6.1. We note, that the functional I, (v) is of the form I(v)+ %[ (v)||%2, where
the second summand is added to make it coercive in W12,

Lemma 6.2. For any o € (0,1) the following estimate is true
(6.5) Valle”(u®) + G}G—lDHN(Q) + || div u®(| L2 @) + lle” @) |1 @) + ||Ua||Ln,’+'1(Q) <C,

where C' = O(||f§lzn @y, IFR 2 T0), 6w llwz(@mny, llef " llz2)-
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Moreover for a subsequence the following hold:

(6.6) u® —u in L7 (Q;R™),

(6.7) u* —u in L"(R™)  forre[l,n/(n—1)),

(6.8) / Te(u®)de — / Tie(u)dx  for every T € CZ°(; M),
Q Q

(6.9) divu® = divu in L*(Q;R"),

(6.10) /|5 ) e P12 dr — 0,

(6.11) o® =0 in L*(Q; M),

(6.12) P — afeP (u®) + en 1D) SoPin Lo Mg;ny)

where u is a solution to problem (5.19) and o is the unique solution to problem (5.9).

PROOF: From the coercivity estimate (5.10) one immediately obtains (6.5).

It follows from (6.3) that the sequences {¢®} and {o®P — a(eP(u®) + e 7))} are
bounded in L*(Q; M) and L (€; M7,*") respectively.

So we get the estimates (6.6)-(6.9), (6.11) and (6.12). It remains to show, that u and o
are solutions of (5. 19) and (5.9) and that (6.10) holds.

As 7@ 1= 0% —a(eP (u®) + e 'P) € K, and since K is weakly closed in L?(€; Mg ), it
follows that o € K. Now passing to the limit in (6.2) and using the results of [7, Proposition
3.4] we can extend (6.2) to Vp and thus o € Q.

On the other hand, the duality relations imply that

7 (e(u®) + et — gle(u®) + e — g*(7%) =0 ae. in Q.
But then, by (6.2) and (6.3) one gets
/ leP( Y +en 1D|2 dx +/ T4 Y +en b 79*(7(1)} dr — M3 (u®) =
:_7/ €D (u) + e 1D|2d3:+/ o () ) — g ()] d — M ().
By Theorem 4.1 we get
sup{R(7) : 7€ Qsn NK} =inf{I(v) : v e dwy + Vo} < I(u®) < In(u®) =

:7%/ |€D( )+€m_1D‘2d1' / (Ta)dx+/ga : (E(ua)+€%_l)d$7
Q Q
(613) _Mm a :_7/ ‘6 _1_67]:[1 1D|2dx_/g*(7'a)d.f+
Q
+/" H(e(QwRy) + ey ™) do — M (6wy)),
Q

where the Euler equation (6.2) was used.
Now, by exploiting the convergence (6.11) and (6.12) we go on with (6.13):

lirr%J In(u®) < —/ 9" (o) dx +/ o (e(0w) + et de — My (swi) = R(0).
a= Q Q
Thus, proceeding with (6.13) we obtain
sup{R(7) : 7€ Qpp NK} =inf{I(v) : v€ug+ Vo} < I(u”) < In(u®) <
< R(0) + limsup —%/ leP (u®) — p*|? dz < R(0),
a—0 0

which gives the relation (6.10) and ensures that o is a solution to problem (5.9).
Moreover one has the identity

limOI(u“) =inf{I(v) : v e dwy + W},
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which implies that u® is a minimizing sequence for the problem (5.8), and therefore it
converges weakly in L7-1 (Q; R") to a solution of problem (5.19). O

Remark 6.3. One can easily prove the following formula for the derivatives o€ :
(6.14)

a(eP (us) + e}(}’;lD) + Ko (divuf, + tr e%’;l)l—k

2
ot =+ TBP W) + e PN ) + R D), P )+ eI <
a(aD(quk) + e?\}’;lD) + Ko (divuf, + tr e%’;l)l, if [P (u®) + e 0| > \%* .

Here and henceforth the subscript ; denotes the partial derivative with respect to x.

