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Abstract

We discuss differentiability properties of convex functions on Heisenberg groups.
We show that the notions of horizontal convexity (h-convexity) and viscosity con-
vexity (v-convexity) are equivalent and that h-convex functions are locally Lipschitz
continuous. Finally we exhibit Weierstrass-type h-convex functions which are nowhere
differentiable in the vertical direction on a dense set or on a Cantor set of vertical lines.

1 Introduction

Convex functions in Euclidean space play an important role in partial differential equa-
tions, especially in the theory of fully non-linear PDE’s (see [1], [6], [7], [8]). This fact has
motivated the development of a theory of convex functions on Heisenberg groups (cf. [17])
and more generally on Carnot groups (cf. [10]) with applications towards subelliptic fully
nonlinear PDE’s on such groups.

Lu, Manfredi and Stroffolini have transposed the notion of convezity in the viscosity
sense (v-converity) to the sub-Riemannian setting of the Heisenberg group. Using results
about viscosity solutions of the subelliptic oo-Laplacian by Bieske ([5]), they proved that
upper semicontinuous, v-convex functions on the Heisenberg group are locally Lipschitz
continuous.

A dual approach to convexity on Carnot groups is provided by the work of Danielli,
Garofalo and Nhieu [10]. Here the starting point is the more algebraic notion of weak
H-convezily which we refer to as horizontal convexity or h-convezity. One of the main
results of [10] is that locally bounded h-convex functions are locally Lipschitz continuous.

Two interesting questions arise: The first one concerns the relationship between these
two notions of convexity. It has been proved in [17] that upper semicontinuous h-convex
functions on the Heisenberg group are v-convex. Does the reverse implication also hold?
Our first result gives an affirmative answer to this question.

Theorem 1.1. Upper semicontinuous v-convex functions on Heisenberg groups are h-
convez.

*Mathematics Subject Classification (2000): 43A80, 26B25 (primary), 49125 (secondary)
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Remark 1.1. A different proof of this result, which uses the latest developments of the
general PDE machinery for Carnot groups and more generally for sub-Riemannian geome-
tries, has been recently communicated to us by J. Manfredi. We refer to the forthcoming
article [15].

The second question is whether the extra assumption of local boundedness from [10]
can be removed in the proof of the local Lipschitz continuity of h-convex functions on the
Heisenberg groups. The main result of this paper is to show that this is indeed the case.

Theorem 1.2. h-convex functions on Heisenberg groups are locally Lipschitz continuous.

Here Lipschitz continuity is understood with respect to the sub-Riemannian Carnot-
Carathéodory metric. This is a weaker notion than the Euclidean Lipschitz continuity
which definitely fails for h-convex functions on the Heisenberg group (see Theorem 1.3
below). Nevertheless, by Pansu’s differentiability theorem ([20]), this implies that h-convex
functions are differentiable almost everywhere in horizontal directions.

In the second part of the paper, we address the question of second order differentiability
of h-convex functions on Heisenberg groups. Recall that by the celebrated theorem of
Alexandrov, convex functions defined on Euclidean spaces are twice differentiable almost
everywhere (cf. [11]). A key step in the proof of this theorem is to show that the second
order mixed partial derivatives of convex functions are Radon measures. It turns out that
for h-convex function u : H,, — R, this is the case if and only if the partial derivative in
the vertical direction is a Radon measure. Two recent articles by Garofalo-Tournier and
Gutiérrez-Montanari on Monge-Ampere measures in Heisenberg groups contain an implicit
proof of the fact that the partial derivative in the vertical direction of a (continuous) h-
convex function is actually locally square integrable. However, the notion of h-convexity
is less rigid than its FEuclidean counterpart, and in particular does not imply pointwise
almost everywhere differentiability on single vertical lines. In the last section we exhibit
interesting examples of h-convex functions with highly irregular behaviour in the vertical
direction on sparse sets of vertical lines.

Theorem 1.3.

(i) There exists an h-convex function u : H; — R whose restriction to a dense set of
vertical lines is nowhere differentiable.

(i1) There exists an h-convex function u : Hy — R whose restriction to a positive dimen-
stonal Cantor set of vertical lines is nowhere differentiable.

The paper is organized as follows. In Section 2 we recall the background and termi-
nology and prove Theorem 1.1. In Section 3 we give the proof of Theorem 1.2. The last
section is devoted to the proof of Theorem 1.3.

2 v-convexity implies h-convexity

In this section we recall the basic definitions needed in the rest of the paper and we give
a proof of Theorem 1.1.
In the following,

H, = R*"*! = {(2,) | 2 € R?", € R}
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denotes the n-th Heisenberg group with the group law

(z,t) % (2, ¢') = (ac +a' t 4+t 42 Z(ﬂﬁiﬂﬁn-m - 90295;14-2)) .

=1

One can check that the unit element is 0 € R?***! and that the inverse of p = (,¢) is

p~! = (—z,—t). In the setup of the Heisenberg groups, the Euclidean translations and

dilations on R?"*! are replaced by left translations
lp : Hy — Hos 1p(q) = prg
(p € H,,) and anisotropic dilations
5 H, — H,; 8.(x,t) := (ra,r¥t)
(r > 0). Clearly, (6,),>0 is a group of automorphisms of H, .

