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Nh|zrugv= grxeoh0zhoo srwhqwldo/ vlqjxodu shuwxuedwlrqv/ �0frqyhujhqfh/ yhuwlfdo pdwfklqj/ odwhudo pdwfklqj/
skdvh wudqvlwlrq
5333 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq= 68J<</ 68P<</ 7<M73/ 7<M78/ 7<N53/ :7E53/ :7J98/ :7Q<<

�L?|i?|t

4 Lqwurgxfwlrq 5

5 Suholplqdulhv :

6 Frpsdfwqhvv <

7 ��olplqi= wkh orzhu erxqg 45

8 ��olpvxs= wkh xsshu erxqg1 Jhrghvlf k|srwkhvhv1 49

814 Fkdudfwhul}dwlrq ri N� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
815 Vshfldo grpdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
816 {30frqqhfwhg grpdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56
817 Jhqhudo grpdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59
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9 ��olpvxs= wkh xsshu erxqg1 Wkh v|pphwu| k|srwkhvhv1 69

914 Fkdudfwhul}dwlrq ri N� 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;
915 {30frqqhfwhg grpdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;
916 Jhqhudo grpdlqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;

: Frqglwlrq +K7,
3

7;

; H{dpsoh ri d qrq rqh0glphqvlrqdo lqwhuidfh 85

< Dsshqgl{ 87

� W?|hL_�U|�L?

Wkh wkhrulhv ri skdvh wudqvlwlrqv dqg plqlpdo vxuidfhv kdyh ohg wr h{whqvlyh vwxg| ri vlqjxoduo|0shuwxuehg/
qrqfrqyh{ ixqfwlrqdov ri wkh irup

M% +y> , =@

]


4

%
Z +y, . %muym5 g{> +414,

zkhuh Z lv d qrqqhjdwlyh srwhqwldo zlwk pxowlsoh plqlpd1 Wklv ixqfwlrqdo zdv �uvw vwxglhg e| Prglfd dqg
Pruwrod ^64`/ dqg vxevhtxhqwo| lw zdv dssolhg e| Prglfd ^63` wr wkh ydq ghu Zddov~Fdkq0Klooldug wkhru| ri
�xlg0�xlg skdvh wudqvlwlrqv wr vroyh dq _rswlpdo ghvljq% sureohp sursrvhg e| Jxuwlq ^58`=

Plqlpl}h

]


Z +x, g{> vxemhfw wr d ghqvlw| frqvwudlqw
4

mm

]


x g{ @ �d. +4� �,e>

iru vrph � 5 +3> 4,/ dqg zkhuh Z lv d qrqqhjdwlyh exon hqhuj| ghqvlw| zlwk iZ @ 3j @ id> ej/ d> e 5 U/
d ? e1 Wkh vwulnlqj qrqxqltxhqhvv ri vroxwlrqv +plqlpl}huv, lv gxh wr wkh idfw wkdw qxfohdwlrq ri skdvhv pd|
rffxu zlwkrxw dq lqfuhdvh lq hqhuj|1 Lq rughu wr vhohfw sk|vlfdoo| suhihuuhg vroxwlrqv/ wkh ydq ghu Zddov~
Fdkq0Klooldug wkhru| dggv d judglhqw whup zklfk xsrq uhvfdolqj ohdgv wr +414,1 Xvlqj Gh Jlrujl*v qrwlrq ri
�0frqyhujhqfh +^4<`> vhh dovr ^4;/ 48/ 4`,/ lw zdv vkrzq lq ^64/ 63`/ wkdw

�� olp
%$3.

M% +x3> , @

�
N3Shu+H, li x @ "Hd. +4� "H,e> mHm @ � mm > x 5 EY +> id> ej, >
.4 rwkhuzlvh/

+415,

zkhuh N3 =@
U e
d

s
Z +v,gv1 Zh frqfoxgh/ wkhuhiruh/ wkdw lq wkh olplw dv % $ 3 sduwlwlrqv zlwk plqlpdo

lqwhuidfldo duhd dqg jlyhq yroxph iudfwlrq � duh vhohfwhg1
Jhqhudol}dwlrqv ri +414,0+415, zhuh rewdlqhg e| Erxfklww�h ^47` dqg e| Rzhq dqg Vwhuqehuj ^67` iru wkh

xqghfrxsohg sureohp/ lq zklfk wkh lqwhjudqg lq M% kdv wkh irup %�4i+{> y+{,> %uy+{,,1 Zh uhihu dovr wr wkh
zrun ri Nrkq dqg Vwhuqehuj ^5;` zkhuh wkh vwxg| ri orfdo plqlpl}huv iru +414, zdv xqghuwdnhq1

Wkh yhfwru0ydoxhg vhwwlqj/ zkhuh x = $ U
g/  � UQ / g>Q A 4/ zdv frqvlghuhg lq ^56/ 43`/ zkhuh N3 lv

uhsodfhg e|

N4 =@ lqi

+] O

�O

Z +j +v,, . mj3 +v,m
5
gv = O A 3> j slhfhzlvh F4> j+�O, @ d> j+O, @ e

,
= +416,

Wkh fdvh zkhuh Z kdv pruh wkdq wzr zhoov zdv dgguhvvhg e| Edogr ^:` +vhh dovr Vwhuqehuj ^68`,/ dqg odwhu
jhqhudol}hg e| Dpeurvlr ^5`1

Wkh fruuhvsrqglqj sureohp iru judglhqw yhfwru �hogv/ zkhuh lq sodfh ri M% zh lqwurgxfh

L% +x> , =@

;?
=
]


4

%
Z +ux, . %mu5xm5 g{ li x 5Z 5>5

�
>Ug

�
>

.4 rwkhuzlvh/
+417,

dulvhv qdwxudoo| lq wkh vwxg| ri hodvwlf vrolg0wr0vrolg skdvh wudqvlwlrqv ^</ 4:/ 5:/ 65`/ dqg lw kdv gh�hg d
frqvlghudeoh pdwkhpdwlfdo h�ruw gxulqj wkh sdvw ghfdgh1 Khuh x =  $ U

g vwdqgv iru wkh ghirupdwlrq/ dqg
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wdnlqj lqwr dffrxqw iudph0lqgl�huhqfh zh dvvxph wkdw iZ @ 3j @ VR+Q,D ^ VR+Q,E> zkhuh VR+Q, lv
wkh vhw ri urwdwlrqv lq UQ 1 Lq rughu wr jxdudqwhh wkh h{lvwhqfh ri _fodvvlfdo% +dv rssrvhg wr phdvxuh0ydoxhg,
qrq d�qh vroxwlrqv iru wkh olplwlqj sureohp/ dqg lq ylhz ri Kdgdpdug*v frpsdwlelolw| frqglwlrq iru od|huhg
ghirupdwlrqv +vhh dovr Edoo dqg Mdphv ^<`,/ wkh wzr zhoov pxvw eh udqn0rqh frqqhfwhg1 Zlwkrxw orvv ri
jhqhudolw|/ zh wkhq dvvxph wkdw D� E @ d � iru vrph d 5 UQ dqg � 5 VQ�4 =@ CE+3> 4, � U

Q 1 Zh duh
qrz deoh wr frqvwuxfw judglhqwv wdnlqj ydoxhv rqo| rq iD>Ej dqg od|huhg shushqglfxoduo| wr �1

Dv d �uvw vlpsol�fdwlrq ri wkh sureohp/ zh uhpryh wkh iudph0lqgl�huhqfh frqvwudlqw dqg zh dvvxph vlpso|
wkdw

iZ @ 3j @ iD>Ej > D�E @ d �=

Khuh lqwhuidfhv ri plqlpl}huv pxvw eh sodqdu zlwk qrupdo � +vhh ^<`,/ wkhuhiruh dw �uvw jodqfh wkh dqdo|vlv pd|
vhhp wr eh juhdwo| vlpsol�hg dv frpsduhg zlwk wkh lqlwldo sureohp +414, zklfk uhtxluhv kdqgolqj plqlpdo
vxuidfhv1 Krzhyhu/ lw wxuqv rxw wkdw wkh SGH frqvwudlqw fxuo @ 3 lpsrvhg rq wkh dgplvvleoh �hogv suhvhqwv
qxphurxv gl�fxowlhv wr wkh fkdudfwhul}dwlrq ri wkh �0olpvxs1 Suhflvho|/ li/ vd|/ ux kdv d od|huhg vwuxfwxuh
zlwk wzr lqwhuidfhv wkhq lw lv srvvleoh wr frqvwuxfw d _uhdol}lqj% +h�hfwlyh, vhtxhqfh qhdue| hdfk lqwhuidfh/
exw wkh wdvn ri joxlqj wrjhwkhu wkh wzr vhtxhqfhv rq d vxlwdeoh orz0hqhuj| lqwhuphgldwh od|hu lv yhu| gholfdwh1
Wklv lv zkhuh vshfl�f frqvwlwxwlyh k|srwkhvhv sodfhg rq Z zloo frph lqwr sod| +vhh Vhfwlrqv 8 dqg 9 ehorz,1

Dq lqwhuphgldwh fdvh ehwzhhq +414, dqg +417,/ zkhuh wkh qrqfrqyh{ srwhqwldo ghshqgv rq x dqg wkh
vlqjxodu shuwxuedwlrq rq u5x/ kdv ehhq uhfhqwo| vwxglhg e| Irqvhfd dqg Pdqwhjd}}d ^55` +iru rwkhu jhqhu0
dol}dwlrqv vhh ^54`,1 Dovr/ lq wkh wzr0glphqvlrqdo fdvh dqg zkhq Z ydqlvkhv rq wkh xqlw flufoh +417, uhgxfhv
wr wkh vr0fdoohg Hlnrqdo ixqfwlrqdo zklfk dulvhv lq wkh vwxg| ri oltxlg fu|vwdov ^8` dv zhoo dv lq eolvwhulqj ri
ghodplqdwhg wklq �opv ^66`1 Uhfhqwo|/ wkh Hlnrqdo sureohp kdv uhfhlyhg frqvlghudeoh pdwkhpdwlfdo dwwhqwlrq/
exw lq vslwh ri vxevwdqwldo sduwldo surjuhvv +vhh ^6/ 9/ 59/ 53`, lwv �0olplw uhpdlqv wr eh lghqwl�hg1

Lq wklv zrun/ dqg xqghu wkh vwdqglqj k|srwkhvlv

+K4, Z lv frqwlqxrxv/ Z +�, @ 3 li dqg rqo| li � 5 iD>Ej > zkhuh D�E @ d � iru vrph d 5 Ugq i3j dqg
� 5 VQ�4>

dqg dgglwlrqdo dvvxpswlrqv rq Z / zh vkrz wkdw dv %$ 3. wkh ixqfwlrqdov L% �0frqyhujh wr

L +x> , @

�
N�KQ�4+V +ux, _ , li x 5 Z 4>4+>Ug,>ux 5 EY +> iD>Ej,/
.4 rwkhuzlvh/

zkhuh V +ux, lv wkh vlqjxodu vhw ri ux/ l1h1 wkh froohfwlrq ri lqwhuidfhv/

N� =@ �� olp lqi
%$3.

L% +x3>T�,

@ lqi
q
olp lqi
q$4

L%q+xq>T�, = %q $ 3.> xq 5 Z 5>5
�
T� >U

g
�
> xq $ x3 lq O4

�
T>Ug

�r
>

zkhuh T� lv d xqlw fxeh lq UQ fhqwhuhg dw wkh ruljlq dqg zlwk wzr ri lwv idfhv ruwkrjrqdo wr �/ dqg

ux3 =@

�
D li { � � A 3>
E li { � � ? 3=

Wkh pdlq uhvxowv ri wklv sdshu duh=

Wkhruhp 414 +Frpsdfwqhvv, Dvvxph wkdw wkh grxeoh zhoo srwhqwldo Z vdwlv�hv frqglwlrqv +K4, dqg

+K5, wkhuh h{lvwv F A 3 vxfk wkdw

Z +�, � F m�m �
4

F

iru doo � 5 Ug�Q =

Ohw %q $ 3.1 Li ixqj �Z 5>5
�
>Ug

�
lv vxfk wkdw

vxs
q
L%q +xq> , ?4>

wkhq wkhuh h{lvw d vxevhtxhqfh ixqnj dqg x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, > vxfk wkdw

xqn �
4

mm

]


xqn g{$ x lq Z 4>4
�
>Ug

�
=
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Wkhruhp 415 +�0olplqi, Dvvxph wkdw Z vdwlv�hv frqglwlrq +K4, = Ohw x 5 Z 4>4
�
>Ug

�
> zlwk ux 5

EY +> iD>Ej, = Wkhq
�� olp lqi

%$3.
L% +x> , � N� Shu+H,>

zkhuh ux +{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Lq rughu wr fkdudfwhul}h wkh �0olpvxs/ zh zloo frqvlghu wzr vhwv ri dgglwlrqdo frqvwlwxwlyh k|srwkhvhv rq
Z 1 Zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw

D @ �E @ d hQ =

Iluvw frqvlghu

+K5,
3 Z +�,$4 dv m�m $ 4>

+K6, Z +�, �Z +3> �Q , zkhuh � @ +�3> �Q , 5 U
g�+Q�4, �Ug=

Qrwh wkdw +K6, lv vdwlv�hg e| wkh surwrw|sh exon hqhuj| ghqvlw|

Z +�, =@ plq
q
m� �Dm

5
> m� �Em

5
r
=

Wkhruhp 416 +�0olp, Ohw  � UQ eh dq rshq/ erxqghg/ vlpso| frqqhfwhg grpdlq zlwk Olsvfklw} erxqgdu|1

Dvvxph wkdw Z vdwlv�hv wkh frqglwlrqv +K4, > +K5,
3 dqg +K6, = Vxssrvh/ lq dgglwlrq/ wkdw Z lv gl�huhqwldeoh

dw D dqg E1 Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, = Wkhq

�� olp
%$3.

L% +x> , @ N� Shu+H,>

zkhuh ux @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Wkh k|srwkhvlv +K6, hqwdlov d rqh glphqvlrqdo fkdudfwhu wr wkh dv|pswrwlf sureohp1 Lqghhg lq wklv fdvh
wkh fkdudfwhul}dwlrq ri wkh frqvwdqw N� fdq eh juhdwo| vlpsol�hg1 Lw fdq eh vkrzq +vhh Sursrvlwlrq 816, wkdw
N� uhgxfhv wr wkh dqdorj ri wkh frqvwdqw N4 lqwurgxfhg lq +416,/ suhflvho|/ N� @ N zkhuh

N =@ lqi

+] O

�O

Z +3> j +v,, . mj3 +v,m
5
gv = O A 3> j slhfhzlvh F4> j+�O, @ �d> j+O, @ d

,
=

Wkhruhp 416 lv uhodwhg wr zrun ri Nrkq dqg P�xoohu ^5:` zkr vwxglhg wkh plqlpl}dwlrq ri wkh ixqfwlrqdo]
+3>O,�+3>4,

�
Cx

C{4

�5

. %

����C5xC{55

���� g{4g{5
vxemhfw wr wkh frqvwudlqw

��� CxC{5 ��� @ 4 dqg erxqgdu| frqglwlrqv1

Wkh pdlq h�ruw ri wkh suhvhqw sdshu lv ghyrwhg wr wkh frqvwuxfwlrq ri d uhdol}lqj ru h�hfwlyh vhtxhqfh
iru wkh ��olpvxs1 Lw wxuqv rxw wkdw wklv frqvwuxfwlrq lv vwurqjo| klqjhg wr wkh jhrphwu| ri wkh grpdlq1 Zh
�uvw dvvxph wkdw +vhh Iljxuh 4,

iru hdfk w 5 U wkh krul}rqwdo vhfwlrq w =@ i+{3> {Q , 5  = {Q @ wj lv frqqhfwhg lq UQ > +418,

dqg wkdw
w :$ KQ�4 +w, lv frqwlqxrxv lq +�> �, > +419,

zkhuh
� =@ lqi i{Q = { 5 j > � =@ vxs i{Q = { 5 j =

Lw lv hdv| wr vhh wkdw frqyh{ grpdlqv ru f|olqghuv ri wkh irup $� +d> e, > zkhuh $ � UQ�4> vdwlvi| frqglwlrqv
+418, dqg +419,1 Wklv fdvh lv sduwlfxoduo| vlpsoh vlqfh uhdol}lqj vhtxhqfhv duh rqh0glphqvlrqdo/ dqg wkh
dvvxpswlrq wkdw Z lv gl�huhqwldeoh dw D dqg E lv qrw xvhg +vhh Wkhruhp 818,1
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Iljxuh 4= H{dpsoh ri d grpdlq zkhuh +418, dqg +419, krog1

Iljxuh 5= H{dpsoh ri d grpdlq zkhuh +418, krogv exw +419, idlov1

Li zh qrz uhpryh wkh dvvxpswlrq +419, +vhh Iljxuh 5,/ wkhq rqh0glphqvlrqdo vhtxhqfhv fhdvh wr eh rswlpdo
dv wkh| zrxog |lhog N� Shu+H, udwkhu wkdq N� Shu+H, dv ghvluhg1 Lq wklv fdvh/ uhdol}lqj vhtxhqfhv duh
rqh0glphqvlrqdo h{fhsw qhdu krul}rqwdoo| �dw sduwv ri C zkhuh KQ�4

�
C _

�
+{3> {Q , 5 U

Q = {Q @ w
��

A 3
+vhh Wkhruhp 819,1

Wkh vlwxdwlrq ehfrphv frqvlghudeo| pruh frpsolfdwhg zkhq rqh gursv frqglwlrq +418, +vhh Iljxuh 6, vlqfh
wkh judglhqw pd| fkdqjh deuxswo| zkhq wzr frqqhfwhg frpsrqhqwv ri w phhw1 Wr vroyh wklv sureohp zh
joxh uhdol}lqj vhtxhqfhv qhdu wkh erxqgdu| wr dssursuldwh _prool�fdwlrqv% ri x=

Zh uhpdun wkdw wkh deryh phqwlrqhg gl�fxowlhv fdqqrw eh uhvroyhg e| shuiruplqj urwdwlrqv dqg wudqv0
odwlrqv ri  qhdue| wkh lghqwlw| ehfdxvh wkh shulphwhu ri wkh lqwhuidfh pd| fkdqjh glvfrqwlqxrxvo| xqghu
wkhvh wudqvirupdwlrqv +vhh Iljxuh 7,1

Dv zh douhdg| phqwlrqhg/ wkh k|srwkhvlv +K6, lv txlwh vwurqj dv lw hqwdlov d rqh glphqvlrqdo fkdudfwhu
wr wkh dv|pswrwlf sureohp1 Lq wkh vhfrqg sduw ri wkh sdshu zh uhsodfh lw zlwk wkh lvrwurs| dvvxpswlrq=

+K8, Z lv hyhq lq hdfk yduldeoh �l> l @ 4> � � � > Q�4> wkdw lvZ +�4> � � � >��l> � � � > �Q , @Z +�4> � � � > �l> � � � > �Q ,
iru hdfk l @ 4> � � � > Q � 4>

zkhuh
� @ +�4> � � � > �Q , 5 U

g � � � � �Ug� ~} �
Q wlphv

> �3 @ +�4> � � � > �Q � 4, 5 Ug � � � � �Ug� ~} �
Q�4 wlphv

>

vr wkdw � @ +�3> �Q , 5 U
g�+Q�4, �Ug=

Lq wklv fdvh zh fdq suryh wkh iroorzlqj uhvxow
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Iljxuh 6= H{dpsoh ri d grpdlq zkhuh +418, grhv qrw krog1

Iljxuh 7= H{dpsoh ri d grpdlq zkhuh wudqvodwlrqv ri urwdwlrqv ri  fdxvh glvfrqwlqxrxv fkdqjhv lq wkh
shulphwhu ri wkh lqwhuidfh1

Wkhruhp 417 Ohw  � UQ eh dq rshq/ erxqghg/ vlpso| frqqhfwhg grpdlq zlwk Olsvfklw} erxqgdu|1 Dvvxph

wkdw Z vdwlv�hv wkh frqglwlrqv +K4, > +K8, > dqg wkdw wkhuh h{lvw dq h{srqhqw s � 5> frqvwdqwv f> F> � A 3 dqg

d frqyh{ ixqfwlrq j = ^3>4, $ ^3>4,/ zlwk j +v, @ 3 li dqg rqo| li v @ 3> vxfk wkdw j lv ghulydeoh lq v @ 3>
j +5w, � fj +w, iru doo 3 � w � �>

j +m� �Dm, �Z +�, � fj +m� � Dm, li m� �Dm � �>

j +m� �Em, �Z +�, � fj +m� � Em, li m� �Em � �>

dqg
4

F
m�ms � F �Z +�, � F +m�ms . 4,

iru doo � 5 Ug�Q 1 Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, = Wkhq

�� olp
%$3.

