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Abstract
We describe the behaviour of minimum problems involving non-convex surface integrals in 2D singu-
larly perturbed by a curvature term. We show that their limit is described by functionals which take

into account energies concentrated on vertices of polygons. Non-locality and non-compactness effects
are highlighted.
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1 Introduction

The starting point of the analysis in this work is the study of minimum problems related to the equilibrium
of elastic crystals (see e.g. [16], [15] for the variational formulation, [8] [9] for a derivation of the model
from statistical considerations, [3] for its links with Ising systems and [20] [25] for a analogous derivation
as a singular perturbation of the Allen Cahn model). The model problem we have in mind is that of
finding sets minimizing a (possibly highly anisotropic) perimeter functional, of the form

(1) min{ BEw(VE)d’Hl LBy C E}

where the minimum is computed among all sets E C R? with boundary of class C' and containing a
fixed open set Ey. Here, ¢ is a Borel function, vg denotes the (appropriately-oriented) tangent to E and
H* is the 1-dimensional (Hausdorff) surface measure. Another model problem is that of local minimizers
of the perimeter, related to

2) min{ D(ve)dH! : By AE| < 5},
oE
where 6 > 0 is a fixed constant.

Problems the type above, or some of their perturbations for which the solution is not as much at hand,
can be attacked following the so-called direct methods of the calculus of variations. First, problems (1)
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and (2) can be ‘relaxed’ by admitting as competing sets all sets with finite perimeter (see [18], [5]).
Then, if ¢ is larger than a fixed constant and if its homogeneous positive extension of degree one is a
convex function, classical results imply that the surface integral in (1) and (2) is lower semicontinuous
and coercive in the appropriate topology of the L'-convergence of characteristic functions of sets. The
application of the direct methods of the calculus of variations thus yields existence of minimizing sets of
finite perimeter, and, if ¢? is smooth and strictly convex, regularity results for minimal surfaces assure
that such minimizers are regular. On the other hand if ¥? is non convez then the minimum problems (1)
or (2) may not possess solutions. It can be seen (see e.g. [21]) that the application of the direct method
of the calculus of variations gives minimizing sequences with increasingly wiggly boundaries (even though
with equi-bounded total surface). Their limits can be described (see [4]) as minimizers of a ‘relaxed’
problem of the same type: in the case of (1) for example,

(3) min{ - P(vg)dH' : Ey C E},

where the new length energy density ¢ is simply the convex envelope of the one-homogeneous extension of
1 to R™. This process may lead to non-strictly convex integrands, which in turn may yield non-uniqueness
and non-regularity of solutions. In this case it may be necessary to consider higher-order terms in the
surface energy to explain solutions with sharp corners and facets (see also [30]; a similar phenomenon
is studied in [19]). Note that so far the problem can be framed in an n-dimensional framework, upon
replacing curves by hypersurfaces.

In this paper we study, in a two-dimensional setting, the case when we add a singular perturbation
by a curvature term in (1) (or, analogously, in (2)), obtaining a minimum problem of the form

(4) min{/aE (1/)(1/]5‘) + €2I<52)d7-[1 By C E}

where now the minimum is taken among sets with C? boundary and «(x) denotes the curvature of OE
at . In this way, oscillating boundaries are penalized when introducing large curvatures.

In a way similar to [25], [24], [22], in order to understand the behaviour of minimizers for (4) we may
study the (equivalent) scaled minimum problems

(5) min{/BE(M +z—:n2)d’H1 LBy C E}

€

We assume for simplicity that ¢(vg) = ¢ (vg) precisely on a finite number of directions vq ... ,vny. One
can easily check that under this assumption ¢ must satisfy

sin(viy1 — v) sin(v — v;)

> i - i+1), Yve (v,vi41),Vi=1,...,N.
¥() sin(vip1 — v;) Ylvi) + sin(vip1 — v;) Y¥is1) v € (Vi Vi), Vi
Note that this condition rules out a smooth behaviour near vy,... ,vx as in the energies considered in
[19]. The problem can be then rewritten as
(6) min{/ (M + 852)d7‘[1 : By C E},
oE €

where ¢ : ST — [0, 4+00) vanishes precisely on those preferred directions.

Our main result is to describe the asymptotic behaviour as e — 0 of the problems in (6), showing
that minimizers E., up to translations, tend to sets £ which in turn minimize a limit energy. This limit
energy can be computed by using the techniques of I'-convergence (see [13], [11], [10]). We define the



functionals F. on sets of finite perimeter as

/ (sO(ZE) +6/<62)d7'[1 if E is of class C?
(7) F.(E) = -

400 otherwise,
and we compute their I'-limit G with respect to the L' and Llloc—convergence of characteristic functions of
sets. As an example, in the simplest case when ¢ is symmetric and the preferred directions coincide with
the coordinate directions, the domain of the limit G is simply the set of the coordinate polyrectangles
and G(E) = c#(V(E)), where V(E) is the set of vertices of the polyrectangle E. The constant ¢ can be
computed as

(®) =2 /5 VoS dH (s),

where S is the minimal arc in S! connecting (1,0) and (0,1). Hence, the limit problem is trivially
(9) min{c #(V(E)) : E coordinate polyrectangle, Eo C E}

and the minimizers E of the limit problem are simply all coordinate rectangles containing Ey. Note that
the limits E of minimizers E. of (4) minimize both (3) and (9), so that they are coordinate rectangles
containing Fy of minimal perimeter.

In the general case, we show that the domain of the limit energy consists of those polyhedra whose
tangents point in the preferred directions vy, ... ,vy, and that the limit energy is much more complex.
If E contains only simple vertices (or, equivalently, if OF is locally Lipschitz) we define

(10) F(B) =Y {9 (). () : ve V(E)},

where g is given by

(11) g(v1,v2) =2 Vep(s)dH' (s)

A(Vl,l/z)

(A(v1,v2) is the minimal arc connecting vy and v, in S') and v*(v) are the two tangents at v. If, loosely
speaking, E is such that approximating sequences E. may be chosen ‘close’ to E then we prove that
G(E) = F(E). In the general case, the value G(E) is obtained as

(12) G(E) = inf{limjian(Ej) : BE; = E, E; with simple vertices}.