Metrics on H,, which are compatible with left translations and dilations are called left
invariant, homogeneous metrics. It turns out that any two such metrics are comparable.
Left invariant, homogeneous distances on H,, can be obtained in several ways. One pos-
sibility is to consider the distance induced by the Heisenberg gauge || - ||z which is given
by

n

o= (et +a2,0%) +2) 2.)

=1

|| - |77 is obviously homogeneous with respect to dilations. It is a well-known (although
non-trivial) fact that the gauge is also subadditive in the sense that ||p*q||g < ||p||z+||q||z
whenever p, ¢ € H,, (cf. [9]). Consequently,

di(p.q) = llp~" *qllu (2.2)

defines a left invariant, homogeneous metric on H,, the so-called Heisenberg metric. By
the above definition, it is immediate that

%dE(p7 q) <du(p,q) < C(dr(p, ‘]))% (2.3)

for B C H,, bounded, p, ¢ € B and 0 < C' = C(B) < oo (where dg denotes the Euclidean
metric on H, = R2”+1). This shows that dp induces the Euclidean topology on H,.
However, the Hausdorff measures induced by dg and dgy are quite different; we refer to
the recent results in [4] on this subject.

The differential structure on H, is determined by the left invariant vector fields

le"'7X2n7T
where
0 0 0 0
X, =+ Qni_7 Xopypi = 57— — 22, .:17"'7
Da; T Tt g = g gy U ")

are the so-called horizontal vector fields and

d
=2
ot
The only non-trivial bracket relation is [X;, X, ;] = —4T (i=1,...,n).
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Definition 2.1. The horizontal plane at p = (x,t) € H, is
H,H, :=p+ dol, (HoH,),
where dopl, is the differential of the left translation 1, : H, — H, at 0 and
HoH, := {(2',0) | 2’ € R*"}

is the horizontal plane at 0. Hence

Hp]HIn = lp(Hoﬂn) = {($ + $/7 t+ 2 Z($;$n+2 - $2$%+2)) $/ € R2n}
=1
Observe that H,H, is just the 2n-dimensional hyperplane p 4 sp&mR(Vl7 ey Vo),

where V; is the Coordlnate vector of X; with respect to the basis (8871, ey 81,2”, %).
The main issue in analysis on the Heisenberg groups is that the classical first and
second order differential operators are considered only in terms of horizontal vector fields.
Likewise, convexity is defined with regard to the horizontal directions. Let us recall the
notion of weak H-convexity (we use h-convexity) due to X. Cabré and L. Caffarelli and

studied in [10] and [17]:

Definition 2.2. Let Q C H,, be open. u: Q — R is said to be h-convez if the restriction
of u to the segment [p, ¢ is a convex function whenever p € Q and [p,¢] C QN H,H,.

Here [p, ¢] denotes the convex closure (in the Euclidean sense) of the set {p, ¢}.

C? smooth convex functions in R"™ are characterized by the positivity of the Hessian.
The analog of the Hessian in Heisenberg groups is defined below.

Definition 2.3. Let Q C H, be open and u : Q@ — R. If X;X,u(z,t) exist for all
1 <,j < 2n for some (z,t) € §, then the matrix

Hayn(, ) = (5 (X0 2, 0) 4 X, X (1))

i,5=1,...,2n
is called the symmetrized horizontal Hessian of u at (z,t).

As in the case of Euclidean spaces, it turns out that for sufficiently regular functions,
the symmetrized horizontal Hessian characterizes h-convexity. Indeed, by [10, Theorem
5.11], a function » : Q C H,, — R such that X;X;u exists and is continuous in €2 for all
1 <4,7 <2nis h-convex if and only if Hyy,,u is positive semidefinite everywhere in .

The concept of viscosity allows to extend the notion of positive semidefinite sym-
metrized horizontal Hessian to functions u for which Hy,,,u may fail to exist or to be
continuous and to take this notion as a starting point for a theory of convex functions on
Heisenberg groups.

Definition 2.4. Let Q C H, be open and u : Q@ — R. wu is said to be conver in the
viscosity sense, or just v-convez, if

Hoymu >0 in Q in the viscosity sense.

That is, if p € Q, U C Q is an open neighbourhood of p and ¢ € C?(U) touches u from
above at p (meaning ¢(p) = u(p) and ¢(q) > u(q) for ¢ € U), then

Hsym¢(p) Z 0
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Remark 2.1. The above definition doesn’t make sense for functions « which are not locally
bounded above.

Remark 2.2. The above notions of convexity are compatible with the group structure : If
u: Q2 — Ris h-convex (respectively v-convex) and p € H,,, » > 0 then uol, :1,-1(Q) = R
and wod, : §1(2) — R are h-convex (respectively v-convex). Moreover, given a family
(tn : Q — R);GN of h-convex functions (v-convex functions), u := sup,cy 4y is h-convex
(v-convex) as well. Also, if (u, : © — R), ey are h-convex functions converging pointwise to
some u : Q — R, then u is h-convex. Finally, observe that functions u : R*"*! = H, = R
which are convex in the Euclidean sense are both h- and v-convex.

We now give a proof of Theorem 1.1. The main idea is the same as in the FEuclidean
case (cf. [16]) and uses the fact that the differential structure on H, does not change in
the vertical direction.

