CVGMT Preprint Server - http://cvgmt.sns.it/papers/ambkir99a/

Currents in metric spaces

Luigi Ambrosio

Scuola Normale Superiore Piazza Cavalieri 7 56100 Pisa, Italy e-mail: ambrosio@bibsns.sns.it

Bernd Kirchheim^∗

Max-Planck Institut für Mathematik Inselstrasse 22–26, D-04103 Leipzig, Germany e-mail: kirchheim@mis.mpg.de

February 21, 2000

Abstract

We develop a theory of currents in metric spaces which extends the classical theory of Federer–Fleming in euclidean spaces and in Riemannian manifolds. The main idea, suggested in [20, 21], is to replace the duality with differential forms with the duality with (k + 1)-ples (f, π1, . . . , πk) of Lipschitz functions, where k is the dimension of the current. We show, by a metric proof which is new even for currents in euclidean spaces, that the closure theorem and the boundary rectifiability theorem for integral currents hold in any complete metric space E. Moreover, we prove some existence results for a generalized Plateau problem in compact metric spaces and in some classes of Banach spaces, not necessarily finite dimensional.

�on leave from ÚAM MFF UK, Mlynská dolina, 84215 Bratislava, Slovakia

Contents

1 Notation and preliminary results 7 2 Metric functionals 8 3 Currents 12 4 Rectifiable currents 18 5 Normal currents 22 6 Compactness in Banach spaces 30 7 Metric space valued BV functions 33 8 Closure and boundary rectifiability theorems 36 9 Rectifiable currents in Banach spaces 41 10 Generalized Plateau problem 48 11 Appendix A: euclidean currents 54 12 Appendix B: isoperimetric inequalities 56 13 Appendix C: Mass, Hausdorff measure, lower semicontinuity 60

Introduction

The development of intrinsic theories for area minimization problems was motivated in the 50’s by the difficulty to prove, by parametric methods, existence for the Plateau problem for surfaces in euclidean spaces of dimension higher than 2. After the pioneering work of R. Caccioppoli [12] and E. De Giorgi [18, 19] on sets with finite perimeter, W.H. Fleming and H. Federer developed in [24] the theory of currents, which leads to existence results for the Plateau problem for oriented surfaces of any dimension and codimension. It is now clear that the interest of this theory, which includes in some sense the theory of Sobolev and BV functions, goes much beyond the area minimization problems that were its initial motivation: as an example one can consider the recent papers [3, 8, 27, 28, 29, 35, 41, 42], to quote just a few examples.

The aim of this paper is to develop an extension of the Federer–Fleming theory to spaces without a differentiable structure, and virtually to any complete metric space; as a byproduct we also show that actually the classical theory of currents depends very little on the differentiable structure of the ambient space, at least if one takes into account only normal or rectifiable currents, the classes of currents which are typically of interest in variational problems. The starting point of our research has been a very short paper of De Giorgi [20]: amazingly, he was able to formulate a generalized Plateau problem in any metric space E using (necessarily) only the metric structure; having done so, he raised some natural questions about the existence of solutions of the generalized Plateau problem in metric or in Banach and Hilbert spaces.

The basic idea of De Giorgi has been to replace the duality with differential forms with the duality with (k + 1)-ples (f_0, f_1, . . . , f_k), where k is the dimension, f_i are Lipschitz functions in E and f_0 is also bounded; he called metric functionals all functions T defined on the space of these (k+1)-ples which are linear with respect to f_0. We point out that the formal approach of De Giorgi has a strong analogy with the recent work on J.Cheeger [13] on differentiability of Lipschitz functions on metric measure spaces: indeed, also in this paper locally finitely many Lipschitz functions f_i play the role of the coordinate functions x_1, . . . , x_n in the euclidean space R^n. The basic operations of boundary T → ∂T , push forward T → φ_#T and restriction T → T ω can be defined in a natural way in the class of metric functionals; moreover, the mass, denoted by ‖T ‖, is simply defined as the least measure μ satisfying |T (f_0, f_1, . . . , f_k)| ≤ k∏ i=1 Lip(f_i) ∫ E |f_0| dμ for all (k + 1)-ples (f_0, f_1, . . . , f_k), where Lip(f) denotes the Lipschitz constant of f. We also denote by M(T ) = ‖T ‖(E) the total mass of T . Notice that in this setting it is natural to assume that the ambient metric space is complete, because Lip(E) ∼ Lip(Ê) whenever E is a metric space and Ê is the completion of E.