This formula hides two types of degenerate behaviours. First of all, we have to take into account that
when two or more vertices meet at a point the set £ may be approximated in many different ways and
the approximation of minimal energy must be chosen. In addition, the energy G may be non-local: in a
sense, a polyhedron may be completed by adding segments pointing in some of the preferred directions,
which must be considered as degenerate parts of E; the energy G(E) takes into account the ‘minimal’
of such completions. This effect is analogous to that highlighted in [6] for functionals depending on the
square of the curvature. As a consequence of formula (12) we get that the study of minimizers of problems
involving G corresponds to the analysis of minimizing sequences of corresponding problems involving F'.
In particular, we deduce that the limit problem of (6) admits as solutions all the convex polyhedra with
tangents in the preferred directions.



Once the form of the I'-limit is computed, we may apply our results also to other problems for which
the solution is less immediate, such as

(13) min{/aE(@ n 5&2)d’H”_1 By AE| < 5},
(14) min{/BE(@ +5;<;2)d7{"*1 +|Eo AE|},

where FEy is some fixed set. The latter problem is also of interest in some models in Image Processing
where energies depending on curvatures and on (the number of) vertices are considered (see [27], [23],
[12]). Note that the solution to problem (14) may not be given by a set where G(E) = F(E) (see the
example in Section 6.2).

Finally, we note that, since the solutions of the limit problem are polyhedra with fixed orientations, it
is very tempting to link this approximation result to the theory of crystalline growth as recently developed
(see [28], [29], [17], [7]), where non-striclty convex ) are considered.

The paper is organized as follows. Section 2 contains the statement of the main results in terms of
I'-convergence and the necessary notation. In Sections 3 and 4 we prove the lower and upper bounds for
the limit energy. In Section 5 some cases are dealt with when the limit energy can be proven to be local;
i.e., it can be written as a sum of energies concentrated on vertices. Finally, in Section 6 we consider the
pathological case when we do not have a boundedness condition on the perimeters, giving a qualitative
description of the shape of sequences with equi-bounded energy and an example when ['-limits computed
in the L' and L{ . topology differ.

loc
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2 Main results

2.1 Statement of the main results

For every E C R? of class C? and every € > 0, we define the energy

(15) F.(E) = / (Lp(v) +6k2> dH*

oE \€
where v = v(x) is the tangent direction to OF in z, defined in such a way that (v2, —v1) coincides with
the outer unit normal to OF in z. With H! we denote the 1-dimensional Hausdorff measure, which will
coincide with the line measure throughout the paper. The quantity k = x(x) denotes the curvature of OF
in z, and ¢ : S' — [0,4+00) (we identify S with R mod 27) is a continuous function with the following

property
Jvi,..uN€SY, v <y <wuny <vnii=v+21  suchthat p(v) =0= {v,...vx}.

We will always assume that
|I/i—1/i+1|<7r, i=1,...,N.



We will identify sets E with their characteristic function x g, and then, with a slight abuse of notation
the functional given by formula (15) will be identified with the functional F. : L'(R?) — [0, +o00] given
by

1
(16) Fu(w) = /E)E (;p(y) + 8E2> dH' if w=xp and E is of class C?

+o0 otherwise.

With an additional slight abuse of notation, we say that a sequence of sets (E,), C R? converges to
E CR? in LY(R?) if xp, — xp in L'(R2).

For 61,0, € S, 6, # 0y +, let A(g, 6,) denote the shorter of the two arcs in S! connecting 6, and 5.
We assume that A g, ,) is oriented in the direction going from 6 to #>. We define g : S* x S* — [0, +00)
in the following way

2 \% QP(V)dr}-[l(y) if 01 € {Vl,. . -VN} 7 = 1’2
(17) 9(01702) = A(91‘92)

+00 otherwise.

Note that W(02,01) = W(91,02).
An admissible polyhedron is a set P C R? whose boundary is a polygonal composed of segments whose
directions lie in the set {vy,...vn}. We set

P ={P : P is an admissible polyhedron} .

We also define the class
R = {P € P : OP is piecewise C’l},

and we call regular admissible polyhedra the elements of R. The difference between an admissible and a
regular admissible polyhedron is that each vertex of a polyhedron of the second type is the endpoint of
precisely two sides.

Given a polyhedron P in R?, we define the set V(P) C R? of the vertices of P to be

V(P)={x € 8P : 9P is not C! at x}.
We define also the functional Fz : P — R in the following way
> W (v),vT(v), ifEeR;

Fr(E) =  veV(E)
+00, itE¢gR.

Here, v~ (v), v (v) denote the directions of the two sides intersecting in v € V(E). This functional will
be identified with a functional Fg : L' (R?) — [0, +00] in the same spirit of (16).
We also set
G =sc (Fr),

where sc~ denotes the sequential lower semi-continuous envelope, understood in the sense of the L'-
topology with uniform bounds on the perimeters, namely

s¢ (FRr) (E) = inf {lim inf Fr(E,) : E, —» E in L'(R?), supH'(OF,) < —l—oo} .



Remark 2.1 It is easy to check that G is finite only on (characteristic functions of) admissible polyhedra.
Moreover, given an admissible polyhedron P, there always exists a sequence (P, ), of regular polyhedra
which converge to P in L'(R?), and for which sup,, H'(0P,) < +oco and sup,, Fr (P,) < +oo. In fact, it
is sufficient to take

(18) P, = {a: € P : dist(z, P) < %}

We remark that in general the sequence given by formula (18) does not recover the infimum in the
definition of G(E).

Remark 2.2 Given an admissible polyhedron P, there always exists a sequence (P,), of regular poly-
hedra which converge to P in L'(R?), and for which G(P) = Fr(P,) for sufficiently large n. In fact,
whenever the quantities Fr(P,) remain bounded, they have range in a finite set of numbers, and the
infimum is always attained.

Our main result is the following I'-convergence theorem (for a general introduction to the subject we
refer to [13], [11]).

Theorem 2.1 Fore >0, let F. : L'(R?) — [0, +00] be the functional given by formula (16). Then there
holds

(19) I-lim F. = G
e—0

with respect to the convergence in L'(R%) with uniform bounds of the lengths of the perimeters. More
precisely, by (19) we mean:

(i) (closure) if sup, H*(E.) < +oo, sup, F.(E.) < +oo and E. — u in L*(R?) then there exists P € P
such that u = P;

(i) (I-liminf inequality) for all P € P and for all E. — P in L'(R?) with sup, H'(E.) < +00, we have
G(P) < liminf, F.(E.);

(iii) (I-limsup inequality) for all P € P there exists E. — P in L*(R?*) with sup. H'(E:) < 400 such
that G(P) = lim. F.(E.).

