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ABSTRACT. We prove regularity results for minimizers of functionals F(u, Q) := , f(z,u, Du) dx
in the class K := {u € lep(z)(Q,R) cu > 1}, where ¢ : Q — R is a fixed function and f is
quasiconvex and fulfills a growth condition of the type
L7H2P) < f(w,€,2) < L(1+ |2P),

with growth exponent p : Q — (1, 00).

1. INTRODUCTION

The aim of this paper is to study the regularity properties for local minimizers of integral functionals
of the type

(1.1) F(u,Q) ::/Qf(:r:,u(m),Du(x))dm,

in the class K := {u € W"P®)(Q;R) : u > 1)}, where 1 is a fixed obstacle function, 2 is a bounded
open set in R™ and f: Q2 x R x R® — R is a Carathéodory function satisfying a growth condition
of the type

(1.2) L7YzP@ < f(z,€,2) < L(1+ |2[P@),

forallz € Q, £ € R, z € R, with p : @ — (1,4+00) a continuous function and L > 1. We do not
assume the functional considered in (1.1) to admit an Euler-Lagrange equation, especially not the
integrand to be twice differentiable. Our assumptions on the integrand f are quasiconvexity (see
(H2)) and p(x) growth in the sense of (H1).

Problems with non standard growth became of increasing interest in the past ten years, on one
hand since they appear for example in a natural way in the modeling of non newtonian fluids (for
example electrorheological fluids, see for instance [31]), on the other hand since they are in particular
interesting from the mathematical point of view, representing the borderline case between standard
growth and so-called (p, q) growth conditions.

It is not difficult to see that existence of local minimizers for problems of p(z) type under typical

structure conditions can basically be shown in the generalized Sobolev space Wé’f(z)(Q) (see Defin-
ition 2.1 for more details). These spaces can be interesting by themselves. So there have been made
a lot of investigations on their properties, see for example [31, 10, 11, 24, 8, 23].

Mathematical investigations of regularity for problems with p(z) growth started with a first higher
integrability result of Zhikov [32] for functionals of a special type. Then Acerbi & Mingione [1, 2]
showed C%“ regularity for minimizers of functionals [ f(z, Du)dz under certain weak continuity
assumptions on the exponent function p. Coscia & Mingione [7] were able to show that, in order to
obtain C1® regularity, one needs Holder continuity of the exponent function p itself. The authors
(see [14, 26]) were able to extend results of this type to functionals [ f(x,u, Du)dz and to higher
order functionals [ f(z,u, Du, ..., D™u)dx with p(z) growth. All of these papers make use of the
so-called “blow up technique” in their proofs. Recently, regularity results of this type were also
1
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shown by the method of A—harmonic approximation by Zatorska-Goldstein and one of the authors
[28].

In this paper we are concerned with one sided obstacle problems with p(z) growth, providing reg-
ularity results in the setting of Holder and Morrey spaces. Obstacle problems of this type in the
situation of standard growth p = const. have been studied by Choe [5], where regularity in Morrey
spaces was considered, and by one of the authors [15], where these results have been extended in a
sharp way. It turns out that the results of [15] can be used for our purposes, providing adequate
reference estimates.

To the knowledge of the authors, the present paper seems to be a first regularity result for obstacle
problems with p(x) growth.

The techniques in this paper are a combination of those in [15], providing the reference estimates,
and suitable localization and freezing techniques to treat the non standard growth exponent. The
regularity assumptions for the exponent function p enable us to establish appropriate comparison
estimates between the original minimizer and the minimizer of the frozen problem.

In the first part of the paper (see Theorem 2.8) we show C%¢ regularity for minimizers of functionals
of the type [ f(x, Du) dz in the case where the exponent function satisfies a weak regularity condition
in the sense of (2.8) and the obstacle lies in an appropriate Morrey space. In Theorem 2.9, we extend
these results to the case of more general functionals f f(x,u, Du) dx. Therefore we take use of the
so-called Ekeland variational principle, a tool that revealed to be crucial in regularity since the paper
[19]. Finally, in Theorem 2.10 we prove C*# regularity of minimizers in the case that the function p
is C% and the obstacle lies in an appropriate Campanato space which is isomorphic to some Holder
space.

The results of this paper could be used to prove estimates of Calderén-Zygmund type (as done by
Acerbi & Mingione for equations in [4] and extended to systems of higher order by one of the authors
in [27]) also for obstacle problems with p(z) growth.
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2. NOTATION AND STATEMENTS

In the sequel Q will denote an open bounded domain in R™ and B(z, R) the open ball {y € R" :
|z —y| < R}. If u is an integrable function defined on B(z, R), we will set

1
(Wer= ][ u(x)dx = u(x)dx,
B(x,R) wnl" Jp(a,R)

where w,, is the Lebesgue measure of B(0,1). We shall also adopt the convention of writing Br and
(u) R instead of B(z, R) and (u)s g respectively, when the center will not be relevant or it is clear
from the context; moreover, unless otherwise stated, all balls considered will have the same center.
Finally the letter ¢ will freely denote a constant, not necessarily the same in any two occurrences,
while only the relevant dependences will be highlighted.

We start with the following definition.

Definition 2.1. A function u is said to belong to the generalized Sobolev space WP (Q;R) if
u € LP@)(Q;R) and the distributional gradient Du € LP(®)(Q;R™). Here the generalized Lebesgue
space LP®) (Q;R) is defined as the space of measurable functions f : Q — R such that

/ |f(z)|P®) do < oc.
Q
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This is a Banach space equipped with the Luxemburg norm

f p(x)
||f‘|Lp(m)(Q;R) =inf< A>0: / X dx S 1;.
Q

This definition can be extended in a straightforward way to the case of vector-valued functions.

Next, we will set
Flu, A) = / f(x,u(z), Du(x))de
A

for all w € W1 (Q) and for all A C Q.

loc
We adopt the following notion of local minimizer:

Definition 2.2. We say that a function u € VVIEDCI(Q) is a local minimizer of the functional (1.1) if
|Du(@) P € L, (9) and

/t f(flﬂ,u(ﬂﬂ)vDU(x))dﬂUS[t f(@,u(@) + ¢(x), Du(x) + Dep(x))dx

for all v € Wol’l(Q) with compact support in €.

We shall consider the following growth, ellipticity and continuity conditions:

(H1) L7 + [z < f(a,€,2) < L(p” + 2P0

/ [f (%0, 0, 20 + Dp(x)) — (w0, &0, 20)]dx
(H2) '

p(zg)—=2

> / (42 + 20l + [Do(a)?) "4 | Dg(a) Pde

1

for some 0 < pp < 1, for all zg € R™, & € R, 29 € Q, ¢ € C5°(Q1) , where @1 = (0,1)",
( ) ‘f(magvz)_f($0a§7z)|
H3 x)/2 T 2

< Loy (fo = wol) [ (12 +122)"" + (2 + 12)" %] [1+ Nlog(u® +122)]]

forall z € R", £ € R, x and x¢ € Q, where L > 1. Here w; : R™ — R is a nondecreasing continuous
function, vanishing at zero, which represents the modulus of continuity of p :

(H4) Ip(z) — p(y)| < wi(lz —yl).

Throughout this paper we will assume that wy satisfies the condition

(2.1) lirgjgpw1(R) log <11%> < 400,
thus in particular, without loss of generality, we may assume that
(2.2) wi(R) < Llog R,

for all R < 1.

We shall also consider the following continuity condition with respect to the second variable

(H5) |f(@,€,2) = f (2,60, 2)] < Lwa(l€ — &ol)(® + [P,

for any &, &y € R. Without loss of generality, we shall suppose that ws is a concave, bounded and,
hence, subadditive function.

We note that no differentiability is assumed on f with respect to x or with respect to z.
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Since all our results are local in nature, without loss of generality we shall suppose that there exist
71,72 € (1,4+00),71 < 72 such that

(2.3) l<m<pa)<y, Ve,
and
(2.4) / |Du(z)[P™da < 400 .