L% +x> , @ N� Shu+H,>

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 = Pruhryhu N� @ Nshu> zkhuh

Nshu =@ lqi

�]
T

OZ +uy, .
4

O

��u5y
��5 g{ = O A 3> y 5Z 5>4

�
T>Ug

�
>

uy @ 	d hQ qhdue| {Q @ 	
4

5
> y shulrglf ri shulrg rqh lq {3

�
=

Lw zrxog eh lqwhuhvwlqj wr nqrz li Wkhruhp 417 frqwlqxhv wr krog zlwkrxw dvvxplqj wkh lvrwurs| dvvxps0
wlrq +K8, = Zh kdyh qrw ehhq deoh wr suryh wklv1

Lq wkh �qdo vhfwlrq ri wklv sdshu zh h{klelw dq h{dpsoh wkdw vkrzv wkdw zlwkrxw k|srwkhvlv +K6,> lq
jhqhudo/ zh pd| kdyh

Nshu ? N=

Qrwh wkdw wklv lv lq vkdus frqwudvw zlwk wkh �uvw0rughu judglhqw wkhru| ri skdvh wudqvlwlrqv prghohg e| +414,/
zkhuh wkh dv|pswrwlf sureohp kdv dozd|v d rqh glphqvlrqdo fkdudfwhu1

9



2 �hi*�4�?@h�it

Zh vwduw zlwk vrph qrwdwlrq1 Khuh  � U
Q lv dq rshq/ erxqghg Olsvfklw} grpdlq/ OQ dqg KQ�4 duh/

uhvshfwlyho|/ wkh Q glphqvlrqdo Ohehvjxh phdvxuh dqg wkh Q �4 glphqvlrqdo Kdxvgru� phdvxuh lq UQ 1 Zh
vkdoo odeho wkh �uvw Q�4 frruglqdwhv ri d srlqw { 5 UQ e| {3/ dqg wkh Q 0wk rqh e| {Q > vr wkdw { @ +{3> {Q ,1

Zh gh�qh D +, dv wkh fodvv ri doo rshq vxevhwv ri  dqg VQ�4 =@
�
{5UQ = m{m @ 4

�
=Zh ohw T =@

�
� 4

5 >
4
5

�Q
eh wkh xqlw fxeh fhqwhuhg dw wkh ruljlq/ dqg zh vhw T+{3> %, =@ {3 . %T1 Lq wkh vhtxho F dqg f zloo vwdqg
iru jhqhulf uhdo srvlwlyh frqvwdqwv zklfk pd| ydu| iurp olqh wr olqh dqg h{suhvvlrq wr h{suhvvlrq zlwklq wkh
vdph irupxod1

Iru % A 3 frqvlghu wkh ixqfwlrqdo

L% = O
4
�
>Ug

�
�D +,$ ^3>.4`

gh�qhg e|

L% +x>X, =@

;?
=

]
X

4

%
Z +ux, . %mu5xm5 g{ li x 5Z 5>5

�
>Ug

�
>

.4 rwkhuzlvh/

zkhuh wkh grxeoh zhoo srwhqwldo Z = Ug�Q $ ^3>4, vdwlv�hv wkh iroorzlqj vwdqglqj k|srwkhvhv=

+K4, Z lv frqwlqxrxv/ Z +�, @ 3 li dqg rqo| li � 5 iD>Ej > zkhuh D�E @ d �> iru vrph d 5 Ugq i3j dqg
� 5 VQ�4>

+K5, wkhuh h{lvwv F A 3 vxfk wkdw

Z +�, � F m�m �
4

F

iru doo � 5 Ug�Q =

Iru vlpsolflw| ri qrwdwlrq/ zh vkdoo dvvxph wkdw

D @ �E @ d hQ = +514,

Wkh jhqhudo fdvh pd| eh uhgxfhg wr wklv vlwxdwlrq e| frqvlghulqj lq sodfh ri Z d qhz exon hqhuj| ghqvlw|

aZ +�, =@Z ++� . �3,U
W ,

iru vxlwdeoh �3 5 U
g�Q dqg d urwdwlrq U zlwk UhQ @ �1 Zh uhfdoo wkdw Edoo dqg Mdphv ^<` kdyh vkrzq wkdw

wkhuh h{lvwv d qrq0d�qh Olsvfklw} ixqfwlrq x vxfk wkdw lwv judglhqw wdnhv rqo| wkh pdwul{ ydoxhv D dqg E li
dqg rqo| li D dqg E duh udqn0rqh frqqhfwhg/ l1h1 udqn +D�E, @ 4/ lq zklfk fdvh wkh mxps vhwv +ru lqwhuidfhv,
ri ux duh sodqdu dqg ruwkrjrqdo wr wkh gluhfwlrq hQ 1 Xqghu +514, wkh surwrw|sh eorzq0xs pdfurvfrslf �hog
zlwk rqh lqwhuidfh lq wkh xqlw fhoo T @ +�4@5> 4@5,Q lv

x +{, =@ m{Q m d= +515,

Zh uhylhz eulh�| vrph idfwv derxw ixqfwlrqv ri erxqghg yduldwlrq zklfk zloo eh xvhixo lq wkh vhtxho1 D
ixqfwlrq x 5 O4+>Ug, lv vdlg wr eh ri erxqghg yduldwlrq li iru doo l @ 4> � � � g/ dqg m @ 4> � � �Q / wkhuh h{lvwv
d Udgrq phdvxuh �lm vxfk wkdw ]



xl+{,
Cy

C{m
+{, g{ @ �

]


y+{, g�lm

iru hyhu| y 5 F4
3 +>U,1 Wkh glvwulexwlrqdo ghulydwlyh Gx lv wkh pdwul{~ydoxhg phdvxuh zlwk frpsrqhqwv

�lm 1 Jlyhq x 5 EY +>Ug, wkh dssur{lpdwh xsshu dqg orzhu olplw ri hdfk frpsrqhqw xl/ l @ 4> � � � g/ duh
jlyhq e|

x.l +{, =@ lqi

�
w 5 U = olp

%$3.

4

%Q
OQ +i| 5  _T+{> %, = xl+|, A wj, @ 3

�

:



dqg

x�l +{, =@ vxs

�
w 5 U = olp

%$3.

4

%Q
OQ +i| 5  _T+{> %, = xl+|, ? wj, @ 3

�
>

zkloh wkh mxps vhw ri x/ ru vlqjxodu vhw/ lv gh�qhg e|

V+x, =@
ĝ

l@4

i{ 5  = x�l +{, ? x.l +{,j=

Lw lv zhoo nqrzq wkdw V+x, lv Q � 4 uhfwl�deoh/ l1h1

V+x, @
4̂

q@4

Nq ^ H>

zkhuh KQ�4+H, @ 3 dqg Nq lv d frpsdfw vxevhw ri d F4 k|shuvxuidfh1 Li { 5 qV+x, wkhq x+{, lv wdnhq
wr eh wkh frpprq ydoxh ri +x.4 +{,> � � � > x

.
g +{,, dqg +x�4 +{,> � � � > x

�
g +{,,1 Lw fdq eh vkrzq wkdw x+{, 5 Ug

iru KQ�4 d1h1 { 5 qV+x,1 Ixuwkhupruh/ iru KQ�4 d1h1 { 5 V+x, wkhuh h{lvw d xqlw yhfwru �x+{, 5 VQ�4/
qrupdo wr V+x, dw {/ dqg wzr yhfwruv x�+{,/ x.+{, 5 Ug +wkh wudfhv ri x rq V+x, dw wkh srlqw {, vxfk wkdw

olp
%$3

4

%Q

]
i|5T+{3>%,= +|�{,��x+{,A3j

mx+|,� x.+{,mQ@+Q�4,g| @ 3

dqg

olp
%$3

4

%Q

]
i|5T+{3>%,= +|�{,��x+{,?3j

mx+|,� x�+{,mQ@+Q�4,g| @ 3=

Qrwh wkdw/ lq jhqhudo/ +xl,
. 9@ +x.,l dqg +xl,

� 9@ +x�,l1 Zh ghqrwh wkh mxps ri x dfurvv V+x, e| ^x` =@
x. � x�1 Wkh glvwulexwlrqdo ghulydwlyh Gx pd| eh ghfrpsrvhg dv

Gx @ uxOQ . +x. � x�, �xK
Q�4eV+x, . F+x,>

zkhuh ux lv wkh ghqvlw| ri wkh devroxwho| frqwlqxrxv sduw ri Gx zlwk uhvshfw wr wkh Q~glphqvlrqdo Ohehvjxh
phdvxuh OQ dqg F+x, lv wkh Fdqwru sduw ri Gx1 Wkhvh wkuhh phdvxuhv duh pxwxdoo| vlqjxodu1

D vhw H �  lv ri �qlwh shulphwhu li "H 5 EY +>U, dqg zh ghqrwh e| Shu+H, wkh shulphwhu ri H lq 1
Ohw %q $ 3.1 Zh vd| wkdw d ixqfwlrqdo

L = O4
�
>Ug

�
�D+,$ ^3>.4`

lv wkh ��olp lqi +uhvs1 ��olp vxs, ri wkh vhtxhqfh ri ixqfwlrqdov iL%qj zlwk uhvshfw wr wkh vwurqj frqyhujhqfh
lq O4

�
>Ug

�
li iru hyhu| x 5 O4

�
>Ug

�
L+x> , @ lqi

�
olp lqi
q$4

+uhvs= olp vxs
q$4

, L%q+xq> , = xq 5 O4
�
>Ug

�
> xq $ x lq O4

�
>Ug

��
>

dqg zh zulwh

L @ �� olp lqi
q$4

L%q

�
uhvs= L @ �� olp vxs

q$4
L%q

�
=

Vlqfh L% +y>X, @4 li y @5Z 5>5
�
>Ug

�
> lw lv fohdu wkdw zh pd| zulwh

L+x> , @ lqi

�
olp lqi
q$4

+uhvs= olp vxs
q$4

, L%q+xq> , = xq 5Z 5>5
�
>Ug

�
> xq $ x lq O4

�
>Ug

��
=

Zh vd| wkdw wkh vhtxhqfh iL%qj �0frqyhujhv wr L li wkh �� olp lqi dqg �� olp vxs frlqflgh/ dqg zh zulwh

L @ �� olp
q$4

L%q =

;



Wkh ixqfwlrqdo L lv vdlg wr eh wkh �� olp lqi +uhvs1 �� olp vxs, ri wkh idplo| ri ixqfwlrqdov iL%j zlwk uhvshfw
wr wkh vwurqj frqyhujhqfh lq O4

�
>Ug

�
li iru hyhu| vhtxhqfh %q $ 3. zh kdyh wkdw

L @ �� olp lqi
q$4

L%q

�
uhvs= L @ �� olp vxs

q$4
L%q

�
>

dqg zh zulwh

L @ �� olp lqi
%$3

L%

�
uhvs= L @ �� olp vxs

%$3
L%

�
=

Ilqdoo|/ zh vd| wkdw L lv wkh �0olplw ri wkh idplo| ri ixqfwlrqdov iL%j/ dqg zh zulwh

L @ �� olp
%$3

L%>

li �� olp lqi dqg �� olp vxs frlqflgh1

� �L4T@U|?itt

Wkh iroorzlqj frpsdfwqhvv uhvxow lv d gluhfw frqvhtxhqfh ri wkh rqh rewdlqhg lq ^56` iru wkh ixqfwlrqdo
+414,/ dqg wkh vwuxfwxuh ri wkh olplw kdv ehhq fkdudfwhul}hg lq ^<`1 Iru frpsohwhqhvv zh jlyh khuh d vkruw
vhoi0frqwdlqhg surri1

Wkhruhp 614 +Frpsdfwqhvv, Dvvxph wkdw wkh grxeoh zhoo srwhqwldo Z vdwlv�hv frqglwlrqv +K4, dqg

+K5, = Ohw %q $ 3.1 Li ixqj �Z 5>5
�
>Ug

�
lv vxfk wkdw

vxs
q
L%q +xq> , ?4>

wkhq wkhuh h{lvw d vxevhtxhqfh ixqnj dqg x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, > vxfk wkdw

xqn �
4

mm

]


xqn g{$ x lq Z 4>4
�
>Ug

�
=

Surri1 Zh fodlp wkdw wkh vhtxhqfh
q
xq �

4
mm

U

xq g{

r
lv zhdno| frpsdfw lq Z 4>4

�
>Ug

�
= Lqghhg/ e|

+K5, > dqg zlwk f A 3 vxfk wkdw
vxs
q
L%q +xq> , @= f ?4> +614,

zh kdyh

%qf �

]


Z +uxq, g{ � F

]


muxqm g{�
4

F
mm >

dqg vr iuxqj lv xqlirupo| erxqghg lq O4
�
>Ug�Q

�
= E| Srlqfdu�h0Iulhgulfkv* lqhtxdolw| zh frqfoxgh wkdw

wkh vhtxhqfh
q
xq �

4
mm

U
 xq g{

r
lv xqlirupo| erxqghg lqZ 4>4

�
>Ug

�
= Wkxv/ wr suryh wkh fodlp lw uhpdlqv

wr vkrz wkdw wkh vhtxhqfh iuxqj lv htxl0lqwhjudeoh1 Il{ � A 31 E| +K5, zh kdyh

Z +�, �
4

5
F m�m

iru doo � 5 Ug�Q zlwk m�m � O =@ 5
F5 > dqg e| +614, zh kdyh

3 �
4

5
F

]
imuxqmAOj

muxqm g{ �

]


Z +uxq, g{ � %qf$ 3 +615,

dv q$4= Khqfh wkhuh h{lvwv q� vxfk wkdw]
imuxqmAOj

muxqm g{ � � iru doo q A q�=

<



Vlqfh uxq 5 O4
�
>Ug�Q

�
iru doo q @ 4> � � � > q�> e| wdnlqj O odujhu/ li qhfhvvdu|/ zh pd| dvvxph wkdw wkh

suhylrxv lqhtxdolw| krogv iru doo q= Wklv frpsohwhv wkh surri ri wkh fodlp1
Wkxv zh pd| h{wudfw d vxevhtxhqfh +qrw uhodehoohg, vxfk wkdw

xq �
4

mm

]


xq g{ - x lq Z 4>4
�
>Ug

�
+616,

dqg iuxqj jhqhudwhv d judglhqw \rxqj phdvxuh i�{j{5 = Zh fodlp wkdw

�{ @ +4� � +{,, ��@D . � +{, ��@E OQd1h1 lq >

zkhuh � +{, 5 ^3> 4` = Lqghhg/ vlqfh Z lv qrqqhjdwlyh dqg frqwlqxrxv/ wkh Ixqgdphqwdo Wkhruhp rq \rxqj
Phdvxuhv +vhh h1j1 ^;/ 44/ 69`, |lhogv

3 @ olp
q$4

]


Z +uxq, g{ �

]


]
5g�Q

Z +�, g�{ +�, g{>

khqfh/ iru OQ d1h { 5  ]
5g�Q

Z +�, g�{ +�, @ 3>

dqg wkxv e| +K4, wkh fodlp iroorzv1 Lq wxuq

ux+{, @

]
5g�Q

� g�{ +�, @ +4� � +{,,D. � +{,E OQd1h1 lq = +617,

Ohw P A 3 dqg vhw

* +�, =@ lqi

�] 4

3

plq
qs

Z +k +v,,>P
r
mk3 +v,m gv = k = ^3> 4`$ U

g�Q slhfhzlvh F4> k +3, @ �> k +4, @ D
�
=

Wkhq * lv Olsvfklw}/ * +�, @ 3 li dqg rqo| li � @ D> dqg

i* +uxq,j lv xqlirupo| erxqghg lq Z 4>4 +>U, = +618,

Lqghhg/ ]


mu +* � uxq,m g{�

]


s
Z +uxq,

��u5xq
�� g{ � 4

5
L%q +xq> , �

4

5
f

dqg ]


m* � uxqm g{ �

]


P muxqm g{. *+3, mm >

zkhuh zh kdyh xvhg wkh idfw wkdw *+�, �P m� � 3m. *+3,= Khqfh +618, krogv/ dqg xs wr d vxevhtxhqfh +qrw
uhodehoohg,

* +uxq,$ K lq O4 +>U, > +619,

zkhuh K 5 EY +>U, = Rq wkh rwkhu kdqg/ wkh \rxqj phdvxuh jhqhudwhg e| i* +uxq,j lv

�{ @ +4� � +{,, �w@*+D, . � +{, �w@*+E, OQ d1h1 lq >

dqg wkh vwurqj frqyhujhqfh lq +619, qrz |lhogv � +{, 5 i3> 4j OQ d1h1 lq > suhflvho|

� +{, @ "H +{,

iru vrph phdvxudeoh vhw H � = E| +617,

ux +{, @ +4� "H +{,,D. "H +{, E

dqg

K @ +4� "H +{,,* +D, . "H +{,* +E,

@ "H +{, * +E, 5 EY +>U, >

wkhuhiruh wkh vhw H kdv �qlwh shulphwhu dqg ux 5 EY +> iD>Ej, = Pruhryhu/ vlqfh �{ @ ��@ux+{, dqg e|

+615, zh kdyh wkdw uxq $ ux lq O4
�
>Ug�Q

�
=
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Uhpdun 615 +l, Zh uhpdun wkdw wkh frqfoxvlrq ri Wkhruhp 614 vwloo krogv li zh gr qrw lpsrvh wkh frqglwlrq
+K5, exw/ lqvwhdg/ zh dvvxph dsulrul wkdw wkh vhtxhqfh ixqj frqyhujhv zhdno| lq Z 4>4+>Ug,1 Lqghhg/ wkh
dujxphqw iroorzv h{dfwo| wkdw ri wkh odwwhu surri rqfh +616, kdv ehhq hvwdeolvkhg1

+ll, Li zh dvvxph wkdw
Z +�, � F4 m�m

s
iru doo � 5 Ug�Q zlwk m�m � O>

dqg iru vrph 4 � s ?4> wkhq

xqn �
4

mm

]


xqn g{$ x lq Z 4>s
�
>Ug

�
=

Lqghhg

F4

]
imuxq

n
m�Oj

muxqn m
s
g{ �

]


Z +uxqn, g{$ 3=

Rq wkh rwkhu kdqg/]
imuxq

n
m�Oj

muxqn �uxm
s
g{ � +O. mDm. mEm,

s�4
]


muxqn �uxm g{$ 3=

Wkhruhp 616 Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, = Wkhq wkh ixqfwlrq x kdv wkh irup

x +{, @ x +{3> {Q , @ �3 . d{Q � 5# +{, d>

zkhuh �3 5 U
g> �3 � d @ 3> # 5 Z 4>4 +>U, vdwlv�hv u# +{, @ "H +{, hQ iru vrph vhw H �  zlwk

Shu+H, ?4> dqg H lv od|huhg shushqglfxoduo| wr hQ > wkdw lv

C�H _  @

4̂

l@4

$l � i�l j >

zkhuh wkh vhwv $l � U
Q�4 duh frqqhfwhg/ erxqghg dqg rshq/ �l 5 U= Pruhryhu/ lq dq| rshq vxevhw 3 ri 

zlwk wkh surshuw| wkdw iru hdfk w 5 U wkh krul}rqwdo vhfwlrq

i+{3> {Q , 5 3 = {Q @ wj lv frqqhfwhg lq UQ >

zh pd| zulwh

x +{, @ x +{3> {Q , @ �3 . d{Q � 5k +{Q , d d1h1 lq 3>

zkhuh k 5 Z 4>4 +U>U, > k3 5 EY +U> i3> 4j,1

Surri1 Dv lq ^<`/ lq ylhz ri wkh idfw wkdw iru OQ d1h1 { 5 =

ux+{, @ +4� "H +{,,D. "H +{, E @ +4� "H +{,, d hQ � "H +{, d hQ

@ d hQ � 5"H +{, d hQ >

zh pd| frqfoxgh wkdw H lv od|huhg shushqglfxoduo| wr hQ > dqg wkdw wkh ixqfwlrq x kdv wkh irup

x +{, @ x +{3> {Q , @ �3 . d{Q � 5# +{, d>

zkhuh �3 5 U
g> �3 � d @ 3> # 5 Z 4>4 +>U, > vdwlv�hv u# +{, @ "H +{, hQ 1 Pruhryhu/ vlqfh

u{3x +{
3> {Q , @ u{3 +�3 . d{Q � 5# +{, d, � 3

zh frqfoxgh wkdw lq dq| rshq vxevhw 3 ri  zlwk wkh surshuw| wkdw iru hdfk w 5 U wkh krul}rqwdo vhfwlrq

i+{3> {Q , 5 3 = {Q @ wj lv frqqhfwhg lq UQ >

zh pd| uhsuhvhqw x dv
x +{, @ �x +{Q , @ �3 . d{Q � 5k +{Q , d d1h1 lq 3>

zkhuh k 5Z 4>4 +U>U, > k3 5 EY +U> i3> 4j,1
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e K�*�4�?uG |�i *L�ih ML�?_

Lq ylhz ri +515,/ zh gh�qh

N� =@ �� olp lqi
%$3.