Remark 2.3 (Convergence of minimum problems) From Theorem 2.1 we obtain the convergence
of the minimum values of problems (13) and (14) to the minimum values

min {G(p) .PeP, B AP| < 5} = inf{ Y g (v), vt () : PER, B AP| < 5},
veV(P)

and
min {G(P) +|EgAP|:Pe 7>} = inf{ S g (), 0) + B AP|: Pe R}
veEV(P)

respectively, provided that we may find a sequence of minimizers with equibounded perimeter. This prop-
erty is a well-known result of ['-convergence, once we notice that the equi-boundedness of the perimeters
ensures compactness of the minimizing sequence (upon, possibly, a translation), and that the constraints
or the additional terms are ‘compatible’ with I'-convergence. To check this for problem (13), it is sufficient
to notice that a slight modification of the argument in the proof of Theorem 2.1(iii) allows to obtain that
we may suppose |Eg A E| < §, while it is clear that the addition of the perturbation in (14) is compatible
since it is continuous with respect to the L'-convergence.

Remark 2.4 The results of Theorem 2.1 remain valid if F, has the form

(20) F.(E) = /M <%<p(l/) +m2> dH' + cH' (OF)



with ¢ > 0; i.e., if we add a term proportional to the length of FE. In this case, we similarly modify
Fr(E) by setting
Fr(E)= Y g0 (v),r*(v)) +cH'(OE)
vEV(E)

on R. Note that in this case the equi-boundedness condition on the perimeters is redundant.

For the case when we drop the equi-boundedness condition on the perimeters and we consider the
L} . convergence we refer to Section 6.

We conclude this section by deducing a convergence result for the minimum problems in (1) as an
example of application of Theorem 2.1.

Corollary 2.1 Let ¢ and v be as in the Introduction. Let Ey be a bounded connected open set and let
E. be minimizers for the problems

me = min{/aE (z/;(VE) +52,€2)d’}-[1 tEy C E}

Then, upon translations and passage to a subsequence, E. converge to a polyhedron P which minimizes
both

(21) m = min{ D(vg)dH : By C E}
oF
and
(22) m) = min{ Z gv~(v),vt(v)): By CE,E € R}
vEV(E)

PROOF. We just sketch the proof, including details only for the passages involving I'-convergence.
By a relaxation argument (see [4]) and the density of sets with regular boundary we may suppose
that E. converges to a minimizer E of (21), which is connected since Ey is. On the other hand, E: is

also a minimizer of
m) = min{/ (M +5/§2)d’H1 _o Ey C E}
oF € €
Define ¢ =9y — 1. By using Lemma, 3.1 and the construction of Section 4, one can check that
m < Y(vp,)dH' <m+o(e),
OE.
and that E. is an o(1)-minimizer of

min{/BE(—d}(yE) ~9(vp) +sn2)d’Hl By C E}

€

min{/&)E(@ +5/§2)d7-[1 1 Ey C E}

We may apply Theorem 2.1 and Remark 2.4 as the perimeters of E. are equibounded since ¢ > c¢. We
then obtain that E is a (convex) polyhedron which minimizes (21) and also (22). B

)



2.2 Notation

We introduce some preliminary notation and definitions.
Given a polyhedron P in R?, we define a side of P to be the closure of a component of P \ V (P);
we also define
5(P) = inf{|s| : s is a side of P}.

Ifv% : [a;,b;] = B2 i = 1,2 are two curves with v (b;) = v*(aa), we define v x> : [a1, as +ba —b1] —
R? as

Lt t € la,b
71*72“) — 72() [ 1 1]
Y (t—b1+a1) t e [bl,bl +b2—a2].

Similarly, we define inductively

k 1 k—l)

Given a curve ¢ : [a,b] — R?, we denote by im(c) its image, and if ¢ is of class C?, and t € [a, ] is such
that ¢/(t) # 0, we define x(c(t)) to be the curvature of ¢ at ¢(t).

Given two sequences (Ay)n, (By), of subsets of R? such that 4, N B, =0 Vn € N, and given v € S*,
we say that (By,), falls into line with respect to (Ay,)y in the direction v if for every § > 0 it is

r—y
|z — y

—v| <90, VYxe A, Vy€E By, for n sufficiently large.

We say that a family of curves v, : (an,b,) — R? falls into line in the direction v if for every n > 0 and
for every sequence of pairs (T, Yn), Tn,Yn € im(yy,), with |z, —y,| > 1, and such that v, * (z,,) > v, (yn),
the sequence (z,,), falls into line with respect to (y,), in the direction v.

Given a piecewise C! curve v : S1 — R?, and given a point x which does not belong to im(y), we
define ind(z,v) to be the winding number of v around x, namely (in complex notation)

. _ 1 (1)
1nd(7,1‘) = 2—7” /5:1 m dt.

Finally, we say that two segments [z1, 2], [y1,y2] C R? do not intersect transversally if the condition
below holds true

(NT) (@1, 22] N [y1,y2] N{z1 Uz Uy Uya} = 0.

Given 61,0, € S, the sum 6; + 6> will denote, unless it is explicitly remarked, the sum as elements of
the group S' endowed with its natural structure.

3 The I'-liminf inequality
This section is devoted to the proof of the I'-liminf inequality in Theorem 2.1.

We consider sequences (E,) C R?, &, — 0" for which
(Hl) XE, = U in L' (Llloc)(]RQ);
(Hs) sup, H'(OE,) < +o0;

(Hs) sup, F:, (E,) < +oc.



Our first aim is to prove that the sequence (E,), converges in L!(R?) to some admissible polyhedron
P. In fact we have the following result.

Proposition 3.1 Let e, — 0 and let (E,), satisfy hypotheses (Hy), (Hz2) and (Hs). Then there exists
an admissible polyhedron P € P such that w = xp, and for which there holds

(23) G(u) <liminf F. (E,).
Before proving Proposition 3.1 we introduce some preliminary result.

Lemma 3.1 Leta,b,6 €R, a <b,d >0, and let v; € ¢ 1(0). Then for every curven : [a,b] — A,
of class C' with

Vit1)
77(“) =v+ 67 W(b) = Vit+1 — 67

we have

b
29 [ (2 et + <hi@l?) de > gtvsvisn) + os(1),

where 05(1) — 0 as 6 — 0.