7. V[/llof-ESTIMATEs OF STRESSES IN THE INCREMENTAL PROBLEMS

In this section we deduce the iterative estimate of L?-norms of gradients of functions o,
defined by means of (6.3) via the solutions of regularized problems (6.1), and we show, that
for every given m and N we have o}} € Wllof (M) . We note, however, that in this
section we are concerned only with the problem of regularity of each o}, that is, we do not
care about the uniformity of estimates with respect to m and N. Having these estimates
in hand, we conclude, that the convergence of approximate solutions o® to oj;, which was
known to take place in the weak topology of L?(€; M7 ") (see (6.11)) is actually better,
and is determined by the critical exponent of the Sobolev embedding.

We note, that, to underline the dependence of 0% and u® on m we sometimes write them
as oo, and ug,. Remark, that in what follows the constant C' will denote the constant, which
depends upon the data of the problem in a way, as in (3.5), and on the C®-norm of the
cut-off function ¢ chosen below, that is on the domain Q' CC Q.

Thus, our objective now is the following estimate
(7.1) / Aog, i s o de < C(m, N,Q'),

valid for any Q' cc Q.
Suppose, by induction, that we have already proved that aﬁ_l € Wllo’f(Q;M”X"). To

sym
simplify the notation, in this section for the solutions of the incremental problem (5.1)
we will omit writing the index N. Let us turn to the regularized problem (6.1). Since
u®, is a solution of the nonlinear elliptic system (6.4) with f™ € L™(Q;R") and eft ™' €

Wllo’f(ﬂ; My, one can show, by considering the difference quotients, that

(7.2) ud € WEZ(R™),  e(u), oo € Wi (Q;MIxn).
As

(7.3) (op)ij; = —f" ae inQ,

one has

(7.4) / O - €(v) dr = —/ fm™vpde forallve CyP(R"Y), k=1,...,n.
Q Q
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By using formula (6.14) for the gradient of o2,
Aoy, v op, p = AladP + D?g(e(up,) + ™ )] (e(up, 1) + e 7") s oy,

m,k <
1/2
< (01 + D2g(e(ug,) + ™M) (e(uf i) + €7 (eluf ) + 7]

1/2
(1017 4 D2g(e(ug,) + e D] A% g o8]
«@ a m—1 1/2
= |ot s (g )+ )]

|[01” + D2g(e(u) + €] A2 o s

}1/2

1 1
< 50%,1@ e(up k) + Aam KO 4 §A‘7§uk com ok Calay o

. . . —1
By applying again the Cauchy inequality to Aoy, - O',Wkl

, we get

« e m—1_, m-—1 o . o «@ e
Aop i omp SAGYT 10T 4200 i e(up ) +aC Aoy, i og g,

3

so that
(7.5) (1= 0a(1)Aol 4 0% 4 < Aot 107 £20% 1 e(ud ).
Thus, it remains to prove the boundedness of the second summand of (7.5), which will
be denoted by J..
Let us introduce the notation
o =0y, f=f"u”:=uy,

omitting also the index m for further convenience. Let ¢ € C3(£2) be an arbitrary cut-off
function. By (7.2) we can put the function

V= ﬂofﬂ
into the identity (7.4).

Here and henceforth we adopt the summation convention over repeated indices (excluding
m and «). We start by

/Uk 5(<Puk /f <Puk ) da =
Q

(7.6)
_/f.<p6Aﬂadx_/f-<p?kﬂ?;Cdx.
Q Q
As
DD S
§Au°‘ =dive(u®) — §leV u®,
we go on
_ / F - AT d / J - de = —2 / f - Bdive(@®) dat
Q Q Q
b [ gevdivatds - [ fohatde =2 [ ()5 @) dot
Q Q 2
22 [ (10960 et [ 0f Vavatdo— [ 1 do -
(7.7) “

:2[2@65(f):5(ﬂa)dx+/¢ [ Vdivu® dm—i—/f“p]u]lda:—
— 6 ce(u®) d
Q/Q<p e(f) : e(u®) dz+

+/<p6f-Vdivﬂo‘dx—/VwG-Hadindx—/(f(Dﬂ“):V2g06dx.
Q Q Q



22 A. DEMYANOV

Thus (7.6) and (7.7) yield

(7.8) Jo = / cpﬁaffc ce(y)de = Jy+ Jo + s,
Q

(7.9) Jp = —2/(20%7k<p?kskj(ﬂa)dx,

(7.10) Jo = / crf‘j’kcpiﬂg’j dz,

(7.11) J3 = / [2@65(f) ce(@®) + ¢° f - Vdiva® do —
Q

VS - a*divf — (f 0a®): V3| dx.

