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Abstract. In this paper we prove that every weak and strong local minimizer u€W?12(Q,IR®) of the functional
I(U):fn |Du|?+ f(AdjDu)+g(det Du) ,

where uw:QCIR3—1R2, f grows like |AdjDul|P, g grows like |det Du|? and 1<q<p<2, is C1'* on an open subset Qg of Q such
that meas(Q\2p)=0. Such functionals naturally arise from nonlinear elasticity problems. The key point in order to obtain
the partial regularity result is to establish an energy estimate of Caccioppoli type, which is based on an appropriate choice

of the test functions. The limit case p=¢<2 is also treated for weak local minimizers.

1. INTRODUCTION

Let us consider integral functionals of the Calculus of Variations of the type
I(u) = / F(Du)dz ,
Q

where @ C R™ and u: Q — R".

An interesting class of integral functionals which naturally arise from problems of nonlinear
elasticity ( [B1] ) is the one of polyconvex functionals , i.e. functionals in which the integrand is
a convex function of the minors of the matrix [Du]. It is well known that polyconvex functionals
are also quasiconvex, but they often satisfy anisotropic growth conditions which are not recovered
by the results concerning the quasiconvex case.

For this reason [FH1], [FH2] have considered polyconvex integrals with anisotropic growth
conditions, which are close to the typical examples arising from nonlinear elasticity theory. A
model case included in the results of [FH1] is, for n = N =3

I(u) = / |Du)? 4 | Dul? + |AdjDul? + |det Du|?
Q
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where p > 2. They proved that absolute minimizers of I(u) are C1'® except for a closed subset
of Q of zero Lebesgue measure. Recall that a function u is an absolute minimizer of I(u) if
I(u) < I(u+ ) for every p € C°(Q).

Motivated by a recent paper of Ball ([B2]), in [KT], [CP2] partial regularity has been proved
for a new class of minimizers of I(u), when F' is a quasiconvex integrand. In particular, they
consider WP local minimizers, defined as follows

Definition 1 Let 1 < p < 5 < +00o. A map u € WHP(Q; RY) is a WHP(Q; RY) local
minimizer of I(v), if there exists 6 > 0 such that I(u) < I(v) whenever v € u + W ?(Q;R") and

We will refer to a W'?(€;R™) local minimizer of I(v) with 1 < § < oo as a strong local
minimizer and to a W1°°(Q; IRY) local minimizer as a weak local minimizer. It has been noted in
[KT] that, if p = p, the study of partial regularity of strong local minimizers can be reduced to the
study of absolute minimizers. For this reason we confine ourselves to the case p > p. Since in [B2]
the study of this class of minimizers is proposed for polyconvex integral functionals, as a natural
continuation of the results in ([KT]), in this paper we prove C1:® partial regularity for weak and
strong local minimizers of polyconvex functionals of the type

/ |Dul? + f(AdjDu) + g(detDu) ,
Q

where u : @ € R® — IR?, f grows like |AdjDul?, g grows like |[detDu|? and 1 < ¢ < p < 2. We
mention that, under the same assumptions on f and g of Theorem A below, the regularity result
for absolute minimizers has been obtained in [P].

Theorem A Let us consider the functional
(1.1) I(v) = / |Dv|? + f(AdjDv) + g(detDv),
Q

and suppose that f : R**® - R, g: R — IR are C? convex functions satisfying the following
assumptions

(H1) (12 + 22T 2 < forsy (2)665 < ea(p® + |22) T Je),

(12) (W’ + )T <g'(1) < e’ + )T
where 1 < q<p<2andp>0. Let 2 < j < oo and assume that u € WH2(Q, IR*) N VV&;?(Q,]R:S)
be a WYP local minimizer of I(v).

If p = 00, we assume in addition that

(1.2) limsupp o+ || Du — (Du)m,RHLoo(B(m,R)) <4

holds locally uniformly in x € Q, with § as in Definition 1. Then, there exists o € (0,1) such that
u € CY(Qg) for some open subset Qo of Q with meas(Q\ Qo) = 0.