Q

Finally we set

(2.5) K :={uec W@ (QR): u> 9},

where ¢ € WP (Q:R) is a fixed function.

Let us recall the definition of Morrey and Campanato spaces (see for example [22]).

Definition 2.3. (Morrey spaces).
Let Q be an open and bounded subset of R™, let 1 < p < 400 and A > 0. By LP*(Q) we denote the
linear space of functions u € LP(Q)) such that

1/p
|[ul|Lpr () = { sup pfA/ u(x)|pda:} < 00,
o€, 0<p< diam(£2) Q(zo,p)

where we set Az, p) := QN B(xg, p).

It is not difficult to see that ||u||rs.x(q) is a norm respect to which LP*(9) is a Banach space.

Definition 2.4. (Campanato spaces).
Let Q be an open and bounded subset of R™, let p > 1 and X\ > 0. By LP(Q) we denote the linear
space of functions u € LP() such that

1/p
fulpr = sw [ () = (P dey <
Q) Q(zo,p)

zo€QN, 0<p< diam

where Q(xg, p) := QN B(xg, p) and
1
(u)wo, . u(x) dx
g |Q(x07p)| Q(z0,p)

is the average of u in Q(zq, p).

Also in this case it is not difficult to show that £P*(Q) is a Banach space equipped with the norm
[ullzrr ) = lullLe) + [ulpa-
Remark 2.5. The local variants L2 () and £2)(Q) are defined in a standard way:
ue LPNQ) & ue PNQ) VO e

ue LPAQ) & ue LPNDY) VO e

loc
The interest of Campanato’s spaces lies mainly in the following result which will be used in the next
sections.

Theorem 2.6. Let Q be a bounded open Lipschitz domain of R", and let n < A < n +p. Then
the space LP(Q) is isomorphic to CO*(Q) with o = %. We also remark that, using Poincaré’s

inequality, we have that, for a weakly differentiable function v, if Dv € LP*(Q), then v € LPPTA(Q).

Remark 2.7. Theorem 2.6 also holds for a larger class of domains (see [22], Sect. 2.3).
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The first result we are able to obtain is for local minimizers in K of the functional
(2.6) H(u, Q) = / h(z, Du(x)) dx
Q

where h : Q2 x R™ — R is a continuous function fulfilling growth, ellipticity and continuity conditions
of the kind (H1), (H2) and (H3).

More precisely we have:

Theorem 2.8. Let u € W2 (Q) be a local minimizer of the functional (2.6) in the class K, defined

loc
in (2.5), where h is a continuous function satisfying (H1) - (H4); suppose moreover that the function

¥ fulfills the following assumption

(2.7) Dy € LI2(9),

loc

for some n — v < A < n, with ¢ = 27 for some r > 1, where 1 and o have been introduced in
(2.3). Finally assume that

(2.8) lim wy(R) log (}1%) _

n—AA
Al '

Then u € C;%(Q) with a =1 —

The main result of this paper is concerned with local minimizers of the functional (1.1) in K.

Theorem 2.9. Letu € Wli)cl (Q) be a local minimizer of the functional (1.1) in the class K, defined
in (2.5), where [ is a continuous function satisfying (H1) - (H5); suppose moreover that the function
Y fulfills (2.7), for some n —~v < A <n, with ¢ = y2r for some r > 1, where v1 and 2 have been

introduced in (2.3). Finally assume that

. 1
(2.9) 11%1210 w1(R) log <R) + wa(R) = 0.
0, . n—A
Then u € C, () with v =1 — o
1

Finally, if the Lagrangian f is more regular and the obstacle stays in an appropriate Campanato
space, we have the following result.

Theorem 2.10. Let u € WbX(Q) be a local minimizer of the functional (1.1) in the class K,
defined in (2.5), where f is a function of class C* satisfying (H1) - (H5) and the function v fulfills
the assumption

(2.10) D € L7M(Q),

loc
for some n < X\ < n+ 1, where 1 has been introduced in (2.3). If we assume that

(2.11) w1(R) +w2(R) < LR,

for some 0 < ¢ <1 and all R < 1, then Du € EVI’A(Q) for some suitable n < A < n + v1 and

loc

therefore u € CL%(Q) with & =1 — nV_ /\.
1

loc
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3. PRELIMINARY RESULTS

Before proving our main theorems, we collect some preliminary results and establish some basic
notation.

A PRIORI HOLDER CONTINUITY.

We start our preliminary results by quoting a priori Holder continuity of minimizers of the functional
(1.1). We will need that result later in the proof of Theorem 2.9. The proof of the following lemma
can be found in [16].

Lemma 3.1. Let u € WHP@)(Q) be a local minimizer of the functional (1.1) in the class K, where
(RS W&)Cl(Q) is a given obstacle function fulfilling

(3.1) Dy € LIOC(Q)

with ¢ = v2q for some ¢ > 1 and n —y1 < A < n, where v1 and 2 have been introduced in
(2.3). Suppose moreover that the Lagrangian | satisfies the growth condition (H1) and the function
p fulfills assumptions (H4), (2.1) and (2.2). Then u € C27(Q) for some v € (0,1).

loc

A HIGHER INTEGRABILITY RESULT. We prove a higher integrability result for functionals of the
type (1.1).

Lemma 3.2. Let O be an open subset of 2, let u € Wlicl((’)) be a local minimizer in K of the
functional (1.1) with f: O x R x R™ — R satisfying (H1), with the exponent function p satisfying
(H4), (2.1) and (2.3) and with v fulfilling condition (2.7). Moreover suppose that

/ |Du(z)|P@dz < M,
(@]

for some constant My. Then, there exist two positive constants cg,d depending on n, r, v1, Yo, L,
My, where 1 is the quantity appearing in condition (2.7), such that, if B € O, then

g

1/(1496)
|Du(m)|p(l)(1+6)dm) <co ][ | Du(z)P@da
(3.2) PR/2 P

1/(1+96)
+ ¢ ( ][ (| D () [P+ 4 1) dx) )
Br

Remark. Note that the above higher integrability result and estimate (3.2) also hold for any
exponent d with 0 < § < 4.

Proof of Lemma 3.2. First step: we set

p1i= min p(z),  p:= max p(),

r€BR zEBR
let R/2<t<s<R<1,andlet ne C¥(Bgr) be a cut-off function such that 0 <n <1, n=0
outside By, 7 = 1 on By, |Dn| < 2(s —t)~!. Moreover we set ¢(z) = n(z)(u(z) — (u)g) and let
g = u — . We remark that ¢ = u on 0B, while on B; we have g = (u)g, consequently Dg = 0
on B;. We would like to use the minimality of v in K. A priori g is not an element of K, so we
set g := max{g,¢} and ¥ := {z € R" : g(z) > ¢(x)}. This assures that § € K and so, by the
minimality of u

(3.3) F(u, Bs) < F(g, Bs).
Therefore we estimate by (3.3) and the growth (H1)

/Bt|Du(x)p(x)dx < /fxu  Du(x))dz
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(3.3) 5 B

< /B e 3(a), Dia))de

= LF(G.B,NY)+LF(GB,\5)
= LF(9,B,NY)+LF(,B,\ %)

< L f(x,g(x), Dg(x)) dx—i—L/ [z, ¥(x), D(z)) dx

B Bs

(H1)
< 2 [ 4 g@P@ e+ 22 [ @+ Du)p) ds
B B,

< LZ/B 5 [(1—mn(x))|Du(z)] + |u(z) — (U)RHDn(x)HP(I) dr + ¢

< c/ \Du(x)\ﬁ(@dﬁe/
Bs\B: B

1
< c/ \Du(x)\p(z)dx—kéi/ lu(z) — (u)g[P@dx + ¢,
B,\B: |s —tPz /g,

p(z)

u(@) = Wa |

s—t

where ¢ = [?27271, ¢ = L2271, &= L7 / (1+ |Dy() ")) da
Br

Now we proceed in a standard way, ‘filling the hole’ and applying [22], Lemma 6.1 to deduce

_ p()
/ |Du(x)|l7(z)dx < CRPl*;DQ/ w d:c—|—c/ (1+|D1/J(I)|p(m))dx
Bry2 Br Br
_ p(w)
< cR*‘ul(SR)/ ulz) — W derc/ (14 |Dy(z)[P™)) da
BR R BR
o[ =

C/
Br

where we used (2.2) and ¢ is a constant depending only on 71,72, L.

