THE SET OF REGULAR VALUES (IN THE SENSE OF CLARKE)
OF A LIPSCHITZ MAP.
A SUFFICIENT CONDITION FOR THE RECTIFIABILITY OF CLASS (2.

SILVANO DELLADIO

ABSTRACT. We prove a result about the rectifiability of class C? of the set of regular values (in the
sense of Clarke) of a Lipschitz map ¢ : R™ — RY (with n < N).

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

A Borel subset S of RY is said to be a (H",n) rectifiable set of class C*! if there exist countably
many n-dimensional submanifolds M; of RV of class CH such that

H" (S\ U Mj) =0.

Observe that for H = 1 this is equivalent to say that S is a countably n-rectifiable set, e.g. by [14,
Lemma 11.1].

Such a notion has been introduced in [3] and provides a natural setting for the description of
singularities of convex functions and convex surfaces, [1, 2]. More generally, it can be used to study
the singularities of surfaces with generalized curvatures, [2]. Rectifiability of class C? is strictly
related to the context of Legendrian rectifiable subsets of RY x SN=1, [11, 12, 6, 7]. The level sets
of a W'{Zf mapping between manifolds are rectifiable sets of class C*, [4]. Applications of rectifiable
sets of class CH to geometric variational problems can be found in [8].

This paper is devoted to prove a result about the rectifiability of class C? of the set of regular
values (in the sense of Clarke) of a Lipschitz map

¢ :R*"—=RY  (n<N).

Before we state it, let us introduce some notation. For v € I(n, N) and s € R", let 9p7(s) denote
the Clarke subdifferential of the map

@ = (", ,0") : R" - R"

namely

07 (s) == CO{ lim D7 (s;)

1— 00

Dy (s;) exists, s; — s}
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compare [5, p.133]. Then let
R :={s € R"|0¢"(s) is nonsingular for some 7}.

Our main goal is to prove the following theorem.
Theorem 1.1. Let be given a family of bounded functions
¢ : R" — R\{0} (it=1,...,n),

a family of Lipschitz maps
@i : R" — RY (t=1,...,n)
and denote by A the set of points t € R™ satisfying the following conditions:

(i) The map ¢ and all the maps @; are differentiable at t;
(ii) The equality

(1.1) Dip(t) = ci(t)pi(t)
holds for allt=1,... ,n.

Also assume that

(iii) For almost every a € A there exists a non-trivial ball B centered at a and such that
L"(B\A) = 0.

Then o(ANTR) is a (H™,n) rectifiable set of class C?.

Remark 1.1. As an immediate corollary of Theorem 1.1, we get this result. Let be given a set of
Lipschitz maps
¢ :R* - RY, ei :R" RN (i=1,...,n)
and a set of bounded functions
¢ : R" — R\{0} (i=1,...,n)
such that
D;p = c;p; (t=1,...,n)
almost everywhere in R™. Then the image ¢(R) is a (H",n) rectifiable set of class C2.
Remark 1.2. Let E be any subset of R and define
E7 :={s € E|0¢"(s) is nonsingular}, v € I(n,N).
Then one obviously has
J E"=E.
~v€l(n,N)

Remark 1.3. If s € R7, by the Lipschitz inverse function Theorem (e.g. [5, Theorem 3.12]), there
exist a neighborhood U (in R™) of s and a neighborhood V' (in R™) of ¢7(s) such that

o V=¢"U)and U : U — V is invertible;
e (¢7|U)~ ! is Lipschitz.
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Let 77 denote the multi-index in I(N — n, N) which complements 7 in {1,2,..., N} in the natural
increasing order and set (for z € RY)

7= (2" 2T, )= (zT, ... pINn),
Then the map B
f=@To () V - RV
is Lipschitz and its graph
G;={r¢ RY |27 € V and 27 = f(27)}

coincides with ¢(U).

By virtue of Remark 1.2 (with £ = AN R) and Remark 1.3, and recalling that the graph of a
Lipschitz map is a rectifiable set (e.g. [14, Theorem 5.3]), we are reduced to prove the following
claim.

Theorem 1.2. Under the assumptions of Theorem 1.1, let v € I(n, N) and consider a map
g:R" - RN
of class C'. Then ((ANR)Y)NGY is a (H",n) rectifiable set of class C?.

Remark 1.4. The remainder of our paper is devoted to proving Theorem 1.2. With no loss of
generality, we can restrict our attention to the particular case when v = {1,... ,n}.

2. PRELIMINARIES
(UNDER THE ASSUMPTIONS OF THEOREM 1.2, WITH v = {1,... ,n})

2.1. Further reduction of the claim. From now on, for simplicity, Gél"“ ’"}, (ANR)ILm} and
go{l"" "} will be donoted by Gy, I and A, respectively.