In order to single out in the general class of metric functionals the currents, we have considered all metric functionals with finite mass satisfying three independent axioms:

(1) linearity in all the arguments;

(2) continuity with respect to pointwise convergence in the last k arguments with uniform Lipschitz bounds; (3) locality.

The latter axiom, saying that T (f_0, f_1, . . . , f_k) = 0 if f_i is constant on a neighbourhood of {f_0 ≠ 0} for some i ≥ 1, is necessary to impose, in a weak sense, a dependence on the derivatives of the f_i’s, rather than a dependence on the f_i itself. Although df has no pointwise meaning for a Lipschitz function in a general metric space E (but see [7], [13]), when dealing with currents we can denote the (k + 1)-ples by the formal expression f_0 df_1 ∧ . . . ∧ df_k, to keep in mind the analogy with differential forms; this notation is justified by the fact that, quite surprisingly, our axioms imply the usual product and chain rules of calculus

T (f_0 df_1 ∧ . . . ∧ df_k) + T (f_1 df_0 ∧ . . . ∧ df_k) = T (1 d(f_0f_1) ∧ . . . ∧ df_k)

T (f_0 dψ_1(f) ∧ . . . ∧ dψ_k(f)) = T (f_0 det(∇ψ(f)) df_1 ∧ . . . ∧ df_k) .

In particular, any current is alternating in f = (f_1, . . . , f_k).

A basic example of k-dimensional current in R^k is

[[g]](f_0 df_1 ∧ . . . ∧ df_k) := ∫ R^k g f_0det(∇f) dx for any g ∈ L^1(R^k); in this case, by the Hadamard inequality, the mass is |g|L^k. By the properties mentioned above, any k-dimensional current in R^k whose mass is absolutely continuous with respect to L^k is representable in this way. The general validity of this absolutely continuity property is still an open problem: we are able to prove it either for normal currents or in the cases k = 1, k = 2, using a deep result of D. Preiss [54], whose extension to more than 2 variables seems to be problematic.

In the euclidean theory an important class of currents, in connexion with the Plateau problem, is the class of rectifiable currents. This class can be defined also in our setting as

R_k(E) := { T : ‖T ‖ << H^k and is concentrated on a countably H^k-rectifiable set } or, equivalently, as the Banach subspace generated by Lipschitz images of euclidean k-dimensional currents [[g]] in R^k. In the same vein, the class I_k(E) of integer rectifiable currents is defined by the property that φ_#(T A) has integer multiplicity in R^k (i.e. is representable as [[g]] for some integer valued g) for any Borel set A ⊂ E and any φ ∈ Lip(E, R^k ); this class is also generated by Lipschitz images of euclidean k-dimensional currents [[g]] in R^k with integer multiplicity.

One of the main results of our paper is that the closure theorem and the boundary rectifiability theorem for integer rectifiable currents hold in any complete metric space E; this result was quite surprising for us, since all the existing proofs in the case E = R^m heavily use the homogeneous structure of the euclidean space and the Besicovitch derivation theorem; none of these tools is available in a general metric space (see for instance the counterexample in [17]). Our result proves that closure and boundary rectifiability are general phenomena; additional assumptions on E are required only when one looks for the analogues of the isoperimetric inequality and of the deformation theorem in this context.