= da + /BR(1+ DY () P@) da

According to the previous facts, we find that

(34) ]{9 |Du(x)|p(””)dx§c]{3 u@) = (Wr
R/2 R

R
Second step: Fixing ¢ = min { "T'H, 'yl} and taking R < R(/16, where Ry is small enough to have

w1 (8Ry) < ¥ — 1 and therefore 1 < py/p19 < ¥? < (n+ 1)/n, by Sobolev-Poincaré’s inequality we
obtain

p(z)

dz +c ][ (1 + |Dy(x)[P™)) da.
Br

p(x)

u(e) — (e[

R
1+ f
Br
(p2—p1)9 9
P1 —(p2—p1)9n p1
1+c(/ (1+Du(x)|p<$))dw> ) A T— <][ Du(x)wdx)
BR BR

o(M:) (fBR \Du(z) ’i%da:y e,

w(@) = (Wr
R

IN

dx

IN

IN
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where in the second inequality we use the fact that %1 < % < p(z) and in the last one we use
—(p2—p1)9n

again the fact that, by (2.2), R~ mn is bounded. So we conclude that

(3.5) ]lBR MP(I)dzﬁc(éR |Du(a:)p(§)dx>ﬂ—|—c.

R
Third step: from (3.4) and (3.5) we obtain, for all R < Ry/16

9
][ | Du(@)|P@dz < ¢; (][ |Du(x)|p(1;)da:> T / (1+ | Dy (@)|P@) da,
Br/2 Br Br

where 1 = 01(717'727L7M17n) and C2 = 02(’717’7271/)'

We now apply Gehring’s lemma (see [22], Theorem 6.6 or [20], Chapter V) to deduce that there
exists 0 < & < r — 1 (where r appears in the higher integrability assumption (2.7) on the obstacle
function %) such that

(/.

BRr/2

1/(1496)
|Du(x)p(x)(1+6)dx) < ¢ ][ |Du(z)|"™ dx
Br

1/(1+5)
teo ( £ (pe@pee 1 dx) ,
Br

with ¢o = ¢o(y1, Y2, L, M1, n, 7). This concludes the proof. O

A REMARK ABOUT LOCAL MINIMIZERS WITH OBSTACLES.

Let g : R™ — R be a function of class C? satisfying, for some 1 < 1 < p < 79, the following growth
and ellipticity conditions

(H6) LM + |2)P/% < g(z) < L(p® + |2[})P/?,

(HT7) / [9(20 + Dé(x)) — g(z0)]dz > L™" / (1* + |20|* + [Dg(x)|*)P~2/2| Dg(2)|? d

1 1

for some 0 < p < 1, for all zp € R”, ¢ € C5°(Q1), where @1 = (0,1)", L > 1. Moreover let v be a
local minimizer in the class K of the functional

(3.6) w — g(Dw(x)) dx,
Br
with Bg € Q.
Then it is possible to prove that
(3.7) /B (A(Dv(x)), Do(x)) dx > 0, for all ¢ € C5°(2) such that ¢ >0,
where A(z) := Zg(z) and A(z) satisfies the following monotonicity and growth conditions
(3.8) (A(z),2) > 1|z|P —¢
for some 11 = v1(y1,72, L) and ¢ = ¢(y1,72, L), and
(3.9) [A(2)] < L1+ [2P7).
Tt is also possible to show (see [18]) that g also satisfies
(3.10) D?g()A @A > va (1 + [2|) P22\,

with vo = va(vy1,72, L) >0and 0 < p < 1.
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A REFERENCE ESTIMATE.

Proposition 3.3. Let g : R* — R be a function of class C? satisfying (H6) and (H7) for some
1<y <p<~v2. Moreover let v be a local minimizer in K of the functional (3.6) with Br € Q.

If in addition the function ¥ fulfills (2.7) for some n — vy < A < n, then for all0 < p < R/2 and
any € > 0 there holds

/Bp |Du(x)|Pdx < ¢ [(%)n—i—e} LR(1+|Dv(x)|p) dx + ¢ R,

where ¢ = ¢(y1,72, L) and ¢ = ¢(y1,72, L, ).

Proof. The proof of this result can be carried out as in Proposition 4.1 of [15]. One indeed has to
make sure that the constants involved only depend on the global bounds v, and ~» of the exponent
function p. In this respect, the key points are Theorem 2.2 of [18] and the structure conditions (3.8),
(3.9) and (3.10). O

AN UP-TO-THE-BOUNDARY HIGHER INTEGRABILITY RESULT

Proposition 3.4. Let g : R™ — R be a continuous function fulfilling (H6) for somey1 < p < ~ya. Let
v be a local minimizer of the functional (3.6) in the Dirichlet class {v € u+ Wy (Bg) : v > ¢}, for
some u € WYP(BR), where the function v fulfills the assumption (2.7). If moreover u € W14(Bg)
for a certain p < q, then there exist € = £€(n,v1,7v2, L) € (0,q/p—1) and ¢ = ¢(n,v1,72, L) such that

. ZeE) 1/p 1/q
(3.11) <][ | Dy[P(+9) da:) <c [(][ |Dv|pdm> + (][ (|Du|? + |Dy]? + 1) da:)
Br Br Br

Proof. The proof is in many stages similar to the proof in [26]. Nevertheless, for convenience of
the reader we will point out the main steps and especially the changes due to the obstacle.

Case 1: interior situation. Let 0 < p < R and zy € Bpr be an interior point such that
B,(xg) C Br. Let t,s € R with £ <t < s < p. Let n € C*(B,),0 <71 <1 be a cut-off function
with n =1 on By, n = 0 outside B, and |Dn| < ﬁ We define the function ¢ := v — n(v — (v),)
and w := max{?,1}. The function w is an admissible test function in (3.6).

We define the set ¥ := {& € R™ : 9(z) > ¢ (z)}. Testing the minimality with w and proceeding
similarly as in the proof of Lemma 3.2, exploiting the growth conditions, we deduce

/Bt DofPdz < L/BS g(Dv)dacSL/Bsg(Dw)dx
< L /B g(Df))d:c—l—/Bsg(Dz/J)dx}

< 1 / (1+ [D(v — (v — (v),)?) de + L? / (1+ [DYPP) da.

s s

Using the properties of the cut-off function we find

/|Dv|de§c/ Dol dz 4 —© /|v—(v)p|pdx+c/ (1+ Dyl da.
B, B

AB: s =t Js, ’
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‘Filling the hole’, applying [22] Lemma 6.1. and using Sobolev-Poincaré’s inequality, we deduce the
following reverse Holder inequality:

1/
(3.12) ][ |Dv|P dz < ¢; <][ | Dv|PX dm) . ) ][ (14 |Dy|P) du,
B,)» B, B

P

with y := nLer <1, c1,¢0 = c1,c0(n,v1,72, L).

Case 2: situation at the boundary. We consider a point xg € dBg and 0 < p < R. Using the
same cut-off function as before, we define ¥ := v — n(v — u) and w := max{v,}.

On dBgr we have & = u > 1) and therefore w|yp, = u which yields that w € u + W, *(Bg),w > ¢
is an admissible test function in (3.6).