Define

L:=¢ YGy)NF.
Without loss of generality, we can assume that £"(L) < oco. Then, by a well-known regularity
property of L", for any given real number £ > 0 there exists a closed subset L. of R" with

(2.1) L.CL, LM(L\L;) < e,

compare e.g. [13, Theorem 1.10]. Moreover, since L. is closed, one has

(2.2) L C L.

where L7 is the set of density points of L.. Recall that

(2.3) LY(LALY) =0

by a well-known result of Lebesgue. In the special case that L has measure zero, we define L. := (),

hence L} := ().

Observe that
Gy N e(F)\@(LY) C ¢ (¢71(Gy) N F\LL) = o(L\L?)
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hence
H" (Gg Np(F)\p(L7)) < H" (¢ (L\L7))

< / JnpdL"
L\L:
< Lip(p)"L(L\L;)
< eLip(p)”
by the area formula (compare [10, §3.2.], [14, §8]), (2.1), (2.2) and (2.3). It follows that

1 (Gy 0o U (2 =0,
j=1

Thus, to prove Theorem 1.2, it suffices to show that
©(L?) is a (H",n) rectifiable set of class C?
for all € > 0.

2.2. Further notation. Let us consider the projection
I:RY — RN—, (1,... ,xN) = (Tptly .-, TN).

Fori e {1,... ,n} and s,0 € R", define

(24) Bis(0) = Tgi(o) — 3 DL (Ns)i(o),
j=1
RO(0) = 9(00) ~ 90 ~ 0 2L (M) [(0) — 2 (9)]
j=1
and
0g dg

Remark 2.1. All the maps o +— ®;.5(0) are Lipschitz.

3. LEMMAS
(UNDER THE ASSUMPTIONS OF THEOREM 1.2, WITH v = {1,... ,n})

Lemma 3.1. Consider the square-matriz field
pilp) - #p)

p i M(p) = . peRrn

en(p) - @hlp)
and lett € F. Then there exists a nontrivial ball B, centered at t, such that

e The matriz M (p) is invertible for all p € B;

e The map
p— M), peB
is Lipschitz.
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Proof. One has
Dipl(t) -+ Dip"()

n —1
M t = C; t . N
v <H ()> Dugl(t) -+ Dug"(t)

by (1.1). Since DA(t) € d\(t) and t € R+ one has
det M (t) # 0.

But the function p — det M(p) is continuous, hence there exists a nontrivial ball B centered at t
and such that

t M (t
et 21(p)] > 420
for all p € B, hence the two claims easily follow. O
Lemma 3.2. If s € L} then
(1) One has
@i;s(s) =0

forallie{1,... ,n};
(2) Moreover, forle{l,... ,N —n}

dg' -1 n-l
5 (As) = [M(5)7] 0 ol (s)
where [-]; denotes the i row in the argument matriz and
Pt = (o1t
AR yeee PR

Proof. (1) First of all, observe that
g(A(@®)) = Tp(?)
for all t € p~1(Gy). Since L} C A the two members of this equality are both differentiable at s.

Moreover s is a limit point of L. C ¢~ (G,). It follows that (for i = 1,... ,n)
S5(Ms)) Dy’ (s) = Dyip(s)
=197
namely
W(A(S))Ci(s)% (s) = ci(s)Igpi(s)
j=1 9%
by (1.1). Recalling that ¢;(s) # 0, we get
n
o :
(3.1) 5 (M)l (s) = Tpi(s)
=9
ie. ®;4(s) =0.

(2) The system (3.1) is equivalent to
M(s)Vg'(A(s) = o2 (s)",  le{l,....N—n}

hence the conclusion follows. O
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Lemma 3.3 (Main lemma). Let s € L and t € A be such that

(32) H([s;]\A) = 0

where [s;t] denotes the segment joining s and t. Define the map parametrizing [s;t] as
o:[0,1] — R", pr— s+ p(t—s).

Ift € o= Y(G,) then

Proof. First of all, observe that:

e Since s,t € ¢ 1(G,) one has g(A\(s)) = Hy(s) and g(A(t)) = p(t);
e The function p — (o (p)) is Lipschitz, hence it is differentiable almost everywhere in [0, 1].
Moreover the assumption (3.2) implies that

(poa)(p) =D _(# = s")Dip(a(p))

at a.e. p €0,1].

Recalling also (1.1), we obtain

RO() = p(t) — To(s) — 3. gjju(s)) [&(t) = ¢ (s)]
j=1
=30 [ Do) -3 igj@(s))wﬂ(a(p»] p
i=1 j=1

St =) [ elolo) [Hgoxo(p)) I TN <a<p>>] .
i1 j=1
The conclusion follows at once from (2.4). O

Lemma 3.4. Let Z be a null-measure subset of R™ and s € R™. Then there exists a null-measure
subset W of R™ such that

(3.3) HYZ N [s;t]) =0
for allt € RM\W.