ProoOF. This is a simple consequence of the Young inequality, in fact we obtain

by b
[ (Gewo+elinE)a > 2 [ Vel
Vig1—0 Vit1
> 2 » Vo) dt>2 [ en(t) dt + os(1),

which is the desired inequality. ®

Now we consider a family of curves 7, : S' — R2 of class C? with the following properties
1 A, d v\’
25 su / — (_—n>+€n (——n> dt = M < +o0,
(%) P /e ( Pl @ Tl

(26) sup/ [9n| dt < +o00.
n S1

We suppose also that the curves 7, are parametrized proportionally to their arc length, namely that
there holds

1
|9 (8)| = =— / || ds; for all t € S* and for all n € N.
2 St
We want to describe the limit shape of the curves «,, when n — +o00. In order to do this, we set for § > 0
Ss=S"\ (1 = 6,11 +6]U---U [un — d,vn +9)),
and

(27) C(9) = inf p(v).

VESs

If  : [a,b] — Ss is a curve of class C!, then there holds clearly

b
(28) [ (Geto) + <t ) i > 2 0 - o co

€



hence, using (25) and (28) with n = 4,, and € = ,,, we deduce

1 2 En 1 Y (1) 2 enM
H(ﬁe[mﬂﬁumu)e&ﬁygcw)éﬁﬁa< ¢< >+fnn0mﬁﬂ>dt§ .

Q

en’ \ |nl (9)
From this inequality we deduce the existence of a sequence J,, — 0 such that

(29) LYNI,) =0 asn — +oo,

In= {“SI : QZE& ES‘”‘}'

Since Ss is open, the components of I,, are at most countable: denote by I} = (04,607), j = 1,... ky,
those components of I,, for which 4,,(a%,) # 4, (bJ,). From assumption (H3) and from Lemma 3.1 it follows

that sup,, k, < +00 and so, passing to a subsequence, we can assume that k, = k for all n. We also set

where we have set

k
(30) Jn=8"\|J I

Lemma 3.2 Let (6", 0"*1) be a component of J,, such that
A (B8) = || (vi £ 6,), for some v; € {v1,...,uN}.
Then 'yn|(9h i) falls into line in the direction v;.

PROOF. Let n > 0, and let a,, 3, € (8%,08%1) be such that |y,(a,) — ¥.(Bs)| > n. Then, since v, is

parametrized proportionally to the arc lenght, there holds
Bn
(31) 1< Pn(an) = (B < [ (O] dt = il £2((@n 52))
Qn
so in particular we have
— 1 < =L < L ((an, ) < 27
sup; [¥;1 = [¥nl

Hence by equation (26) the quantities £ ((a,, 8rn)) are uniformly bounded from above and from below.

Set
%:/ (D)t m:/ (L.
(an,Bn)\In (an,Bn)NIy

Equations (26) and (29) imply that 7, — 0 as n — +o0o. We also have
/ n()dt = [Yu| L1((an, Bn) \ In) vi +/ (Y (t) = | vi) dt,
(aﬂvﬁ")\Iﬂ (anvﬁn)\In
so from (31) and the definition of I,, we deduce
(32) pn = |n| L1((an, Bn)) vi +o(1).
From this expression and from the fact that p, — 0 it follows that

Yn(Bn) — Tnlan) o m o ~
|7n(ﬁn) — 7n(an)| —V; = |pn T Tn| vi = |pn| v; + 0(1) = 0(1)

This concludes the proof. B

The next lemma shows that v, restriced to a component of .J,,, converges uniformly to a segment in
direction v; parametrized by arc lenght.
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Lemma 3.3 Let (0", 0"*1) be a component of J,, as in Lemma 3.2. Then, given any p > 0, there exists
n, € N such that

(33) 17 (Br) = Yn(an) = |¥nl (Bn — an) vil] < p, Yoy, B, € (927 Z+1), Vn > n,.

Proor. It follows easily from v,(8,) — Yn(@n) = pn + T, equation (32), and the fact that 7, — 0 as
n— +o0o. i

Let us now introduce some additional notation. We define the class

C= {{71,...,7 bt St — R? is piecewise O, €{vy,...,vn} ae. in Sl,izl,...,k}.

Ivl

Let v = {y*,...,7"} € C. Then for all i im(y) is composed by a finite number of segments with directions
Vjiy---,Vj, . We define F': C — R in the following way

k

Ji
= Z Z g(yjh”/jh+1)'

i=1 h=1

Proposition 3.2 Let e, and let (E,),, satisfy hypotheses (Hy), (H2) and (Hs3) above. Let~i,j=1,...,1
(passing to a subsequence we can suppose that the number [ is independent of n) be parametrizations of
the components of OF,,. Then there exist a polyhedron P € P such that u = xp, there exist integers h, k,
k < h <1, and there exists v = {y',...,v*} € C with the following properties

) vl =9, §=1,...,k, uniformly on S*, and v} — 27 € R*, j =k +1,...,h, uniformly on S*.

(')
(T'2) the segments of im(7y) do not intersect transversally;

(T'3) for a.e. x € R?, it is Z i ind(v', ) € {0,1}, and xp(z) = Ele ind(y%, x);
(Ty) F(y) < liminf, F. (E,);

PROOF. Leti € {1,...,h}, and consider the sequence of curves v}, which parametrize the i-th component
of OF,. This sequence satisfies conditions (25) and (26), hence we can repeat for them the constructions
above. Let J! be the counterpart of the set .J,, for the curve v%. We can also suppose that the number
of components of J{ is a constant k¢ independent of n. From Lemma 3.3 it follows that,

(34) up to translation, 4> — % uniformly on S*, for some curve 7' € C,
or
(35) up to translation, % — 2’ uniformly on S*, for some point z* € R?.

Up to a permutation of the indices, there exist h,k € N, 0 < k < h < [ such that (v2)n,..., (7%)n

converge uniformly in S* to some y!,...,v* € C, and that (y**1),,...,(y"), converge uniformly in S*

to some points zF+1, ... 2" € R?. Define v to be v = {y!,...,v*}, so that also v € C. Condition (T';) is

automatically satisfied. Condition (T'y) follows easily from the fact that the sets E,, are of class C>.
From equations (34) and (35) we deduce

(36) H2(B,) =0, where B, = (LkJim('yi)) U ( LhJ x)
i=1 i=k+1

11



By the continuity of the winding number with respect to the uniform convergence we have

h h
lim Zind (v, x) = Zind (v, ), for all z € R* \ B,,
=1 i=1

hence, since the index is integer-valued there holds

h k
Z ind (v}, ) = Z ind (v, z), for n large and for all x € R* \ B,.

i=1 i=1

From this we can deduce that, setting

h
P= {a: €R\ B, : lim Y ind (v,) = 1},
i=1

we have
{x €eP = =zekE, forn large;

xr¢P = «x¢gFE, fornlarge.