Proof of Theorem 1.1. Let us suppose that u : £ — R is v-convex but not h-convex.
After appropriate left translation, dilation, addition of an affine mapping R?"*t! — R and
multiplication with a positive constant, we can assume that there exist a unit vector v in
HoH,, and an open bounded set U such that

{Avlre[-L,13CcUCUCQ,

w(0) =0, u(—v) < -2 and u(v)< -2
Let vy := v, vguq1 := (0,...,0,1), (v1,...,v2,41) be an orthonormal basis of R***! and
M = max{u(w,t) ‘ (2,1) € U}.

By [17, Theorem 3.1] u is continuous and so M < co. For a > 0 and € > 0, consider the
function ¢, : H,, — R defined by

2n+1

¢a(2a2v2)_a_al+z_+ 2n-|—1

=1
and the domain

2n+1

D—{ZO&ZUZEU‘Z—?—F 27H'1<Z\4—|—2 |041|<1}

The intuitive geometric idea behind the definition of D, is that D, will become very thin
in the orthogonal complement of the 2-dimensional subspace spanned by v; and wvg,4q
compared to its size in this subspace as € | 0. In view of

2

W%(/\m + Q2p4102p41) = —2

(meaning that ¢, is uniformly concave on the horizontal line {Av; + @2,41v2041 | A € R}
independently of a and ¢), it is reasonable to expect that Hgym, ¢, will fail to be positive
semidefinite on D, for sufficiently small e. We now show that this is indeed the case.

Claim 2.1. There exists ¢g > 0 such that Hgy, ¢, fails to be positive semidefinite on D,
for all 0 < € < ¢g and all a > 0.



2. v-convexity implies h-convexity 6

Proof of Claim 2.1. Let p = 22221"1 a;v; € Do Then |o| < VM +2¢efori=2,...,2n.
Observe that
2n

pxOyvr = (a1 + A)vg + Z ;v + (241 + 2AY) V241

=2

with |y| < ce for some constant ¢ not depending on €, @ or p. One then computes

2n 2 5 5 o
¢a<P*5m)=a—(a1+A)2+Zi‘_;+t +4My +4Ny*

=2

€

Differentiating twice with respect to A, we obtain

d> Sy
W%(P* )= -2+ Y

This shows that there exists ¢y s.t. 0 < € < ¢g implies

— < =24 8c2e.
€

2
Ga(p*rv1) < =1

d\?
for A € [0,1], @ > 0 and p € D.. By [10, Proposition 5.2], it follows that Hy,,, ¢, fails to
be positive semidefinite everywhere in D,. O

It remains to show that we can choose 0 < € < ¢y and ap > 0 such that ¢,, touches u
from above at some point pg € D.. The following claim is the main step toward this goal.

Claim 2.2. There exists 0 < € < ¢y such that for a > 0 we have the inequality

2n+1 2n+1
(ba( Z oeivi) > u( Z oeivi)

on the boundary dD..

Proof of Claim 2.2. To see this, we divide 0D, in two parts:

2n+1 2n 2 2
. o4 (0%
GDE:{E U‘E i s S U VY :1}.
1 i—1av€ i—262+ R .

and

2n+1 2n 2 2
— o~ (87
8DE:{ U‘ A Bontt _ppy o <1}.
2 ; o0; € ; 2 + . + 2, |a |
Consider first the set 01 D.. Notice that —v; = —v, v;7 = v € 01 D.. Observe that
¢a Z a—1 Z -1

on d1D, independently of @ > 0 and € > 0, while u(—v) < =2 and u(v) < —2. By
continuity of u, the inequality follows on 0y D, for 0 < ¢ < €, where ¢; < ¢y does not
depend on a. For the points of d3 D, on the other hand, we have

2n+41 2n+1
qﬁa(Zawi) :a—oe%—l—M—|—2>a—|-M—|-12M—|—1>u(zoeivi).
=1 =1
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Let us now observe that for a = 0 ¢,(0) = «(0) = 0, while for large values of a clearly
$a(p) > u(p) on D..
Therefore
ag :=inf{a > 0] ¢4(p) > u(p) on D.}
is well defined and satisfies ag > 0. By definition of ag, there exists py € D, s.t.

bay(Po) = u(po)

and

Pao (P) > u(p)

for all p € D,.. Notice that since ¢a, > uw on 0D,, we have pg € D.. This means that ¢,
touches u from above at pg.

In view of Claim 2.1, Hypn, ¢4, (po) fails to be positive semidefinite, contradicting the
v-convexity of « and concluding the proof. O

Remark 2.3. As a consequence of this theorem, all the results we prove for h-convex func-
tions hold for upper semicontinuous v-convex functions as well. This includes the first and
second order regularity results presented in the remaining of this paper.

3 Lipschitz continuity of h-convex functions

We start with a few preparatory lemmas. We include the short proofs for the sake of
completeness.

Lemma 3.1. Leta > 0, f:[—4a,4a] = R convez.

(i) If x € [—a,a] and M := max{f(—4a), f(4a),|f(2z)|}, then —=5M is a lower bound for
f on[—4a, —2a] U [2a,4a].

(ii) If M = max{f(—4a),|f(=3a)|,|f(3a)|, f(4a)}, then —11M is a lower bound for f
on [—2a, 2a].

Proof.
(i) Consider y € [—4a, —2a]. Then z = (1 — A)y + AMa with some A < 5/8. Hence
(L= N fy) +Af(4a) > f(z)
and
8 8 13 13
) 2 3(fl@) = Af(4a) = §( - §M) > ——M > =51

A similar computation works for y € [2a, 4a].
(i) Consider & € [-2a,0]. 3a = (1 — A)a + Aa for some A <5/6. Thus
(1= N F() + Af(4a) > f(3a),

f@) > 6(f(3a) = Af(4a)) > 6( - %M) > _11M.