As far as we know, no results are available, even for absolute minimizers, if p = ¢ < 2. However,
in the special case of weak local minimizers, we are able to deal also with this assumption. Namely
we have



Theorem B Let f, g satisfy the same assumptions as in Theorem A with 1 < p =q < 2. Let
u € lefo (Q,1R?) be a weak local minimizer for the functional (1.1) such that

(13) limsupR_,0+||Du — (Du)%RHLx(BR(I)) <9

holds locally uniformly in x € Q, with 0 as in Definition 1. Then, there exists a € (0,1) such that
u € CH(Qq) for some open subset Qg of Q with meas(Q\ Qg) = 0.

We have restricted our study to the case n = N = 3, which is the most significant from the
point of view of the applications, thus avoiding the heavy technicalities needed for the general case
n > 3, N > 2, which in any case can carried on without any new idea. A fundamental tool needed
to prove partial regularity is a new Caccioppoli type estimate ( see Lemma 2.3 ).

The difficulties here are twofold. The first one is due to the anisotropic growth of the functional
which requires the use of suitable test functions obtained (as in [FH1]) by interpolating the values
of u on the boundary.

The second difficulty comes from the definition of local minimizers which imposes a bound on
the WP norm of the test functions. Kristensen and Taheri ([KT]) discovered that this restriction
is responsible of the fact that in the proof of the Caccioppoli estimate it is impossible the iteration
on small radii and thus they are lead to an inequality which does not involve any two concentric
balls. Here, in a different way, we also obtain a pre-iterated form of the Caccioppoli inequality
involving only two balls of radii R and %.

This weaker form of the usual Caccioppoli estimate is however enough to establish the decay
estimate by the use of an extra new iteration argument.

2. THE ENERGY ESTIMATE

Let Q be a bounded open subset of R®. If A € Hom(IR* IR?) we set
/\oA = 1, /\1A = A, /\2A = ade, /\3A = detA.
Following [FH2], for every A, B € Hom(IR?,IR*) and for k = 2,3, we shall write,

k
(2.1) A(A+B) =Y N iA® AB,
=0

where Ap_; A ® N\; B denotes a suitable linear combination of products of a component of A;_; A
times a component of A;B. The explicit expression of Ax_;A ® A;B will not be needed in the
sequel.

Definition 2.1 Let Q be a smooth bounded domain of R® and p > 1. The Sobolev class
ASWLP(Q;IR?) consists of all functions u € WHP(Q;IR?) such that A;Du € LP(Q) for every
1<4<3.

Remark that the Sobolev class A3W 1P is not a linear space. Indeed, if u,v € A3W'P it may
happen that u 4+ v & ASW P,

In what follows B,.(x) will be the ball centered in x of radius r. If no confusion arises, B, will

stands for a ball centered in 0 of radius r. When r» = 1, we may use B instead of By. The letter
C will denote a generic constant whose value may change from line to line.
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Lemma 2.2 Let « be a constant and let fr,, gn be two sequences of functions in L*(B) such
that fr, — « for a.e. x € B, g, — g weakly in L**"(B), for some n > 0. Assume that

/ |fhgh|1+5da: < 00,
B

where § >n. Then frgn — ag weakly in L**7(B).
PrROOF. See [FH2|, Lemma 5.5.

If @ ¢ IR® is a bounded open set and A € (0,1) is a real number, we consider, for v €
W12(Q,1R?), the functional

(2.2) Ia(v) = / (1Do[2 + A*|AdjDuf” + AP |det Dv|?)da
Q

where0<%<§and1<q<p<2.

If @ > 1is a real number we say that u € W'2(Q,1R?) is a W'?(©,R*) Q-local minimizer of
Jy if there exists a § > 0 such that Jy(u) < QJx(p) for any ¢ € u + W, *(Q, R?) with

(2.3) [|Do — Dul|ps <6,

We prove the following Caccioppoli type estimate

Lemma 2.3. Let2 < 5 < oo and let u € WH2(Q, R*)NWLP(Q,R?) be a WP Q- local minimizer
of Jx. If p = oo, assume also that

(2.4) limsup o+ || Dul| Lo (B(2,r)) < 0

where 0 is the number appearing in (2.3). Then there exist a constant ¢ depending only on @ and
a radius R depending only on & and a 6 € (0,1) such that for any R < R, Br CC {2