This implies that
XE, = Xp asn — +00, a.e. in R?,

and proves condition (I's). Property (T'4) follows from Lemma 3.1. B

Lemma 3.4 Suppose that v € C satisfies conditions (I'1) and (I'z) in Proposition 3.2. Then there exists
a sequence of regular polyhedra (P,), C R such that

(37) xp, & xp inL'R*);  Fr(P,) < F(y).
PRrROOF. For the proof of this Lemma we refer to [14]. B

Finally, we are in position to prove Proposition 3.1.

ProOF OF PROPOSITION 3.1. Let P be the polyhedron given by Proposition 3.2, and let (P,), C R be
the sequence of regular polyhedra given by Lemma 3.4. Then, by equation (37) and by property (I'4)
there holds

Fr(P,) < F(y) < lim inf . (E,,).

Finally, by the definition of G' we have

G(P) <liminf Fr(P,) <liminf F. (E,).
n n

This concludes the proof. ®

4  The I'-lim sup inequality

The goal of this section is to prove the I'-lim sup inequality in Theorem 2.1. Starting with a regular
admissible polyhedron P, we modify it near its vertices and we obtain a sequence of sets F,, of class C?
which converge to P and such that F.,_ (E,) is as small as possible. Then we treat the general case of an
admissible polyhedron by approximating it with regular polyhedra.

12



Proposition 4.1 Let P € R be an admissible reqular polyhedron. Then, given any sequence €, — 07T,
there exists a sequence of sets (Ey)y of class C* such that

XE, = Xp in Lt (]R2); limsup F., (E,) < Fr(P).

PrROOF. Let v be a vertex of P: since P is regular, there are exactly two sides of P intersecting v.
Without loss of generality, we can suppose that the directions of these sides, which we denote by /; and
l>, are v and v, respectively. Let X : (=1 |I1], 3 |l2]) — R? be defined by

_ _ 1 .
(38) At = v—tu, te[ %ll,O],
v+tvs, tE [0,5l2].

The curve \ defined in this way parametrizes part of /; for ¢ < 0 and part of I for £ > 0. Our aim is to
find a sequence of regular curves A, : [—3|l1], 3 |l2]] = R? with the following properties:

1 1
(39) An — A uniformly on {—5 [T1], 3 |lg|} ;
. 1 A )
(40) lim — | = | +enr (M) | dt = g(v1,12).
(-l d ) \En o\ Al
Since ¢ is assumed to be of class C' in S* \ {v1,...,vn}, the following Cauchy problem
0 -1
y'(t) = Vely(t) y
(41) 1 0
V1 + v
y(o) = - 2 2 "

admits a unique maximal solution u : (a,b) — S!, with —0o < a < 0,0 < b < 4o00. It is immediate to
check that that u is a C! increasing function which tends to v; (respectively, v5) as t — a (respectively,
t—b).

For every ¢,d € (a,b), with ¢ < 0 < d (¢ and d will be taken sufficiently close to a and b), define
e=c— (u(c) —v1) and f = d+ (v2 — u(d)); note that e < ¢ < d < f. We can find a nondecreasing
function 7 : [e, f] = Ay, v, Of class C', such that

(42) n(e)=vi; 1n(e)=0;
(43) n(f)=wv; 0(f)=0;
n(t) = u(t), t € (c,d);
(44) )] < 2ule) —nl, te(ec);
)| < 2|y —u(d)|, te(df).

For £ > 0, let 7. denote the unique continuous extension of 7 to the interval [—1 1 |l1],1 1 |l5|] for which

(45) mmz{m’teki

13



Finally, for e, — 0", define A, : [—3 [l1], 3 [lo]] = R? to be

¢ s 1,1
A (t) = () ds,  te =2l =]
O=vt [ (Z)as te |-zl

Since 7., is an S'-valued curve of class C!, it follows that A, is of class C? and is parametrized by arc
lenght. For ¢t < 0 it turns out that
¢ s
v+/ Ne <—> ds—v—tuy
0 En

En € S > t S
= Ne, <_ ds + / Nen | — ds —tuv.
/0 €n ene €n

Since |, | = 1, and since 7., (t) = vy for t < e, it follows that

>\n (t) - A(t)

1
An(t) — A(t) =0, uniformly for ¢ € [—5 [T1], 0} .
In the same way one can show that
1
An(t) = A(t) = 0, uniformly for ¢ € [0, 3 |l1|,} ,

so we have proved (39).
Using the definition of \,, and the change of variable i =y, we find

szl (4 A 5o |l2] 1
[ (Felgm) e )as= 77 (gt ven (1)) di
~Lil \En o MAn| ~1 Al \En

then, taking into account equation (45), one has

/_éi " (i ¢ (1) + &n (775")2> dt = /ef (90 (e.) + (7’75")2) dt.

3 2 il \En
Dividing the interval (e, f) into (e, c), (¢,d) and (d, f), by equation (41) we get

f
/ (@(nsn)+(ﬁsn)2)dt < le—e ((sup)soJr(sup)ﬁ?n)

+g(vi, 1) + |f —d| | sup ¢ + sup 7?2, | .
@f) (@

Using the expression of e, f, and taking into account (44), we deduce

f
[ (o) i)Y de < glonm) +[ute) = <suw+4|u<c>_y1|2>

(e,c

+|ve — u(d)] (sup ©+4|vy — u(d)|2> i

(e,0)
Hence, choosing ¢ = ¢(n) and d = d(n) depending on n and such that

lu(c) — 1| + |v2 —u(d)| = 0 as n — +00,

14



also (40) follows.

Now consider a component © of 9P. Let vy, ...,v;, denote an ordering of the vertices of © along the
parametrization of A, and let A; be the curve defined above corresponding to the vertex v;,7 =1,...,%e.
Then we can choose as parametrization for © the piecewise-C? curve \g given by

Ao = A1 * - % Ao

For j € {1,...,ie}, let \;, be a sequence of curves which satisfy (39) and (40) with A = \; and
v~ (vj),v"(v;) instead of vy and v». If we consider the sequence of curves

Ap,n - Al,n koo ok Ai@,ny ne N)

they will converge uniformly to Ae on their domain (ae,be). In general the curve Ag ,, is not closed, but
since \g is closed there holds

Aon(ae) — Ao n(be) — 0, as n — +oo.