Now, by using the orthogonal decomposition of M?*?» = MP +R1:

sym
—a D/—a 1 c— «@ aD 1 o
e(@®) =e” (u*) + —divu“1, c* =0+ —tro*l
n n

and the Euler equation (7.3), one gets

(07 —Q 2 (03 3 —Q
J1 = 72/9024]47kg0§6ﬁ(u )dx — ﬁ/chimgoidlvu dx =
2

77/ tr0%¢6i55€(ﬂa)dxf2/ J%Dk<p6¢5ﬁ(ﬁ°‘) dx+

2 6 1. —a 2 aD 6 D (—a
+— fVSD diva® de = —— (fk+0ks s)@zsik(u )dl‘*
nJjo nJjo T
2
(7.12) 72/ J?j{%cpisﬁ(ﬂa) dx + ﬁ/ f-VSdiva® de =
Q Q
2
= 2/(f © V) : P (@) da + f/ f - Vbtdiva® de+
Q nJja
+12 /Q @5a?j)Dk ( - cp,iajDk(ﬂa) + 6ik@,55ﬁ(ua)> dr =
2
= 2/(f O VY el @) de + 12/ @3PS ®) dx + —/ f - VSdiva® da.
Q Q ’ n.Jjo
where the matrices S*) are defined by
k —a —a
Si(j) = (5¢k<p7ssﬁ(u ) — <p7i5§)k(u ))

It follows immediately from the definition that

(7.13) tr (SM) = g el (@) - peh (@) = 0.
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Now let us turn to Jo:
Jo = —/ {afjgpf}ikug)j + Uf‘jgagdivuﬂ =
Q
:/a%7j¢ikﬂgdx+/af‘jcpﬁjkﬂgdx+/J?j’jgoi-divﬂadwr
Q Q Q
+/Qa§;¢?;jdivaa dx = —/Q(fQEQ) V28 da—

— | f-Vldivadde + | 0%¢8 a8 de+ [ 0% : V2Sdiva® du.
¥ ij cp,zﬂc k ¥
Q Q Q
The latter inequality and (7.8)-(7.12) give the estimate:

Jo < I8 +12 / ol SW) dz + / o5k da+
Q Q

(7.14)
+/ % V2Sdiva® do =: I + I + IS + IS,
Q
with
15 =2 [ [(10 969 :P@) + el s ofa)-
(7.15) —(fOT): Vx5 — f- vcpf‘divﬂ dz—

7/ ((deindivﬂo‘ + Vb - adiv f) dz.
Q

Estimate of I$. By using the convergence u2, — du™ in BD(R), I$ can be estimated

as

(7.16) 5T < CUIf™ lernys Nleller@)) sup lupllsp < C(m, N, ).
Estimate of I{*. We have
[ <c /{2@5[61D + D?g(e(ul) + ™ H](e(us, ) + et S gl <
1/2
<C / S060'm k- (g(um,k) +e k_l) dx
1/2
o 2 sk . g g / <
. Q(a+ HX“ED(U%)J'_@M_IDK%}) : - <
1
< g (7t [ A oo+ 1990 ) 4 Ca [ PP o
. Q

—|—C’/ leP (u®)|? da.
QN{leP (ug,)+em 1P| < e}
Estimate of I$. As to the second summand, the embedding Wg’Q(Q;M?yxnf) —
LM (M) for n = 2,3 allows one to make the following estimates
n—1

o [ianr) ([ i) T <ervit e [ =) T <
)

(7.18 172
| eacs oo+ | sa4|w|2o:z|2dx] -

<C
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Estimate of I$. As

m—1

« «
——tro,, —tre ,

divud =
m nKO

we can bound IS as
(7.19) 1151 < Clllonllzz + llo™z2)

So, (7.5), (7.14), (7.16)-(7.19) and the regularity of aﬁ_l, proved at the previous step,
allow us to conclude that (7.1) holds, and thus

(7.20) limsup | Vo, |20y < C(m, N, ),
a—0

where this constant depends on the domain €', the step m and the data of the problem.