Proof. Let ¢, denote the characteristic function of Z. By a standard application of the coarea
formula (e.g. [9, §3.4.4], [10, §3.2.13]), we obtain

0= /n Y, = /Sn_l (/O+OO (s +pU)p"‘1dp) dH" ! (u)

+oo
(3.4) /0 0, (s + pu)p"tdp =0
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for all u € S*~!1\@Q, where Q is a measurable subset of S*~! such that H"~!(Q) = 0. Define
Wi=s+RTQ={s+pu|peR" uc Q).

By invoking again the coarea formula, we find (denoting with B(0, R) the ball of radius R centered
at the origin)

R
LW BOR) = [ om0 = fos ([ ew s+ pupotdp) an

_ R n—ld dHn—l _ R" dHn—l
= Jos /0 po(u)p" dp (U)—f/gnfl%

n
=0

for all R > 0. It follows that £™(W) = 0. Finally the formula (3.3) follows at once from (3.4). O

4. PROOF OF THEOREM 1.2

As we observed in Remark 1.4 above, we can assume v = {1,... ,n} and the notation introduced
in sections 2, 3. Moreover let A’ be the set of a € A such that there exists a non-trivial ball B
centered at a satisfying

L"(B\A) = 0.
One has
(4.1) LM(A\A) =0

by assumption (iii) in Theorem 1.1.

For each positive integer j define I'c ; as the set of s € L* N A" such that

(4.2) 1RO @) < JIAE) = A(s)|I?
and
(4.3) IRE @1 <A A (=1,...,n)
for all t € L7 satisfying
1
It =] < =
J

Proposition 4.1. One has
Ur.;=LinA.
J

Proof. Since (obviously!)
Fe,j - F&j_;,_l C L: NA
for all positive integers j, we get at once
UL, cLin A
J
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In order to prove the opposite inclusion, consider s € L* N A’ and let U and V be as in Remark
1.3. Observe that

(4.4) It = sl = [|T) @) = A0) T A(s))| < LipA D) HIAE) = AGs)]
forallt e U.

Since s € A’, there exists a non-trivial ball B centered at s such that
BcCU, L"(B\A) = 0.
By applying Lemma 3.4 with Z := B\ A, we find
H([s:1\A) = "' (Z N [s;1]) = 0
for a.e. t € B. Then Lemma 3.3 and Lemma 3.2(1) imply

RO W1 31 = | [ ot i) = st )
< 30Lip (@3) |# = 5] il / Io(p) = sl dp
=1
t—s i i
= LSS v ) = e
<C||t—s||2

for a.e. t € BN ¢*1(Gg), where C' is a suitable number which does not depend on ¢. By continuity
we get

IR @) < Cllt - 5]
for all t € BN 1(Gy). Recalling (4.4) we conclude that

RO < CollM®) ~ Ms)l%. Coe=C [Lip) ]’

for all t € BNy !(Gy). By shrinking B (if need be!) we can also deduce the existence of a number
(' which does not depend on t and is such that

IR @) < CLA® = AG) (=1, ,n)
for all t € LY N B, by Lemma 3.1, Lemma 3.2(2) and (4.4). Hence
sel.;
provided j is big enough. O

Since LY C A, from Proposition 4.1 it follows that
p(LI) = p(LNA) = (LI N (A\A)) U p(LINA) = p(LE N (A\A) U [ e(T:)
J
where ¢(LX N (A\A’)) has measure zero, by (4.1). Hence it will be enough to prove that (for all e
and 7)

(4.5) ©(T. ;) is a (H™,n) rectifiable set of class C2.
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To prove this claim, first consider a countable measurable covering {Q;}72; of I'c ; such that
1
diam Q; < —
J

for all [, and define
F = )\(FEJ N Ql)
If £,n € Fj, then there exist two sequences

{se}{tr} CTe; NG

such that

li]]in A(sk) =&, li]]in Atk) = 1.
By (4.2) and (4.3) we get

IR (t)| < G1IAER) — Alsi)|®
and
1 . .
IR, ()] < GIME) = Aol (=1, n)

for all k. Letting k& — oo, we conclude that

lotm - o)~ 3= 200 - €
h=1

]<jun—f||2

and

Haaji(”) - ngf)H <jllm-¢€ (G=1,...,n)

for all £,n € F;. By the Whitney extension Theorem [15, Ch. VI, §2.3] it follows that each g|F;
can be extended to a map in C*!(R", RN_”). Then the Lusin type result [10, §3.1.15] implies that
o(T-; N Q) is a (H™,n) rectifiable set of class C2. Finally, claim (4.5) follows observing that

e(le;) =Je(Te; N Q).
;
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