Consider the curve A; ,. Since the directions of its two rectilinear parts are linearly independent, it is
sufficient to modify slightly the lenght of these parts in such a way that Ae,, transforms into a closed
curve Ag,p.

Repeating this procedure for all the components of 9P we obtain a set E, whose boundary is
parametrized by the union of the curves (Ag.)o. The sequence E, will satisfly the required proper-
ties in the proposition. B
Remark 4.1 From the proof of Proposition 4.1 it follows that we can choose \,, satisfying (40) and
(46)

1 1
An coincides with X in a neighbourhood of {—§|l1|, §|l2|} ; A = Moo < 2(le(n)] + | f(n)]) €n,

where e(n) = c(n) —u(c(n)) +v1 and f(n) = d(n) + u(c(n)) — vs.
As an immediate consequence of Proposition 4.1 we have the following corollary.

Corollary 4.1 (I'-limsup inequality) Let P € P be an admissible polyhedron. Then, for every (e,)n
with e, — 01 there exists a sequence of sets E, of class C? such that

E, — P in L*(R?) and limsup F;, (E,) < G(P).

ProoOF. By Remark 2.2, there exists a sequence (Py)r C R of regular polyhedra such that
xp, — xp in L' (R?); limsup Fr(Py) = G(P); sup H' (OP;,) < +o0.
k k

Then, by Proposition 4.1, for every k € N there exists a sequence (E¥),, of sets of class C? such that
E¥ — Py F. (EF) = Fr(P), as n — +00.

Hence we can choose a sequence of natural numbers n(k) with n(ks) > n(ky) if k2 > k; such that

1 . 1
||XE’; _XPk||L1(R2) < E) FEn(Erlz) < FR(PIC) + E

So, if we choose
E, = EF, for n(k) <n < n(k+1),

the sequence (E,),, satisfies the desired properties. B
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5 Some local cases

In this section we study some specific cases for which the ['-limit G has a local expression, namely it is
the sum over the vertices of a quantity depending only on the single vertices.

5.1 A non-symmetric case

In this section we treat the following particular case. We assume that the function ¢ satisfies the following
conditions

(i) ¢ € C*(SY);
(i) ¢ 1(0) = {v1,...,vn}, and v; € o 1(0) = —v; € ¢ 1(0).

Under these hypotheses we will prove that I'-lim._,q F. has a local expression. Namely, to every vertex
of an admissible polyhedron P is associated a quantity E(v), and T'-lim._,o F-(P) is the sum of E(v)
over the vertices v of P, see Proposition 5.4. In order to state this result precisely we introduce some
additional notation.

Let P be an admissible polyhedron, and let v be a vertex of P. Let [y, ..., l2; be the sides of P which
intersect at v. If condition (i) above is satisfied, then for each of these segments [;, j = 1,...,2k, is
uniquely determined a tangent direction v(l;) = v;; € ¢~ *(0).

To each [; we can associate an orientation o, (l;) respect to v, namely we set

oy(l;) = —1, if l; is oriented toward v; _1 ok
oy(l;) =1, if —1; is oriented toward v, ST
If the segments Iy, ..., l2, are ordered in such a way that v;, < v;, <--- < v, , then clearly it must be

O'U(lj) . O'U(lj+1) = —1, ] = 1, - .,2](? — 1, and O'v(lgk) -O'v(ll) =—1.

Definition 5.1 An admissible decomposition w of v is a partition of ly,...,log in pairs (I; ,1}), i =
1,...,k, such that

(ADy) oo(l7)==1, a,(f) =1; i=1,...,k,

and

(AD>) v(l;7) < min {I/(lj_),ll(l;_)} < max{l/(lj_),y(l;')} < (), ihj=1,...,k, i#].

We set also
Q, = {w | w is an admissible decomposition for v} .

Remark 5.2 Every vertex v € V(P) admits an admissible decomposition. In fact, if the versors
Vi, s .., Vig, are ordered in such a way that v;, <wv;, <--- <w,,, then one can take

li_:l2i—17 l+:l2z lzl,,k

(3

To each admissible decomposition w = {(I;,1;")}; of a vertex v, we associate the energy ¢ (w) defined by

k

(47) P(w) = Zg (v(7),v())
and we define

(48) E(v) = min {¢(w) |w € Q,}.



Lemma 5.3 Let v € C satisfy conditions (I's) and (I's) in Proposition 3.2, and let P be the polyhedron
associated to v from (I's). Let v € V(P) and let l1,...,lap be the segments of v which intersect v.

Let 1;7,...,l, be the segments of {li,...,lox} which are oriented toward v, and let .. .,l,:r be the
elements of {l1,...,lox} which, following the parametrization of vy, are after i1, ... 1, respectively. Then
wy = (lj_,l;.'), j=1,...,k, is an admissible decomposition of v.

PRrROOF. Property (AD;) is immediate to verify. Condition (AD-) is equivalent to the fact that adjacent
sides must have opposite orientations. H

Proposition 5.4 Suppose ¢ satisfies conditions (i) and (ii) above and let P be an admissible polyhedron.
Then there holds

(49) Glxp)= > E).

veV(P)

PROOF. Let us prove first the I-lim inf inequality. Let £, — 0, let (E,), satisfy hypotheses (H;)— (Hs),
and let w = xp. Let v € C be given by Proposition 3.2. Then, if w] is given by Lemma 5.3, there holds

vEV(P)

Finally, using equation (48) and property (I'y) in Proposition 3.2 we get

> E@< ) EW!)=F(@) <liminf F. (E,).
VeV (P) VeV (P) "

This proves the I'-lim inf inequality; let us now turn to the I'-lim sup inequality.
Let v € V(P) and let @, be an admissible decomposition of v which realizes the minimum energy,
namely for which

P(@w) = E(v).
The set of the admissible decompositions @,, when v varies over V(P), determines an element v € C in
the following way.
Given a side I' of P, are uniquely determined two vertices v; and v, and two indices i; and iy for
which, if we set Wy = {(lj:l,lijl)}i and Wy = {(l?:?’li_ﬂ)}i’ we have

1 _ g+
U=10,

=1

i2,2"

Let I? = l;, »; Teasoning as above, there exist an unique vertex vz an an unique index i3 for which, if we
set w3 = {(I'3,0;3) },» there holds

2 _ g+ -

=12 =l s
Continuing in this way, we obtain a first segment /' for which I/t = liiq1- Let ¢ o, B — R?,
i=1,...,7 be parametrizations of the sides !, and consider the closed curve v' defined by

l=ct s .