Remark 7.1. The inequality (7.20) and the convergence o, — o} in L*(; M%), see
(6.11), imply that

o€ W2 (QMXm),

loc sym
. 2
(7.21) o = oR i W2 (9),
and 0% — o in L (QMExm),

where the strong convergence in L, (Q; M 57) is guaranteed by the Sobolev embedding for
n=23.

8. UNIFORM W,?-ESTIMATES OF STRESSES

To carry out the proof of the uniform boundedness of ||ox HLOO((OﬁT);W1,2(Q;M;Ly><n7LL)) we will

loc

make use of the iterative estimate (7.5), deduced in the previous section, which results in a
discrete analogue of the Gronwall inequality. To this aim, we need to have the estimate of
the last term of (7.5). To make the estimates uniform, we will use the convergence of u2,
to 6u™ as in (6.6)-(6.10), and the convergence of o2, to ¢™ asin (7.21).

So, the goal of this section is to prove the following inequality

C 6 m m c 6 m—1 m—1 C
. - = : <(1+= : +=
(8.1) (1 N)/Q(p Aoy i oy dx (1 N)/Q(p Aoy oy dx N

with C independent of N.
We will deduce it from (7.5). Recall (7.14):

Jo < I8 +12 /Q ®osP  S®) dz + /Q o5k da+
(8.2)
+ /Q o V2Sdiva® do =: I + I + IS + IS,

with I§ defined in (7.15).
Estimates of I§': Since f € C} (£;R™), one can employ (6.6)-(6.9) to pass to the limit

loc
in (7.15), and use estimates (3.8) of ||[6u™||pp = [[u™ — u™ L||gp to get

1
(8.3) 1] < CULFE) o= o.11:0t (urm ) [1@llon@)) N
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Estimates of I{*: Taking into account (6.14) and (7.13)
/ @°osP : SH) dy = / ©0% : SW dx =
o o

- /Q Slo1P + Dg(e(ug) + e )] (e(ul ) + e

1/2

(8~4) <[/ 6[1D+D2<(a)+m—1)]((a)_i_mfl).((oz)_i_mfl)
< Q(p a g(e(uy, e €(Upy & e s (e(up, el

1/2

1
. l/ @4[(1117 + D2g(€(u;ln) +e™ )] S*) . gk) dx] < MB1 + C N Bas.
Q

Let us estimate B;

I
AS)
9
3R
ES
o
<
3

1 1
/QapﬁAafnyk Do dT + 5/ ¢6AUTZ71 : 0'37’:71 dx =

Q
1 1
=J5+ 7/ ©OAcS 0l dr + f/ @PAc o da,
Q s s 2 Q ) )

2
Let us estimate By. As |S®)| < CleP (ug,)| we proceed with
/ ©la1? + D?g(e(u®) +em )] S*) . 80 gz <
Q
Ca [ 1PP dr+ [ FD%(ctus,
Q Q

Now we study the second summand carefully. Taking into account (7.13), the properties

)+ e ] S*) 5k gy

of g, (6.1) and (7.21) we have
| Dgtetuz) + €] 505 50 o =

= / 2,u<p65(k) : S dg <
ON{leP (ug,)+em—1P|< e}
PP )P dr =
QN{12P (ug,)+em=10) <25}
C 2
_v @6‘2M(5D(U;Xn) 4 em—1D _ em—lD)‘ dz <
210 Jan{leP (ug,) +em=1P|< )

<2uC

(2 cusy) + e )

or

<c /
QN (P (u ) Hem 1P 1< e )