Additionally we have w = max{v,1} on 0B, and on B, \ B,, and w = v on B;.

Defining B;" := B;(7¢) N Bg and testing the minimality in (3.6) we obtain in exactly the same way
as before

/ |Dv|Pdx < L/ g(Dw)da:—!—L/ g(Dv) dx
B Binx BI\=

L? /B+ (1+ |DoP) da + L? /B+ (1+ |Dy|P) dx

IN

s P

1
c / |Dv|pda:+/ \Du|pdx—|—7/ |v —ulP dz
BH\B B (s=t)» Jp+

+c/+ (1+ DY) da.

By

IN

Again ‘filling the hole’ and using [22] Lemma 6.1, we obtain

/ |Dv|Pdx < ¢ / v
BT B

p/2 P

u

p
dw—i—/ | Du|? dac+/ (1+|Dy|P) dx} .
Bt +

P By
Defining
o { v—u on BF
0 on B, :=B,\B}
and applying Sobolev-Poincaré’s inequality in the version of [33, Corollary 4.5.3] (note that |B, | >
1/2|B,|) we deduce

n+p

B np "
/ v —u|Pdx = / |@|P dx < ¢(n,~2) | f| / |Dw|»+r dx
B} B 1By | \B,

P

< c(n,2) (/B+

P

n+p
n

|D(v — u)|7+5 da:)

Defining x := nLer < 1, taking mean values and using Holder’s inequality we end up with

1/x
(3.13) ][ |Dv|P dx < ¢ <][ | Dv|PX dz) —|—][ (|Dul? + |Dy|P + 1) dx | ,
Bt +

n
p/2 B/’ Bp

with ¢ = ¢(n, 2, L).

Note that (3.12) holds for any B, C Br and (3.13) for any 0 < p < R. Therefore we can apply a
global version of Gehring’s Lemma [9, Theorem 2.4], with the functions g := |Dv|PX, f := (|Dul? +
|Dy|P + 1)X to deduce the desired result. O
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Remark. Note that the dependency of the higher integrability exponent € and the constants coming
up in Gehring’s Lemma on the exponent p can be replaced by dependencies on the global bounds
~1 and 72 for p. For a detailed discussion of this we refer the reader to [25].

ITERATION LEMMA

We will use the following iteration lemma, which is a slight modification of Lemma 7.3 in [22] and
can be found in this version in [21], Chapter 3.2, for the proof of our results.

Lemma 3.5. Let ®(t) be a nonnegative and nondecreasing function. Suppose that
op) < A[(£) +c|e®) +BR,

for all p < R < Ry, with A, B,«a, 3 nonnegative constants, 3 < «. Then there exists a constant
eo = eo(4, a, B) such that if € < g, for all p < R < Ry, then

o(p) <c {(g)ﬁfb(R) + Bpﬁ] ,

where ¢ is a constant depending on «, 3, A, but independent of B.

TECHNICAL LEMMAS.
At several stages in this paper we will make use of the following two well known technical lemmas.

Lemma 3.6. ([6], Lemma 2.2) If p > 1 is such that there exist two constants v1,7v2 withy1 < p < 72,
then there exists a constant ¢ = c¢(y1,7v2) such that for any p >0, {,n € R”

(2 + €22 < e (i + PP + e (P + 1€ + ) P=2/2 e — nf.

Lemma 3.7. ([22], Lemma 8.3) Let £,n € R™ and Z(t) = (1+|(1 ft)§+tn|2)1/2. For every
s> —1 and r > 0 there exist two constants c1,co = c1,ca(s, 1) such that

1
quﬂw+m%ﬂg/u—wawmgguﬂw+m%@
0

4. PROOF OF THEOREM 2.8

A priori assumptions. For the proof of Theorem 2.8 we will assume that the modulus of continuity
of the growth exponent p satisfies condition (2.8). Therefore, in particular we may always assume
(2.2).

Additionally, since our results are local in nature, we may assume that the obstacle v fulfills a global
Morrey condition, i.e. there exists a constant ¢ < +oo such that

[[DY[|par) < e

Step 1: Localization. Let us start with Lemma 3.2 which provides a higher integrability exponent
0 such that for any Q' & Q there holds

/ | Du[P@ A+ dy < 400,

Of course we can choose 6 < r — 1, where r is the quantity appearing in (2.7).

Let us assume that the p(z) energy on € is bounded, i.e. that there exists a constant M such that
(4.1) / |DulP®) dz < M < +o0.
Q

In the sequel we will explicitly point out if constants depend on this bound M.
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Further localization. Let R); be a maximal radius such that there holds w;(8Rys) < 6/4. Let
O € Q be a set whose diameter does not exceed Ry;. We denote

(4.2) p2 == max{p(x) : x € O} = p(xo), p1 == min{p(z) : z € O}.
Then there holds

(4.3) p2—p1 < wi(8Rym) <6/4;

(4.4) p2(1+6/4) < p(@)(1+6/4+wi(R)) < p(x)(1+0).

Furthermore we note that the localization together with the bound (2.2) for the modulus of conti-
nuity provides for any R < 8Rj; < 1:

nwj (R)

(4.5) R~ (R) < exp(nL) = ¢(n, L), R 1® < ¢(n, L).

Higher integrability. By our higher integrability result and the localization, we immediately
obtain

1+45/4
(4.6) ][ \Duf dz < ¢ ( ][ | Duf® dx) + ][ D[P/ gy 1 |
Br Baor Bar

Step 2: Freezing.

Let Bg be a ball in O. We define v € u + VVO1 P2(BR) as the unique minimizer of the functional
G(v) = / h(zxg, Dv) dx =: / g(Dv) dx
BR BR

in the class {v € u+W,?*(Bg) : v > ¥}. Since the functional G is frozen in the point o, it satisfies
the growth and ellipticity conditions (H6) and (H7) with the maximal exponent p = ps. For our
proof we will assume that g € C2. Removing the C? regularity of g can then be done by a suitable
approximation, arguing exactly as in [2].

Note that by the minimizing property of v and the growth conditions (H6), we obtain the following
estimate for the py energy of v (since u € K):

(4.7) / |Dv|p2dx§L2/ (1 + |DulP?) dz.
BR BR

Reference estimate. v is a K-minimizer of the frozen functional with constant ps growth. There-
fore it satisfies the assumptions of Proposition 3.3 with 1 < v; < p = ps < 7. Thus there holds for
any € > 0 and any p with 2p < R:

(4.8) /B |DolP2 de < ¢ [(%)” +s} /BR(1 +|Do|P?) de + R,

P

with ¢ = ¢(y1,72, L) and ¢ = &(y1,72, L, €).

Comparison estimate. We prove the following comparison estimate

P2

/ (1% + [Duf® + |Do|?) 7" |Du — Do dz
(4.9) br

< cwi(R)log () [/B (14 |DulP?) dx + R,

2R

with a constant ¢ = ¢(n,y1,72, L, M, §,r), where r is the exponent appearing in (2.7).

Using the differentiability of g and the ellipticity (3.10) with p = pa, we estimate
6()~G() = [ lo(Du) ~g(Dv))do
R



OBSTACLE PROBLEMS WITH NONSTANDARD GROWTH 13

= /B (Dg(Dv), Du — Dv)dx [= 0]
(4.10) —|—/ /1 (1 =t)D*g(tDu+ (1 — t)Dv)(Du — Dv),(Du — Dv)) dt dz
Br Jo
1
Vs — 2 u - v|2)P2=2)/21 Dy — Dol?dt dz
> /BR/OQ (42 + |tDu+ (1 — ) Do) \Du — Dol2dtd
>

¢ / (4 + | Duf® + | Dv[*)®> 22| Du — Dof*da
Br

with ¢ = ¢(y1,72, L), where in the last inequality we used Lemma 3.7.