L% +m{Q m d>T, +714,

@ lqi
q
olp lqi
q$4

L%q+xq>T, = %q $ 3.> xq 5Z 5>5
�
T>Ug

�
> xq $ m{Q m d lq O4

�
T>Ug

�r
>

zkhuh/ zh uhfdoo/ T =@
�� 4

5 >
4
5

�Q
=

Wkhruhp 714 Dvvxph wkdw Z vdwlv�hv frqglwlrq +K4, = Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, =

Wkhq
�� olp lqi

%$3.
L% +x> , � N� Shu+H,>

zkhuh ux @ +4� "H +{,,D. "H +{, E=

Wkh surri ri Wkhruhp 714 lv klqjhg rq wkh iroorzlqj ohppd1

Ohppd 715 Ohw $ � U
Q�4 eh d frqqhfwhg/ erxqghg/ rshq vhw/ zlwk KQ�4 +C$, @ 3> dqg frqvlghu wkh

f|olqghu X =@ $ � +�� k> �. k, > zkhuh � 5 U dqg k A 3= Li x3 5 Z 4>4
�
X >Ug

�
lv vxfk wkdw

ux3+{3> {Q , @
�

D li {Q A �>
E li {Q? �>

wkhq
�� olp lqi

%$3.
L% +x3>X, @ N�KQ�4 +$, =

Dvvxplqj wkdw Ohppd 715 krogv +lwv surri lv ohiw iru wkh uhpdlqlqj ri Vhfwlrq 7,/ zh frqfoxgh wkh surri
ri Wkhruhp 7141

Surri ri Wkhruhp 7141 E| Wkhruhp 616 dqg vlqfh C lv Olsvfklw}/ zh pd| zulwh

C�H _  @

4^
l@4

$l � i�l j > zlwk
4[
l@4

KQ�4 +$l � i�l j, ?4>

zkhuh wkh vhwv $l � U
Q�4 duh frqqhfwhg/ erxqghg dqg rshq/ zlwk KQ�4 +C$l, @ 3/ �l 5 U= Ohw � A 3 dqg

fkrrvh n A 4 vxfk wkdw

KQ�4 +C�H _ , �
n[
l@4

KQ�4 +$l � i�l j, . �=

Ohw $3l �� $l eh frqqhfwhg/ erxqghg dqg rshq/ zlwk KQ�4 +C$3l, @ 3/ dqg vxfk wkdw

KQ�4 +$l � i�l j, � KQ�4 +$3l � i�l j, .
�

n
=

Vlqfh hdfk $3l � i�l j ��  zh pd| �qg k A 3 vr vpdoo wkdw

n̂

l@4

$3l � +�l � k> �l . k , �� 
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dqg wkh vhwv $3l � +�l � k> �l . k, duh pxwxdoo| glvmrlqw1 Wkhq iru dq| vhtxhqfhv %q $ 3. dqg ixqj �
Z 5>5

�
>Ug

�
vxfk wkdw xq $ x lq O4

�
>Ug

�
zh kdyh

olp lqi
q$4

L%q+xq> , � olp lqi
q$4

L%q

#
xq>

n̂

l@4

$3l � +�l � k>�l . k,

$

�
n[
l@4

olp lqi
q$4

L%q +xq>$
3

l � +�l � k> �l . k,,

�
n[
l@4

N�KQ�4 +$3l � i�l j,

�
n[
l@4

N�KQ�4 +$l � i�l j,� �N�

� N�KQ�4 +C�H _ ,� 5�N�>

zkhuh zh kdyh xvhg Ohppd 715 wr dvvhuw wkdw

olp lqi
q$4

L%q +xq>$
3

l � +�l � k> �l . k ,, � N�KQ�4 +$3l � i�l j, =

Khqfh
�� olp lqi

%$3.
L% +x> , � KQ�4 +C�H _ ,� 5�N�

dqg lw vx�fhv wr ohw � $ 3.=

Lw uhpdlqv wr suryh Ohppd 7151 Ohw $ � U
Q�4 eh d erxqghg/ rshq vhw/ zlwk KQ�4 +C$, @ 3> dqg ohw

k A 3= Gh�qh

I +$>k, =@�� olp lqi
%$3.

L% +m{Q m d>$ � +�k> k,, +715,

@ lqi
q
olp lqi
q$4

L%q+xq>$ � +�k> k,, = %q $ 3.> xq 5 Z 5>5
�
$ � +�k> k, >Ug� >

xq $ m{Q m d lq O4
�
$ � +�k> k, >Ug�� =

Qrwh wkdw N� @ I �T3> 45� > zkhuh T3 =@ ��4
5 >

4
5

�Q�4
=

Ohppd 716 +l, I +{3 . $>k, @ I +$>k, iru hyhu| {3 5 UQ�4>
+ll, li $4 � $5 wkhq I +$4>k, � I +$5>k, >

+lll, li $4 _ $5 @ > wkhq I +$4 ^ $5>k, � I +$4>k, .I +$5>k, >

+ly, li � A 3 wkhq I +�$>�k, @ �Q�4I +$>k, > zkloh li 3 ? � ? 4 wkhq I +�$>k, � �Q�4I +$>k, >

+y, I +$>k, @ KQ�4 +$,I +T3>k, >

+yl, I +$>k, @ I +$> �, iru hdfk � A 3=

Zh qrwh wkdw Ohppd 715 lv d gluhfw frqvhtxhqfh ri Ohppd 716 +y, dqg +yl,1
Surri1 +l, iroorzv lpphgldwho| iurp wkh wudqvodwlrq lqyduldqfh ri wkh hqhujlhv L%q+xq> �,> zkloh +ll, dqg

+lll, duh frqvhtxhqfhv ri wkh qrqqhjdwlyhqhvv ri wkh hqhuj| ghqvlwlhv ri L%q > wrjhwkhu zlwk wkh idfw wkdw
dgplvvleoh vhtxhqfhv iru $5 � +�k> k, duh vwloo dgplvvleoh iru $4 � +�k> k, zkhq $4 � $5=

Wr suryh +ly, ohw %q $ 3. dqg ohw ixqj �Z 5>5
�
$ � +�k> k, >Ug� eh dq| vhtxhqfh vxfk wkdw xq $ m{Q m d

lq O4
�
$ � +�k> k, >Ug� = Vhw

yq +{, =@ �xq+{@�,> { 5 �$ � +��k> �k, =
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Fohduo| m{Q m d @ � m{Q@�m d dqg vr yq $ m{Q m d lq O4
�
�$ � +��k> �k, >Ug� > dqg zh kdyh

I +�$>�k, � olp lqi
q$4

]
�$�+��k>�k,

4

�%q
Z +uyq, . �%qmu5yqm5 g{

@ olp lqi
q$4

]
�$�+��k>�k,

4

�%q
Z
�
uxq

�{
�

��
. �%q

���� 4�u5xq

�{
�

�����
5

g{

@ olp lqi
q$4

�Q
]
$�+�k>k,

4

�%q
Z +uxq +|,, . �%q

���� 4�u5xq +|,

����
5

g|

@ �Q�4 olp lqi
q$4

]
$�+�k>k,

4

%q
Z +uxq +|,, . %q

��u5xq +|,
��5 g|=

Khqfh I +�$>�k, � �Q�4I +$>k, > dqg vlploduo|

I +$>k, @ I
�
4

�
�$>

4

�
�k

�
� 4

�Q�4
I +�$>�k, =

Wklv suryhv wkdw I +�$>�k, @ �Q�4I +$>k, =
Qh{w ohw 3 ? � ? 4> wkhq I +�$>k, � I +�$>�k, @ �Q�4I +$>k, =
Wr vkrz +y, zh xvh Ylwdol*v Fryhulqj Wkhruhp wr ghfrpsrvh

$ @

4^
l@4

+dl . �lT
3, ^Q3

zlwk KQ�4 +Q3, @ 3/ dl . �lT
3 pxwxdoo| glvmrlqw/ 3 ? �l ? 4> T3 =@

�� 4
5 >

4
5

�Q�4
> dqg

4[
l@4

�Q�4l @ KQ�4 +$, =

Iru doo n 5 Q> e| +ll,0+ly,

I +$>k, � I
#

n̂

l@4

+dl . �lT
3,>k

$
�

n[
l@4

I +dl . �lT
3>k, �

n[
l@4

�Q�4l I +T3>k, =

E| ohwwlqj n $4 zh frqfoxgh
I +$>k, � KQ�4 +$,I +T3>k, =

Frqyhuvho|/ zlwk

T3 @
4^
l@4

+el . �l$, ^Q4

zlwk KQ�4 +Q4, @ 3/ el . �l$ pxwxdoo| glvmrlqw/ dqg

4[
l@4

�Q�4l @
4

KQ�4 +$,
>

zh ghgxfh wkdw

I +T3>k, � 4

KQ�4 +$,
I +$>k, >

dqg zh kdyh frqfoxghg wkh surri ri +y,1 Wklv uhvxow zloo hqwdlo +yl, surylghg zh vkrz wkdw

I +T3>k, @ I +T3> �, +716,

iru hyhu| � A 3= Zh �uvw fodlp wkdw iru doo n 5 Q
I +nT3> �, @ nQ�4I +T3> �, = +717,
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Lqghhg/ zulwh

nT3 @

nQ�4^
l@4

+dl .T3, ^Q3

zlwk KQ�4 +Q3, @ 3/ dl .T3 pxwxdoo| glvmrlqw1 E| +ly,

nQ�4I +T3> �, @ I +nT3> n�, � I +nT3> �, �
nQ�4[
l@4

I +dl .T3> �, @ nQ�4I +T3> �, =

Qh{w zh vkrz wkdw

I +T3> �, @ I
�
T3>

�

n

�
=

Lqghhg e| +ly, dqg +717,

I +T3> �, @
4

nQ�4
I +nT3> n�, @

4

nQ�4
nQ�4I +T3> n�, @ I +T3> n�, >

dqg wkxv

I +T3> �, @ I
�
T3> n

�

n

�
@ I

�
T3>

�

n

�
=

Lw iroorzv wkdw li s> n 5 Q> n 9@ 3> wkhq

I
�
T3>

s

n
�
�
@ I +T3> �, > +718,

dqg wr dvvhuw +716, lw vx�fhv qrz wr hvwdeolvk wkh frqwlqxlw| ri I +T3> �, = Ohw uq $ u dqg h{wudfw d vxevhtxhqfh
u3q $ u= Zlwkrxw orvv ri jhqhudolw| dvvxph wkdw u3q $ u. +vlploduo|/ li u3q $ u�,1 Wkhq

I +T3> u, � olp lqi
q$4

I +T3> u3q, =

Ohw tq 5 T vxfk wkdw tqu A u3q A u> tq $ 4= Wkhq e| +718,

I +T3> u3q, � I +T3> tqu, @ I +T3> u, >

dqg wkxv
olp vxs
q$4

I +T3> u3q, � I +T3> u, =

Wklv frqfoxgh wkh surri1

Uhpdun 717 Lw iroorzv lpphgldwho| iurp Ohppd 716+yl, wkdw wkh h�hfwlyh hqhuj| frqfhqwudwhv qhdu wkh
lqwhuidfhv1 Suhflvho|/ li

I +$>k, @ olp
q$4

L%q+xq>$ � +�k> k,,
wkhq iru hdfk 3 ? � ? k

olp
q$4

L%q+xq>$ � ^+�k> k, q +��> �,`, @ 3=

Lqghhg/ e| Ohppd 716+yl,

olp
q$4

L%q+xq>$ � +�k> k,, @ I +$>k, @ I +$> �, � olp lqi
q$4

L%q+xq>$ � +��> �,,

dqg wkxv
olp
q$4

L%q+xq>$ � ^+�k> k, q +��> �,`, @ 3=
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D K�*�4t�TG |�i �TTih ML�?_� BiL_it�U �)TL|�itit�

Lq djuhhphqw zlwk rxu dgrswhg qrwdwlrq/ lq zkdw iroorzv wkh frqvwdqwv F dqg F� pd| fkdqjh iurp olqh wr
olqh1 Wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw Z vdwlv�hv wkh iroorzlqj frqglwlrqv=

+K4, Z lv frqwlqxrxv/ Z +�, @ 3 li dqg rqo| li � 5 iD>Ej > zkhuh D @ �E @ d hQ iru vrph d 5 Ug q i3j >
+K5,

3 Z +�,$4 dv m�m $ 4>

+K6, Z +�, �Z +3> �Q , zkhuh � @ +�3> �Q , 5 Ug�+Q�4, �Ug=
Qrwh wkdw +K6, lv yhul�hg e| wkh surwrw|sh exon hqhuj| ghqvlw|

Z +�, =@ plq
q
m� �Dm5 > m� �Em5

r
=

D�� ��@h@U|ih�3@|�L? Lu gW

Lq wklv vxevhfwlrq zh suryh wkdw li +K4,/ +K5,
3> +K6, krog wkhq

N� @ lqi

+] O

�O

Z +3> j +v,, . mj3 +v,m5 gv = O A 3> j slhfhzlvh F4> j +O, @ �j +�O, @ d

,
=

Sursrvlwlrq 814 Dvvxph wkdw Z vdwlv�hv frqglwlrq +K5,
31 Ohw i%qj � U. dqg ixqj �Z 5>5

��� 4
5 >

4
5

�
>Ug

�
eh wzr vhtxhqfhv vxfk wkdw %q $ 3. dqg

vxs
q51

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw ? .4=

Wkhq
vxs
q51

vxs
w5
r
�
4
5 >
4
5

s mx3q +w,m ? .4=

Surri1 Vlqfh x3q 5 O4+
�� 4

5 >
4
5

�
>Ug,/ zlwkrxw orvv ri jhqhudolw| zh pd| vxssrvh wkdw 3 ? %q ?

4
7 1 Ohw

f =@ vxs
q

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw ? .4>

dqg �{ %q 5
�
3> 47

�
dqg w 5 ��4

5 >
4
5

�
= Li w. %q ?

4
5 wkhq

4

%q

] w.%q

w

Z +3> x3q, gv � f>

dqg vr wkhuh h{lvwv wq 5 +w> w. %q, vxfk wkdw

Z +3> x3q +wq,, � f=

E| +K5,
3 zh pd| �qg d frqvwdqw F @ F+f, vxfk wkdw vxsq mx3q +wq,m � F> dqg K�roghu*v lqhtxdolw| qrz |lhogv

mx3q +w,m � mx3q +wq,m.
�
%q

] w.%q

w

mx33qm5 gv
�4@5

� F .

#
%q

] 4
5

�
4
5

mx33qm5 gv
$4@5

� F .
s
f= +814,

Li w. %q � 4
5 wkhq w � 4

5 � %q dqg vr w� %q � 4
5 � 5%q A � 4

5 = Wkhuhiruh zh pd| uhdvrq dv deryh/ xvlqj wkh
lqwhuydo +w� %q> w, lq sodfh ri +w> w. %q, wr rewdlq +814,/ dqg zh frqfoxgh wkdw vxsw5+� 4

5
> 4
5 ,
mx3q +w,m � F .

s
f=
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Uhfdoo wkdw +vhh +714, dqg +715,,

N� @ I �T3> 45� =@ lqi

�
olp lqi
q$4

]
T

4

%q
Z +uxq, . %q

��u5xq
��5 g{ = %q $ 3.> ixqj �Z 5>5

�
T>Ug

�
>

xq $ m{Q m d lq O4
�
T>Ug

��
>

zkhuh T =@ T3 � ��4
5 >

4
5

�
/ T3 =@

��4
5 >

4
5

�Q�4
> dqg lqwurgxfh wkh _rqh0glphqvlrqdo% yhuvlrq ri N�/

N� =@ lqi

�
olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw = %q $ 3.> xq 5 Z 5>5

���4
5 >

4
5

�
>Ug

�
>

xq $ mwm d lq O4
��� 4

5 >
4
5

�
>Ug

��
=

Dq lpphgldwh frqvhtxhqfh ri wkh odwwhu sursrvlwlrq dqg wkh frpsdfwqhvv uhvxowv ri Vhfwlrq 6 lv wkh
iroorzlqj fruroodu|1

Fruroodu| 815 Dvvxph wkdw Z vdwlv�hv frqglwlrqv +K4, dqg +K5,
31 Jlyhq dq| 4 � s ?4 wkhuh krogv

N� @ lqi

�
olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw = %q $ 3.> xq 5 Z 5>5

���4
5 >

4
5

�
>Ug

�
>

xq $ mwmd lq Z 4>s
��� 4

5 >
4
5

�
>Ug

��
=

Surri1 Lq ylhz ri Sursrvlwlrq 814/ hqhuj| erxqghg vhtxhqfhv dgplvvleoh iru N� duh xqlirupo| erxqghg
lq Z 4>4

��� 4
5 >

4
5

�
>Ug

�
/ dqg/ lq sduwlfxodu/ pxvw frqyhujh zhdno| wr m�m d lq Z 4>4

���4
5 >

4
5

�
>Ug

�
1 Wkh uhvxow

qrz iroorzv iurp Uhpdun 615+l,1

Sursrvlwlrq 816 Dvvxph wkdw Z vdwlv�hv frqglwlrqv +K4, > +K5,
3 dqg +K6, = Wkhq

N� @ N� @ N>

zkhuh

N @ lqi

+] O

�O

Z +3> j +v,, . mj3 +v,m5 gv = O A 3> j slhfhzlvh F4> j +O, @ �j +�O, @ d

,
=

Surri1 Zh glylgh wkh surri lq wkuhh vwhsv1
Vwhs 4= Zh suryh �uvw wkdw N� @ N�= Fohduo|

N� � N� @ I �T3> 45� =
Lqghhg/ li i%qj � U. dqg ixqj � Z 5>5

��� 4
5 >

4
5

�
>Ug

�
duh wzr vhtxhqfhv vxfk wkdw %q $ 3. dqg xq $ mwm d

lq O4
��� 4

5 >
4
5

�
>Ug

�
> wkhq wkh vhtxhqfh yq +{, =@ xq +{Q , lv dgplvvleoh iru I �T3> 45� = Wr suryh wkh frqyhuvh

lqhtxdolw|/ ohw i%qj � U. dqg ixqj �Z 5>5
�
T>Ug

�
eh vxfk wkdw %q $ 3. dqg xq $ m{Q m d lq O4

�
T>Ug

�
= Iru

KQ�4 d1h1 {3 5 T3 wkh ixqfwlrq x{
3

q +w, =@ xq +{
3> w, 5 Z 5>5

���4
5 >

4
5

�
>Ug

�
dqg x{

3

q $ mwm d lq O4 ���4
5 >

4
5

�
>Ug

�
1

4:



Xvlqj +K6, dqg Idwrx*v Ohppd zh kdyh

olp lqi
q$4

]
T

4

%q
Z +uxq, . %q

��u5xq
��5 g{ @ olp lqi

q$4

]
T3

#] 4
5

�
4
5

4

%q
Z +uxq, . %q

��u5xq
��5 gw

$
g{3

� olp lqi
q$4

]
T3

3
C] 4

5

�
4
5

4

%q
Z

#
3>
gx{

3

q

gw

$
. %q

�����g
5x{

3

q

gw5

�����
5

gw

4
D g{3

�
]
T3

olp lqi
q$4

3
C] 4

5

�
4
5

4

%q
Z

#
3>
gx{

3

q

gw

$
. %q

�����g
5x{

3

q

gw5

�����
5

gw

4
D g{3

� N�

]
T3

g{3 @ N�=

Vwhs 5= Zh qrz suryh wkdw N� @ N4> zkhuh

N4 =@ lqi

�
olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw = %q $ 3.> xq 5Z 5>5

��� 4
5 >

4
5

�
>Ug

�
>

xq $ mwm d lq O4
���4

5 >
4
5

�
>Ug

�
> x3q @ 	d qhdu w @ 	 4

5 +uhvs1,

�
=

Fohduo| N4 � N�= Wr suryh wkh frqyhuvh lqhtxdolw|/ ohw i%qj � U. dqg ixqj � Z 5>5
���4

5 >
4
5

�
>Ug

�
eh vxfk

wkdw %q $ 3./ xq $ mwm d lq O4
��� 4

5 >
4
5

�
>Ug

�
> dqg

N� @ olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw=

Zlwkrxw orvv ri jhqhudolw|/ dqg xs wr wkh h{wudfwlrq ri d vxevhtxhqfh/ zh pd| dvvxph wkdw

olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw @ olp

q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw>

dqg/ e| Fruroodu| 815/ wkdw xq $ mwmd lq Z 4>4
���4

5 >
4
5

�
>Ug

�
= Vlqfh e| Uhpdun 717

olp
q$4

] 4
5

4
7

Z +3> x3q,

%q
. %q mx33qm5 . mxq � wdm. mx3q � dm gw @ 3> +815,

wkhuh h{lvwv w3 5
�
4
7 >

4
6

�
vxfk wkdw +xs wr wkh h{wudfwlrq ri d ixuwkhu vxevhtxhqfh/ li qhfhvvdu|,

olp
q$4

�
Z +3> x3q +w3,,

%q
. %q mx33q +w3,m5 . mxq +w3,� w3dm. mx3q +w3,� dm

�
@ 3= +816,

Gh�qh
zq +w, =@ #q +w,xq +w, . +4� #q +w,, ++w� w3, d. xq +w3,, >

zkhuh #q lv d vprrwk fxw0r� ixqfwlrq vxfk wkdw #q +w, @ 3 iru w � w3 . %q/ #q +w, @ 4 iru w � w3> dqg

m#3q +w,m � F@%q> m#33q +w,m � F@%5q=

Wkhq
z3q +w, @ #3q +w, +xq +w,� xq +w3,� +w� w3, d, . #q +w,x

3

q +w, . +4� #q +w,, d> +817,

dqg
z33q +w, @ #33q +w, +xq +w,� xq +w3,� +w� w3, d, . 5#3q +w, +x

3

q +w,� d, . #q +w,x
33

q= +818,
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E| K�roghu*v lqhtxdolw|/ iru w 5 +w3> w3 . %q,

mx3q +w,� dm � mx3q +w3,� dm.
�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

> +819,

dqg wkxv

mxq +w,� xq +w3,� +w� w3, dm �
] w3.%q

w3

mx3q +v,� dm gv +81:,

� %q mx3q +w3,� dm. %q

�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

=

Vlqfh Z lv frqwlqxrxv dqg Z +3> d, @ 3/ zh pd| �qg � A 3 dqg d prgxoxv ri frqwlqxlw| � @ � +v, vxfk wkdw

Z +3> �Q , � � +m�Q � dm, iru doo m�Q � dm � �=

E| +817,/ +819, dqg +81:,/ iru w 5 +w3> w3 . %q, zh kdyh

mz3q +w,� dm � F

%q
mxq +w,� xq +w3,� +w� w3, dm. mx3q +w,� dm

� F mx3q +w3,� dm. F

�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

� �

iru %q vx�flhqwo| vpdoo/ zkhuh zh kdyh xvhg +815, dqg +816,1 Khqfh iru w 5 +w3> w3 . %q, dqg vlqfh � lv
lqfuhdvlqj

Z +3> z3q, � �

#
F mx3q +w3,� dm. F

�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

$
>

dqg wkxv ] w3.%q

w3

Z +3> z3q,

%q
gw � �

#
F mx3q +w3,� dm. F

�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

$
$ 3=

Vlploduo|/ e| +818,/ +819, dqg +81:, dqg iru w 5 +w3> w3 . %q, >

mz33q +w,m �
F

%5q
mxq +w,� xq +w3,� +w� w3, dm. F

%q
mx3q +w,� dm. mx33qm

� F

%q
mx3q +w3,� dm. F

%q

�
%q

] w3.%q

w3

mx33qm5 gv
�4@5

. mx33qm >

dqg zh kdyh

%q mz33q +w,m5 �
F

%q
mx3q +w3,� dm5 . F

] w3.%q

w3

mx33qm5 gv. F%q mx33qm5 =

Khqfh/ lq ylhz ri +815, dqg +816,/

] w3.%q

w3

%q mz33q +w,m5 gw � F mx3q +w3,� dm5 . F%q

] w3.%q

w3

mx33qm5 gv$ 3=

Vlqfh zq +w, @ xq +w, iru w � w3 dqg z3q +w, @ d iru w � w3 . %q> zh frqfoxgh wkdw

olp vxs
q$4

] 4
5

�
4
5

Z +3> z3q,

%q
. %q mz33qm5 gw � olp

q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw @ N�=

E| uhshdwlqj wkh vdph frqvwuxfwlrq qhdue| w @ �4
5 zh hqvxuh wkdw wkh qhz vhtxhqfh vdwlv�hv z3q @ 	d qhdu

w @ 	4
5 uhvs1 Khqfh N4 � N�> dqg wkh surri ri Vwhs 5 lv frpsohwh1

4<



Vwhs 6= Zh �qdoo| suryh wkdw N� @ N= Ohw i%qj � U. dqg ixqj � Z 5>5
���4

5 >
4
5

�
>Ug

�
eh vxfk wkdw

%q $ 3./ xq $ mwm d lq O4
��� 4

5 >
4
5

�
>Ug

�
> dqg

N� @ olp lqi
q$4

] 4
5

�
4
5

Z +3> x3q,

%q
. %q mx33qm5 gw=

Lq oljkw ri Vwhs 5/ zh pd| dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw x3q @ d qhdu w @ 4
5 dqg x3q @ �d qhdu

w @ � 4
5 = Gh�qh yq +v, =@

4
%q
xq +%qv, iru v 5

k
� 4

5%q
> 4
5%q

l
= Wkhq y3q +v, @ x3q +%qv,/ y

33

q +v, @ %qx
33

q +%qv, > dqg
vr ] 4

5

�
4
5

Z +3> x3q +w,,

%q
. %q mx33q +w,m5 gw @

] 4
5%q

�
4

5%q

Z +3> x3q +%qv,, . %5q mx33q +%qv,m5 gv

@

] 4
5%q

�
4

5%q

Z +3> y3q +v,, . my33q +v,m5 gv � N>

wkhuhiruh N� � N= Frqyhuvho|/ ohw j = ^�O>O` $ Ug eh d slhfhzlvh F4 fxuyh/ zlwk j +O, @ �j +�O, @ d=
Frqvlghu dq| vhtxhqfh i%qj frqyhujlqj wr 3./ dqg gh�qh

xq +w, =@

] w

3

yq +v, gv> yq +w, =@

;AA?
AA=

�d li w ? �%qO>

j

�
w

%q

�
li mwm � %qO>

d li w A %qO=

+81;,

Dv lq ^56`/ zh kdyh

yq $ y3 =@

�
�d li w � 3>
d li w A 3>

lq Os
��
� 4

5 >
4
5

�
>Ug

�
> iru dq| 4 � s ?4>

dqg vr xq @
U w
3 yq +v, gv$ mwm d lq Z 4>s

��
� 4

5 >
4
5

�
>Ug

�
= Pruhryhu/

N� � olp
q$4

] 4
5

� 4
5

Z +3> x3q,

%q
. %q mx

33
qm

5
gw @ olp

q$4

] 4
5

� 4
5

Z +3> yq,

%q
. %q my

3
qm

5
gw

@

] O

�O

Z +3> j +v,, . mj3 +v,m
5
gv>

dqg wdnlqj wkh lq�pxp ryhu doo vxfk ixqfwlrqv j zh jhw wkh ghvluhg lqhtxdolw|1

Uhpdun 817 Qrwh wkdw wkh dujxphqw ri Vwhs 6 lq wkh odwwhu surri/ wrjhwkhu zlwk Sursrvlwlrqv 814 dqg 816/
hqvxuhv wkdw jlyhq dq| vhtxhqfh i%qj frqyhujlqj wr 3. wkhuh h{lvwv d vhtxhqfh ixqj frqyhujlqj wr m{Q md lq
Z 4>s iru doo s 5 ^4>.4,/ dqg vxfk wkdw

N� @ olp
q$4

]
T

4

%q
Z +uxq, . %q

��u5xq
��5 g{ =

Lqghhg/ iru hdfk n 5 Q frqvwuxfw yld +81;, d vhtxhqfh ixq>nj fruuhvsrqglqj wr d ixqfwlrq jn dgplvvleoh iru
N dqg vxfk wkdw ] O

�O

Z +3> jn +v,, . mj3n +v,m
5
gv � N� .

4

n
=

Wkhq/ zlwk x+{, =@ m{Q md zh rewdlq

olp
n$4

olp
q$4

nxq>n � xnZ 4>s+T>5g, @ 3>

dqg

olp vxs
n$4

olp
q$4

]
T

4

%q
Z +uxq>n, . %q

��u5xq>n
��5 g{ � N�=
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Rq wkh rwkhu kdqg/ e| Wkhruhp 714 zh dozd|v kdyh wkh rssrvlwh lqhtxdolw|/ dqg vr

olp
n$4

olp
q$4

]
T

4

%q
Z +uxq>n, . %q

��u5xq>n
��5 g{ @ N�=

Lw vx�fhv qrz wr h{wudfw d vxevhtxhqfh inqj ri inj vxfk wkdw wkh vxevhtxhqfh }q =@ xq>nq vdwlv�hv +vhh
Ohppd :15 lq ^49`,

olp
q$4

n}q � xnZ 4>s+T>5g, @ 3>

dqg

olp lqi
q$4

]
T

4

%q
Z +u}q, . %q

��u5}q
��5 g{ @ N�=

D�2 5TiU�@* _L4@�?t

Ohw
� =@ lqi i{Q = { 5 j > � =@ vxs i{Q = { 5 j = +81<,

Wkurxjkrxw wklv vxevhfwlrq zh dvvxph wkdw wkh grpdlq  vdwlv�hv +vhh Iljxuh 4,=

iru hdfk w 5 U wkh krul}rqwdo vhfwlrq w =@ i+{3> {Q , 5  = {Q @ wj lv frqqhfwhg lq UQ +8143,

dqg
w :$ KQ�4 +w, lv frqwlqxrxv lq +�> �, = +8144,

Wkhruhp 818 Dvvxph wkdw Z vdwlv�hv wkh frqglwlrqv +K4, > +K5,
3 dqg +K6, = Ohw x 5 Z 4>4

�
>Ug

�
> zlwk

ux 5 EY +> iD>Ej, = Wkhq
�� olp

%$3.
L% +x> , @ N� Shu+H,> +8145,

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Surri1 Lq ylhz ri Wkhruhp 714/ wr suryh +8145, lw vx�fhv wr vkrz wkdw iru dq| vhtxhqfh i%qj � U. vxfk
wkdw %q $ 3. zh kdyh

�� olp vxs
q$4

L%q +x> , � N� Shu+H,=

Wkxv zh �{ d vhtxhqfh i%qj � U. frqyhujlqj wr 3.1 Iru vlpsolflw| lq wkh qrwdwlrq zh gurs wkh vxevfulsw q
vr wkdw % =@ %q1 E| Wkhruhp 616 dqg +8143, zh pd| dvvxph wkdw

x +{, @ �x +{Q , @ �3 . d{Q � 5k +{Q , d d1h1 lq >

zkhuh k 5Z 4>4 +U>U, > k3 5 EY +U> i3> 4j,/ zlwk

V +ux, _  @

4̂

l@4

ol

dqg ol =@ i{ @ +{3> {Q , 5  = {Q @ olj iru vrph ol 5 U= Zh glylgh wkh surri lq wzr vwhsv1
Vwhs 4= Dvvxph wkdw wkh qxpehu ri lqwhuidfhv lv �qlwh/ wkdw lv

V +ux, _  @

p̂

l@4

ol >

iru vrph p 5 Q> dqg vrph �qlwh idplo| o4 ? � � � ? op= Il{ n 5 Q> dqg lq ylhz ri Sursrvlwlrq 816 frqvlghu d
slhfhzlvh F4 fxuyh jn = ^�O>O`$ U

g/ zlwk jn +O, @ �jn +�O, @ d/ vxfk wkdw

] O

�O

Z +3> jn +v,, . mj3n +v,m
5
gv � N� .

4

n
= +8146,
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Ohw % A 3 eh vr vpdoo wkdw ol . %O ? ol.4 � %O> iru l @ 4> � � � >p� 4= Vhw

y%>n +v, =@

�
jn
�
� vjq +x3 +ol � %O, � d, v�ol%

�
li ol � %O ? v ? ol . %O> l @ 4> � � � >p>

�x3 +v, rwkhuzlvh lq U/

zkhuh zh kdyh h{whqghg �x3 frqvwdqwo| wr +�4> o4 � %O, dqg +op . %O>.4, > dqg gh�qh

x%>n +{, @ �x%>n +{Q , =@ �x +o4, .

] {Q

o4

y%>n +v, gv> { 5 U
Q =

Wkhq]


mux%>n �uxm g{ � F
p[
l@4

] ol.%O

ol�%O

�����jn
�
	
v� ol
%

�����. 4

�
gv � 5Fp%O. F

p[
l@4

%

] O

�O

mjn +w,m gw>

dqg vlqfh x%>n +{, @ x +{, zkhq {Q @ o4> e| Srlqfdu�h*v lqhtxdolw| zh kdyh wkdw x%>n $ x lq Z 4>4
�
>Ug

�
dv

%$ 3.1 Ixuwkhu/

olp
%$3.

L% +x%>n> , @ olp
%$3.

p[
l@4

]
_iol.%O?{Q?ol.4.% Oj

Z
�
3> jn

�
	{Q�ol

%

��
%

.
4

%

����j3n
�
	
{Q � ol

%

�����
5

g{

@ olp
%$3.

p[
l@4

] ol.% O

ol�% O

#
Z
�
3> jn

�
	 v�ol

%

��
%

.
4

%

����j3n
�
	
v� ol
%

�����
5
$
KQ�4 +i{ 5  = {Q @ vj, gv

@ olp
%$3.

p[
l@4

] O

�O

�
Z +3> jn +w,, . mj3n +w,m

5
�
KQ�4 +i{ 5  = {Q @ %w. olj, gw

@

#] O

�O

Z +3> jn +w,, . mj3n +w,m
5
gw

$
p[
l@4

KQ�4 +ol, �

�
N� .

4

n

� p[
l@4

KQ�4 +ol, >

zkhuh zh kdyh xvhg +8144, dqg +8146,1 Khqfh

olp vxs
n$4

olp
%$3.

L% +x%>n> , � N�
p[
l@4

KQ�4 +ol, @ N� Shu +H, >

dqg lq ylhz ri Wkhruhp 714 wklv lqhtxdolw| lv dfwxdoo| dq lghqwlw|1 Dv lq Uhpdun 817/ lw lv srvvleoh wr h{wudfw
d vxevhtxhqfh in%j ri inj vxfk wkdw wkh vxevhtxhqfh x% =@ x%>n% vdwlv�hv

olp
%$3.

nx% � xnZ 4>4+>5g, @ 3>

dqg
olp
%$3.

L% +x%> , @ N� Shu +H, =

Vwhs 5= Vxssrvh qrz wkdw wkh qxpehu ri lqwhuidfhv lv lq�qlwh/ wkdw lv

V +ux, _  @

4̂

l@4

ol >

zkhuh ol =@ i{ @ +{3> {Q , 5  = {Q @ olj > ol 5 U= Zh fodlp wkdw lqwhuidfhv fdq rqo| dffxpxodwh dw wkh
wrs ru erwwrp ri > l1h1 li o lv dq dffxpxodwlrq srlqw ri iolj wkhq o 5 i�> �j/ zkhuh � dqg � duh gh�qhg
lq +81<,= Lqghhg/ li o 9@ > wkhq zh pd| �qg { @ +{3> o, 5  dqg/ lq wxuq/ dq rshq f|olqghu ri wkh irup
E3 +{3> u,� +o � k> o . k, � = Iru ln odujh hqrxjk E3 +{3> u,�iolnj � > zkhuh iolnj lv d vxevhtxhqfh ri iolj
frqyhujlqj wr o> dqg vr

4 A

4[
l@4

KQ�4 +ol, �
[
ln

KQ�4
�
oln

�
�
[
ln

KQ�4 +E3 +{3> u,, @4>
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dqg zh kdyh uhdfkhg d frqwudglfwlrq1
Il{ dq lqwhjhu p 5 Q dqg frqvlghu

Xp =@ i{ 5  = �. �p ? {Q ? � � �pj >

zkhuh �p $ 3. dqg iolj _ i�. �p> � � �pj @ >= Wkhq OQ +qXp, $ 3 dv p $ 4> dqg ux kdv d �qlwh
qxpehu ri lqwhuidfhv lq Xp= E| Vwhs 4 zh pd| frqvwuxfw d vhtxhqfh ixp% j vxfk wkdw x

p
% $ x lqZ 4>4

�
Xp>U

g
�

dv %$ 3.> xp% @ x lq qXp/ dqg

olp
%$3

L% +x
p
% >Xp, @ N� ShuXp +H, =

Zh kdyh

olp
p$4

olp
%$3

L% +x
p
% > , @ olp

p$4
olp
%$3

L% +x
p
% >Xp, @ N� olp

p$4
ShuXp +H, @ N� Shu +H, =

Zh fdq frqfoxgh dv lq Vwhs 41

D�� %
��UL??iU|i_ _L4@�?t

Wkurxjkrxw wklv vxevhfwlrq zh dvvxph wkdw iru hdfk w 5 U wkh krul}rqwdo vhfwlrq

w =@ i+{3> {Q , 5  = {Q @ wj lv frqqhfwhg lq UQ = +8147,

Khuh zh doorz iru wkh srvvlelolw| wkdw w :$ KQ�4 +w, lv qrw frqwlqxrxv +vhh Iljxuh 5,= Lq wklv fdvh d pruh
fduhixo dqdo|vlv lv uhtxluhg qhdu wkh erxqgdu| xqghu wkh dgglwlrqdo k|srwkhvlv wkdwZ lv vprrwk dw wkh zhoov1

Wkhruhp 819 Dvvxph +8=47, dqg ohw Z vdwlvi| wkh frqglwlrqv +K4, > +K5,
3 dqg +K6, = Vxssrvh/ lq dgglwlrq/

wkdw Z lv gl�huhqwldeoh dw D dqg E1 Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, = Wkhq

�� olp
%$3.