A similar computation works for « € [0, 24a].
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O

Lemma 3.2. Let Q C H, be open, u : Q@ — R be h-convez, p € Q, (2,0) € HoH,, and
define p' = px (2,0) and p” = px (—=x,0). Suppose that [p',p"] C Q. Then u is conver on
[p/ p//jl.

Proof. We have p” = p/* (—x,0) x (—2,0). Now observe that (—z,0)* (—,0) € HoH,,. O

Lemma 3.3. Let p; # py € R™ and define ¢1 := p1+ i(pg —p1) and g2 :==p1+ %(pg —p).
Let f : [p1,p2] = R be convex and bounded by some M on [py,p2]. Then u satisfies a

|p§%)l|- Lipschitz condition on [qq, ¢2].

Proof. Let p o= 250l — beonil 4 of € g, gy] and consider p == pf + p =2 € [py. .
By definition,

r_ |p/_p| p// P P
p+ 1 —p| p+ 1 —p|

p

By convexity of f, we have

/ |p/_p| 1 |p/_p|
f) = flp) < m(f(p )= f(p) < TQM.

Interchanging p and p’ in the above estimate gives the claim. O

We now give the proof of Theorem 1.2. We start by giving a detailed proof in the case
n =1, Q = H; in order to illustrate the main ideas in the most simple case, and then
briefly indicate how the proof extends to higher dimensions. The main point in the proof
is to show the local boundedness of h-convex functions. The first result is formulated as:

Proposition 3.4. h-convex functions u : Hy — R are locally bounded.

The proof is divided in two parts. In the first part we prove that h-convex functions
on H; are locally bounded above and we use this result in the second part to prove that
h-convex functions on H; are locally bounded below. In each part the local boundedness
is extended successively to sets of increasing topological dimension.

Proof. In the following, M > 0 is a positive generic constant whose exact value is not
important and can change in different instances.

Step I: Local upper bound for u on a vertical line.
Consider the horizontal segments

Lt :={(1,-528)| —1<s<1} and L7 :={(-1,52s)| —1<s<1}.

By Lemma 3.2, u is convex on Lt and L. Consequently, there exists an upper
bound M for w on LT U L™.

For any —1 < t < 1 consider the horizontal line segment S(¢) passing through
(0,0,2t) and connecting the points (1, —t,2t) and (—1,¢,2t). u is convex on S(¢) by
Lemma 3.2. Since the endpoints of S(t) are contained in Lt U L™, it follows that M
is an upper bound for u on the set {(0,0,%) | |{| < 2}.

Let us observe that the invariance of h-convexity by dilations and left translations
implies that u is bounded above on any vertical segment (although the bound may
depend on the segment under consideration).
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Step II: Local upper bound for » on a vertical plane.
We want to prove the upper boundedness of u on the 2-dimensional square

Q* = {(z1, 02, ) € Hy | |ay] <1, 29 =0, Jt] < 1}.
By step I, u is bounded above by some constant M on the segments
Qi =1{(-1,0,)| =1<t<1} and Qy={(1,0,6)] —1<t<1}.

For any —1 <t < 1 consider the horizontal line segment S(t) passing through (0,0, )
and connecting the points (—1,0,¢) and (1,0,¢). u is convex on S(t). It follows that
M is an upper bound for u on Q2.

Observe that a similar construction yields an upper bound for « on the square

{($17$27t) € Hl | L1 = 07 |$2| S 17 |t| S 1}

Step III: Local upper bound for u on a full dimensional set.
Consider the 3-dimensional cube

Q° = {(z1,22,t) € Hy | max{|ay], |aa|, [¢t|} < 1}.

By step 1I and invariance of h-convexity by left translations and dilations, it follows
that u is bounded above by some constant M on the faces of Q® which are parallel
to the vertical axis. Now given any point (z,y,t) lying inside the cube, we consider
the segment obtained by intersecting the line through (0,0,¢) and (z,y,t) with the
faces of the cube. The convexity of u on this segment and the fact that the boundary
values are bounded above by M show that u(z,y,t) < M. Hence M is an upper
bound for u in the whole cube.

In order to obtain a local lower bound for u, we give an argument which is similar to
the above and makes use of Lemma 3.1 and of the existence of a local upper bound.

Step I: Local lower bound for w on a vertical line segment.
Consider again the square

Q2 = {($1,$2,t) € M | |$1| < 1,29 =0, |t| < 1}
contained in a vertical plane and the segment
S:={(s/2,2,5)| —1<s<1}

which is parallel to the horizontal segment {(s/2,1,s) | —1 < s < 1} and lies in
the horizontal plane at (0, 1,0) (but is not itself horizontal). u is bounded above by
some constant M on ? and S. Consider the family of horizontal rays starting at
some p € S and passing through (0,1,0). This family of rays intersects Q? precisely
in the segment

S :={(s/2,0,5)] —1<s<1}.