C
J)\( g) < QJA('LL BR) 2 /B 5 ‘u—uR|2d(E
rR\Bg

A R ( /
B

Proor. Fix Br C Q and define

R : 8 _
Er={pec(=,R ;/ DulPdH* < — DulPdx
{ (2 ) 6Bp| ‘ R BR\B§| |

|Du|2d:c> +c)\ b= R 2<p q></ |Du|2dx)m
Br

R

N

8
and / |Dul?dH? < — | Du|*dx
B, R BR\B%

We have that (%, R) \ Er = C; UCy where

R _ 8 _
Ci=<pc(=,R :/ DudeQZ—/ DulP
' {p (5R) 5, 1P RBR\B; |
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): / |\ Dul2dH? > §/ |Du2}
B R BR\B%

R
C2 = {p S (5, R
9B,
One easily gets that
meas(C;) < R
8
and then
R
(2.5) meas(Egr) > 7
Now let w = 7 and for a.e. p € (£, R) consider the function w — u(pw). For every 1 < m < 2
we get
1 1
(2.6) / |u— uaBP‘m* dH? <c / | Du|™dH?
aB, f

2

where as usual m* = 5= denote the Sobolev exponent of m.
For each p € ER, following [FH2|, we define the function

usB, r< &
(2.7) plrw) =4 Lfuop, + —ru(pw) B<r<yp
u(rw) p<r<R
and observe that, for % <r<p
|u(pw) — uap, |
(2.9 IDpr)] < e (R + |Du(a)
4
u(pw) —u
(29) AaD()] < P D)+ lAdiDul)
1
u(pw) — u
(2.10) |det Do (rw)| < C|(pp)_RaBP||Adeu(pw)|
1
U2 one easily gets that there exists a R = R(8) such

If p < 0o, by (2.8) and the assumption v € W, 7,
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that
[ pu-Depaz= [ |pu- D
Br

P

u(pw) —ugp. [P _
< C/ |(p)Ra_Bp|da:—|—c/ |Du|Pdx
B)\Bp (p—7)P Br

c _ _
< u(pw) — upB, de2—|—c/ Du|Pdx
Iy, 00~ o P e [ 1D

cp? p 11,2 p
< — |DulPdH* + ¢ |DulPdx
Ry\p—1
(p— 37" Jos, Br
<

cRP~1 _ B )
71—21/ |DulPdz + c/ |DulPdx < c/ | Dul?
(p - Z)p_ BR\B% Br Br

where we used also Poincare inequality and the fact that % < p < R. Then, previous inequality
ensures that ¢ is an admissible test function, by the absolute continuity of the integral for p < oo
and by (2.4) if p = oo.

Using (2.8), (2.9), (2.10) and the fact that u is a WP Q- local minimizer we get

/ [[Dul? + X\*|AdjDulP + )\’8|detDu|q}d:€

P

< Q/ (1D@|? + A*|AdiDy|? + A?|det Dp| 7] dz
Bp

(2.11) < % lu— ugp, |*dH> +cR/ | Du|*dH?
0B, B,
70)\a P P AH? a ; P 12
+RP—1 |u —ugp, |P|DulPdH” + cA“R |AdjDulPdH
0B, 0B,
A / u — uos, || Adj Dul1d1H?
—usB,
R~ Jap,

where we used again that % < p < R. Now, we observe that

2—p

% 2
/ |~ uop, 7| DulPdH* < / |Du|2dH? / lu — uop, |75 dH2
- 9B, oB

(2.12) . ,
(o) ([ o) ]
6

2

p
|Du|2dH2> |Du|2dH2> ,

P

P P



where we used Holder inequality and (2.6). Moreover using Young’s inequality and (2.6) again we
get

oV’ / | 7| AdjDuldH? <

—_ u—u (3

RO Sy, dB, y <

C/\Bp:aq

e / lu—upp, |7 TdH? | + AR / |AdjDulPdH?
p—a 0B, 0B,

(2.13)