If E is the dual of a separable Banach space (this assumption is not really restrictive, up to an isometric embedding) we also prove that any rectifiable current T can be represented, as in the euclidean case, by a triplet [[M, θ, τ]] where M is a countably H^k-rectifiable set, θ > 0 is the multiplicity function and τ, a unit kvector field, is an orientation of the approximate tangent space to M (defined in [7]); indeed, we have

T (f_0 df_1 ∧ . . . ∧ df_k) = ∫ M θf_0⟨∧_kd^M f, τ⟩ dH^k where ∧_kd^M f is the k-covector field induced by the tangential differential on M of f = (f_1, . . . , f_k), which does exist in a pointwise sense. The only relevant difference with the euclidean case appears in the formula for the mass. Indeed, in [38] the second author proved that for any countably H^k-rectifiable set in a metric space the distance locally behaves as a k-dimensional norm (depending on the point, in general); we prove that ‖T ‖ = θλH^k M, where λ, called area factor, takes into account the local norm of M and is equal to 1 if the norm is induced by an inner product. We also prove that λ can always be estimated from below with k^{−k/2} and from above with 2^k/ω_k, hence the mass is always comparable with the Hausdorff measure with multiplicities.

If the ambient metric space E is compact, our closure theorem leads, together with the lower semicontinuity property of the map T → M(T ), to an existence theorem for the (generalized) Plateau problem

min {M(T ) : T ∈ I_k(E), ∂T = S} (1)

proposed by De Giorgi in [20]. However, the generality of this result is, at least in part, compensated by the fact that even though S satisfies the necessary conditions ∂S = 0 and S ∈ I_{k−1}(E), the class of admissible currents T in (1) could in principle be empty. A remarkable example of metric space for which this phenomenon occurs is the three dimensional Heisenberg group H_3: we proved in [7] that this group, whose Hausdorff dimension is 4, is purely k-unrectifiable for k = 2, 3, 4, i.e.

H^k (φ(A)) = 0 for all A ⊂ R^k Borel, φ ∈ Lip(A, H_3) .

This, together with the absolute continuity property, implies the spaces R_k(H_3) reduce to {0} for k = 2, 3, 4 hence there is no admissible T in (1) if S ≠ 0. Since a lot of analysis can be carried on in the Heisenberg group (Sobolev spaces, Rademacher theorem, elliptic regularity theory, Poincaré inequalities, quasi conformal maps, see [34] as a reference book), it would be very interesting to adapt some parts of our theory to the Heisenberg and to other geometries. In this connection, we recall the important recent work by B.Franchi, R.Serapioni and F.Serra Cassano [25, 26] on sets with finite perimeter and rectifiability (in an intrinsic sense) in the Heisenberg group. Related results, in doubling (or Ahlfors regular) metric measure spaces are given in [6] and [47].

Other interesting directions of research that we don’t pursue here are the extension of the theory to currents with coefficients in a general group, a class of currents recently studied by B. White in [62] in the euclidean case, and the connexion between bounds on the curvature of the space, in the sense of Alexandroff, and the validity of a deformation theorem. In this connection, we would like to mention the parametric approach to the Plateau problem for 2-dimensional surfaces pursued in [49] and the fact that our theory applies well to CBA metric spaces (i.e. the ones whose curvature in the Alexandrov sense is bounded from above) which are Ahlfors regular of dimension k since, according to a recent work of B.Kleiner (see [39], Theorem B), these spaces are locally bi-Lipschitz parameterizable with euclidean open sets.

With the aim to give an answer to the existence problems raised in [20], we have also studied some situations in which certainly there are plenty of rectifiable currents; for instance if E is a Banach space the cone construction shows that the class of admissible currents T in (1) is not empty, at least if S has bounded support. Assuming also that spt S is compact, we have proved that problem (1) has a solution (and that any solution has compact support) in a general class of Banach spaces, not necessarily finite dimensional, which includes all l^p spaces and Hilbert spaces. An amusing aspect of our proof of this result is that it relies in an essential way on the validity of the closure theorem in a general metric space. Indeed, our strategy (close to the Gromov existence theorem of “minimal fillings” in [32]) is the following: first, using the Ekeland-Bishop-Phelps principle, we are able to find a minimizing sequence (T_h) with the property that T_h minimizes the perturbed problem T → M(T ) + 1 h M(T − T_h)