On the other hand we have

/ l9(Du) — g(Dv)) dx
Br

/B [h(z0, Du) — h(x, Du)] dx
—|—/BR[h(J:,Du) — h(z, Dv)]dz

+ / [h(z, Dv) — h(z, Dv)] da
Br
= I(l) + _[(2) + 1(3)

Obviously we have I(2) < 0, since u is a minimizer of the functional (2.6) in the class K and v > 1.
We estimate I(1)| using the continuity of the integrand with respect to the variable x:

10 < [ ol = aol) (62 + DU 4 02+ [DUP)) 1+ log(u + [Duf?) ) da
Br

Decomposing Bp into the sets Bj;, := Br N {|Du| > e} and By := Br N {|Du| < e} we argue as
follows: on the set By we have that (u? + |Du\2)m/2 (1 + |log(p? + [Dul?)]) < ¢(y1,72), whereas on
the set B}, making use of the fact that p < e < |Du| and of the elementary inequality log(e +ab) <
log(e+a)+log(e+b), for all a,b > 0, which is a direct consequence of the concavity of the logarithm,
we estimate as follows:

2
G Du) gl + [DuP) o < el [ 1Duplog(e + [Dulr) do
B B,

R

IN

CR”][ | Dul|P? log (e+ \||Du\p2||L1(BR)) dx
Br

Du|P2
—|—c/ | Dul|P? log <e + |u|) dx
Br [[[DulP2]| 11 (By)

which gives us the splitting

M < cw1(R)R" | Dul?? log (e + |||Du\p2\|L1(BR)) dxz
Br

(4.11) +cw1(R)/ |Dul?? log (@+

Br

|Du|p2

- n
|||Du|p2|L1(BR)) dx + cwi(R)R

=1+ Y+ Y.

We estimate 1‘2(1)7 using first (3.3) in [2], which is a basic estimate for the Llog L norm, then
exploiting higher integrability (3.2) with exponent ¢ which we had chosen less than r — 1 (see also
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the remark after Lemma 3.2), the localization (4.4) and the bound M for the p(z) energy (4.1):

1/(1+4/4)
12(1) < ¢(p2,0)wi(R)R" (][ |Du|pz(1+6/4)dx>
Br
1/(145/4)
< cwi(R)R"+ cwi(R)R" <]l Dulp(”(l”/‘**wl(m)dx)
Br
§ 146/44wy (R)
T+6/4
< BB + (O (R)R" (][ Dafp® dx>
Bar
1/(1+6/4)
(f (oupe0s 1y ar)
Bar
=l e i
2 e e ([ pupera) ([ pupe ar)
Bar Bar
(A—n)
+cwy (R)R™ R1+5/1
(4.5) w1 (R)

THs/1
< cwi(R)R" +cwi(R)R" <][ (14 |DulP?) dx) </ |DufP® dm)
Bar Bar
5/4
+ewy (R)RY R~V w7t
< cwi(R)- M- (1+|Du|p2)dx+cw1(R)RA7

Bar

with ¢ = ¢(n, L,v1,v2,7,0). In the last step we used the bound M for the p(x) energy of u and the
facts that R <1 and A < n.

We estimate I {1), using elementary estimates for the logarithm and the fact that for any 6 > 0 we
have log(e + z) < ¢(8)(1 + 2)°:

11(1) < cwi(R)log (R‘"e—&—R‘”/ | Du|P? dw)/ | Du|P? dz
Br Br
< cwl(R)/ | Du|P? dzx - log (e —|—/ | Du|P? dx) + cwi(R)log () / | Du|P? dx
Br Br Br
5/4
< ¢(6)wi(R) (1 +/ | Du|P> dx) / | DulP? dx + cwi(R) log (%)/ | Du|P? dx
Br Br Br
<

o(M,n,8)wi (R)log () / (14 |Dul?P?) dz.

Br

Thus, alltogether we obtain

1M < cwi(R)log (%) [/
B
with ¢ = ¢(n,v1,v2, L, M, 6, 7).

(1+ |DulP?)dx + R)‘] ,

2R

We handle I®) in a similar way to I"). Estimating in exactly the same way as in (4.11) with v
instead of w and doing the same splitting into 11(3) to IPES), we use higher integrability up to the
boundary for v (3.11) (with p = pa,q = p2(1+6/4) and € € (0,5/4)) and the estimate (4.7) for the
po energy of v:

, O\ 1/(49)
Iéj) < cwi(R)R" (][ |Dv|p2(1+5) dx)
Br
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1
1+5/4
< cwl(R)R”][ |Dvp2dx+<][ (|Du|p2(1+5/4)+1)dm)
BR BR
1
+ <][ (|Dp[P=0+5/9) 4 1) d:c) o
Br
1
1+5/4
< cwl(R)/ (1 + |Dul??) dx + cw (R)R"™ <][ |Dup2(1+5/4)d:c)
BR BR

t+ewi (R) RN RN 57
< C(M)wl(R)/ (1 + |DulP?) dx + cw;i (R) R

Bagr

15

In the last step we used the estimate for 12(1) to handle the second term and again the facts that

R<1and )\ <n.

If?’) is estimated in exactly the same way as I{l), additionally using (4.7) for passing over from the

po energy of v to the py energy of u. Alltogether we end up with

1® <c(wi(R)log (£)) [/ (1+ |Dul??) dz + R,

Bar

with ¢ = ¢(n,y1,72, L, M, §,r). Taking the estimates for IM to I3 together, we end up with the

desired comparison estimate (4.9).

Conclusion. Now we put together our reference estimate and the comparison estimate to deduce

a decay estimate for the ps energy of w.

By the Technical Lemma 3.6 we now split as follows
/ \Du? dz < / (22 + [ Dul?)P*/2 do
P B,
< of Do
P

—|—c/ (u? + | Du?| + |Dv|2)p2772\Du — Dv|?dx
BP

= A+ B.

For A we use the reference estimate and estimate (4.7) to deduce (note that p < 1)

A < cp”+/ |Dv|P? dx
P
PA" A
< = p2
< C[(R) +€}/BR(1+|DU| )dx + cR
<

c [(%)" +€} /BR(l + |DulP?) dz + ¢R>.

For the term B we use the comparison estimate (4.9)

(4.12) B < cwi(R)log (%) {/ (14 |DulP?)dx + R)‘] .
Bar
Thus, alltogether we end up with
(4.13) / |DulP? dz < c [( P )” +e+wi(R)log (%)} / (1+ |Dul??) de + cR*,
B, R Bar

where ¢ = ¢(n, L, M,~v1,72,7) and ¢ = ¢(n, M, L,v1,72,€,T).
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Step 3: Proof of the Theorem.

Let Bgr, be a ball whose radius is small enough to satisfy Ry < Rjs. Then estimate (4.13) holds
for all radii 0 < p < R < Ry. Let g9 = eo(n, M, L,v1,72,A) > 0 be the quantity provided
by Lemma 3.5. We choose ¢ = £¢/2. This fixes the dependencies of the constant in (4.13), i.e.
¢ = ¢(n,L, M,y1,72,A,7). Then by assumption (2.8) we find a radius R; > 0 so small that
wl(Rl)log(l/Rl) < 60/2, thus

w1(R) log (%) + e < &y,
for any 0 < R < R; and therefore we have Ry = R1(n, 1,72, L, M,w1,\). Lemma 3.5 then yields

/ | Du(x)|P? dz < cp?,
B

P

with ¢ = e(n, M, L,v1, 72, \, 1), whenever 0 < p < R;. Since we have v; < ps < 9, we deduce by a
standard covering argument that
Du € LA (Q),

loc

and thus by Poincaré’s inequality we conclude that u € ol (Q) with o = 1 — =2, O

loc Y1

5. PROOF OF THEOREM 2.9

First we remark that, since we are proving only local results, by Lemma 3.1 we may assume that
our minimizer u of (1.1) is globally Holder continuous, i.e. there exists v € (0,1) such that

(5-1) u(e) —u(y)] < fulye —y|” <cle -y,
for all =,y € Q.