L% +x> , @ N� Shu+H,>

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Surri1 E| yluwxh ri Wkhruhp 714 lw vx�fhv wr suryh wkdw jlyhq dq duelwudu| vhtxhqfh i%qj frqyhujlqj
wr 3. zh kdyh

�� olp vxs
q$.4

L%q+x> , � N� Shu+H,= +8148,

Il{ rqh vxfk vhtxhqfh i%qj/ dqg iru vlpsolflw| ri qrwdwlrq deeuhyldwh % =@ %q1 Zh glylgh wkh surri ri +8148,
lqwr wkuhh vwhsv1
Vwhs 4= Rqh lqwhuidfh1 Zh dvvxph �uvw wkdw x kdv wkh irup

x +{, @ m{Q m d d1h1 lq >

vr wkdw wkhuh lv rqo| rqh lqwhuidfh 3 =@ i{ @ +{3> {Q , 5  = {Q @ 3j > dqg zh pd| zulwh 3 @ $ � i3j >
zkhuh $ lv dq rshq erxqghg frqqhfwhg vxevhw ri UQ�4= Ohw 3 ? k ? 4

7 plq i�>��j > zkhuh � dqg � duh
gh�qhg lq +81<,/ dqg frqvlghu d vhtxhqfh i�pj frqyhujlqj wr 3. dv p$ .41 Zh zulwh � =@ �p1 Iru hyhu|
� zh frqvwuxfw d vprrwk fxw0r� ixqfwlrq #� 5 F4f

�
U
Q > ^3> 4`

�
vxfk wkdw #� @ 4 lq $.

� �
�
�k

6 >
k
6

�
dqg #� @ 3

rxwvlgh $.
5� �

�
�k

5 >
k
5

�
> zkhuh iru v A 3 zh ghqrwh $.

v =@
�
{3 5 UQ�4 = glvw +{3> $, ? v

�
+vhh Iljxuh 8,1 Lq

ylhz ri Sursrvlwlrq 816 frqvlghu d slhfhzlvh F4 fxuyh j = ^�O>O`$ U
g/ zlwk j +O, @ �j +�O, @ d1 H{whqg

j wr doo ri U e| vhwwlqj j +w, @ �j +�w, =@ d iru doo w A O> dqg gh�qh

x%>� +{, =@ #� +{, }% +{, . +4� #� +{,,x> +8149,
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Iljxuh 8= Frqvwuxfwlrq iru rqh lqwhuidfh lq Vwhs 4 ri Wkhruhp 8191 Wkh vkdghg uhjlrq uhsuhvhqwv i3 ? #� ? 4j/
dqg fruuhvsrqgv wr D.

5�qD
.
� zkhuh D.

5� =@ $.
5��+�

k
5 >

k
5 , dqg D

.
� =@ $.

� �+�
k
6 >

k
6 ,1 Wkh ixqfwlrq x%>� frlqflghv

zlwk x rxwvlgh D.
5� dqg zlwk }% lqvlgh D

.
� 1

zkhuh }% +{, =@
U {Q
3

j
�
v
%

�
gv +vhh Iljxuh 8,1 Qrwh wkdw x 5Z 5>5

�
q
�
$.
� �

�
�k

6 >
k
6

��
>Ug

�
= Wkhq]



4

%
Z +ux%>�, . %

��u5x%>�
��5 g{ @

]
i#�@4j

4

%
Z +u}%, . %

��u5}%
��5 g{ +814:,

.

]
i3?#�?4j

4

%
Z +ux%>�, . %

��u5x%>�
��5 g{=

E| wkh idfw wkdw j +w, @ �j +�w, =@ d iru doo w A O zh kdyh]
i#�@4j

4

%
Z +u}%, . %

��u5}%
��5 g{ � KQ�4

�
$.
�

� ] O

�O

Z +3> j +v,, . mj3 +v,m
5
gv= +814;,

Dovr/ dv Z lv frqwlqxrxv lq Ug�Q > Z +	d hQ , @ 3/ dqg Z lv gl�huhqwldeoh dw 	d  hQ > zh pd| �qg d
prgxoxv ri frqwlqxlw| � zlwk

olp
v$3.

� +v,

v
@ 3 +814<,

dqg vxfk wkdw
Z +�, � plq i� +m� � d hQ m, > � +m� . d hQ m,j iru doo � 5 Ug�Q = +8153,

Khqfh/ e| +8153,/]
i3?#�?4j

4

%
Z +ux%>�, . %

��u5x%>�
��5 g{ � ]

i3?#�?4j

4

%
� +mux%>� �uxm, . %

��u5x%>�
��5 g{= +8154,

Wr hvwlpdwh wkh uljkw kdqg vlgh ri +8154, qrwh wkdw

mux%>� �uxm � mu#�m m}% � xm. #� mu}% �uxm > +8155,��u5x%>�
�� � ��u5#�

�� m}% � xm. 5 mu#� m mu}% �uxm. #�
��u5}%

�� =
Il{ O4 � O= Iru m{Q m � %O4 zh kdyh

}% � m{Q m d @

+
%
U O
3
+j +v,� d, gv iru {Q � %O4>

�%
U 3
�O +j +v, . d, gv iru {Q � �%O4>

+8156,
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dqg vr iurp +8155,
mux%>� �uxm � F� %>

��u5x%>�
�� � F� % +8157,

iru m{Q m � %O4> zkloh iru m{Q m � %O4

mu +}% � x,m �
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%
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Lq ylhz ri +814:,/ +814;,/ +8154, dqg +815:,
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5
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iru dq| 4 � s ?4= Lqghhg/ e| +8157, dqg +8159, zh kdyh]
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Wr frqfoxgh wkh surri ri wklv vwhs/ lq ylhz ri Sursrvlwlrq 816 iru hyhu| n 5 Q frqvlghu d slhfhzlvh F4

fxuyh jn = ^�O>O`$ U
g/ zlwk jn +O, @ �jn +�O, @ d/ vxfk wkdw] O

�O

Z +3> jn +v,, . mj3n +v,m
5
gv � N� .

4

n
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Li zh ghqrwh e| x%>�>n wkh ixqfwlrq gh�qhg lq +8149, dqg fruuhvsrqglqj wr jn/ e| +815<,~+8164, zh kdyh

olp vxs
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olp vxs
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Rq wkh rwkhu kdqg/ Wkhruhp 714 hqwdlov

olp lqi
n$4

olp lqi
�$3.

olp lqi
%$3.

]


4

%
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Wklv/ wrjhwkhu zlwk +8165, dqg +8166,/ doorz xv wr gldjrqdol}h wkh wulsoh0lqgh{hg vhtxhqfh x%>�>n wr rewdlq
y% =@ x%>�+%,>n+�+%,, vdwlvi|lqj
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dqg
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Wkh fdvh zkhuh wkh ixqfwlrq x kdv wkh irup

x +{, @ �m{Q m d d1h1 lq >

pd| eh wuhdwhg vlploduo|1 Zh rplw wkh ghwdlov1
Vwhs 5= Ilqlwho| pdq| lqwhuidfhv1 Dvvxph wkdw wkh qxpehu ri lqwhuidfhv lv �qlwh/ wkdw lv

V +ux, _  @

p̂
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zkhuh ol =@ i{ @ +{3> {Q , 5  = {Q @ olj @ $l � iolj > iru vrph �qlwh idplo| o4 ? � � � ? op=
Il{ 3 ? k ? 4

7 plq iol.4 � ol = l @ 4> � � � >p� 4j dqg frqvlghu d slhfhzlvh F4 fxuyh j = ^�O>O` $ U
g dv

lq Vwhs 41 Zh pd| qrz dsso| wkh frqvwuxfwlrq ri Vwhs 4 wr hdfk lqwhuidfh/ suhflvho| zh gh�qh
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k
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k
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k
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�
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�
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�
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}%>l +{, =@ x +{3> ol, .
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v
%

�
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�
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j
�
v
%

�
gv li ux +{, @ �d hQ =

Dv lq Vwhs 4/ wkh dujxphqw ohdglqj wr +815;, qrz |lhogv

]


4

%
Z +ux%>�, . %

��u5x%>�
��5 g{ �

#] O

�O

Z +3> j +v,, . mj3 +v,m
5
gv

$
p[
l@4

KQ�4
�
$.
�>l

�

. F

�
4

%
� +%F�, . F�%

6

�
. F

�
� +%F� . F, . %5F� . F

� p[
l@4

KQ�4
�
$.
5�>lq$

.
�>l

�

dqg wkh surri lv frqfoxghg dv ehiruh xsrq ohwwlqj �uvw %$ 3./ wkhq � $ 3.> dqg �qdoo| n $ .4 zkhuh zh
frqvlghu lq sodfh ri j d uhdol}lqj vhtxhqfh ijnj iru N

�1
Vwhs 6= Frxqwdeo| pdq| lqwhuidfhv1 Li wkh qxpehu ri lqwhuidfhv lv lq�qlwh/ zh pd| surfhhg h{dfwo| dv lq
Vwhs 5 ri Wkhruhp 8181 Zh rplw wkh ghwdlov1

D�e Bi?ih@* _L4@�?t

Ohw � = U$ U eh dq rgg/ F4 ixqfwlrq/ zlwk � +3, @ � 3 +3, @ 3> dqg vxfk wkdw � +w, @ w li mwm � 4= Iru % A 3
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�
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�
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%

�
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Iljxuh 9= Frqvwuxfwlrq iru rqh lqwhuidfh lq Vwhs 4 ri Sursrvlwlrq 81:1 Wkh vkdghg uhjlrq uhsuhvhqwv i3 ?
#� ? 4j/ dqg fruuhvsrqgv wr D�� qD

�
5� zkhuh D�� =@ $�� � +�k@5> k@5, dqg D�5� =@ $�5� � +�k@6> k@6,1 Wkh

ixqfwlrq x%>� frlqflghv zlwk xDE% rxwvlgh D�� dqg zlwk }% lqvlgh D
�
5� 1 D vlplodu frqvwuxfwlrq lv xvhg lq Vwhs

5/ zlwk xDE% uhsodfhg e| xDD% / dqg }% uhsodfhg e| x1

Sursrvlwlrq 81: +Odwhudo pdwfklqj, Dvvxph wkdw  @ $� +�k> k, > zkhuh $ � UQ�4 lv d erxqghg/ rshq

frqqhfwhg vhw zlwk KQ�4 +C$, @ 3> dqg ohw Z vdwlvi| +K4, > +K5,
3 dqg +K6, = Vxssrvh/ lq dgglwlrq/ wkdw

Z lv gl�huhqwldeoh dw D dqg E1 Ohw x 5 Z 4>4
�
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�
> zlwk ux 5 EY +> iD>Ej, = Ohw i%qj � U. eh d
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�
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�
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�
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�
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dqg
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Surri1 Lq oljkw ri wkh dujxphqw xvhg lq Uhpdun 817/ zh fodlp wkdw jlyhq dq duelwudu| vhtxhqfh i%qj
frqyhujlqj wr 3./ lw vx�fhv wr frqvwuxfw d grxeoh lqgh{hg vhtxhqfh ixq>nj vdwlvi|lqj wkh suhvfulehg erxqgdu|
frqglwlrqv/ vxfk wkdw

olp
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dqg
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Zh �{ rqh vxfk vhtxhqfh i%qj/ deeuhyldwhg % =@ %q/ dqg zh glylgh wkh surri ohdglqj wr wkh frqvwuxfwlrq ri
wkh grxeoh lqgh{hg vhtxhqfh xn>q lqwr wzr vwhsv fruuhvsrqglqj wr wkh fdvhv zkhuh ux kdv hlwkhu qr lqwhuidfhv
ru rqh lqwhuidfh lq wkh f|olqghu 1
Vwhs 4= Dvvxph wkdw ux � vjq +{Q , d  hQ lq = Zlwkrxw orvv ri jhqhudolw| zh pd| wdnh x +{, @ m{Q m d=
Zh surfhhg dv lq Vwhs 4 ri wkh surri ri Wkhruhp 819 xqwlo +8149, zklfk vkrxog qrz eh uhsodfhg e|
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+8157, frqwlqxhv wr krog iru m{Q m � %O4= Pruhryhu

��u �xDE% � x
��� � ���� 3 �	{Q

%

�
d
���. nuxn4 � F>

��u5xDE%
�� � 4

%

���� 33 �	{Q
%

���� � F

%
+816<,

iru 3 ? m{Q m � %O4> dqg wkxv

��}% +{,� xDE% +{,
�� � ��}% +{3> %O4,� xDE% +{> %O4,

��. ] %O4

�%O4

��u �}% � xDE%
��� g{Q � %F= +8173,

Khqfh/ iurp +8158,/ +816;,/ +816<, dqg +8173, wkh hvwlpdwh +8159, lv vwloo ydolg iru m{Q m � %O4> zkloh +815:,
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Zh fdq qrz frqwlqxh wkh dujxphqw ri Vwhs 4 lq wkh surri ri Wkhruhp 819 iurp +815<, rqzdugv1
Vwhs 5= Dvvxph wkdw ux � D @ d hQ lq = Zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw x +{, @ d{Q =
Il{ � A 3 dqg ohw #� eh gh�qhg dv lq Vwhs 41 Gh�qh
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zkhuh zh xvhg +816:, +zklfk frqwlqxhv wr krog/ surylghg zh uhsodfh wkh ghulydwlyhv ri � +m�m, zlwk wkrvh ri
� +�,, dqg +8153,1

Wr hvwlpdwh wkh odvw lqwhjudo rq wkh uljkw kdqg vlgh ri +8175, qrwh wkdw
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Wkh erxqgv +816<, dqg +8173, duh vwloo ydolg iru m{Q m � %/ zlwk O4 =@ 4 dqg xDE% uhsodfhg e| xDD% = Khqfh
iurp +8176, zh ghgxfh wkdw +8159, krogv iru m{Q m � %> dqg wkxv e| +8175,]
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Wkh dujxphqw ri Uhpdun 817 eulqjv wkh surri ri wklv fdvh wr d forvxuh1 Wkh uhpdlqlqj wzr fdvhv zkhuh
ux � �d  hQ lq  dqg ux � � vjq +{Q , d  hQ lq  duh wuhdwhg lq d zd| vlplodu wr Vwhsv 4 dqg 51 Zh
rplw wkh ghwdlov1

Lq suhsdudwlrq iru wkh pdlq uhvxow ri wklv vhfwlrq/ Wkhruhp 8143/ zh hvwdeolvk wkh iroorzlqj lqhtxdolw| iru
ohyho vhwv1

Ohppd 81; Iru hdfk w 5 U ohw w =@ i+{3> {Q , 5  = {Q @ wj ghqrwh d krul}rqwdo lqwhuidfh ri 1 Wkhq

olp vxs
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w
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Lqghhg/ li wklv zdv qrw wkh fdvh wkhq wkhuh zrxog h{lvw d vhtxhqfh i{qj � > zlwk {q @ +{3q> +{q,Q , > vxfk
wkdw

+{q,Q $ w dqg {3q @5 	= +8177,

5<



E| h{wudfwlqj d vxevhtxhqfh/ li qhfhvvdu|/ zh pd| dvvxph wkdw {q $ +{3> w, = Exw wkhq +{3> w, 5 w � 	�iwj >
zklfk lv lq frqwudglfwlrq zlwk +8177, vlqfh 	 lv rshq1 Khqfh wkh fodlp krogv/ dqg lq wxuq e| Ixelql*v Wkhruhp] %
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Wkh qh{w uhvxow lv d jhqhudol}dwlrq ri wkh Lvrshulphwulf Lqhtxdolw| +vhh ^7/ 46`,1

Wkhruhp 81< Ohw  � U
Q eh dq rshq/ erxqghg frqqhfwhg grpdlq zlwk Olsvfklw} erxqgdu|1 Wkhq wkhuh

h{lvwv d frqvwdqw Flvr/ ghshqglqj rq Q dqg rq / vxfk wkdw iru hyhu| vhw H �  ri �qlwh shulphwhu wkhuh

krogv

plq imHm > mqHmj4�
4
Q � Flvr Shu+H,= +8178,

Surri1 E| Srlqfdu�h*v lqhtxdolw| wkhuh h{lvwv d frqvwdqw F +Q>, vxfk wkdw]


my � ym
Q@+Q�4,

g{ � F mGym +,

iru doo y 5 EY +>U, > zkhuh

y =@
4

mm

]


y g{

dqg mGym +, lv wkh wrwdo yduldwlrq ri Gy= Li zh wdnh y =@ "H wkhq y =@ mHm
mm dqg vr

F Shu+H, @ F mGym +, �

]


my � ym
Q@+Q�4,

g{ @

]


����"H � mHm

mm

����
Q@+Q�4,

g{

@ mm�Q@+Q�4, +mm � mHm,Q@+Q�4, mHm. mm�Q@+Q�4, mHmQ@+Q�4, mqHm

� mm�Q@+Q�4,plq imHm > mqHmj4�
4
Q +mHm. mqHm,

@ mm�4@+Q�4,plq imHm > mqHmj4�
4
Q =

Vhwwlqj Flvr =@ F+Q>, mm4@+Q�4, zh frqfoxgh wkh surri1

Wkhruhp 8143 Ohw  � U
Q eh dq rshq/ erxqghg/ vlpso| frqqhfwhg grpdlq zlwk Olsvfklw} erxqgdu|1 Dv0

vxph wkdw Z vdwlv�hv wkh frqglwlrqv +K4, > +K5,
3 dqg +K6, = Vxssrvh/ lq dgglwlrq/ wkdw Z lv gl�huhqwldeoh

dw D dqg E1 Ohw x 5Z 4>4
�
>Ug

�
> zlwk ux 5 EY +> iD>Ej, = Wkhq

�� olp
%$3.

L% +x> , @ N� Shu+H,>

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Surri1 Mxvw dv lq wkh surriv ri wkh suhylrxv �0olplw uhvxowv/ lq ylhz ri Wkhruhp 714 dqg ri Uhpdun 817 lw
vx�fhv wr vkrz wkdw jlyhq dq duelwudu| vhtxhqfh i%qj frqyhujlqj wr 3. zh pd| frqvwuxfw d grxeoh lqgh{hg
vhtxhqfh ixq>nj vxfk wkdw

olp
n$.4

olp
q$.4

nxn>q � xnO4+>5g, @ 3>

dqg

olp vxs
n$.4

olp vxs
q$.4

]


4

%q
Z +uxn>q, . %

��u5xn>q
��5 g{ � N�KQ�4 +$, =

Zh �{ rqh vxfk vhtxhqfh i%qj/ deeuhyldwhg % =@ %q/ dqg zh glylgh wkh surri ohdglqj wr wkh frqvwuxfwlrq ri
wkh grxeoh lqgh{hg vhtxhqfh xn>q lqwr irxu vwhsv1
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Iljxuh := Frqvwuxfwlrq iru wkh fdvh ri rqh k|shusodqh/ zlwk frqwlqxrxvo| ydu|lqj lqwhuidfh duhd/ lq Vwhs 4 ri
Wkhruhp 81431 Wkh ixqfwlrqv x4%>� dqg x5%>� xvhg lq wkh wzr f|olqghuv kdyh ehhq frqvwuxfwhg lq Sursrvlwlrq

81:/ dqg rq wkh f|olqghu erxqgdulhv djuhh zlwk xDE% dqg xEE% / uhvshfwlyho|1 Wkh vkdghg uhjlrq uhsuhvhqwv
wkh vhw H%>�1

Vwhs 4= Rqh k|shusodqh~ fdvh 41 Zh dvvxph �uvw wkdw

V +ux, _  � 3 =@ i{ @ +{3> {Q , 5  = {Q @ 3j

dqg wkdw +vhh Iljxuh 4,
w :$ KQ�4 +w, lv frqwlqxrxv dw w @ 3= +8179,

Wkhq zh pd| zulwh

3 @
4̂

l@4

$l � i3j >

zkhuh wkh rshq vhwv $l � U
Q�4 duh sdluzlvh glvmrlqw dqg frqqhfwhg1 Vlqfh  lv erxqghg zh nqrz wkdw

4[
l@4

KQ�4 +$l � i3j, ?4=

Iru �{hg � A 3/ vwdqglqj iru dq duelwudu| hohphqw ri d vhtxhqfh i�nj frqyhujlqj wr 3./ fkrrvh P A 4 vr
odujh wkdw

4[
l@P.4

KQ�4 +$l � i3j, ? �> +817:,

dqg iru hdfk l @ 4> � � � >P> ohw $l>� �� $l eh vxfk wkdw

KQ�4 ++$lq$l>�,� i3j, ?
�

P
= +817;,

Vlqfh $l>� � i3j ��  wkhuh h{lvwv k A 3 vxfk wkdw wkh f|olqghuv $l>� � +�k> k, ��  iru hdfk l @ 4> � � � >P

+vhh Iljxuh :,1 Lq hdfk f|olqghu $l>� � +�k> k, zh pd| dsso| Sursrvlwlrq 81: wr rewdlq vhtxhqfhv
q
xl%>�

r
�

Z 5>5
�
$l>� � +�k> k, >Ug

�
vxfk wkdw xl%>� $ x lq Z 4>5

�
$l>� � +�k> k, >Ug

�
> xl%>� @ x qhdue| {Q @ 	k>

xl%>� +{, @ xIJ% +{, . x +{3> 3, qhdue| C$l>� � +�k> k, > zkhuh ux @

�
I lq $l>� � +3> k, >
J lq $l>� � +�k> 3, >

I>J 5 iD>Ej >
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dqg

olp
%$3.