Since wu is convex on each such ray, Lemma 3.1 (i) yields a lower bound
M' = M'(M, |u(0,1,0)]) for v on S. Consider now the horizontal segments
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{(s,0,¢) | =1 <s <1} for |t| <1 which intersect S in (t/2,0,t). A second appli-
cation of Lemma 3.1 (i) gives u(—1,0,t), u(1,0,t) > M", where M" = M" (M, M’).
Hence M" is a lower bound for u on the vertical segments

Qi ={(=1,0,0) [t <1/2} and Q;={(1,0,0) ]t < 1/2}.

Let us remark again that the invariance of h-convexity by dilations and left trans-
lations implies that u is now bounded on any vertical segment (although the bound
may depend on the segment under consideration).

Step II: Local lower bound for u on a vertical plane.
By step I, we can assume that |u| is bounded by some M on the vertical segments

Qi = {(2707t) | |t| < 1}7 Q% = {(_2707t) | |t| < 1}7
Q3 ={(3/2,0,0 [t} <1}, and Qi ={(=3/2,0,) ||t <1},
Considering the horizontal segments {(s,0,¢)| —2 < s < 2} for |{| < 1 and applying
Lemma 3.1 (ii), we obtain a lower bound for u on Q2.

Observe that a similar construction yields a lower bound for w on the square

{($17$27t) € Hl | L1 = 07 |$2| S 17 |t| S 1}

Step III: Local lower bound for u on a full dimensional set.
Consider the cubes

Q*(4) = {(1,22,1) € Hy | max{fay], |aa, [t} < 43

and

Q*(3) = {(x1, 22, 1) € Wy | max{lay], |2a, [t} < 3}

By step Il and the invariance of h-convexity by left translations and dilations, |u|
is bounded by some constant M on the faces of the cubes which are parallel to the
vertical axis. Given any

($17$27t) € QS(Q) = {($1,$2,t) € Hl | max{|x1|, |$2|7 |t|} < 2}7

consider the horizontal segment obtained by intersecting the horizontal line through
(0,0,¢) and (z,y,t) with the faces of Q>(4) and Q3(3). From the convexity of u on
such segments and from Lemma 3.1 (ii), it follows that u is bounded below on Q*(2)
by some constant M’ = M'(M).

This proof in fact shows that |u| is bounded on a cube of arbitrary size. We are
done. O

Proof of Theorem 1.2. Without loss of generality, assume that « : £ — R is an h-
convex function whose domain is 2 = H,. The strategy is the same as in the proof of
Proposition 3.4. We first prove that an h-convex function « : H, — R is locally bounded
above. We then use the upper bound to prove that u is locally bounded below.

For R > 0, consider the (2n 4 1)-dimensional cube

Q2”+1(R) = {(a,t) € R | max{|zq|,..., |22, |t]} < R}.

For k = 1,...,2n, define inductively F2"+t1(R) := Q*+1(R), and F**+'1=*(R) to be the
set of facets of elements of f2”+1_(k_1)(R) that are contained in a hyperplane parallel to
the vertical axis. For I' € F4(R) (1 < d < 2n+ 1), d is the affine dimension of the facet.
The proof now proceeds by induction on d.
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Claim 3.1. Ifu:H, — R is h-convez, then u is bounded above in a neighbourhood of 0.

Proof of Claim 3.1. In order to get an upper bound on a vertical segment of the vertical
axis, we perform the same construction as in the proof of Proposition 3.4, simply observing
that

{z1- €1+ 2ng1 €1+t €2pp1 | 21, Tpgr,t € R} H;.

Following the method in the proof of Proposition 3.4, we can inductively extend the upper
boundedness of u on higher dimensional facets of Q?"*!(R’), finally reaching the full
dimensional set Q?"T'(R'). Here R’ depends on R and n and is allowed to decrease in
every step. ]

Claim 3.2. [fu:H, — R is h-convez, then u is bounded below in a neighbourhood of 0.

Proof of Claim 3.2. To obtain a lower bound on a vertical segment of the vertical axis, we
perform the same construction as in the proof of Proposition 3.4, making again use of

{T1 61+ Tpq1-enpr Hteapqn | 21,2040, t €ERF =M.

As in the proof of Proposition 3.4, we proceed by induction and use the upper bound for u
on @**1(R) and Lemma 3.1 to obtain a lower bound for u on facets of Q?"*!(R’) whose
dimension increase in each induction step. As above, R’ depends on R and n and may
decrease as the dimension of the facets increases. O

The local boundedness of u follows immediately from Claim 3.1 and Claim 3.2 via left
translations.

The local Lipschitz continuity of an h-convex function u : € — R is obtained from a
short calculation which has already been performed in [10]. We include the argument here
for the sake of completeness.

Recall that we want to show the local Lipschitz continuity with respect to the Heisen-
berg metric dg introduced in Section 2. Thus we have to show that given p € Q we have
lu(q) — u(p)| < Ldu(p,q) for some constant L and all ¢ in a neighbourhood of p. We can
assume without loss of generality that p = 0 and that « is bounded on Q*"*1(R) C Q for
some 0 < R < 1. Given (z,t) € Q*"*1(R?/4) with ¢ > 0, consider the four points

pri=(=V1/2,0,...,0), po:=(—V1/2,0,...,0,v/£,0,...,0,1),
ps:=(0,...,0,t) and p4:=(2,1).