As in the proof of Theorem 2.8, we may assume that the obstacle 1 fulfills a global Morrey condition,
i.e. that there exists a constant ¢ < +oo such that

(5.2) [[DY|| L) < e

We start with a technical lemma which we will need later in the proof. The proof of a slightly
modified lemma can be found in [15].

Proposition 5.1. Let g : R™ — R be a continuous function satisfying (H6) and (H7) with 1 <
Y1 <p <y <oco. Letu € K, Br € and let us assume that there exists vo € u+ Wol’p(BR) being
a minimazer of the functional

H(w, Br) := /

1/p
g(Dw(zx)) dx + 0y (/ |Dw — Duvg|P d:c)
Br Br

in the Dirichlet class
D= {w € u+W,?(Bg),w > 1},
where 8y > 0. Then, for all 3 > 0, for all Ag > 0 and for any € > 0 we have

/BpDvo(ﬂcﬂpdﬂ? < e[(2) +e] /BR<1+|Dvo<x>|P>dx+cRA

1/p »_ [ 1771
+cbo (/ |Du(x) — Dug(z)|P dw) +chf! [}
Br Ao

+e[Ag?? / (1+ [Du(@)P) dr,

Br
for any 0 < p < R/2, where the constants ¢ depend only on L,~1,~v2 while the constant ¢ depends
also on €.
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Step 1: Localizing. As in the proof of Theorem 2.8, we start with Lemma 3.2 which provides a
higher integrability exponent ¢; such that for any ' € Q there holds

(5.3) | Du[P@ 0+ gy < 400,
QI
Again we assume that there exists a constant M such that

(5.4) / | Dul|P® dz < M < 4oo0.
Q

The up-to-the-boundary higher integrability result Proposition 3.4 provides a second exponent do >
0. For the rest of the proof we define

A\ —
0 :=min< 41,02, 7 — 1, i ,p2+ n ,
1—7v" n-—=2X

where r is the quantity appearing in assumption (2.7).

‘We moreover set

(5.5) m:min{A"HJ"A(1+5),7+755}
P2 D2

and due to our assumptions it turns out that 0 < m < 1.

Now let Rps be a radius such that w1 (8Rps) + w2 (8Rpyr) < §/4. Let O € 2 be a set whose diameter
does not exceed Rjy;. As in the proof of Theorem 2.8 we define

(5.6) po = max{p(z) : x € O} = p(xo), p1 = min{p(z) : € O}.
Then, again (4.4) holds, and therefore by higher integrability we deduce that

(5.7) / | Dul?? dz < +o0.
Br

Step 2: Freezing. Let By be a ball in O. We define v € u + WOI’pZ’(BR) as the unique olution of
the minimizing problem

(5.8) min {’U — Go(v, BR) := f(xo, (W) g, Dv(x))dz, veu+ W, (Bg), v> 1/1} .
Br

Since the functional Gy is frozen in the point (xg, (u)g), it satisfies the growth and ellipticity condi-
tions (H6) and (H7) with maximal exponent p = ps.

We note that since v is a minimizer of the functional Gy with boundary data u in dBg, where U@R
is the trace of a Holder continuous function, by Theorem 7.8 in [22] we conclude that v € C%7(Bg)
for some 4 € (0,1). Therefore, for the rest of the proof we assume that there exists v € (0,1) such
that

(5.9) (@) —o(y)| < [oly|e —y|” < cz —y[7,

for all z,y € Br. We remark that for simplicity we use the same Hélder exponent for the functions
v and u (see (5.1)), which is not restrictive.

Let us remark that, since v minimizes the functional (5.8), by the growth condition (H6), higher
integrability and (5.7) we obtain the following estimate for the ps energy of v:

(5.10) / \DufP? da < L?/ (14| Dul?) da < +oc.
Br Br

Step 3: Comparison estimate. We will show that

(5.11) Go(u) — Go(v) < ¢ (wi(R)log (%) + wa(R™)) [/B (1+ |DulP?)dz + R|,

2R
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with a constant ¢ = ¢(n, 1,72, M, L,v,A,7). Note here that M is the bound on the p(x) energy
which has been introduced in (4.1).

Since u is a local minimizer in K of the functional (1.1), we obtain

Go(u, Br) < QO(UaBR)+/ [f (20, ()R, Du()) — f(z,u(x), Du(x))] dx

Br

+ /B (&, v(x), Du()) — (o, (w) g, Dv(x))] da

< Go(v, Br) + / [ o, () Du(z)) — f(z, (u) g, Du(x))] de

Br

+ /B [f (. (u), Du()) — f(x, u(x), Du(z))] dz
+ /B (@ v(x), Do(x)) — F(z, (v)r, Do(x))] da
+ /B (. (v) g Do(x)) — f(z, (u)r, Dv(x))] de

+ /B [f (@, (u)r, Do(x)) = f(z0, (u)r, Dv())] dx

< Go(v,Bg) +IW +1® + 10O 4 10 4 1®),
with the obvious labelling.

At this point, the term I®) can be estimated exactly as 1), using first the continuity with respect
to the first variable (H3) then splitting as in (4.11) and finally using estimates for the Llog L norm,

giving
I < ¢ (wi(R)log (1)) [/B

with ¢ = ¢(n,y1,7v2, L, M, 0, 7).

(1 + |DuP?) dx + RA] :

2R

I® can be estimated exactly as the term I3, giving

1 < efentmyion (3)) [

Bar

(1+ |DulP?)dx + R)‘] ,

with ¢ = ¢(n,v1,v2, L, 6, 7).

Exploiting the continuity with respect to the second variable (H5) and Holder continuity of w (5.1),
we estimate 1) as follows:

](5) < L/ w(|U—(U)RD (u2+\Du(m)|2)p(m)/2 du
Br

< cw(Rv)/B (1 + |Du(z)[?)"*"? da,

with ¢ = ¢(L, [u],).

In a similar way we estimate I(®), first using the continuity with respect to the second variable (H5),
then exploiting (5.9) and finally (5.10) as follows

1 < L / wallo — (0)]) (42 + | Do ()22 da
Br

IN

< ch(RW)/B (1 + |Du(x)|P?) dz,

with a constant ¢ = ¢(L, [v],).
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To treat the remaining term I(7), we first remark that

(5.12) (Wr = @l < £ [u(e) ~ v(z)] da.
Br
Therefore the main step consists in estimating the last term of the preceding inequality (5.12).

First, using Poincaré’s and Holder’s inequality, then (5.10) and finally higher integrability (4.6) we
obtain

]{BR u(z) — v(@)|dz < cR ]{BR \Du(z) — Do(x)| dz

IN

¢ (RP2 7{9 1Du(z) - Do) dx>1/p2

1/?2
< C(Rm][ (1+|Dup"‘)dx>
Br

145/4 1
(4.6) P2 P2
< ¢R+cR <][ | Du|P(®) dx) +cR <][ | Dyp|P(@)(1+3/4) dz) ,
BQR B2R
with ¢ = ¢(n,r,v1,72, L).

The last term, containing the obstacle function ¢ can be handled by (2.7), respectively (5.2) (note
that 6 <r —1) to conclude that

][ | DY P@H/4) g < A
Bar

To treat the second term we use the Caccioppoli inequality (3.4) and Holder continuity of w in terms
of (5.1) together with the assumption (2.7) on the obstacle ¢ to conclude

. p(x)
]l IDulP®@ de < ¢ ][ uz [T ][ (1 + |D¢|p<w>) dz
BzR B4R R B4R
_ p2
< ¢ {][ B \WaR (War de + RN + 1]
Bsr R
< e {[u]ﬁQRp"’('y_l) + R 1} .