]
$l>��+�k>k,

4

%
Z
�
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��u5xl%>�
��5 g{ @ N�KQ�4 +V +ux, _ +$l>� � i3j,, = +817<,
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�VP
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�
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�VP

l@4 $l>� � +�k> k,
�
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�
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�
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dqg
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]
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%
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%
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#
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$
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@ F

#
4

%
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�%

KQ�4 +v, gv� 5

P[
l@4

OQ�4 +$l>�,

$
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#
KQ�4 +3,�

P[
l@4

KQ�4 +$l>� � i3j,

$

dv %$ 3.> dqg zkhuh zh kdyh xvhg +8179,1 E| +817:,/ +817;,/ +817<, dqg +8184, zh rewdlq

olp vxs
%$3.
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l@P.4
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� N�KQ�4 +V +ux, _, . F�=

Lw qrz vx�fhv wr ohw � $ 3.=
Vwhs 5= Rqh k|shusodqh~ fdvh 51 Qh{w zh uhpryh frqglwlrq +8179,/ dqg wkxv zh rqo| dvvxph wkdw +vhh
Iljxuh 5,

V +ux, _  � 3 =@ i{ @ +{3> {Q , 5  = {Q @ 3j =
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Iljxuh ;= Frqvwuxfwlrq iru rqh k|shusodqh lq Vwhs 5 ri Wkhruhp 81431 Wkh ixqfwlrq y%>� / zklfk lv xvhg
hyhu|zkhuh h{fhsw iru wkh vhw E�

� =@ ��� � +�k@5> k@5,/ lv wkh rqh frqvwuxfwhg lq Vwhs 41 Lqvlgh E�
5� =@ ��5��

+�k@6> k@6,/ wkh olplw x lv xvhg gluhfwo|1 Wkh vhw I%>� lv wkh vkdghg uhjlrq1 Wkh wzr er{hv $�4>�� +�k@5> k@5,

dqg $�5>� � +�k@5> k@5, duh dovr vkrzq1

Zulwh
C _

�
{ @ +{3> {Q , 5 U

Q = {Q @ 3
�
@= +�� i3j, ^ H>

zkhuh � lv dq rshq vxevhw ri UQ�4 dqg KQ�4 +H, @ 3= Il{ � A 3 dqg frqvlghu d vprrwk fxw0r� ixqfwlrq
#� vxfk wkdw #� @ 4 lq ��5� �

�
�k

6 >
k
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�
dqg #� @ 3 rxwvlgh ��� �

�
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k
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�
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�
 _ ��� �

�
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k
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�
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�
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+
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^
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=
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Wkh vhfrqg lqwhjudo rq wkh uljkw kdqg vlgh ri +8185, pd| eh hvwlpdwhg dv ehiruh wr rewdlq

olp vxs
%$3.

4

%

]
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Z
�
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�
	
{Q
%

�
d
�
.
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%
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F
4

%
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#
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�
���
�
�

P[
l@4

OQ�4 +$l>�,

$
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@ F olp vxs
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#
4

%
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KQ�4 +v, gv� 5OQ�4
�
���
�
� 5
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l@4

OQ�4 +$l>�,

$

� 5F

#
KQ�4

�
3

�
�OQ�4

�
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�
�
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l@4

KQ�4 +$l>� � i3j,

$

� 5F

#
KQ�4

��
�q���

�
� i3j

�
.

4[
l@P.4

KQ�4 +$l � i3j, . �

$
>

zkhuh zh kdyh xvhg Ohppd 81;1
Wkh hvwlpdwh ri wkh wklug lqwhjudo rq wkh uljkw kdqg vlgh ri +8185, lv yhu| vlplodu wr wkh surri ri Vwhs

5 ri Sursrvlwlrq 81:1 Lqghhg/ iru m{Q m � % zh kdyh xIJ% +{, . x +{3> 3, @ x +{, dqg vr z%>� @ x lq wkh vhw
i{ 5  = 3 ? #� +{, ? 4> m{Q m � %j = Khqfh]

i3?#�?4j

4

%
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��u5z%>�
��5 g{ � ]

+��� q�
�
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4

%
� +muz%>� �uxm, . %

��u5
%>�z

��5 g{> +8187,

zkhuh zh xvhg +8153, dqg zh kdyh h{whqghg x wr doo ri UQ dv dq d�qh ixqfwlrq1 Wkh hvwlpdwhv +816;,/ +816<,
dqg +8173, frqwlqxh wr krog iru { 5

�
��� q�

�
5�

�
� +�%> %,/ zlwk xDE% uhsodfhg e| xIJ% = Khqfh iurp +816;, zh

ghgxfh wkdw +8159, lv vwloo ydolg iru { 5
�
��� q�

�
5�

�
� +�%> %, > dqg wkxv e| +8185,0+8187, zh rewdlq

olp vxs
%$3.
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�
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�
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�
5 +� +F, . F, =

Ohwwlqj � $ 3. frqfoxghv wkh surri1
Vwhs 6= Ilqlwho| pdq| k|shusodqhv1 Dvvxph wkdw

V +ux, _  �
P̂

l@4

ol >

zkhuh ol =@ i{ @ +{3> {Q , 5  = {Q @ olj @ $l � iolj iru vrph �qlwh idplo| o4 ? � � � ? oP =
Il{ 3 ? k ? 4

5 plq iol.4 � ol = l @ 4> � � � >P � 4j dqg ohw i%j � U. eh d vhtxhqfh frqyhujlqj wr }hur1
Gh�qh

l =@ i{ 5  = m{Q � olm ? 5kj =

E| Vwhs 5 dssolhg wr l zh pd| �qg vhtxhqfhv
�
xl%
�
� Z 5>5

�
l>Ug

�
vxfk wkdw xl% $ x lq Z 4>5

�
l>Ug

�
>

xl% @ x qhdue| {Q @ ol 	 k> dqg

olp
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]
l

4

%
Z
�
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�
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�
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�
=
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�
xl% +{, li { 5 l> l @ 4> � � � >P>
x +{, rwkhuzlvh1
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�
>Ug

�
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�
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�
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]


4

%
Z +ux%, . %

��u5x%
��5 g{ @ N�KQ�4 +V +ux, _ , =

67



Vwhs 7= Frxqwdeo| pdq| k|shusodqhv1 Dvvxph wkdw

V +ux, _  @

4̂

l@4

$l � iolj >

zkhuh $l � U
Q�4 duh frqqhfwhg rshq vhwv zlwk C +$l � iolj, � C dqg iolj lv d vhtxhqfh ri uhdo qxpehuv

+qrw qhfhvvdulo| glvwlqfw,1 Il{ 3 ? � ? plq
�
4> 45 mm

�
= Vlqfh

KQ�4 +V +ux, _ , @

4[
l@4

KQ�4 +$l � iolj, ?4> +8188,

wkhuh h{lvwv dq lqwhjhu P @P +�, vxfk wkdw

4[
l@P.4

KQ�4 +$l � iolj, ?
4
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� ? 4>

zkhuh f3 =@ pd{

�
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Q
Q�4

lvr

�
dqg Flvr lv wkh lvrshulphwulf frqvwdqw lqwurgxfhg lq +8178,1 Dv  lv vlpso|

frqqhfwhg/ iru hdfk l @P.4> � � � > wkh vhw q +$l � iolj, pd| eh zulwwhq dv wkh xqlrq ri wzr rshq frqqhfwhg
glvmrlqw vhwv Hl dqg qHl> zkhuh mHlm �

4
5 mm = E| Wkhruhp 81<

plq imHlm > mqHlmj � f3K
Q�4 +CHl _ ,

Q
Q�4 @ f3K

Q�4 +$l � iolj,
Q

Q�4 ? � ?
4

5
mm >

dqg vr mqHlm � f3K
Q�4 +$l � iolj,

Q
Q�4 1 Vhw xP =@ x> dqg iru hdfk l @P . 4> � � � > gh�qh xl dv xl�4 lq wkh

vhw Hl> zkloh zh h{whqg xl dv dq d�qh ixqfwlrq rxwvlgh Hl= Wkxv uxl lv frqwlqxrxv dfurvv $l � iolj dqg

V
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�
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3
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l
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E| Srlqfdu�h*v lqhtxdolw| zh fdq h{wudfw d vxevhtxhqfh +qrw uhodehoohg, frqyhujlqj lq Z 4>4
�
>Ug

�
wr d

ixqfwlrq yP > zlwk uyP 5 EY +> iD>Ej, >

yP @ x rq
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l@P.4
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dqg

V
�
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�
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Lq rughu wr dvvhuw wkh odwwhu lqfoxvlrq/ frqvlghu d srlqw {3 @5
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3
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Li l lv odujh hqrxjk vr wkdw KQ�4 +$l � iolj, ? uQ�4 wkhq/ fohduo|/ dqg lq oljkw ri +8189,/

T +{3> u, _ V
�
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�
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T +{3> u, >U

g�Q
�
= Lq
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�
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�
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�
>Ug

�
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�
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�
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�
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Zh lqwurgxfh wkh qrwdwlrq

� @ +�4> � � � > �Q , 5 U
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> �3 @ +�4> � � � > �Q � 4, 5 Ug � � � � �Ug� ~} �
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>

vr wkdw � @ +�3> �Q , 5 U
g�+Q�4, �Ug= Wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw

+K4, Z lv frqwlqxrxv/ Z +�, @ 3 li dqg rqo| li � 5 iD>Ej > zkhuh D @ �E @ dhQ > iru vrph d 5 Ug q i3j >

+K5,
33 wkhuh h{lvw dq h{srqhqw s � 5 dqg d frqvwdqw F A 4 vxfk wkdw
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s
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+K7, wkhuh h{lvw frqvwdqwv �/ � A 3 vxfk wkdw
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�
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s
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+K7,
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pd| eh dssolhg/ dqg +916, |lhogv

� m�q �Dm
s
�Z +�q, A q +Z +�q, . m�q � �qm

s
,

� q

�
4

�
m�q �Dm

s
. m�q � �qm

s

�

�
4

5s�4
qplq

�
4>

4

�

�
m�q �Dm

s
>

zklfk lv fohduo| d frqwudglfwlrq iru q odujh1

6:



Iru vlpsolflw| zh zloo suhvhqw wkh surri ri wkh dqdorj ri wkh uhvxowv ri Vhfwlrq 8 �uvw xqghu k|srwkhvlv
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Ohw i%qj eh d vhtxhqfh frqyhujlqj wr 3.> dqg zulwlqj % =@ %q gh�qh

}% +{, =@

;AAAAA?
AAAAA=

%Oy

�
{3

%O
> 45

�
. d

�
{Q � %O

5

�
li {Q A %O

5 >

%Oy
� {

%O

�
li m{Q m �

%O
5 >

%Oy

�
{3

%O
>�4

5

�
� d

�
{Q . %O

5

�
li {Q ? �%O

5 >

+9153,

vr wkdw

u}% +{, @

;A?
A=

d hQ li {Q A %O
5 >

uy
� {

%O

�
li m{Q m �

%O
5 >

�d hQ li {Q ? � %O
5 =

+9154,

Wkhq ]
T.

mu}% �ux3m
s
g{ @

]
T3

] %O
5

3

���uy � {

%O

�
� d hQ

���s g{3g{Q
@ %O

]
T3

] 4
5

� 4
5

����uy
�
{3

%O
> w

�
� d hQ

����
s

g{3g{Q $ 3

vlqfh y 5 Z 5>4
�
T>Ug

�
> dqg zkhuh x3 =@ m{Q md> T

. =@ T3 �
�
3> 45

�
= D vlplodu frqfoxvlrq krogv lq T� =@

T3 �
�
� 4

5 > 3
�
dqg vr u}% $ ux3 lq Os

�
T>Ug

�
= Pruhryhu/ e| wkh Ulhpdqq0Ohehvjxh Ohppd

]
T

4

%
Z +u}%, . %

��u5}%
��5 g{ @

] %O
5

� %O
5

]
T3

4

%
Z
�
uy

� {

%O

��
.

4

%O5

���u5y
� {

%O

����5 g{3g{Q
@

] 4
5

� 4
5

]
T3

OZ

�
uy

�
{3

%O
> w

��
.

4

O

����u5y

�
{3

%O
> w

�����
5

g{3gw$

]
T

OZ +uy, .
4

O

��u5y
��5 g{>

dqg vr

N� �

]
T

OZ +uy, .
4

O

��u5y
��5 g{ � Nshu . �=

Lw qrz vx�fhv wr ohw � $ 3.=

Uhpdun 918 Li  @ $ � +�k> k, > zkhuh $ � UQ�4 lv d erxqghg rshq vhw/ dqg li zh frqvlghu wkh vhtxhqfh
gh�qhg lq +9=53, > wkhq zh kdyh e| wkh Ulhpdqq0Ohehvjxh Ohppd

]
$�+�k>k,

4

%
Z +u}%, . %

��u5}%
��5 g{ @

] %O
5

� %O
5

]
$

4

%
Z
�
uy

� {

%O

��
.

4

%O5

���u5y
� {

%O

����5 g{3g{Q
@

] 4
5

� 4
5

]
$

OZ

�
uy

�
{3

%O
> w

��
.

4

O

����u5y

�
{3

%O
> w

�����
5

g{3gw$ KQ�4 +$,

]
T

OZ +uy, .
4

O

��u5y
��5 g{=
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S�2 %
��UL??iU|i_ _L4@�?t

Wkhruhp 919 Ohw  � UQ eh dq rshq/ erxqghg/ vlpso| frqqhfwhg grpdlq zlwk Olsvfklw} erxqgdu|1 Dvvxph

+8=47, dqg ohw Z vdwlvi| wkh frqglwlrqv +K4, > +K5,
33

> +K7, dqg +K8, = Ohw x 5 Z 4>4
�
>Ug

�
> zlwk ux 5

EY +> iD>Ej, = Wkhq
�� olp

%$3.
L% +x> , @ N� Shu+H,>

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Surri1 Wkh surri lv yhu| vlplodu wr wkdw ri Wkhruhp 8191
Vwhs 4= Rqh lqwhuidfh1 Zh dvvxph �uvw wkdw x kdv wkh irup

x +{, @ m{Q m d d1h1 lq =

Zh surfhhg dv lq Vwhs 4 ri Wkhruhp 819 dqg lq sodfh ri wkh ixqfwlrq j zh frqvlghu d ixqfwlrq y 5 Z 5>4
�
T>Ug

�
dgplvvleoh iru Nshu/ dqg/ frqvhtxhqwo|/ zh gh�qh

x%>� +{, =@ #� +{, }% +{, . +4� #� +{,,x +{,

zkhuh }% lv qrz gh�qhg dv lq +9153,1 Wkh hvwlpdwh +814;, vkrxog eh uhsodfhg e|

]
i#�@4j

4

%
Z +u}%, . %

��u5}%
��5 g{ @

] 4
5

� 4
5

]
$.
�

OZ

�
uy

�
{3

%O
> w

��
.

4

O

����u5y

�
{3

%O
> w

�����
5

g{3gw +9155,

$ KQ�4
�
$.
�

��]
T

OZ +uy, .
4

O

��u5y
��5 g{�

dv %$ 3.> e| Uhpdun 9181 E| +9153, dqg +9154, wkh erxqg +8157, frqwlqxhv wr krog/ zkloh +8158, vkrxog eh
uhsodfhg e|

mu +}% � x,m �
���uy � {

%O

����. nuxn4 � F>
��u5}%

�� � 4

%

���uy � {

%O

���� � F

%
> +9156,

iru m{Q m � %O= Zh fdq frqwlqxh hvvhqwldoo| dv ehiruh/ xvlqj +9155, lq wkh uljkw kdqg vlgh ri wkh qhz irupxod
fruuhvsrqglqj wr +815;,1 Zh rplw wkh ghwdlov1
Vwhsv 5 dqg 6= Lq wkh fdvhv ri �qlwho| pdq| dqg frxqwdeo| pdq| lqwhuidfhv zh pd| surfhhg/ uhvshfwlyho|/
dv lq Vwhsv 5 dqg 6 ri Wkhruhp 8181 Zh rplw wkh ghwdlov1

S�� Bi?ih@* _L4@�?t

Lq wklv vhfwlrq zh uhpryh wkh frqglwlrq +8=47, =

Wkhruhp 91: Dvvxph wkdw Z vdwlv�hv wkh frqglwlrqv +K4, > +K5,
33

> +K7, dqg +K8, = Ohw x 5 Z 4>4
�
>Ug

�
>

zlwk ux 5 EY +> iD>Ej, = Wkhq

�� olp
%$3.