Up to reparametrizations, we can suppose that v' is defined on S'. In the same way, we define the curves
2, ...,y ST — R? until all the remaining sides of P are considered.
Now we fix a number M > 0, a sequence of positive numbers §,, converging to zero, and we consider
the set
A, = {UFM(LL (U) |U € V(P)} .
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Let 7' be the curve defined above, and let &, = {t € S* : y'(t) € A,}. The set & is a finite union of
closed intervals [al?, 8L, i = 1,...,41, and we denote by (oLt 718 i = 1,..., 41, the components of
alii ,yl|[ai,i 7L, it is clear that

S'\ &, where we have taken o},¢ = 8", Setting €' = 7'|,1¢ g1}, and &;

{

71 — cl 1 él 1 52,2 *‘_,*Eil:]l *6#]1_
Of course, we can write a similar expression for v2,...,v".
We observe that the maps ¢ Li=1,...,k I =1,...,j;, are union of two rectilinear curves with

At

directions v and v g (followmg the order of the parametrization), while the curves é4' are rectilinear

with direction I/il.
We define also the curves

el = el + o, (V). te ol By)

where the above sum v + V:_lls now a sum of elements in R?. It follows from property (AD-) that the

images of the curves é! are all disjoint when 7 varies from 1 to &, and [ varies from 1 to j;. We have also
sy (gl ) ' G LY (sl

% =it = b = ( - 1) ( v 1) , foralli=1,... .k 1=1,...,j.

@y (it @™y (i)

Now we choose a function 7 : [0,1] = [0, 1] of class C° and which satisfies the following properties

1 = 0 in a neighbourhood of 0;
(51) 7 =1 in a neighbourhood of 1;
=0 <2 "] <4,

and for a,b > 0, let 1, : [0,1] — R* be defined by

Ma,b(t) = < b:;(tt) > ; telo1].

Using simple computations, one can check that
b
(52) |k (Map(t))] < 4 o for all ¢ € [0, 1].

We recall & (14,5(t)) denotes the curvature of 1, at 74,5(t).

Fixi € {1,...,k},1 € {1,...,ji}, and consider the points ¢i!(34!) and ¢i!*1 (k! *1); then by equation
(50) there exist unique numbers a, b > 0, and an unique affine isometry 7" of R? for which the curve T'on,
possesses the following properties (we omit the dependence of a,b, T on the indices 7, and n):

Tonas(0) =3 (By"); T omap(l) =i+ (ap™);
(T omup) (0) =035 (Tomay) (1) =i

One can easily check that

|b| <20,, a> for n large;

l\DI»—\

see the Notation for the definition of 5. From these equations and from (52), it follows that

(Ton ,b)’ 5
‘m_”" |6(T 0 1ap)| < 16 =2

On
<8 <P

(53) > m§
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Denote by C&! the curve n,,, where a, b are chosen as above depending on i,,n, and consider

5 el g L Eh? k. spbd g (L
It follows from the first equation in (53) that if M is sufficiently large, then the curves 3., = 1,...,k are
simple, mutually disjoint, and the union of their images is the boundary of a piecewise C? set E,, C R2,
It is clear that FE,, — P in L'(R?).

Let &, — 0: for every i € {1,...,k} and every [ € {1,...,75;}, let a®!,b%!  etc., be the analogous of
a,b, c,d in the proof of Proposition 4.1 when we consider v®!, %! and V_’;l. Since ¢ is assumed to be of
class C'*, we can choose §,, — 0 and e>!(n), f*!(n) with the following properties:

On

(i) lim : , = 400 forall¢ € {1,....k} and every [ € {1,...,75:};
e ()] 7)) LY L)

(ii) lim 1 c <§5n> =0;
s

TLEn

see (27) for the definition of C(9).

We have
1 culy! . 1 8 162
/ —¢( (J;,) )dt+6n/ KO dt < — C <:5n> +én <T> 52.
1] €n M(CR)| [0,1] En  \S s

From property (ii) above and from (53), it follows that

i, L\ .
(54) lim / Sy (Cw) )dt+sn/ (G dt ) = 0.
n \Jaen M(CR)| [0,1]

By Remark 4.1, for every i € {1,...,k}, every | € {1,...,4;} and every n sufficiently large it is

. i
possible to choose a curve C, : [al, 4] — R? such that

(55) O3 (1) = 5 (1)] < 20 (1™ ()] + £ ()]
(56) "' coincides with ! in a neighbourhood of {a!, Bi'};
—1,l
1 Cn)' i il i
(57) / —cp( (_g,) )dt+ / e k(O dt = gt .
laz'Br'] En M(C)] [az' %"

Let 7 be the curve defined by
'Nyfl 2521 *CN'}Ll *522 *---*ﬁf;ji *CN'}L]

From (56) it follows that the curve 4% , i = 1,...,k, are curves of class C, while (55) implies that they
are simple, mutually disjoint, and the union of their images is the boundary of a C? set E, C R?. Again,
E, — P in L'(R?). Moreover from (57) one can deduce that

limsup F;, (E,) < Z E(v).
" VeV (P)

This concludes the proof. ®
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5.2 A symmetric case

In this section we treat the case in which the admissile polyhedra are polyrectangles, and the function ¢
is symmetric with respect to the axes x and y. A direct proof of Theorem 5.1 is also presented in [10],
Appendix B.

Theorem 5.1 Let ey, ey be the canonical basis of R?, and suppose that ¢ satisfies the conditions

(58) 90_1(0) ={v1,...,vs}, where v =ey, vy = es, v3 = —eq, vy = —ey,
and
(59) go := g(vi,vir1) is independent of i =1,..., 4.

Then the admissible polyhedra are polyrectangles and for every P € P there holds

G(P) = go x t{vertices of P}.
PROOF. Let us prove first the I'-lim inf inequality. We note that if P € R, then one has
(60) Fr(P) = t{vertices of P} = #{sides of P}.

Let E € P, and let E, € R, Ex, — E in L'(R?). Then, since it must be §{sides of Ey} > #{sides of E}
for k large, it follows from (60) that

Fr(Ey) > t{sides of E} > #{vertices of E}, for k large.

Hence we have also
G(E) = sc” (Fr)(E) > #{vertices of E},

which is the I'-liminf inequality. Let us prove now the I'-lim sup inequality. Given a polyrectangle E,
and given a number o > 0, consider the set E, defined by

E, ={z € E : dist(z,0F) < o}.