[ps, pa) C Hp,H, N Q*" T (R/2). By Lemma 3.3, u is Lipschitz on [p;, pi+1] with a con-
stant L depending only on R and on the bound M for u on Q*"*!(R) since the line
{X(pix1—p:) | X € R} intersects the boundary of Q*"*1(R) in two points. We obtain the
following estimate:

We notice that [p1,p2] C H, H, N Q* 1 (R/2), [p2,ps] C Hy H, N Q**T(R/2) and

[u(z, t) = w(0)] < [u(ps) — u(ps)|+ [u(ps) — u(p2)| + |u(p2) — w(py)| + |ulp1) — u(0)]
< L2+ VEVE/2+ V2 4 VE/2)
< L(lo|+ (V5/2+ V2 +1/2)V1)
< 5L||(x, )&
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4 Weierstrass-type h-convex functions

The question of second order differentiability of h-convex functions has been addressed
in [10] and [17]. In the setting of the Heisenberg groups (and more generally in Carnot
groups), one considers the second order partial derivatives in the horizontal directions (see

[3], [10], [17]).

Definition 4.1. Let Q C H, be open and let u : Q@ — R. We say that u belongs to
BVlch(Q) if the second order horizontal derivatives X;X;u, 1 < 4,7 < 2n, of u exist as

finite Radon measures on ' whenever Q' C H, is open with ' CC Q (meaning that €’/
is compact and that €' C Q).

It follows by standard considerations that the symmetrized mixed horizontal derivatives
X;X;u+ X; X;u of a (locally integrable) h-convex function u are Radon measures (cf. [10,
Theorem 8.1] and [17, Theorem 4.1]). Consequently, u € BV?2_ . (Q) iff Tu exists as a
finite Radon measure on every €' CC 2 as can easily be seen from the equalities

QXZ'X]‘U = (XZ'X]‘U + Xinu) + [Xi7 X]‘]u
and

—ATu 1<1<n,3=n+1
[XZ',X]‘]UI 4Tu 1<3<n,e=n+7 .

0 otherwise

In two recent preprints by Garofalo-Tournier (cf. [13]) and Gutiérrez-Montanari (cf.
[14]), the authors prove the following remarkable result (cf. [13, Theorem 2.4] and [14,
Proposition 7.2]): Given a weakly h-convex function u : © — R defined on an open set
2, with continuous second order mixed horizontal derivatives and €' CC €, there exists a
constant 0 < C'= C'(2, ') < co such that

/ det Hoymu + %(Tu)2 dr? < C(ogcu)z. (4.1)

This result actually implies that for any h-convex function u : 2 — R defined on an open
set Q and any Q' CC Q, Tu exists in the weak sense on Q' and Tu € L?(€). Let us
briefly indicate the argument: Fix Q' C Q” C Q. By Theorem 1.2, u is bounded on Q".
In particular, oscu < 00. For sufficiently small € > 0, the regularization u. of u is defined

in some open neighbourhood of Q" in Q and converges uniformly to w on Q" since u is
continuous in © (Theorem 1.2). In particular, 0S¢ U is bounded by some constant times

oscu, and this constant does not depend on e. Now since u, is smooth and h-convex (one
Q//

easily checks that the smoothing preserves the h-convexity), we have det Hgynu, > 0 by
[10, Theorem 5.11], and therefore (4.1) gives

/ (Tu)?dL® < C

for some constant 0 < C' = C'(Q,') < co. By weak compactness in L?(?'), there exists
a sequence (ex)gen decreasing to 0 and a function g € L?*(€') s.t. Tu,, — g. Hence all
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that is left to show is that ¢ is the weak derivative of u in the vertical direction in €'. Let
¢ € CL(Q') and compute

/ Té-udl?® = lim T¢-ue, acs

k—o0 Jo

= — lim ¢-Tu,, acs

k—co Jor

= — | 6-gac®.
Q/

In particular, by the preceding observations, it follows that any h-convex function
u:Q —=Risin BVlqu(Q)7 and this makes the following result of Ambrosio and Magnani
(see [3, Theorem 3.9]) available for h-convex functions: If u € B‘/I?)cﬂ(§2)7 then for a.e.
z € § there exists a polynomial P, of homogeneous degree 2 s.t.

1 B _
0BG Jo, 1l =

However, as already mentioned in the introduction, the notion of h-convexity is less
rigid than its Euclidean counterpart. The results from Section 3 show the local Lipschitz
continuity of h-convex functions with respect to the Heisenberg metric. Notice that this
only implies a Hélder condition with exponent % with respect to the Euclidean metric
on vertical lines. In particular, the h-convexity does not imply the almost everywhere
differentiability of the function restricted to (sparse sets of ) vertical lines. In the remaining
of this section, we illustrate this statement with examples, which are, in our opinion, both

interesting and amusing.

JFrom now on, we confine ourselves to the first Heisenberg group H = Hj, and in
order to achieve a more readable notation, we write (z,y,t) instead of (z1, 2,t) to denote
elements of H. Thus the group operation is given by

(z,y,t)x (2", ¢, ) = (z + 2"y + o/, t + 1 + 2(a"y — ).