(PG O_%D _O_m—lD —Ot(&‘

=C

Qﬁ{‘gD(u%)+em—1D|<\kf72*u}
< Cllo™? = o™ 1P|l + 0a(1).
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Finally, by applying the Cauchy inequality to (8.4) and using (3.8), one obtains

o Jo
/(paD SK) dg: <5 N/ GAomk Ok AT+

1
(8.5) +N A ©®A ajz_l : U?Z_l dx + CN||om — om_lH%Z(Q) +0q(1) <

Jo‘ 1 1 C
< S—N + N 6A0fﬁ,k ok dT + N/ Aol o T dr + N 0a(1).
Q

Estimates of I$': To pass to the limit in 1§, we exploit (6.6) and (7.21):
<31¢LH10 I$ = ill% A Jf‘jcpijkﬂg dx = /Qof;”ap?ijk(um —u" ) dr =: I.

Now let us use the embedding Wy (€; M) < L™(€; M?2X™) for n = 2,3 and (3.8)

sym sym

|Io] < Clle®0™ || pn ey lu™ —u™ M| 2y <

1/2
< c( [ oot s o ||soo’”||Lz) fum — w1 <

(8.6) 1
< (/chAafZ:szdz+C) + CN|u™ —u™" 1||2Ln _ <
Q

1 m m C

Estimates of I§: The relations (6.9) and (7.21) allow one to pass to the limit in 7§:
lim I§ = lim | o7, : V28divu®, de = / o™ V2ldiv (u™ —u™ ) da = I3,
so in view of the equality
div (u™ —u™ ) = tr (e™ — ™)

by (3.8) we conclude that

z21Q

(8.7) 13| < Cllo™ [[alltr (™ — ™[22 <

PROOF OF THEOREM 2.1: The estimates (8.2), (8.3) and (8.5)-(8.7) yield
Jo < ¢ / WAoo dx +/ OOAST o dm—i—/ WPA T o dr 4+ 1| + 0a(1),
N|Jao Q Q
where 0,(1) depends upon m, N. Now (7.5) implies
C
(1 — N) /QcpﬁAJ% sop dr <
C C
§(1+N>/9 WA o dx—i—N/apAaN JMdLL'-i-N—f—Oa(l)
To deduce (8.1) it remains to pass to the limit with respect to «, to use (7.21) and the lower
semicontinuity of the norm. By applying the discrete version of Gronwall lemma we obtain

(1.2). Now the conclusion follows from convergence of on(t) — o(t) in L*(;MZ<") for
every ¢ € [0,T]. O
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9. EXAMPLES

Below we give two examples that show that we cannot hope to get regularity results
in the spirit of [4], that is, the existence of the elastic zone, where the equations of linear
elasticity are satisfied and where the stress and strain are as regular, as the data of the
problem permits.

We consider two particular cases of the periodic problem in dimension two, where not
only the stress tensor o(t) is unique, but so are the displacement u(t) and a plastic part of
the strain p(t¢). In this case the problem is reduced to a one-dimensional one.

In the first example we consider the situation, where the data of the problem is of class
C®, but the solution of the reduced one-dimensional problem uf(t) develops a jump after
some time t*. The second example shows, that even when the displacement ' is continu-
ous, we cannot expect any kind of regularity of u* or p®. Namely, it shows, that given any
diffuse measure pf € MbJr (0,1), we can choose the data of the problem to be C*° in such
a way, that at time ¢ = 1 the plastic strain is precisely measure p’?, while for almost every
time t we have o(t,z) € int K for all x, except one point.

This is in contrast with the case of Hencky plasticity (see [4]), where it was proved the
existence of the elastic zone — an open set Qg C §2, such that

o(xz) €eintK for all x € Q,

. (0g :
div (a—%(s(u))) +f=0 in Q,
o(x) € 0K for a.e. x € Q\ Q.