Taking these estimates together we deduce
(5.5) N
< cR™,

L) —e@lar < o [R5 4 py Ro-DOw9 y gOR)
Br

with a constant ¢ = ¢(n, 1,72, L) and thus by (5.12) together with the monotonicity of wo
(5.13) wo ([(W)r — (v)R]) < cwa(R™).

Taking also into account (5.10), we have at this point

M < L /B wa () r — (0)&]) (42 + |Do(@) 2" da

IA

IA

cwg(Rm)/ (14 |Dul??) dx.
Br

Collecting the previous bounds, summing up and taking into account that, since v > v 4+ ~vé — 4
there holds RY < R™, we obtain

IW 4+ I8 < ¢ (wi(R)log (&) + w2 (R™)) U (1+ |DulP?)dz + R*|,
B

2R
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with ¢ = ¢(n,v1,v2, M, L,v, A, r), which provides the desired estimate (5.11).

Step 4: Reference estimate and Conclusion. We set for simplicity

F(R) := wi(R)log (}12) + wa(R™) .

The assumption (2.9) allows us to say that
lim F(R) =0.
Now, by the minimality of v, we obtain
Go(u) < ir‘}fgo + H(R),
where we set

H(R) :=cF(R) [/Bm(l + |Du(x)[P2)dx + RA] :

and
V={veu+Wy'(Bg): v>}

Let V be equipped with the distance

(5.14) d(wy, wy) == H(R) 7 (/B |Dwi(z) — Dw2($)|p2d93> " .

Then (V,d) is a complete metric space. It is easy to see that the functional Gy is lower semicontin-
uous with respect to the topology induced by the distance d. Then by [13], Theorem 1 (“Ekeland
variational principle”) there exists vy € V such that

(7) /B |Du(x) — Dvg(z)|P? de < H(R),

R

(i1)  Go(vo) < Go(u),
(5.15) (#91) g is a local minimizer in V' of the functional

p2—1

w - H(w) == Go(w) + [H(R)] 72 (/BR |Dw — Dug|? dm) "

Remark 5.2. We choose to apply the Ekeland variational principle with the distance (5.14) which
derives from a suitable weighted LP? —norm instead of the corresponding L!—mnorm; the same trick
has been successfully applied in the paper [28]. The advantage of this choice is that we can directly
estimate the term

/ |Du(z) — Dvg(x)|P? dx
Br

by means of (5.15) (i) given by the Ekeland lemma without any further interpolation argument
needed (which has been instead employed for example in [6] or in [15]).

JFrom the growth assumption (H6) with exponent p = py and from property (5.15) (ii), as u € K,
we have

(5.16) Lt /B | Dvg(x)[P?dz < Go(vg) < Go(u) < L/B (1+ |Du(z)|P?) dx.

R

Now, we apply Proposition 5.1 with the following choices: h(z) := f(zo, (u)g,2), p = p2, Ao =
-1
F(R) and ¥y = [H(R)] “ Then, by property (5.15) (¢) and using (5.16), we have for every 8 > 0

/B D@ < e[(2)" +4] /B U+ D)) de R
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p2—1 P2 B

1/p2
te[H(R) 72 < /B Du(x)—Dvo(x)|p2d:c) + cH(R)F(R)Tr

+c [F(R)]pQﬁ/B (1 + |Du(x)|P?)dx

< o[(8)"+¢] /BR(1+ \Du(z)[P*) dz + e R + c H(R)

+eHR) PRI +clr®P? [+ 1Du@)) d

for any 0 < p < R, where ¢ = ¢(n,v1,72, L, M, \,7v) and ¢ = &(n,y1,7v2, L, M, e, \, 7).
Now we choose 3 = 3(y1) > 0 such that

ﬁ<71_1<p2_1
S

With this choice of 3 we deduce

P2

H(R)[F(R)]*-7z < cF(R)'~!/r UB (1 + |Du(z)[P? dz + RM| .

Therefore, combining the previous facts, we easily get

(5.17) /B|Dv0(x)|”2dx < c{(%)nﬁ-s}/B(1+|Du(:r)\p2)da:

+c[F(R)]1—1/P2/ (1 + |Du(z)|P?)dz + ¢ R .
Bar

Using once more (5.15) (¢), we end up with

/ |Du(x)|P2dx < C/B |Dvo(x)\p"‘dx+c/B |Du(x) — Dug(z)|P?*dx
(5.18) < c[(%)”ﬂF(R)]l—l/pwg}/B (14 |Du(@)|?) do + & R,

for any 0 < p < R, where ¢ = ¢(n,y1,v2, L, M, \,v,7) and € = é(n,v1,v2, L, M, &, A\, v,7).

Let Bg, be a ball such that Bg, C O. Then estimate (5.18) holds for any radii 0 < p < R < Ry.
Let g9 = eo(n, M, L,v1,72,A,7) be the quantity provided by Lemma 3.5. We choose ¢ = £¢/2
and this fixes the dependencies in (5.18) of the constant ¢ = &(n, 1,72, L, M, \,7). Then by our
assumption (2.9) we can find a radius R; > 0 so small that [F(R)]*~'/P2 < £7/2 and therefore
[F(R)]'"Y/P2 4 ¢ < g¢ for any 0 < R < Ry and thus we have Ry = Ryi(n,7v1,72, L, M,wy, w2, A, 7).
Now Lemma 3.5 yields

[ 1wty e <

B,

with ¢ = ¢(n, M, L,v1,72,A,7), whenever 0 < p < R;. Since we have 71 < py < 79, we deduce by
standard covering argument that

Du e LN (Q),

loc

and thus by Poincaré’s inequality we conclude that u € CO’Q(Q) witha=1-— ”T_l’\ This finishes the

loc

proof. d
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6. PROOF OF THEOREM 2.10

Step 1: Localization and Freezing. We start by adopting the same localization argument as
in the proof of Theorems 2.8 and 2.9. Again we assume that the p(x) energy of u is bounded, i.e.
(5.4). Let §; be the higher integrability exponent of Lemma 3.2 and 02 the exponent coming from
the up-tp-the-boundary Proposition 3.4. We define § := min{d;,d2} and let Ry be a radius so
small that wq (8Rps) +w2(8Rar) < 6/4. From now on let O be an open set whose diameter does not
exceed Rjps and let the exponents p; and ps be defined as in (4.2).

Let u be a local minimizer of the functional (1.1) in K. As in the proof of Theorem 2.8, we define
(61) Go(v.Ba)i= [ flaosw)n, Do(a))ds = [ g(Dufo))da.
BR BR,

and let v € u 4+ W, **(Bg) be the unique solution of the problem
(6.2) min{go(w,BR) : w€u+W01’p2(BR),w2¢}.

We set A(n) := Dg(n). As f € C?, then g € C? and it satisfies the conditions (H6), (H7) and
(3.10) with exponent p = py while the linear and continuous operator A fulfills (3.8) and (3.9) with
exponent p = pa. We also introduce w € v + I/Vol’p2 (BRr) to be the solution of the equation

63) [ (ADu@). De@)dr = [ (ADU@). De@)de  forall ¢ € WP (B).

Then, by the maximum principle we obtain that w > 1 in Bpg, since v > ¥ on dBg. Since
v—w E VVOLPZ (Br) and w > v in By, we conclude by the minimizing property of v:

(6.4) /B (A(Dv(x)), Dv(z) — Dw(x)) dx < 0.

At this point let z be the solution of the following minimum problem
(6.5) min {go(z,BR) : 2 Eu—l—Wol’pz(BR)},
where Gy has been introduced in (6.1).

For the seek of clearness we advise the reader to the fact that w and z are “free” minimizers, whereas
u and v are minimizers in the appropriate obstacle classes.

It is clear that z satisfies

/ (A(Dz(z)), Dp(z)) dz =0 for all ¢ € Wy**(Bg);
Br
moreover z = w on 0Bg, so for example

(6.6) /B (A(D=(z)), Dw(z) — D2(x)) dz = 0.