We will now construct h-convex functions which have a highly irregular pointwise be-
haviour in the vertical direction. The first step consists in exhibiting an h-convex function
whose restriction to the vertical axis is periodic. As a starting point, we consider functions
of the type

s

h(z,y,t) = ((«* +y*)> + 9(1))7,

where ¢ : R — R is assumed to be twice continuously differentiable and positive, and try
to obtain conditions on ¢ which ensure that the symmetrized horizontal Hessian of & is
positive semidefinite. After some rather lengthy calculations with partial derivatives, we
obtain

tr(Hayh) = K77 (14 g") (2 + )" + (49 = 39™ /4 + g9") (2* + 1))
and

det(Hyynh) = 30710 (22 4+ y%)2g(1+ g") = 3(a* + y2) 9 /4).
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Consequently, a sufficient condition for tr(Hsy,,, k) > 0 to hold is that
1+g">0 and 4g(4+g") > 3¢, (4.2)
and a necessary and sufficient condition for det(H,y,h) > 0 to hold is that
4g9(1+g¢") > 39" (4.3)

Summing up, we see that the followinglconditions on g are sufflicient to guarantee that
h:H— R; h(z,y,t) = (22 + y*)? + ¢(t))* is h-convex:

(i) g € C*(R), g >0 on R.
(i) 14g¢” > 0on R.

iii) 4g(1+¢") > 3¢'% on R.
L do(la o > 302 on R

Observe that the periodic function
1.
g:R->R;g(t) =2+ §sm(t)

satisfies these conditions.

In the following, we use the h-convex function

h:H—R; h(z,y,t)= ((362 + )+ 24 %sin(t)) '

as building block for our constructions. Here is our first result:

Proposition 4.1. There exists an h-convex function w : H — R which is invariant under
rotations that fix the vertical axis and whose restriction to the vertical axis is nowhere

differentiable.

Proof. The idea is to perform a Weierstrass-type construction as described e.g. in
[12, §11.1]. For fixed 1/2 < < 1, choose A > 2 in such a way that

AB-1 A5
(e i

(4.4)

where € > 0 is to be specified later. Let

1 1
fe(z,y,t):==ho 5(\/X)k($7 y,t) = (/\%(av2 + )+ 24 3 sin(/\kt)) '

The function w is defined by

w(z,y,t) = Z(/\_ﬁ)kfk(x, y,t).

kEN

It follows from the h-convexity of h and from Remark 2.1 that w is h-convex. In order
to prove that w is nowhere differentiable on the vertical axis, we estimate the modulus of
continuity of w there. The calculation is similar to the one in [12]. Givent € R,0 < 7 < %,
let N € Ns.t.

AVHD < p o AN
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Then
‘w(O, 0,t+7) — w(0,0,8) — AV (fn (0,0, ¢+ 7) — fn(0,0,8)] <
N-1 00
AT S2(0,0, 84 7) = £1(0,0,8) [+ Y (A)F|£(0,0,04 7) — fx(0,0,1)] <
k=1 E=N+1
N-1 00 1-8\N -\ N+1
WMy (A< T,(\/l\—ﬁ _) 1 (1\— )/\—ﬁ =
k=1 E=N+1

AB—1 AP
N N
W (T 7o) ST

by (4.4). On the other hand we have

|fn(0,0,t+7) — fn(0,0,8)] > ¢|sin(AN (t + 7)) — sin(AV1)]

for some ¢ > 0 not depending on t. Since 1 — 1/A > 1/2 and A=N+D < 7 < A=V 7 can
be chosen in this interval in such a way that

| fn(0,0,t+7) — fn(0,0,8)| > ¢/10.

Let ¢ := ¢/20. Then, given A= < § < A=Vt we can choose A=N*+D < 7 < A=V in such
a way that

|w(0,0,t4 7) — w(0,0,t)| > AN > AP > €68

with some C' > 0 independent of ¢t and §. In particular, the derivative of w(0,0,-) does
not exist at any t. ]

Remark 4.1. One can verify that
5 0
SO i)
t
keN
is locally uniformly convergent away from the vertical axis. This implies that the function
w(x,y,-) is in C1(R) for any (z,y) # (0,0).
Let us now restate Theorem 1.3 slightly more precisely in the following

Theorem 4.2.

(i) There exists an h-convex function u : Hy — R and a set of vertical lines whose
projection to the (z,y)-plane is dense in the unit square, such that the restriction of
u to any of these lines is nowhere differentiable.

(i) For any 0 < s < 1, there exists an h-convex function us and a set of vertical lines
whose projection to the (x,y)-plane has positive s-dimensional Hausdorff measure,
such that the restriction of us to any of these lines is nowhere differentiable.

We now use the function given by Proposition 4.1 to prove Theorem 4.2 (i).
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Proof of Theorem 4.2 (i). Let w be as in Proposition 4.1. For each & € N, consider
the partition of the unit square Q in the (z,y)-plane in 22* closed squares Q1 of side
length - 5= each. Let pg; = (g1, Y1, 0) denote the center of Q. Clearly

{pry| k€N, Te{l,..., 2%
is dense in the unit square. Let

it = ki (@ = 2p0 0 — ye)l)s

where ¢ > 0 is a constant chosen in order to ensure that gi(z,y,t) > [[wol_p, [|r=(q)
when (2,y) € Q and ||(& — 211,y — yr,)|| > o7 Finally define

1
fk,l(%% ) = supfwo l_pkﬂgkl} = (|wo l_pkl gk,l| +wo l—pk,l +gk71)'