L% +x> , @ N� Shu+H,>

zkhuh ux+{, @ +4� "H +{,,D. "H +{, E iru OQ d1h1 { 5 =

Surri1 Wkh surri iroorzv forvho| wkdw ri Vxevhfwlrq 817/ zlwk wkh rqo| gl�huhqfhv wkdw lq +8167, ri
Sursrvlwlrq 81: wkh ixqfwlrq }% lv qrz gh�qhg dv lq +9153, dqg/ lq wxuq/ wkh hvwlpdwh +8158, vkrxog eh
uhsodfhg e| +9156,1

. �L?_�|�L? EM7�
3

Lq wklv vhfwlrq zh zhdnhq wkh frqglwlrq +K7, rq wkh erxqgv ri Z qhdu wkh zhoov1

Wkhruhp :14 Doo wkh uhvxowv ri wkh suhylrxv vhfwlrq frqwlqxh wr krog li frqglwlrq +K7, lv uhsodfhg e| +K7,
3
=

7;



Wkh qh{w ohppd hqvxuhv wkdw wkh ixqfwlrq j lqwurgxfhg lq +K7,
3
wr frqwuro wkh ehkdylru ri Z qhdu wkh

zhoov pd| eh h{whqghg wr d ixqfwlrq J vwloo vdwlvi|lqj wkh grxeolqj frqglwlrq/ dqg vxfk wkdw J +m� �Dm, dqg
J +m� �Em, pd| eh frpsduhg zlwkZ lq wkh zkroh Ug�Q = Dv ehiruh/ lq zkdw iroorzv zh duh dvvxplqj zlwkrxw
orvv ri jhqhudolw| wkdw D dqg E vdwlvi| +514,1

Ohppd :15 Ohw j = ^3>4,$ ^3>4, eh d frqyh{ ixqfwlrq/ zlwk j +v, @ 3 li dqg rqo| li v @ 3> vxfk wkdw

j +5w, � Fj +w, +:14,

iru doo 3 � w � �>

j +m� �Dm, �Z +�, � Fj +m� �Dm, +:15,

iru doo � 5 Ug�Q zlwk m� �Dm � �/ dqg

j +m� �Em, �Z +�, � Fj +m� �Em, +:16,

iru doo � 5 Ug�Q zlwk m� �Em � �> iru vrph frqvwdqw F @ F +�, A 3= Wkhq wkhuh h{lvwv d frqyh{ ixqfwlrq

J = ^3>4,$ ^3>4, vxfk wkdw J +w, @ j +w, iru doo w 5 ^3> �` >

J +v. w, � F4 +J +v, .J +w,, +:17,

iru doo v> w � 3 dqg iru vrph frqvwdqw F4 A 3>

olp
w$4

J +w,

ws
@ 4> +:18,

4

F5
J +m�3m, �

4

F5
plq iJ +m� �Dm, > J +m� �Em,j �Z +�, � F5plq iJ +m� �Dm, > J +m� �Em,j +:19,

iru doo � 5 Ug�Q dqg iru vrph frqvwdqw F5 A 3>

Z +�, � F6 +Z +�, .J +m� � �m,, +:1:,

iru doo �> � 5 Ug�Q dqg iru vrph frqvwdqw F6 A 3>

F7J +m� �Dm, �Z +�, +:1;,

iru doo � 5 Ug�Q vxfk wkdw m� �Dm > m� �Em � � dqg iru vrph frqvwdqw F7 A 3=

Surri1 Ohw d A � eh dq| Ohehvjxh srlqw iru j3 +uhfdoo wkdw/ vlqfh j lv frqyh{/ j3 lv d ixqfwlrq ri erxqghg
yduldwlrq/ suhflvho| j3 5 EYorf +^3>4,,,/ dqg gh�qh

J +w, @

�
j +w, iru 3 � w � d>

ws .
�
j3 +d,� sds�4

�
w. j +d,� j3 +d, d. +s� 4, ds iru w A d=

+:1<,

Zh fodlp wkdw J lv frqyh{1 Dvvxph �uvw wkdw j 5 F5 +^3>4,, = Wkhq

J3 +w, @

�
j3 +w, iru 3 � w ? d>

sws�4 .
�
j3 +d,� sds�4

�
iru w A d>

dqg

J
33

+w, @

�
j33 +w, iru 3 � w ? d>

s +s� 4, ws�5 iru w A d=

Khqfh J3 lv frqwlqxrxv dqg qrqghfuhdvlqj/ vlqfh J
33

+w, � 3 iru doo w 9@ d/ dqg/ dv J lv frqwlqxrxv/ wklv lpsolhv
wkdw J lv frqyh{1 Lq wkh jhqhudo fdvh/ frqvlghu j% =@ �% � j dqg ohw J% eh wkh fruuhvsrqglqj frqyh{ ixqfwlrqv
gh�qhg dv lq +:1<,1 Vlqfh j% $ j srlqwzlvh dqg j3% +w, $ j3 +w, iru hyhu| Ohehvjxh srlqw w ri j3> zh rewdlq
wkdw J% $ J srlqwzlvh/ dqg wkxv J lv frqyh{1 Frqglwlrq +:18, lv qrz lpphgldwh1 Wr suryh +:17, zh �uvw
vkrz wkdw

J +5w, � F4J +w, +:143,

7<



iru doo w � 3 dqg iru vrph frqvwdqw F4 A 3= Lw w � � wklv iroorzv iurp +:14,1 Ohw �4 A d eh vr odujh wkdw

5ws A �
�
5s.4 � 5

�
+j3 +d,� 5d, w�

�
5s.4 � 4

�
+j +d,� j3 +d, d. +s� 4, ds,

iru doo w � �4= Wkhq

J +5w, @ 5sws .
�
j3 +d,� sds�4

�
5w. j +d,� j3 +d, d. +s� 4, ds

@ 5s.4J +w,� 5ws �
�
5s.4 � 5

�
+j3 +d,� 5d, w�

�
5s.4 � 4

�
+j +d,� j3 +d, d. +s� 4, ds,

? 5s.4J +w,

iru doo w � �4= Wkxv +:143, krogv iru w � � dqg w � �4 wdnlqj dv d frqvwdqw pd{
�
F> 5s.4

�
= Iru w 5 ^�> �4` zh

kdyh

J +5w, �
pd{^5�>5�4`J

plq^�>�4`J
J +w,

dqg wkxv +:143, krogv iru doo w � 3 zlwk

F4 =@ pd{

�
F> 5s.4>

pd{^5�>5�4`J

plq^�>�4`J

�
=

Wr suryh wkdw +:143, lpsolhv +:17, lv vwdqgdug/ qrwh wkdw e| frqyh{lw| dqg +:143,

J +v. w, @ J

�
5 +v. w,

5

�
�

4

5
+J +5v, .J +5w,, �

4

5
F4 +J +v, .J +w,, =

E| +:15, dqg +:16, frqglwlrq +:19, krogv li hlwkhu m� �Dm � � ru m� �Em � �= Iru n A 4 vhw Hn =@�
� 5 Ug�Q = m� �Dm > m� �Em � �> m�m � n

�
= Iru � 5 Hn

plqHn Z

pd{Hn J +m� �Dm,
J +m� �Dm, �Z +�, �

pd{Hn Z

plqHn J +m� �Dm,
J +m� �Dm, >

dqg d vlplodu lqhtxdolw| krogv zkhq wkh J +m� �Dm, lv uhsodfhg e| J +m� �Em, = Wkxv lw lv vx�flhqw wr suryh
+:19, dqg +:1;, iru m�m � n zkhuh n A 4 uhpdlqv wr eh fkrvhq1 Wklv lv dq reylrxv frqvhtxhqfh ri +K5,

33 dqg
+:18,1

Uhpdun :16 Lq oljkw ri Ohppd :15/ dqg lq vslwh ri wkh idfw wkdw wkh txdolwdwlyh surshuwlhv ri j duh rqo|
jlyhq qhdue| }hur/ lq wkh uhpdlqlqj ri wklv vhfwlrq/ dqg zlwkrxw orvv ri jhqhudolw|/ zh zloo dvvxph wkdw j
vdwlv�hv +:17,0+:19, dqg +:1:,0+:1;, zlwk j lq sodfh ri J1

Wkh qh{w uhvxow kdv ehhq suryhg e| Ekdwwdfkdu|d dqg Ohrqhwwl ^45` lq wkh fdvh zkhuh  lv frqyh{ dqg
V @ / dqg d jhqhudol}hg yhuvlrq iru iru rshq/ erxqghg grpdlqv zlwk wkh frqh surshuw| pd| eh irxqg lq
wkh Dsshqgl{1

Sursrvlwlrq :17 Ohw  � UQ eh dq rshq erxqghg vhw/ vwduvkdshg zlwk uhvshfw wr d vhw V � > zlwk mVm A 31
Ohw j = ^3>4, $ ^3>4, eh d frqyh{ ixqfwlrq/ zlwk j +3, @ 31 Ohw x 5 Z 4>4

�
>Ug

�
eh vxfk wkdw j +muxm, 5

O4 +, = Wkhq ]


j

�
mx +{,� xV m

g

�
g{ �

�
�Q gQ

mm

�4� 4
Q mm

mVm

]


j +muxm, g{>

zkhuh xV =@ 4
mVm

U
V x g{> g lv dq| qxpehu juhdwhu ru htxdo wkdq wkh gldphwhu ri > dqg �Q lv wkh yroxph ri

wkh xqlw edoo lq UQ =

Surri ri Wkhruhp :141 Frqglwlrq +K7, zdv xvhg rqo| lq wkh surri ri Sursrvlwlrqv 915 dqg 9161 Wkxv
lw uhpdlqv wr vkrz wkdw wkhvh sursrvlwlrqv frqwlqxh wr zrun xqghu wkh zhdnhu k|srwkhvlv +K7,

3= Zh ehjlq
zlwk Sursrvlwlrq 9151

83



Yhuwlfdo pdwfklqj~ �uvw pdwfklqj= Wkh surri ri wkh �uvw pdwfklqj frqwlqxhv wr zrun xs wr +91;,1 E|
+:19, dqg vlqfh j lv lqfuhdvlqj

4

%

]
O%

Z +uy%, g{ �
4

%

]
O%

Fj +muy% � d hQ m, g{ +:144,

�
4

%

]
O%

j

�
F

�
mu{3x% +{

3> }%,m. mux% � d hQ m.
4

%
mx% � x3 � �x%m

��
g{

�
F

%

]
O%

j +mu{3x% +{
3> }%,m, . j +mux% � d hQ m, . j

�
4

%
mx% � x3 � �x%m

�
g{

zkhuh zh kdyh xvhg +:17,1 Zh qrz hvwlpdwh wkh wkuhh whupv rq wkh uljkw kdqg vlgh ri +:144,1 E| +:19,

4

%

]
O%

j +mu{3x% +{
3> }%,m, g{ @

�
4

%

��4
4

9%

]
T3

j +mu{3x% +{
3> }%,m, g{

3 +:145,

� F

]
T3

Z +ux% +{
3> }%,, g{

3 $ 3

dv %$ 3. e| +919,1 Li mux% � d hQ m � � ru mux% � d hQ m > mux% . d hQ m � � wkhq e| +:1;,

j +mux% � d hQ m, � FZ +ux%, >

zkloh li mux% � d hQ m � � dqg mux% . d hQ m � � wkhq

j +mux% � d hQ m, � j +�. 5 md hQ m, � j +�. 5 md hQ m,
mux% � d hQ m

s

�s
=

Khqfh
F

%

]
O%

j +mux% � d hQ m, g{ �
F

%

]
O%

Z +ux%, . mux% � d hQ m
s
g{$ 3 +:146,

dv %$ 3. e| +918,1 Ilqdoo|/ e| Mhqvhq*v lqhtxdolw|

F

%

]
O%

j

�
4

%
mx% � x3 � �x%m

�
g{ �

F

%

]
O%

j

#
4

%

] �%

�%�^ 4% `
�4 4

9

mux% +{
3> w,� d hQ m gw

$
g{ +:147,

�
F

%

]
O%

4

%

] �%

�%�^ 4% `
�4 4

9

j +mux% +{
3> w,� d hQ m, gwg{

@
F

%

]
O%

j +mux% � d hQ m, g{$ 3

dv %$ 3. e| +918,1 Wkxv/ e| +:144,0+:147, wkh fodlp +lll, krogv dv ehiruh1
Yhuwlfdo pdwfklqj~vhfrqg pdwfklqj= Wr suryh +ll, lq wkh vhfrqg pdwfklqj/ qrwh wkdw e| +:19, dqg
vlqfh j lv lqfuhdvlqj/

4

%

]
T3�+�%> 45,

Z +uy%, g{ �
4

%

]
T3�+�%> 45,

Fj +muy% � d hQ m, g{

�
F

%

]
T3�+�%> 45 ,

j +mu{3x% +{
3> }%,m, . j +m�x% � f%m, g{

�
F

%

]
T3�+�%> 45 ,

Z +ux%, . j +m�x% � f%m, g{>

zkhuh zh kdyh xvhg +:17,1 Wkxv e| +918,/ lw vx�fhv wr suryh wkdw

F

%

]
T3�+�%> 45,

j +m�x% � f%m, g{$ 3=
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E| Sursrvlwlrq :17

F

%

]
T3�+�%> 45,

j +m�x% � f%m, g{ @
F

%

] 4
5

�%

]
T3

j

������x% � 4

mT3m

]
T3

�x% +{
3> }%, g{

3

����
�
g{3g{Q

�
F

%

] 4
5

�%

]
T3

j +mu{3 �x%m, g{
3g{Q

�
F

%

]
T3

j +mu{3x% +{
3> }%,m, g{

3

�
F

%

]
T3

Z +ux% +{
3> }%,, g{

3 $ 3

dv %$ 3. e| +919,/ dqg zkhuh zh kdyh xvhg +:19,1
Lw uhpdlqv wr hqvxuh wkdw Sursrvlwlrq 916 vwloo krogv1

Wudqvyhuvdo shulrglflw|= Wkh surri ri Sursrvlwlrq 916 frqwlqxhv wr zrun1 Wkh rqo| gl�huhqfh lv rq wkh
hvwlpdwh +9146, zklfk frqwlqxhv wr krog vlqfh/ e| +:19, dqg wkh idfw wkdw j lv lqfuhdvlqj/ zh kdyh

Z

�
3>
Cx%

C{5
+�d%>p> {5,

�
� F5plq

�
j

�����Cx%C{5
+�d%>p> {5,� d

����
�
> j

�����Cx%C{5
+�d%>p> {5, . d

����
��

� F5plq ij +mux% +�d%>p> {5,� d h5m, > j +mux% +�d%>p> {5, . d h5m,j

� F5
5Z +ux% +�d%>p> {5,, >

dqg zh fdq qrz surfhhg dv ehiruh1

H , @4T*i Lu @ ?L? L?i�_�4i?t�L?@* �?|ihu@Ui

Lq wklv vhfwlrq zh vkrz wkdw zkhq +K8, krogv exw +K6, idlov/ wkh dv|pswrwlf olplwlqj sureohp pd| qrw kdyh
d rqh glphqvlrqdo fkdudfwhu/ qdpho|/

Nshu ? N=

Frqvlghu wkh fdvh zkhuh Q @ 5> g @ 4> vr wkdw/ zlwk { @ +{4> {5, > zh kdyh

Nshu =@ lqi

�]
T

OZ +uy, .
4

O

��u5y
��5 g{4g{5 = O A 3> y 5Z 5>4 +T>U, >

uy @ 	h5 qhdue| {5 @ 	
4

5
> y lv shulrglf ri shulrg rqh lq {4

�
=

Lq zkdw iroorzv zh vd| wkdw y 5 Z
5>4
orf

��
� 4

5 >
4
5

�
�U>U

�
lv vxfk wkdw uy @ 	h5 qhdue| {5 @ 	4 li wkhuh

h{lvwv d frqvwdqw P A 3 vxfk wkdw uy @ 	h5 iru doo { 5
�
� 4

5 >
4
5

�
�U +uhvs1, zlwk {5 �P +uhvs1 {5 � �P,=

Sursrvlwlrq ;14

Nshu @ lqi

+] 4

�4

] 4
5

� 4
5

OZ +uy, .
4

O

��u5y
��5 g{4g{5 = O A 3> y 5Z

5>4
*LU

��
�
4

5
>
4

5

�
�U>U

�
>

uy @ 	h5 qhdue| {5 @ 	4> y lv shulrglf ri shulrg rqh lq {4j @= N4=

Surri1 E| olqhdu frqwlqxdwlrq lw lv hdv| wr vhh wkdw N4 � Nshu1 Wr suryh wkh frqyhuvh lqhtxdolw|/ �{
� A 3 dqg ohw y 5Z 5>4

��
� 4

5 >
4
5

�
�U>U

�
eh dq dgplvvleoh ixqfwlrq iru N4 vxfk wkdw/ iru vrph O A 3/

] 4

�4

] 4
5

� 4
5

OZ +uy, .
4

O

��u5y
��5 g{4g{5 � N4 . �=
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Vlqfh uy @ 	h5 qhdue| {5 @ 	4 zh pd| �qg d srvlwlyh lqwhjhu p vxfk wkdw

N4 . � �

] 4

�4

] 4
5

� 4
5

OZ +uy, .
4

O

��u5y
��5 g{4g{5 @

] p. 4
5

�p� 4
5

] 4
5

� 4
5

OZ +uy, .
4

O

��u5y
��5 g{4g{5

dqg uy @ 	h5 iru 	{5 � p1 Gxh wr wkh shulrglflw| ri y zlwk uhvshfw wr {4> zh kdyh

N4 . � �

] p. 4
5

�p� 4
5

] 4
5

� 4
5

OZ +uy +{,, .
4

O

��u5y +{,
��5 g{4g{5

@

] p. 4
5

�p� 4
5

4

5p. 4

p[
n@�p

] 4
5

� 4
5

OZ +uy +{4 . n> {5,, .
4

O

��u5y +{4 . n> {5,
��5 g{4g{5

@

] p. 4
5

�p� 4
5

4

5p. 4

p[
n@�p

] n. 4
5

n� 4
5

OZ +uy +{4> {5,, .
4

O

��u5y +{4> {5,
��5 g{4g{5

@
4

5p. 4

] p. 4
5

�p� 4
5

] p. 4
5

�p� 4
5

OZ +uy +{4> {5,, .
4

O

��u5y +{4> {5,
��5 g{4g{5

@
4

5p. 4

]
+5p.4,T

OZ +uy +{,, .
4

O

��u5y +{,
��5 g{=

Yld wkh fkdqjh ri yduldeohv { =@ +5p. 4, | zh kdyh

N4 . � � +5p. 4,

]
T

OZ +uy ++5p. 4, |,, .
4

O

��u5y ++5p. 4, |,
��5 g|

@

]
T

+5p. 4,OZ +u} +|,, .
4

+5p. 4,O

��u5} +|,
��5 g|>

zkhuh zh kdyh vhw } +|, =@ 4
5p.4y ++5p. 4, |, = Qrwh wkdw

} +|4 . 4> |5, @
4

5p. 4
y ++5p. 4, |4 . +5p. 4, > +5p. 4, |5,

@
4

5p. 4
y ++5p. 4, |4> +5p. 4, |5,

@ } +|4> |5, >

vlqfh y shulrglf ri shulrg rqh lq {4> dqg u} +|, @ 	h5 li |5 lv qhdue| 	 4
5 > uhvs1 Khqfh } lv dgplvvleoh iru

Nshu> dqg vr

N4 . � �
4

5p. 4

]
+5p.4,T

OZ +uy +{,, .
4

O

��u5y +{,
��5 g{

@ +5p. 4,

]
T

OZ +uy ++5p. 4, |,, .
4

O

��u5y ++5p. 4, |,
��5 g|

@

]
T

+5p. 4,OZ +u} +|,, .
4

+5p. 4,O

��u5} +|,
��5 g| � Nshu=

Lw qrz vx�fhv wr ohw � $ 3.=
Qh{w zh h{klelw dq h{dpsoh ri dq hqhuj| ghqvlw| vdwlvi|lqj +K4, > +K5,

33

> +K7,
3 dqg +K8, iru zklfk

Nshu ? N= Gh�qh

Z +�, @Z +�4> �5, =@
�
4� ��54 � �55

�5
. �54 >

zkhuh � A 3= Wkhq Z +�, @ 3 li dqg rqo| li � 5 i+3> 4, > +3>�4,j = E| Ohppd 618 lq ^56` zh kdyh wkdw

N @ lqi

�] 4

�4

Z +3> j +v,, . mj3 +v,m
5
gv = j slhfhzlvh F4> j+�4, @ �4> j+4, @ 4

�
+;14,

@ lqi

�] 4

�4

�
4� j5 +v,

�5
. mj3 +v,m

5
gv = j slhfhzlvh F4> j+�4, @ �4> j+4, @ 4

�
=
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Lw lv qrw gl�fxow wr vhh wkdw N lv uhdol}hg e| wkh xqltxh vroxwlrq ri wkh erxqgdu| ydoxh sureohp

�
j33 . 5j � 5j6 @ 3
j+�4, @ �4> j+4, @ 4>

zklfk lv jlyhq e| j +v, =@ wdqk v= Gh�qh �x +w, =@
U w
3
j +v, gv @ oq frvk w=

Sursrvlwlrq ;15 Li � lv vx�flhqwo| odujh wkhq zh kdyh Nshu ? N=

Surri1 Vhw
y +{, @ y +{4> {5, =@ �x +{5, . �# +{4> {5, >

zkhuh # +{4> {5, =@ vlq +5�{4, i +{5, dqg i lv d vprrwk qrqqhjdwlyh ixqfwlrq zlwk frpsdfw vxssruw1 Zlwk
O @ 4 zh kdyh