Step 2: Reference estimates. We prove Theorem 2.10 by comparison to the minimizer z of
the frozen problem in the whole class u + Wy?*(Bg) which can be shown to fulfill a suitable
reference estimate. Additionally we need a to show a comparison estimate between z and the
original minimizer u which is established via some comparison steps between. First we start with
a reference estimate for z, then we compare z and w, after that w and v. Finally we compare v
and u. Note that all comparisons between the functions v, w and z can be cited from [15], since
these functions are solutions or minimizers, respectively, of suitable frozen problems with constant
exponent ps. Therefore we shorten these steps, only citing the results and the structure conditions
needed, referring the reader to [15, Proof of Theorem 2.11] for a more detailed discussion.
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Using the estimates (2.4) and (2.5) in [30] we deduce the reference estimate

(6.7) | s - oy dr<e (£)7 f s D@

where ¢ > 0, 0 < 4 < 1 and both ¢ and 3 depend only on 1,7z, L.

On the other hand a classical result, proved in Theorem 2.2 in [18] gives us

(6.8) /B\Dz(x)|p2dx§c(%)n/}3 (1 + |Dz(2)|") da,

with ¢ = ¢(p, L).
Step 3: Comparison estimates. Exploiting the fact that by Theorem 2.6 we have
Dy € L7PNQ) = Dy € C**(Bg),

loc

for any Br € (2, where a = )‘7;", and since our results are local in nature, we may assume without

loss of generality that for any ps > 1 we have
(6.9) |A(DY(2)) = A(DY ()| < ez —y|*@=27D,
for all z,y € Q. This allows us to deduce, estimating exactly as in [15, pp 166+167], that

a(pa—1)

(6.10) /B \Dw(z) — Da(x)P* dz < o(L) B /B (1+ | Dw(x)["*) da.

On the other hand by the minimality of z we immediately deduce

(6.11) /B |Dz(z)|P?* dx < ¢(L) /B (14 |Dw(zx)|P?) dz.

Moreover, using (3.8), (3.9) and (6.3), we deduce, following line by line the estimates in [15, pp
167+168], the estimate

(6.12) /B \Duw(z)| dz < c/B (IDv(x)P* + 1) da,

with ¢ = ¢(L, v1, 72, ).

This, together with (6.11) and the minimality of v in K, yields

(6.13) / D2(2)|P d < ¢ / (14 |Du(a)[") dx,
Br Br
with ¢ = ¢(L,v1, 72, ).
The comparison between v and w can be established in an analogue way to the one to establish

(6.10), obtaining

a(pa—1)
2

(6.14) /B |Dv(x) — Dw(z)[P*dz < ¢ R /B (|Dv(x)P? + 1) dz,

with ¢ = ¢(L).
Now we compare u and v. First of all we discover that by the fact that Dy € C%*(Bg) for any

Br € Q, since we only prove local results, we may assume that Dy € L>®(Q) and therefore by
Proposition 2.2 in [22] that Dy € LP™(2) for any p > 1. This allows us to deduce the estimate

(6.15) /B \DY(2)|P? da < ¢ R,
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Going through the proof of Lemma 3.2 and using estimate (6.15) one can easily see that we have
higher integrability for w in the following sense

w

Br/2

1/(1496)
|Du<x>|p<m>““>dm) < co f_(Du@P + 1) ds,
Br

with ¢g = ¢o(n, v1,72, L, M).

Proposition 3.4 together with a similar argument allows us to conclude

(][ |Dv(a:)|p2(1+‘§) dx
Br

1/p2
<e <][ | Du(x)|P2 dx) +c [][ (1 + | Du(x) P20/ dy
BR BR

for any € € (0,6/4), with ¢ = ¢(n, 1,72, L, M).

)1/P2(1+5)

(6.17) ] 1/p2(1+5/4)

)

At this point, working exactly as in the proof of Theorem 2.9 but using this time (6.16) and (6.17)
instead of (3.2) and (3.11) respectively, we obtain

Go(u) — Go(v) < c(wi(R)log (%) +wa(R™)) [/B (|Du(x)|P> + 1) dz + R"} ,

2R

which in turn entails, using assumption (2.11) and recalling the definition of /m given in Section 5

Golw) ~ Golo) < o | [ (DuCo)p + 1)

2R
where C = <(n771372757'73)‘7§) and ¢ = C(n7713727LaM77)'

Since the integrand is of class C2, we can exploit (3.10), arguing exactly as in [2, pp 131 + 137/138]
to conclude

(6.18) /BR \Du(z) — Do(@)|P dz < ¢ RS2 [/BR (D) + 1)d4 ,

with ¢ = ¢(n,v1, 72, L, M, 7).

Thus summing up, taking together the estimates (6.10), (6.12), (6.14) and (6.18), additionally setting

o Jalp—1) ¢
./\/l.—nrnn{2 ,2}

we conclude, using the minimality of v in K

/ D2(z) — Dul)|P dz < c(7) [ / D2(z) — Duw(z)| dz
Br Br

(6.19) + /B |Dw(z) — Do(z)[P? dx + /B |Dv(x) — Du(z)|P? dz

< c¢RM (1+ |Du(x)|P?) dx,
Bar

with ¢ = C(n,’yla’VQvL?M?’y’a)'
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Step 4: Conclusion. Combining this comparison estimate with the reference estimate (6.7) and
using (6.13) we deduce for any 0 < p < R/2 < Ry/2

/ |\Duz) — (Du), | dx
B

P

< e(y2) [/ |Dz(z) — (Dz),|P? dz —|—/B |Dz(z) — Du(x)|P? dx]

B, P

(6.20) o
<o(8)"" [ ipsds ver [ (4 ipup) i

B Bar
P\ Pp2tn M] /
<c [ = + R (|Du(x)|P? + 1) du,
(R) Bar

with a constant ¢ depending on n, 1,7y, L, M,~ and «.

On the other hand, using (6.8), (6.19) and (6.13), we get

Du@)P?de < ()
/ J

P

|Dz(x)|P? dx + /

|Dz(x) — Du(z)|P? dx]
Br

P

P\ p2 p2
< o(f) [ aris@pdr e ert [ (pup 41

< ¢ [(%)n—i—RM} /BzR |Du(x)|P? dz + ¢ R™,

with a constant ¢ = ¢(n,y1,7v2, L, M, 7, ).
By the above estimate we conclude that we have in particular for ¢(p) := [, |Du[P? da the estimate
P

o) <c[(%) + BN o@R) + R,

for any 7 € (0,1) and for all 0 < p < R < Ry.

Now let g9 = €9(¢,n,7) the quantity of Lemma 3.5. Then we choose Rgg < Ry so small that
RM < gq for any 0 < R < Rgg. This yields Roo = Roo(n, L, 1,72, M,v,a). Then Lemma 3.5,
together with the py energy bound of u yields

d(p) < cp"7,
for any 0 < p < Roo, with ¢ = ¢(n, M, Ry, 7, L, y1,72, @, 7).

Since estimate (6.20) holds for any 0 < p < R < Rgp we apply this estimate for p = %RHG with

fg=-M Next we choose 7 = 1 22M8

which fixes the dependency of the above constant. The

n+paf’ T 2n+4p2f
choice of the quantities then yields
(6.21) / |Du(z) — (Du),|P* dz < ¢(L, 1,72, @) pS‘
BP
where
N =n + p2 M
' 2(n+p2 B+ M)

But the choice of R was arbitrary, so without loss of generality we may assume that (6.21) holds for
all 0 < p < Rgo. Now we would like to conclude by Theorem 2.6; thus we have to make sure that
A<n+my. If B <(271)/72, this is true, otherwise we can choose M sufficiently small (this is not

restrictive). Thus Theorem 2.6 gives that Du € Cﬁ)cd (Q) witha=1-— "TT\ This yields the thesis.
O
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