2p—2g9+pg

C/\BP;MI 2(p—a)
pP—q 2
< / | Du| 724751 dH> + AR / |AdjDulPdH?
Rp=a™ dB, dB,
pq

Bp—agq 3 _pa 2rma

<c\v=a R*7r-a / | Du|?dH? +cA*R / |AdjDulPdH?
0B, 0B,

Inserting the inequalities (2.12) and (2.13) in (2.11) we obtain

/ [[Du|? + X\*|AdjDul? + N\°|det Du|]dz

P

<

=yl

(2.14)

/33p

P B Br=n)
+CAYR3P / |Duf?dH? | +eXFat B3 7 / | Du|?>dH>
9B, 9B,

Recalling that p is in Er, we get

lu — uap, |*dH? —l—cR/ |Du|2dH2+c/\“R/ |AdjDu|PdH?
8B, OB,

/ [[Du|? + X\*|AdjDul? + N\°|det Du|]dx:

By

C
<= u— uyp 2dH2+cR/
(2.15) B, | o B,

P peen)
- —a 3pq
+CAR3T / \Duf?dz | + A" R¥ 500w / |Du|*dz
BR\Bg BR\B%

7

|Du\2dH2+c)\o‘R/ |AdjDulPdH?
B,




Integrating (2.15) with respect to p in Eg, using (2.5) we obtain

R/ [[Dul* + A*|AdjDul? + N |det Du|]dx
Br
2

| Du|*dz + CAO‘R/ |AdjDu|Pdx

P —a oD
AR (/ |Du2dm> 4B Ry (/ |Du|2d:c> o
BR BR

Dividing inequality (2.16) by R and using the standard trick of "hole-filling” we get

(2.16) <= |U_UR|2dx+CR/
BR\Bg BR\Bg

Jx(u; Br) < 0Jy(u; BR)+%/ lu — up|*dx
2 R Br\Bg

p —a %
+cAaR3*3P(/ |Du|2dx) +c)\5§—qu3_72(ip—qq>(/ |Du|2d:r)2(p ’
B Br

R

C

where 0 = o1

€ (0,1) i.e. the conclusion follows. =

3. PROOF OF THEOREM A

Let us consider the excess function

(3.1) U(z,r) =]é " |Du — (Du),|* + |Adj(Du — (Du),)|P + |det(Du — (Du),.)|?

we want to establish, as usual, a decay estimate for U(x,r). More precisely we have the following
lemma.
Lemma 3.1 Let u € WH2(Q,R*) N W,22(Q,IR?) be a WP local minimizer of I (satisfying (1.8)

loc

if p=+00). For any M >0 and 7 € (0, %) there exist two constants ¢(M) and e(, M) such that,
if

(3.2) |(Du),| <M and U(z,r) <e,
then
(3.3) Uz, mr) < c(M)T"U(z, 1),

for some p independent of M and T.

PROOF.
Step 1: Blow up Fix M > 0 and 7 € (0, %) Arguing by contradiction, we assume that
there exists a sequence By, (xp) CC €2 such that

(3.4) [(Du)g,, rp| < M and )\,QL =Ul(xp,ry) — 0,
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but

U(xh,ﬂ"h)

(3.5) V) > c¢(M)TH,

for some ¢(M) to be determined later. Setting Ay = (Du)gy, ., and

u(xh + Thy) - (u)xhﬂ“h - rhAhy

3.6 L —

(3.6) v} N

for all y € B1(0), we have

3.7) / o |Dvp 2 + AP 72| Adj(Doy) [P + A3 %|det(Duy) |7 = 1
B1(0

and (vp)o,1 = 0. Passing to a subsequence and using the divergence structure of minors, we may
assume, without loss of generality , that

Duvy, — Dv w— L*(B)
vp — v s — L*(By)
2p—2
(3.8) AL ? AdjDvp, — 0 w — LP(By)
3q—2
Ap? detDvp, — 0 w — LY(By)
Ah — A ap — a

We introduce the rescaled functionals

1

fn(€) = /\*]QL[f(Adj(Ah + Ang)) — f(Adj(An)) — Df(Adj(An))(Adj(An + AnE) — Adj(An))]

gn(s) = )\%[g(det(Ah + Ans)) — g(det(Ap)) — ¢'(det(Ap))(det(Ap + Aps) — det(Ap))]
h
and for any h,we set
(39) (w) = [ DuP + fu(Dw) + 9,(Dv)