We consider the case of simple shear in Dirichlet-periodic case in dimension n = 2.
Similar examples can be easily constructed also in higher dimensions. We consider the unit
cube © =(0,1) x (0,1) and x;-periodic solutions with boundary data of the form

u(t,z1,0) = (0,0),
(9.1) u(t,x1,1) = (V2(t),0),

u(t,0,29) = u(t, 1, z2).

Let us introduce a linear isometry M : R — M2X2 as

sym
0 o
(9.2) M(a) = < o {)5 ) .
V2
Assume, that the volume force has the form
1
(93) f(t,ﬂ?) = 7(fR(t7x2)a0)7

V2

where we require the safe-load assumption to hold, and the initial conditions (uo, eg,0) are

2ul(x
(9.4) up(z1,72) = ( V2 %( 2) ) and eg(z1,20) = M(elf(22)),
for some functions uff, el
First, we will show, that in this particular situation all solutions of the quasistatic problem
can be obtained from the solutions of a suitable one-dimensional problem. The definition
of quasistatic evolution in dimension one can be obtained from Definitions 3.1 and 3.6 by

replacing the spaces Mg 0 and M7™ by R, the compliance tensor A with a multiplication

by i and the set K by K = [—ﬂk*,\/ﬁk*]

Let us introduce a space W C Mﬁ;,i as follows

W:{(g 8>:aER}.
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Given pf* € My([0,1]), the measure M (pf) € My([0,1] x [0,1]; M2%2) is defined by
1

sym
M(p™)(A x B) = M(p"(B)) L'(A)
for every pair of Borel sets A, B C [0, 1], that is

1
) (G, 0) = VE [ " tnaer. ) o
for every ¢ € C°([0,1] x [0, 1]; M22).

Theorem 9.1. Suppose, that we are given a boundary conditions as in (9.1) and the load
as in (9.3) with f € AC([0,T]; L*(2)). Suppose, that the triple (ug,e,0) is kinematically
admissible and satisfies the stability condition. Then every solution (u,e,p) of the quasistatic
problem with the initial conditions (9.4) has the form:

2uf(t
utteanan) = (V) et = M), o) = MOR0)
with M (p®(t)) defined in (9.5), where (uf(t), e®(t), p2(t)) is a solution to a one-dimensional
quasistatic problem, solved on a domain QF = (0,1) with the initial data (ul},elf,0), Dirich-
let boundary conditions uf(t,0) = 0, u?(t,1) = p(t) and the load fE(t,y).

ProOOF: Consider the quasistatic problem with initial data (uf,eff,0) in dimension one

with domain QF = (0,1), the compliance tensor A% = ﬁ, volume force ff(t,y) and the
Dirichlet boundary data uft(t,0) = 0, uf(t,1) = p(t). Let (uf(t,y),e?(t,y),p%(t,y)) be
its solution.

Now we show, that the function (u,e,p) defined as follows

(96)  u(t,w1,22) = (V2u'(t,22),0), e(t, w1, 22) = M(e"(t,22)), p(t) = M(p™(1)),

with M defined in (9.2) and (9.5), is a quasistatic evolution in dimension two.

To this aim, let us check conditions (gsl) and (gs2) of Definition 3.6 with w(¢, z1,22) =
(V2e(t)3.0).

(gsl): The kinematic admissibility condition for (u,e,p) in dimension two (see Definition
3.1) follows from the corresponding condition for (u®, e, p®) in dimension one.

As the minimality condition in (gsl) is equivalent to —dive = f and o € K, and these
properties follow form the properties of 0. (gs2): Since M is an isometry, the energy
balance for (u,e,p) follows from the analogous property of (uft,eft, pft), .

Thus, the function (u(t),e(t),p(t)), defined in (9.6) is a quasistatic evolution in dimension
two.

By the uniqueness of the strain o, we know, that for any quasistatic evolution in dimen-
sion two, the stress field o(¢) is given by

(9.7) o(t,z1,22) = < 012((;7332) 012(6’ z2) )

By the pointwise formulation of the flow rule, proved in [2, Theorem 6.4], and taking into
account the fact, that o(t) is continuous, we have that for a.e. ¢ € [0, T

_ 4p(t)
= )
As p(t) = g(z) |p(t)| for a.e. t € [0,T7], it follows that

p(t) € My([0,1] x [0, 1]; W).

eW for |p(¢t)|-a.e. z€]0,1] x[0,1].