Then, if o is sufficiently small, E, € R, and #{sides of E,} < f{sides of E}. This concludes the proof. ®

6 Pathological cases

In this section we consider the case in which it is not required the uniform boundedness of the perimeters
in the definition of convergence. In this situation, it is possible to have the convergence in the L. (R?)
sense without having convergence in L!(R?), so we are led to consider the quantity

G(E) = inf {liminf ., (E,) : E, — E in L}, (R?)}.
n

We recall that, by Theorem 2.1, G(E) = inf {liminf, F. (E,) : E, — E in L'(R?),sup,, H1(0E,) <
400}, so it is clearly G(E) < G(E). In Section 6.1 we describe the asymptotic shape of the subsequences
(Ey)y for which sup, F., (E,) < +o00, highlighting similarities with Section 3. However, in general
G < G, and in Section 6.2 we exhibit an example of a function ¢ and of a polyhedron P for which G(P)
is stricly less than G(P).
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6.1 Asymptotic shape of minimizers

In this subsection we describe the limit shape of a sequence of sets (E,), for which just condition (Hs)
holds, thus without assuming that the perimeters OF,, are uniformly bounded.

We suppose that OF,, possesses just one component; the general case requires only simple modifica-
tions. Let v, be a parametrization of 0F,, proportional to the arc lenght. First, we note that Lemmas
3.1 and 3.2 remain unchanged, so we can define as in Section 3 the quantities §,, — 0, I, and J,, with
|In| — 0. In general, we will not have uniform convergence on the components of .J,, as in Lemma 3.3,
but we recover it under some suitable rescaling.

Lemma 6.1 Let J,, be defined as in (30), and let (0", 0"*) be a component of J,, such that
An(08) = || (v £6,)  for some v; € {v1,...,vN},

and such that |, (08) — v, (oh )| = +00 as n — +oo. Let 5y, : (08,0711 be defined by

1
n(t) = (Y (t) = M (6])).
1Y (62) — Y (on ™))
Then we have
sup  |n(t) —vit| = 0, as n — +0o.

te(fh,ohth)

PROOF. We have |9,(t)] < C on (8",0"*1), and moreover

n

[ be(EYasf | Lo
(61,5 +1) En 7] (61 ,oht1) En ¥l

n'n
Hence, considering the curve 7,,, we are in the same situation of Lemma 3.3, so our statement follows. B

Passing to a subsequence, we find an integer k, and k sequences of points (z),, ..., (z¥), such that

dist (v, (I), {z%, ..., 2k} = 0, as n — +00.

In this case, the mutual distances of the points z{ can go to infinity. However it turns out that the
sequences of points {zl,...,z*} arrange in “clusters”, and the limit shape of some rescaled portion of
E, is still polyhedral.
In fact, let ' .
dl, =sup{|zf, —xl| : i, € {1,...,k},i #j},

and consider the sequence of sets
By, = (dy) ™" (Bn — 7).
Let y. be a parametrization of OEL. Then, there exists a number k' < k and k; sequences of points

(XY, ..., (xL*1), such that

dist (v} (L), {zL?, ..., 2L} =0, as n — +00.
From Lemma 6.1, it is easy to see that the sequence E. converges in L (R?) to some admissible polyhedron
Pl eP.
If we choose a different rescaling for the set E,, we can obtain some “finer” structures of these sets.

In fact, consider the set of indices {i1,...,i;} C {1,...,k}, for which

lim (d)) !z —2L| =0, 1=1,...,]
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and define d? to be ' '
d2 = sup{|zl — x| : l,h € {i1,...,i;},1 # h};

it is clear that (d})~'d2 — 0. Consider the sequence of sets E2
By = (dy) ™ (Bn — ).

Lo(R?), where P2 C R? is a set
which boundary is composed by segments, half-lines or lines oriented in the directions {v1,...,vn}. In
some sense P2 could be considered as a polyhedron with some sides of infinite lenght.

Of course, the same result is true if one considers suitable rescalings at the points x! for i # 1.

Then, using the arguments above, one can check that E2 — P? in L}

6.2 An example in which G # G

In this subsection we consider the following particular case, namely ¢ *(0) = {vy,...,v5} with
V2 V2

(61) vi= (1,0 ve=(0,1) wy==-(-L1); va==-(-1-1); vs=(0,-1)

and

(62) g1, v2) = g(vo,vs) = g(va,v5) = g(vi,12) =1, g(vs,11) = 5.

Let p;,q; € R2, i =1,...,3, be given by
b1 = (070)7 b2 = (170)7 b3 = (15 1)7 q1 = (270)7 q2 = (370)7 q3 = (271)5

and let P be the polyhedron defined as follows (see figure (a))

3 3 3 3
P = {Ztipi|ti >0,y ti= 1}U {Ztiqz'm >0,y ti= 1}-
=1 =1 i=1 i=1

It is clear from (61) that P € P. We show that in this case G(P) is strictly less than G(P).

In fact, let (E,), C R be a sequence of sets of class C? as in figure (b). It is clear that the boundary
of E,, has just one component and from (62) one can check that Fr(P,) =17+ o(1), where o(1) — 0 as
n — +00.

Now, suppose by contradiction that G(P) = G(P) < 17, namely that there exists (E,), C R* with

E, — E in L' (R?), sup H1(0E,) < +oo, lim F., (E,) < 17.
n n

Passing to a subsequence, we can assume that the number of the components of OF,, is a fixed number &
independent of n. By Lemma 3.1, it turns out that F. (E,) > 9% + o(1), so, since we are assuming that
F. (E,) <174 o(1), it follows that k = 1.

Let 7, : S' = R? be a parametrization of OF,, proportional to the arc lenght. Then we can apply
Proposition 3.2, and we find a curve v : S' — R?, v € C, for which v,, — « uniformly on S!, and for
which P = {z € R? : ind(y,z) = 1}.

Consider the set

A={tes" : 1< (ult) <2,5(0) € {vs,m}}.

Since 7 has just one component, it must be A # ), and since —v3 and —v4 do not belong to ¢ 1(0), it
should be y(A4) C 9P, which is a contradiction.

Remark 6.1 It is possible to have G(P) < G(P) also if we require strong L' convergence in the definition
of G. In fact, if ¢ is of class C*, one could choose a sequence of approximating sets (E,), as in figure
(c). Reasoning as in Section 5, one can prove that F; (E,) =17+ o(1).
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