It is easy to check that Iy (vs) < I, (v + ¢) provided » € W, P(By, RN) and

p < o0
IDglly < dn=q
W PEe



Step 2 : v solves a linear system By formula (2.1) one easily deduces that, for every
¢ € C5°(Bu),

d
o N (A + A (Dop +tD@))|i=0 = Ni—1(An + AnDup) © Ay Do

Then the minimality of vy, implies that they solve the Euler Lagrange systems:

1
/ Duvp, Dpdx + / </ sz(Adj(Ah) + t(Adj(Ap + A\pDup) — Adj(Ah)))dt> .
B1(0) B1(0) 0

~()\hAdj(D”Uh) + AL ®© D’Uh) . [(Ah + /\hD’Uh) O] DqS]dac
(3.10)

+/ (/1 g"(det(Ap) + t(det(Ap + ApDvy) — det(Ah)))dt>
B1(0) 0

(AdJ(Ah) ® Dvp, + ApDvp, © adj(Dvh)) . [Adj(Ah + )\hDvh) © qu]da: =0

for all ¢ € C§°(B1). Letting h — oo, using (3.8) and Lemma 2.2 we get

0= / DvD¢ + DQf(Ade) (A® Dv)(A® D¢) + ng(detA) (AdjA © Dv)(AdjA © D¢)dx
B1(0)

then v solves a linear elliptic system, with constant coefficients. By standard regularity result (see
[G1]) we have that for any o € (0, 3]

(3.11) ][ |Dv — (Dv)y|? < 002][ |Dv — (Dv),|? < co?
- By

and

(3.12) |(Dv)2y — (Dv),|* < co?

where the constant ¢ depends only on M. Setting

(3.13) wr(y) = va(y) — (Dvn)oy — (Vn)20

and using the fact that v;, minimizes the functional (3.9), one easily see that wj;, minimizes the
functional

(3.14) w — |Dw|? + fu(Dw + (Dvy)s) + gn(Dw + (Dvy) o)
By

Now, we claim that

|fn(€)] < c(M)(IE17 + NP2 Ad]E[P)
(3.15)

|9n(€)] < c(M)(1€]* + A3 ~?|deté])
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Namely, by definition of fj, we have that

L FAQ (A + 2n6)) — FAi(AR)) — DF(A(A)(Adi(Ap + M) — Adi(Ay))

fn(&) = /\*}QL[

= S U(AGIA, + NAdIE+ A © M€ — FAI(A) — DF(AGI(A) A€ + A © Mi6)]
h

and setting
C=MAdiE+ A © M€

we can write

1
N2 Ifu(©)] = \ [ - 9p2radian + soyccas

(3.16)

p—2
2

1
< |cP /0 (12 + |AdjAp + 5CP?)

< cl¢P (0 + AR + [+ AdjA )T
where we used Lemma 2.1 in [AF2] and assumption (H2). On the other hand we observe that if
INRA)(O] < [An © AR,
then by (3.16) we have

Ml (€)] < eAAn © €7 < e(M)AZ €)%

If
INRAd(E)] > |An © A,

then by (3.16)
M| fn(€)] < eNFIAdI(©)P

The second inequality in (3.15) is analogue. Using Lemma 2.1 in [AF2] again and assumptions
(H1) and (H2) we obtain

[fn(€)] > c(M)([€* + NP~ | AdjgP),

19n ()] > c(M)(|€]* + A7 |detg]?).

Hence the functional defined at (3.14) is equivalent to the following

w — |Dw[? + \;P7?|Adj(Dw)[P 4 X372 |det(Dw)|?
By

and then wy, is a WP Q-local minimizer of Jy, (B;) for some Q = Q(M), with a = 2p — 2 and
B8 =3q—2.
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Step 3. Conclusion Rescaling the excess function defined by (3.1), we get

U@h"’”):][ < )|Duf(Du>m|2+|Adj<Duf(Du>m>|p+\det(Dw(DuM)\q
Barh Th

:7[ X2 Doy, — (Duy)o |2 + APAdj(Du, — (Don)o) P + A2|det(Dop — (Dop)o)|”
B, (0)