Thus, as
(1), 0) = / (5(3). ) ds.

for every o € C([0,T] x [0, T]; Mg "), we conclude that p(t) € My([0,1] x [0, 1]; W) for a.e.
te0,T].
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So, from (9.7) and the last relation we deduce by the additive decomposition, that
e(u) € Mp(Q; W).
In particular, it implies, that
ui(t,z) =0, and wug2(t,z) =0,
that is,
ur(t,z) =ui(t,za) and ug(t,x) = ua(t, z1).
However, from the relaxed form of boundary conditions (9.1), which take the form
ug(t, 1, x2) = ug(t, 1,0) = (—u(t,21,0) ©® v(x1))22 =0,

we have that ua(t,xz1,22) = 0.
Thus, u(t,z1,22) = (u1(t,z2),0), the elastic part e(t) has the form, as in the statement
of the Theorem, and hence p € M;([0,1] x [0,1]; W) and the Theorem is proved. O

9.1. Example 1. In this situation the data of the problem is the following: the domain Q%

is (0,1), the time interval is [0, 7] = [0, 2], the constraint set K = [—1, 1] and the elasticity
tensor A is the identity. Taking the initial data to be (uo, e, po) = (0,0,0) we show that
there exists a unique quasistatic evolution in dimension one, and that the displacement wu

of the solution has a jump at a point x = % after time t* = 1.

We choose a function G € C§°(0,1) such that

/01 Gly) dy =0,

G(1/2) =1, Gy) <1 fory# 3,
1
Gly) > - forye0.1],

and denote by g¢(y) its derivative.
So, we consider the one-dimensional quasistatic problem with the following C'*° data:

(’LL(})?‘, 65710(1)%) = (07070)7
(9.8) uf*(t,0) = ult(t,1) = 0,
SRt y) = —tg(y).

According to Theorem 9.1 all solutions of the corresponding two-dimensional Dirichlet-
periodic problem are generated by the solutions of one-dimensional problem (9.8).
Consider the functions (uf(t),eft(t),p%(t)) as follows:

/G for t <1;

Y
(I-ty+(t—1)x (1_’1)(y)+t/ G(z)dz, for1<t<3;
0

R R | tG(y), for t <1;
ity =0 (t’y)_{ tG(y) +1—t, forl<t<?¥;
R | 0, for t <1;
P (t){ (t—1)81/9, forl<t<32.

It is easy to see, that this triple satisfies
(u(t),e(t),p(t)) € AR(O) for all ¢t € [0,T].

In view of Remark 3.8 the global minimality condition is ensured by the fact that |o®(¢,y)| <
1 and o}(t,y) = tg(y) = — f(t,y).
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By [2, Theorem 6.4] the energy balance is equivalent to the pointwise formulation of the
flow rule. Since p(t) =6y for ¢ >1 and as of(t, 1) =1,and |o(t,y)| <1for y# 3 ort<1
we have that

dp"(t)

d|pR(t))|
which is precisely the pointwise expression of the flow rule. Thus, (u, e, p) constructed above
is a quasistatic evolution in dimension one.

Now we show that the solution constructed is the unique one. Let us suppose, that there
exists another quasistatic evolution (v(t),n(t),q(t)). By the uniqueness of the stress, n = e.
Now let us show that ¢ = p. As the energy balance (gs2) is satisfied for (v,n,q), the
pointwise formulation of the flow rule yields

€ Nx(o®(t,y)) for |pf(t)|-a.e. y e [-1,1],

dq(t) :
- € Ng(o(t,x for |§(t)]-a.e. x € [—1,1].
T € Neo(ta)) - for [i(0) 11
By the properties of o(t) it follows, that supp¢(t) C {3} for a.e. t € [1,3], while ¢(t) =0

for a.e. t €10,1].
Thus the formula

t
(q(t), @) rr,ico = / (4(s), ©)my;c0 ds - for any ¢ € Cp(0,1),
0

yields that ¢(t) = 5(t)é, with 3= 0, and the boundary conditions (9.8) imply that 5(t) =
t—1, that is ¢ = p. This yields also that v(t) = u(t), and we obtain the uniqueness of wu(t).