] 4

�4

] 4
5

� 4
5

Z +uy, .
��u5y

��5 g{4g{5 @
] 4

�4

�
4� j5 +v,

�5
. mj3 +v,m

5
gv

. �5
] 4

�4

] 4
5

� 4
5

k��u5#
��5 . 5

�
6j5 +{5,� 4

�
vlq5 +5�{4, +i

3 +{5,,
5
. 7�5 frv5+5�{4,i

5 +{5,

�;�5�
�
4� j5 +{5,

�
frv5 +5�{4, i

5 +{5,
�
g{4g{5

. �7
] 4

�4

] 4
5

� 4
5

k
vlq5 +5�{4, +i

3 +{5,,
5
. 7�5� frv5 +5�{4, i

5 +{5,
l5

g{4g{5

@= L4 . �5L5 +�, . �7L6 +�, =

Zh qrz fkrrvh � A 3 vr odujh wkdw L5 +�, ? 3/ dqg wkhq � vr vpdoo wkdw �5L5 +�, . �7L6 +�, ? 3= Lq ylhz ri
+;14, ] 4

�4

] 4
5

� 4
5

Z +uy, .
��u5y

��5 g{4g{5 ?
] 4

�4

�
4� j5 +v,

�5
. mj3 +v,m

5
gv @ N=

Ohw ixqj eh d vhtxhqfh ri vprrwk ixqfwlrqv frqyhujlqj wr �x vwurqjo| lq Z 5>s
orf +U, iru doo s � 4/ dqg vxfk

wkdw x3q +{5, @ 	h5 +uhvs1, iru doo {5 � q +uhvs1 {5 � �q,= Gh�qh

yq +{, =@ xq +{5, . �# +{4> {5, =

Wkhq yq duh dgplvvleoh iru N4/ dqg vr

N4 � olp
q$4

] 4

�4

] 4
5

� 4
5

Z +uyq, .
��u5yq

��5 g{4g{5

@

] 4

�4

] 4
5

� 4
5

Z +uy, .
��u5y

��5 g{4g{5 ? N=

Wklv/ wrjhwkhu zlwk Sursrvlwlrq ;14/ frqfoxghv wkh surri1

b �TTi?_� 

Lq wkh Dsshqgl{ zh jhqhudol}h Srlqfdu�h*v lqhtxdolw| wr Ruolf}0Vrerohy vsdfhv +vhh Sursrvlwlrq <15,1 Dowkrxjk
lw lv suredeo| nqrzq wr h{shuwv/ zh kdyh qrw ehhq deoh wr �qg lw lq wkh olwhudwxuh1 Wkh surri iroorzv wkdw ri
Pd}*md ^5<` iru wkh fdvh j +v, @ mvms = D �uvw yhuvlrq kdv ehhq suryhg e| Ekdwwdfkdu|d dqg Ohrqhwwl ^45` lq
wkh fdvh zkhuh  lv frqyh{ dqg V @ 1

Zh uhfdoo wkdw dq rshq vhw  � U
Q lv vwduvkdshg zlwk uhvshfw wr d vhw V �  li  lv vwduvkdshg zlwk

uhvshfw wr hdfk srlqw ri V/ l1h1 li { 5  dqg v 5 V wkhq �{. +4� �, v 5  iru doo � 5 +3> 4, =
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Sursrvlwlrq <14 Ohw  � UQ eh dq rshq erxqghg vhw/ vwduvkdshg zlwk uhvshfw wr d vhw V � > zlwk mVm A 31
Ohw j = ^3>4, $ ^3>4, eh d frqyh{ ixqfwlrq/ zlwk j +3, @ 31 Ohw x 5 Z 4>4

�
>Ug

�
eh vxfk wkdw j +muxm, 5

O4 +, = Wkhq ]


j

�
mx +{,� xV m
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�
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�
�Q gQ
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�4� 4
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mVm
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j +muxm, g{>

zkhuh xV =@ 4
mVm

U
V
x g{> g lv dq| qxpehu juhdwhu ru htxdo wkdq wkh gldphwhu ri > dqg �Q lv wkh yroxph ri

wkh xqlw edoo lq UQ =

Surri1 Zh iroorz Ohppd :149 lq Jloeduj dqg Wuxglqjhu ^57`1 Dvvxph �uvw wkdw x 5 Z 4>4
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>Ug

�
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�
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3
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]
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mGux +{. u$,m gug|=

Dv j lv frqyh{/ lw qrz iroorzv iurp dsso|lqj wzlfh Mhqvhq*v lqhtxdolw| wkdw
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m{� |m4�Q j +mux +|,m, g|>

zkhuh zh kdyh xvhg wkh idfw wkdw j +3, @ 3= Wkh wkhru| ri Ulhv} srwhqwldov +Ohppd :145 lq Jloeduj dqg
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dqg wkh surri lv frpsohwh1
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Sursrvlwlrq <15 Ohw  � UQ eh dq rshq erxqghg grpdlq kdylqj wkh frqh surshuw|/ ohw j = ^3>4,$ ^3>4,
eh d frqyh{ ixqfwlrq vdwlvi|lqj wkh grxeolqj frqglwlrq/ zlwk j +3, @ 31 Ohw x 5 Z 4>4

�
>Ug

�
eh vxfk wkdw

j +muxm, 5 O4 +, = Wkhq ]


j +mx +{,� xE m, g{ � F
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j +muxm, g{>
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rq wkh edoo E=

Surri1 Vlqfh  kdv wkh frqh surshuw|/ lw lv wkh xqlrq ri d �qlwh qxpehu ri grpdlqv vwduvkdshg zlwk
uhvshfw wr d edoo1 Ohw g eh d qxpehu juhdwhu wkdq wkh gldphwhu ri doo wkhvh grpdlqv/ dqg ohw D eh dq| ri wkhvh
vxegrpdlqv zlwk G ehlqj wkh fruuhvsrqglqj edoo1 Frqvwuxfw d �qlwh idplo| ri edoov E3> � � � > EP frqwdlqhg
lq  dqg vxfk wkdw E3 @ G> El _ El.4 9@ >> EP @ E= Vlqfh D lv vwduvkdshg zlwk uhvshfw wr dq| �{hg edoo
�E frqwdlqhg lq E3 _ E4> e| Sursrvlwlrq :17 zh rewdlq
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Vlploduo|/ vlqfh iru l @ 4> � � � >P � 4 wkh edoo El lv vwduvkdshg zlwk uhvshfw wr dq| �{hg edoo �El frqwdlqhg lq
El _ El.4 9@ >/ zh rewdlq
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Vlqfh E lv frqyh{/ e| Sursrvlwlrq :17
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zkhuh xE =@ 4
mEm

U
E
x g{= Uhsodflqj x e| x� xE lq +<14, zh rewdlq

]


j

�
mx +{,� xE m

g

�
g{ � F

�]
E

j

�
mx +{,� xE m

g

�
.

]


j +muxm, g{
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� F

]


j +muxm, g{=

Dsso|lqj wkh odwwhu lqhtxdolw| wr gx lq sodfh ri x |lhogv

]


j +mx +{,� xE m, g{ � F

]


j +g muxm, g{ � F4

]


j +muxm, g{>

zkhuh zh kdyh xvhg wkh idfw wkdw j +g}, �frqvw1 j +}, iru doo } � 3 +vhh Uhpdun :16 dqg +:17,,1 Wklv frqfoxghv
wkh surri1

�U!?L�*i_}i4i?|t

Wkh vwxg| ri wkh frpsdfwqhvv dqg wkh fkdudfwhul}dwlrq ri ��olplqi +vhh Vhfwlrqv 6 dqg 7, zhuh rewdlqhg
zlwk Oxf Wduwdu lq 4<;</ dqg yhu| pdq| glvfxvvlrqv rq wkh vxemhfw xqiroghg zlwk klp vlqfh wkhq/ iru zklfk
wkh dxwkruv duh surirxqgo| lqghewhg1

Dovr/ vwlpxodwlqj frqyhuvdwlrqv zlwk Jlrydqql Doehuwl/ Jhruj Gro}pdqq dqg Vwhidq P�xoohu duh judwhixoo|
dfnqrzohgjhg1

Wkh uhvhdufk ri V1 Frqwl zdv sduwldoo| vxssruwhg e| wkh HX WPU qhwzrun _Skdvh Wudqvlwlrqv lq Fu|v0
wdoolqh Vrolgv%/ frqwudfw Qr1 IPU[0FW<;0355<1 Wkh uhvhdufk ri L1 Irqvhfd zdv sduwldoo| vxssruwhg e| wkh
Qdwlrqdo Vflhqfh Irxqgdwlrq xqghu Judqw Qr1 GPV~<:64<8:1 Wkh uhvhdufk ri J1 Ohrql zdv sduwldoo| vxs0
sruwhg e| PXUVW/ e| wkh Lwdoldq FQU/ wkurxjk wkh vwudwhjlf surmhfw _Phwrgl h prghool shu od Pdwhpdwlfd
h o*Lqjhjqhuld%/ dqg e| JQDID1

Wkh dxwkruv zlvk wr wkdqn wkh Fhqwhu iru Qrqolqhdu Dqdo|vlv +QVI Judqw Qr1 GPV~<;36:<4, iru lwv
vxssruw gxulqj wkh suhsdudwlrq ri wklv sdshu1

+iuihi?Uit

^4` J1 Doehuwl1 Yduldwlrqdo prghov iru skdvh wudqvlwlrqv/ dq dssurdfk yld �0frqyhujhqfh/ yroxph 61 Txdghuql
gho Glsduwlphqwr gl Pdwhpdwlfd _X1 Glql%/ Xqlyhuvlw�d ghjol Vwxgl gl Slvd/ 4<<;1

^5` O1 Dpeurvlr1 Phwulf vsdfh ydoxhg ixqfwlrqv ri erxqghg yduldwlrq1 Dqq1 Vfxrod Qrup1 Vxs1 Slvd Fo1
Vfl1 +7,/ 4:=76<~7:;/ 4<<31

^6` O1 Dpeurvlr/ F1 GhOhoolv/ dqg F1 Pdqwhjd}}d1 Olqh hqhujlhv iru judglhqw yhfwru �hogv lq wkh sodqh1 Fdof1
Ydu1 Sduwldo Gl�huhqwldo Htxdwlrqv/ <=65:~688/ 4<<<1

^7` O1 Dpeurvlr/ Q1 Ixvfr/ dqg G1 Sdoodud1Ixqfwlrqv ri Erxqghg Yduldwlrq dqg Iuhh Glvfrqwlqxlw| Sureohpv1
Pdwkhpdwlfdo Prqrjudskv/ R{irug Xqlyhuvlw| Suhvv/ 53331

^8` S1 Dylohv dqg \1 Jljd1 D pdwkhpdwlfdo sureohp uhodwhg wr wkh sk|vlfdo wkhru| ri oltxlg fu|vwdo frq�j0
xudwlrqv1 Surf1 Fhqwuh Pdwk1 Dqdo1 Dxvwu1 Qdw1 Xqly1 45=4~49/ 4<;:1

^9` S1 Dylohv dqg \1 Jljd1 Rq orzhu vhplfrqwlqxlw| ri d ghihfw hqhuj| rewdlqhg e| d vlqjxodu olplw ri wkh
Jlq}exuj0Odqgdx w|sh hqhuj| iru judglhqw �hogv1 Surf1 Ur|1 Vrf1 Hglqexujk Vhfw1 D/ 45<=4~4:/ 4<<<1

^:` V1 Edogr1 Plqlpdo lqwhuidfh fulwhulrq iru skdvh wudqvlwlrqv lq pl{wxuhv ri Fdkq0Klooldug �xlgv1 Dqq1
Lqvw1 K1 Srlqfdu�h1 Dqdo1 Qrq Olq�hdluh/ :=9:~<3/ 4<<31

^;` M1 Edoo1 D yhuvlrq ri wkh ixqgdphqwdo wkhruhp iru \rxqj phdvxuhv / lq SGH*v dqg Frqwlqxxp Prghov
ri Skdvh Wudqvlwlrqv/ P1 Udvfoh/ G1 Vhuuh/ dqg P1 Vohpurg/ hgv1/ Ohfwxuh Qrwhv lq Sk|vlfv/ Yro1 677/
Vsulqjhu0Yhuodj/ Ehuolq/ 53:~548/ 4<;<1

8:



^<` M1 Edoo dqg U1 G1 Mdphv1 Ilqh skdvh pl{wxuhv dv plqlpl}huv ri hqhuj|1 Dufk1 Udwlrqdo Phfk1 Dqdo1/
433=46~85/ 4<;:1

^43` D1 F1 Eduurvr dqg L1 Irqvhfd1 Dqlvrwurslf vlqjxodu shuwxuedwlrqv 0 wkh yhfwruldo fdvh1 Surf1 Ur|1 Vrf1
Hglqexujk Vhfw1 D/ 457=85:~8:4/ 4<<71

^44` K1 Ehuolrffkl dqg M1 P1 Odvu|1 Lqw�hjudqgv qrupdohv hw phvxuhv sdudp�hwu�hhv hq fdofxo ghv yduldwlrqv1
Exoo1 Vrf1 Pdwk1 Iudqfh/ 434=45<~4;7/ 4<:61

^45` W1 Ekdwwdfkdu|d dqg I1 Ohrqhwwl1 D qhz Srlqfdu�h lqhtxdolw| dqg lwv dssolfdwlrq wr wkh uhjxodulw| ri
plqlpl}huv ri lqwhjudo ixqfwlrqdov zlwk qrqvwdqgdug jurzwk1 Qrqolqhdu Dqdo1/ 4:=;66~;6</ 4<<41

^46` H1 Erpelhul dqg H1 Jlxvwl1 D Kduqdfn*v w|sh lqhtxdolw| iru hoolswlf htxdwlrqv rq plqlpdo vxuidfhv1 Lqy1
Pdwk1/ 48=57~79/ 4<:51

^47` J1 Erxfklww�h1 Vlqjxodu shuwxuedwlrqv ri yduldwlrqdo sureohpv dulvlqj iurp d wzr0skdvh wudqvlwlrq prgho1
Dsso1 Pdwk1 Rswlp1/ 54=5;<~647/ 4<<31

^48` D1 Eudlghv dqg D1 Ghiudqfhvfkl1 Krprjhqhl}dwlrq ri pxowlsoh lqwhjudov1 Foduhgrq Suhvv/ R{irug/ 4<<;1

^49` D1 Eudlghv/ L1 Irqvhfd dqg J1 Iudqfiruw1 6G05G dv|pswrwlf dqdo|vlv iru lqkrprjhqhrxv wklq �opv1
Lqgldqd X1 Pdwk M1 wr dsshdu1

^4:` E1 Frohpdq/ P1 Pdufxv dqg Y1 Pl}ho1 Rq wkh wkhuprg|qdplfv ri shulrglf skdvhv1 Dufk1 Udwlrqdo
Phfk1 Dqdo1 44:=654~67:/ 4<<51

^4;` J1 Gdo Pdvr1 Dq lqwurgxfwlrq wr �0frqyhujhqfh1 Elunk�dxvhu/ Ervwrq/ 4<<61

^4<` H1 Gh Jlrujl1 Vxood frqyhujhq}d gl dofxqh vxffhvvlrql gl lqwhjudol gho wlsr ghoo*duhd1 Uhqg1 Pdw1 +LY,/
;=5::~5<7/ 4<:81

^53` D1 GhVlprqh/ U1 Y1 Nrkq/ V1 P�xoohu/ dqg I1 Rwwr1 D frpsdfwqhvv uhvxow lq wkh judglhqw wkhru| ri skdvh
wudqvlwlrqv1 Surf1 Ur|1 Vrf1 Hglqexujk Vhfw1 D1 wr dsshdu1

^54` L1 Irqvhfd1 Skdvh wudqvlwlrqv ri hodvwlf vrolg pdwhuldov1 Dufk1 Udwlrqdo Phfk1 Dqdo1/ 43:=4<8~556/ 4<;<1

^55` L1 Irqvhfd dqg F1 Pdqwhjd}}d1 Vhfrqg rughu vlqjxodu shuwxuedwlrq prghov iru skdvh wudqvlwlrqv1 VLDP
M1 Pdwk1 Dqdo1/ 64=4454~4476/ 53331

^56` L1 Irqvhfd dqg O1 Wduwdu1 Wkh judglhqw wkhru| ri skdvh wudqvlwlrqv iru v|vwhpv zlwk wzr srwhqwldo zhoov1
Surf1 Ur|1 Vrf1 Hglqexujk Vhfw1 D/ 444=;<~435/ 4<;<1

^57` G1 Jloeduj dqg Q1 V1 Wuxglqjhu1 Hoolswlf sduwldo gl�huhqwldo htxdwlrqv ri vhfrqg rughu1 Vsulqjhu0Yhuodj/
Ehuolq/ 53341

^58` P1 H1 Jxuwlq1 Vrph uhvxowv dqg frqmhfwxuhv lq wkh judglhqw wkhru| ri skdvh wudqvlwlrqv1 489/ 4<;81 LPD/
Suhsulqw1

^59` Z1 Mlq dqg U1 Y1 Nrkq1 Vlqjxodu shuwxuedwlrq dqg wkh hqhuj| ri irogv1 M1 Qrqolqhdu Vfl1/ 43=688~6<3/
53331

^5:` U1 Y1 Nrkq dqg V1 P�xoohu1 Vxuidfh hqhuj| dqg plfurvwuxfwxuh lq frkhuhqw skdvh wudqvlwlrqv1 Frpp1
Sxuh Dsso1 Pdwk1/ 7:=738~768/ 4<<71

^5;` U1 Y1 Nrkq dqg S1 Vwhuqehuj1 Orfdo plqlplvhuv dqg vlqjxodu shuwxuedwlrqv1 Surf1 Ur|1 Vrf1 Hglqexujk
Vhfw1 D/ 444=9<~;7/ 4<;<1

^5<` Y1J1 Pd}*md1 Vrerohy vsdfhv1 Vsulqjhu0Yhuodj/ Ehuolq/ 4<;81

^63` O1 Prglfd1 Wkh judglhqw wkhru| ri skdvh wudqvlwlrqv dqg wkh plqlpdo lqwhuidfh fulwhulrq1 Dufk1 Udwlrqdo
Phfk1 Dqdo1/ <;=456~475/ 4<;:1
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^64` O1 Prglfd dqg V1 Pruwrod1 Xq hvhpslr gl �0frqyhujhq}d1 Eroo1 Xq1 Pdw1 Lwdo1 E / 47=5;8~5<</ 4<::1

^65` V1 P�xoohu1 Yduldwlrqdo prghov iru plfurvwuxfwxuh dqg skdvh wudqvlwlrqv/ lq Fdofxoxv ri Yduldwlrqv
dqg Jhrphwulf Hyroxwlrq Sureohpv/ Ohfwxuhv jlyhq dw wkh 5qg Vhvvlrq ri wkh Fhqwur Lqwhuqd}lrqdoh
Pdwhpdwlfr Hvwlyr/ Fhwdur 4<<9 +I1 Ehwkxho/ J1 Kxlvnhq/ V1 P�xoohu/ N1 Vwh�hq/ V1 Klogheudqgw/ dqg
P1 Vwuxzh/ hgv1,/ Vsulqjhu/ Ehuolq/ 4<<<1

^66` P1 Ruwl} dqg J1 Jlrld1 Wkh pruskrorj| dqg iroglqj sdwwhuqv ri exfnolqj0gulyhq wklq0�op eolvwhuv1 M1
Phfk1 Sk|v1 Vrolgv/ 75=864~88</ 4<<71

^67` Q1 Rzhq dqg S1 Vwhuqehuj1 Qrqfrqyh{ yduldwlrqdo sureohpv zlwk dqlvrwurslf shuwxuedwlrqv1 Qrqolqhdu
Dqdo1/ 49=:38~:4</ 4<<41

^68` S1 Vwhuqehuj1 Yhfwru0ydoxhg orfdo plqlpl}huv ri qrqfrqyh{ yduldwlrqdo sureohpv1 Urfn| Prxqwdlq M1
Pdwk1/ 54=:<<~;3:/ 4<<41

^69` O1 Wduwdu1 Frpshqvdwhg frpsdfwqhvv dqg dssolfdwlrqv wr sduwldo gl�huhqwldo htxdwlrqv/ lq Qrqolqhdu
Dqdo|vlv dqg Phfkdqlfv= Khulrw0Zdww V|psrvlxp/ U1 Nqrsv/ hg1/ yro1 LY/ Slwpdq Uhv1 Qrwhv Pdwk1
Yro 6</ 4690545/ 4<:<1
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