:][ 22| Dun |2 + A2P|Adj( Duwop)[” + A3|det(Duwy,)?
B, (0)

Since wy, satisfies the assumptions of Lemma 2.3 (in particular if p = 400 assumption (1.3) implies
that wy, satisfies (2.4) with §, = % ), for h sufficiently large we obtain

U 3 _
W :7€3 o Dl + NI Adi(Duwn) [P + A2 |det (Duwy, )|
h o
Ul(zxy, 20ry) c ][ 2
< g - o
(3.17) < )\% + 2] lwh, — (wn)20|

p _pg
- 2p—2 3__8pg _ -PL_2 2(p—a)
+ coP TN 7[ |Dwp|* | +co’ oo AT | Dwy, |
Bao Bao

Passing to the limit as h — oo in (3.17) and using (3.8),(3.11), (3.12) and the assumption 1 < p <
q < 2 we get

2
lim sup U(xhi’;rh) < 0 lim sup U(zh’i;ﬂh) + %][ v — (V)20 — (Dv)oy|*dy
h—o0 Ah h—o0 Ah 9°J B,
. U(xp, 207 c
< 01im sup U 72:2070) St o= @ (DV)ary + |(Do)any — (De)ayldy
h—o0 h 0°JBs,
(3.18)
U 2
< flimsup M + %[ |Dv — (Dv)ao|*dy + co?
h— oo >\h B,
2
< #limsup w +c1(M)o?,
h—o0 h

where we used Poincare inequality. Setting for o € (0, %]

: U(xn, orp)
(o) = limsup —
h—o00 h

inequality (3.18) can be rewritten as

p(0) < 0p(20) + c1(M)o?

12



and one can easily check that the function
b(0) = plo) + e1 (M)o?
is such that, for all o € (0, %],
(3.19) (o) < max {9, %}¢(2a) —y(20) 0<~y<1

An iteration procedure yields that, for any k = 0,1,2,... and o € (0, %]

(3.20) W (%) < 7" (0).

Now, take 7 in the interval (5r; 5 ) and observe, by the definiton of 1, that

(3.21) B(r) < O (21) |

Putting together estimates (3.20) and (3.21), we obtain

1

P(r) < (1) <771(5)

D)1 1 2k+1 logs v
— o(k=1) 0g2v¢(§) - < > W(

1
4 5)

1 logy v 1 log, v 1
(1) ()

1 1
= () < Co(M)

o 2/ =

(3.22)

Inequality (3.22) contradicts (3.5) if we choose ¢(M) larger then Cy(M). =

We now are in position to give the proof of Theorem A, that relies on a standard iteration
argument involving the excess function.
Lemma 3.2 Let 0 < a <1 and M > 0. Then there exist 7 € (0,%) and e > 0 both depending on
o and M such that if

B(z,r) CQ, |(Du),| <M, and U(z,r)<e
then
Uz, ') < (#)*U (z,7)

for everyl € N.
PROOF. See Lemma 6.1 [FH1].
Lemma 3.3 Let u € AyWHP(Q). Then

lim | Ay (Du — (Du)r|P =0
r=0JB,(z)

13



for almost every x € Q and 1 < i < k.
PROOF. See Lemma 6.2 [FHI].

The proof of Theorem A is now consequence of a iteration procedure based on Lemma 4.1.
The singular set turns out to be contained in the complement of

Q=<2 e: lim(Du), =0, lim |Adj(Du — (Du),|P =0,
r—0 r—0 B, (z)
lim |det(Du — (Du),|? =0 ;.
r=0/B,(x)

4. THE LIMIT CASE
In this section we treat the limit case in which the growth exponents p = ¢ < 2. Also in this

case the partial regularity of weak local minimizers is based on a decay estimate for the excess
function

(4.1) U(x,r) :7€3 . |Du — (Du),|? + |Adj(Du — (Du),)|? + |det(Du — (Du),.)|?