9.2. Example 2. We are given the domain Qf = (0,1), the time interval [0,1], the con-
straint set K = [—~1,1] and the elasticity tensor A® = 1. Let pf € M, (0,1) be a diffuse
measure, that is u®({x}) = 0. Suppose, that pf([0,1]) = 1.

We will choose the data of the problem to be C°*° and such that for the unique solution
of the quasistatic problem p*(t,-) = uf** for t = 1.

Let us take the continuous nondecreasing function ®(s) = uf([0,s]). We consider the
left-continuous inverse

X (t) :=sup{s: ®(s) < t},
so that ®(X (t)) =¢. Let us take the set {(¢, X (¢)) : t € [0,1]} and denote its closure by E:

E:=c{t,X(®)):te€0,1]} ={(tX({E+0)), ¢t X({t—0)):te]0,1]}.
Then there exists a function ¢(t,y), such that
¢ € C(R?), 0<$<1,
{1 =kF
The data of the one-dimensional problem we would like to solve is the following:
/¢0z 5 ) =00, =0,

(9.9) 0)=0, ufi(t,1)= / o(t,y) dy +1t,

R 0
Now consider a function pft: [0,7] — M, ([0,1]), defined as
pfi(6)(B) = p(B N[0, X (1)
for every Borel set B C [0,1]. The estimate
7 (t) = pfi(s)ll = 1 ((2(s), 2()]) = (X (1) — (X (s5)) =t — 5,
shows that pf € AC([0,T]; M, ([0,1])). Moreover, the very definition of X (¢) yields
A (t) = ox -
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Consider the following functions:

ult,y) = / ! ot ) dz -+ 1R (1) (0,9),

e(t,y) = o(t,y) = é(t,y),
p(t) = phi(t),

and let us show that (u,e,p) defined in this way is the unique solution of the quasistatic
problem (9.9).

First of all, it is obvious that the initial conditions are satisfied and the triple (uf, ef, pft)
satisfies the stability condition. Let us check the conditions (qsl) and (qs2) as in the Defi-
nition 3.6.

(gsl): As

(9.10)

(1" (#)(0,9)y = p"(t) in D'(0,1),

the kinematic admissibility condition in (0, 1) is trivially satisfied by (9.10). As the boundary
conditions hold in the strong sense and p = 0 on 02, we have that the triple (u(t),e(t),p(t))
is kinematically admissible for its boundary data.

What about the global stability, it follows from the equivalent condition (see Remark 3.8)

—oy(t,y) = fi(t,y) and |o(t,y)| < 1.

(gs2): As o(t,X(t4+0)) = o(t,X(t —0)) = 1 and |o(t,z)| < 1 otherwise, the pointwise
formulation of the flow rule, which is equivalent to the energy balance, is satisfied:

‘R
PO = b, 1= S € Nelo (), for [3*(0)-ae. v € (0.1)

So, (9.10) is a solution to (9.9).
Now let us take any solution (v(t),n(t),¢(t)) to quasistatic problem (9.9). As the stress
is unique, we have n(t) = e(t). Now, the pointwise formulation of the flow rule implies

dq(t)
dlq(t)|

that is suppq¢(t) C {X(¢),X(t +0)}. As X(¢t) is a monotone function, it has at most
countable number of discontinuities, that is for a.e. t € [0,1] we have

(9.11) supp ¢(t) C {X(t)}.

The boundary conditions for v(t) yield:

€ Nx(o(t,z)), for |¢(t)|-a.e. = €(0,1),

1 1
ot = [ oltn)dy+ a0 = [ oty -+t
0 0
which in its turn implies that ¢(¢)(0,1) = ¢, and from (9.11) it follows, that

q(t) = dx)-
That is, q(t) = p(t) and (9.10) is the unique solution to (9.9).
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