By definition of gy, fri1 = gr,; in @ \ interior(Qr, ).
Define u by

1 f ;
xy, ZkQQ%Z klxy

kEN

For fixed K € Nand L € {1,...,2*}, we have

Trizr,n, yx,0,t) Trizr,n, yx,0,t)
U(QCI«’,LvyB’ZLvt):Zkzpkz S Z 2 2kz D

k<K Ckil k>K 41 Ckil
For k < K, 1 € {l,...,2?)}, 1 # L, the one-sided derivatives of f.;(zx L,k L,") exist
everywhere. The second sum does not depend on ¢, because (zx 1,y 1,0) is always
outside of the interior of Q). Finally, the derivative of fx r(zk 1,yx 1) from the right
does not exist anywhere since fx r(zx r,yK, 1,-) coincides with w(0,0,-). This shows
that the restriction of u to {(zgs,yxst) | t € R} is nowhere differentiable for k € N,
le{l,...,2%7. O

In order to obtain the family of functions (us)o<s<1 appearing in the statement of
Theorem 4.2 (ii), we proceed in the following way: We define a Cantor set of positive s-
dimensional Hausdorff measure as a countable intersection of finite unions of closed squares.
We then use left translations to the centers of these squares together with dilations to
perform a Weierstrass-type construction on the whole Cantor set. The argument involves
substantially more technicalities than the one used in the proof of Proposition 4.1. Let us
indicate the main steps:

Proof of Theorem 4.2 (ii). Let 0 < s <1,a:= £ and : + o < # < 1. Choose A > 2
in such a way that

(i) A” € Nand

. 1
(ii) 1AM31—|—1A5<103
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Suppose that for k € N we have (/\a)k pairwise disjoint closed squares )y, of side length
A~k/2 each, distributed in the unit square. For fixed 1 < [ < (A)* distribute A* closed
squares (Qi41,/, of side length A~(E+1)/2 each, in Q1. Clearly, when A is sufficiently big,
this can be done in such a way that the squares with the same centers as the Q34 but
twice their side length are pairwise disjoint. Write

(A)*
Cp = U Qr; and C:= ﬂck.
=1 keN

Using standard arguments (cf. [18, §4.12]), one can prove that the s-dimensional Hausdorff
measure of C is positive and finite.
Let pr; = (2, Y&, 0) denote the center of each of the squares Q. Let

1

7ty = sup { () I +2 4 S sin®) el )l

fk,l(xv Y, t) = f o 5(ﬁ)k o l—pkyl ($7 Y, t)

Here ¢ > 0 is chosen in order to ensure that

L

1 .
Jea(z,y,t) = (/\zkH(ﬂf —wrny— k)| 24 3 sin (A*(t 4 2ap0y — 296%,1))) )
in Qr, and

iy, t) = N2 ell(@ = 2y =yl
outside of the square of side length 2A~%/2 with center pj;. (¢ = (%)i will do). Thus
iz, y,t) = No/2¢ || (2 — Tri Y — Yra)|| on Qg for I # [ by choice of the Q.

The function u, is defined as

k

NERTR ZZ/\ﬁfkl$yv)

keN (=1

We show that for a given p = (z,y,0) € C, the restriction of u, to the vertical line
{(z,y,t) | t € R} is nowhere differentiable: Given t € R, p = (2,y,0) € C and 0 < 7 < %,
let N € Ns.t.

AmWNHD) <7 AN

Then
AOL)N
u5($ yvt—l_T) _us x,y,t Z le € yvt—l_T) fN,l(xvyvt)) <
=1
N— 1 Aa)k
|fkl € yvt—I_T) fk,l($7y7t)|+
k=1 [=1

+ Z Z(/\_ﬁ)k|fk,l($7y7t+7—)_fk,l(xvyvt”‘

E=N+1 [=1
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Notice now that for fixed k € N, by construction,

|fk,l(x7y7t+ T) - fk,l($7y7t)| 7£ 0

precisely for one [ € {1,...,(A*)*}. A calculation shows that this expression is bounded
by 1 for &k > N +1 while for 1 < k < N — 1 we obtain the bound Mt from the mean value
theorem. Whence

AOL)N
u5($ yvt—l_T) _us x,y,t Z fkl € yvt—l_T) fk,l(xvyvt)) <
=1
N-1 1—-B\N —B\N+1
Byk \k oy A=A (A7)
(AN §: AW st 77 S
k=1 k=N+1

A1 A6
-8
W T

) < (AHN1073

by our choice of A. Finally, we have

AOL)N
Nnale,yt+7) = fvale, g, ) = AN (vale, g, t+7) = [z, y,1)
=1
for some [ € {1,...,(A*)N}, and a computation gives the estimate
(A_ﬁ)N|fN,l($7 Y, t+ T) - fN,l(xv Y, t)| Z
1 ) .
(/\_ﬁ)N—6 . ‘1/2(51H(AN((t +7) + 22N,y — 22yNy)) — sm(/\N(t + 2z Ny — QxyNJ))) ‘

Since 1 — 1/A > 1/2 and A=V+) < 7 < A=N_ 7 can be chosen in this interval in such a
way that

1/, ) 1
5(51n(AN((t +7) + 22N,y — 22yNy)) — sm(/\N(t + 2z Ny — QxyNJ))) > 20"

This yields
AOL)N

N(fnale,y, t+1) = gz, y, 1) > 2- 1075 (AN
=1

Hence, given A™ < § < A™N+1 we can choose AVt < 7 < A=N in such a way that
lug (2, y, t 4 7) — ug(z,y,1)] > 1073 (AN > 107317067,

In particular, the derivative of us(x,y,-) does not exist at any ¢. O
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