The proof of Theorem B differs from the one of Theorem A only in the Caccioppoli type estimate.
Lemma 4.1. Letp <2, and u € W"2(Q,R*) N Wllo’coo(Q,]Rg) be a W Q- local minimizer of

Ja(v) = / |Dv|? + A\*P72|AdjDv|? + \**~2|det Dv|P
Q
such that
. )
(4.2) limsupp_o+ || Dul| Lo (Br(2)) < v

where ¢ is the number appearing in (1.3). Then there exist a constant ¢ depending only on @ , a
radius R depending only on 6 and a number 6 € (0,1) such that for any R < R, we have

p

Ja(u;Br) < 9J,\(u;BR)+%/ lu —ugp|* + cAPPT2ROTP / |Dul? |
2 R BR\B% BR\B%

ifp <2,

ol

Ja(us By) < 0J(us B) + %/ lu — ugl?,
R Br\B g
if p=2.

PrROOF. The proof goes as the one of Lemma 2.3 with some minor changes. Assumption (4.2)
implies that there exists a radius R depending only on § such that for any R < R,

0
||Du||L°C(BR($)) < 3
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Fix R < R and consider p in the set

4
Er=<pc E,R : / |Du\2dH2§—/ |Du|?dz 5.
2 OB, R Br\Byg

Since u is Lipschitz continuous

1)
(4.3) ju(pw) — won,| < 2R|1Dull 5,y < 23R

holds.
By the assumption u € VV;OCOO(Q) and (4.2), one easily gets that the function ¢, defined at
(2.6), is an admissible test function. Arguing as in Lemma 2.1, using that u is a W1 Q- local

minimizer, we get
/ [Duf? + \2P~2|AdjDul? + A*~2|det Dul?] dz
BP
<Q [[De|? + A?P72|AdjDg[? + N\*P~2|det Do|?] dx

BP\B%

u—upg,|?
Sc/ Ju= vos, | + cR/ | Dul? + cR/\Qp_Q/ |AdjDul?
B, R 9B, P)

P

Rp—1 Rr—1
Let us treat separately the two cases p < 2 and p = 2. Assume that p < 2. Using (4.3) we get

u— upp,|? u—upn, |P
A2 / Ju—~ uop,|” |DufP + eAPP—2 / Ju— uop,|” |AdjDul?
oB, aB,

Rp—1
Inserting the inequality (4.5) in (4.4) and using (2.12), we obtain

_ P 5P
(4.5) / w\AdeuV’ < QR—/ |AdjDul?
B, AP Jam,

/ ([Dul? + \2P~2|Adj Dul? + \*~2|det Dul?] da
Bﬂ

. 2
(4.6) gc/ mcﬁﬂ + cR/ | Du2dH? 4 ¢(1 + 6’)))\27”‘2]%/ |AdjDu|PdH?
' 9B, R dB, dB,

p
+CAPPT2R3TP / |Dul?dH? | .
B,

Recalling that p is in Eg, integrating with respect to p in Er and using the fact that |[Eg| >
we obtain

R
4

R / Dul? + X2 AdiDul’ + A*~2|det Duf?
Br
2

o 2
Sc/ = ugl® +cR |Dul? + eAN*’ %R |AdjDul?

p

+CAPPTERYTIP / |Dul?
BR\Bg
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Dividing inequality (4.9) by R and using the standard trick of "hole-filling” we get

Ix(u; B

[Nl

r\BER
2

where 6 € (0,1). This is conclusion in the case p < 2.
Suppose p = 2. Formula (4.4) becomes

/ [[Dul? + X|AdiDuf? + X*|det Dul?) dz

BP
gQ/ [[De|? + N2|AdjDyp|* + A\*|det Dy|?] dx
BP\B%

(4.10) U — unn |2
gc/ % + c/ | Dul? + c)\z/ |AdjDul?
B\Bg R B\Byg B\Bg
— 2 _ 2
B T
B,\B R By,\Br R
P % PA\EL

Using (4.3) in (4.10) we find

/ [[Dul? + N2|AdjDul?® + \*|det Du|?] dx

B,

lu —uap,|? 2 2 : 2
gc/ —s— t c/ |Dul® + cA / |AdjDul
Bp\BE R Bp\BE BP\BE
2 2 2
52 52
+eA? = |Dul? + eM —

|AdjDul?
A2 B,\B g A BB

R
2

Arguing as before we conclude the proof. =
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