in the class {T : ∂T = S}. Using isoperimetric inequalities (that we are able to prove in some classes of Banach spaces, see Appendix B), we obtain that the supports of T_h are equi-bounded and equi-compact. Now we use Gromov compactness theorem (see [31]) to embed isometrically (a subsequence of) sptT_h in an abstract compact metric space X; denoting by i_h the embeddings, we apply the closure and compactness theorems for currents in X to obtain S ∈ I_k(X), limit of a subsequence of i_{h#}T_h. Then a solution of (1) is given by j_#S, where j : spt S → E is the limit, in a suitable sense, of a subsequence of (i_h)^{−1}. We are able to circumvent this argument, working directly in the original space E, only if E has an Hilbert structure.

Our paper is organized as follows. In Section 1 we summarize the main notation and recall some basic facts on Hausdorff measures and measure theory. Section 2 contains essentially the basic definitions of [20] concerning the class of metric functionals, while in Section 3 we specialize to currents and Section 4 and Section 5 deal with the main objects of our investigation, respectively the rectifiable and the normal currents. As in the classical theory of Federer–Fleming the basic operations of localization and slicing can be naturally defined in the class of normal currents. Using an equi-continuity property typical of normal currents we also obtain a compactness theorem.

In order to tackle the Plateau problem in duals of separable Banach spaces we study in Section 6 a notion of weak^∗ convergence for currents; the main technical ingredient in the analysis of this convergence is an extension theorem for Lipschitz and w^∗-continuous functions f : A → R. If A is w^∗-compact we prove the existence of a Lipschitz and w^∗-continuous extension (a more general result has been independently proved by E. Matouškov́a in [43]). The reading of this section can be skipped by those who are mainly interested in the metric proof of closure and boundary rectifiability theorems.

Section 7 collects some informations about BV metric space valued maps u : R^k → S; this class of functions has been introduced by the first author in [4] in connexion with the study of the Γ-limit as ε ↓ 0 of the functionals

F_ϵ(u) := ∫ R^k [ ε|∇u|^2 + W (u) ε ] dx with W : R^m → [0, ∞) continuous (in this case S is a suitable quotient space of {W = 0} with the metric induced by 2 √ W ). We extend slightly the results of [4], dropping in particular the requirement that the target metric space is compact, and we prove a Lusin type approximation theorem by Lipschitz functions for this class of maps.

Section 8 is devoted to the proof of the closure theorem and of the boundary rectifiability theorem. The basic ingredient of the proof is the observation, due in the euclidean context to R.Jerrard, that the slicing operator R^k ∋ x → ⟨T, π, x⟩ provides a BV map with values in the metric space S of 0-dimensional currents endowed with the flat norm whenever T is normal and f ∈ Lip(E, R^k ). Using the Lipschitz approximation theorem of the previous section, these remarks lead to a rectifiability criterion for currents involving only the 0-dimensional slices of the current. Once this rectifiability criterion is estabilished, the closure theorem easily follows by a simple induction on the dimension. A similar induction argument proves the boundary rectifiability theorem. We also prove rectifiability criteria based on slices or projections: in particular we show that a normal k-dimensional current T is integer rectifiable if and only if φ_#T is integer rectifiable in R^{k+1} for any Lipschitz function φ : E → R^{k+1}; this result, new even in the euclidean case E = R^m, is remarkable because no a priori assumption on the dimension of the support of T is made.

In Section 9 we recover, in duals of separable Banach spaces, the canonical representation of a rectifiable current by the integration over an oriented set with multiplicities. As a byproduct, we are able to compare the mass of a rectifiable current with the restriction of H^k to its measure theoretic support; the representation formula for the mass we obtain can be easily extended to the general metric case using an isometric embedding of the support of the current into l_∞. The results of this section basically depend on the area formula and the metric generalizations of the Rademacher theorem developed in previous papers [38], [7] of ours; we recall without proof all the results we need from those papers.

Section 10 is devoted to the cone construction and to the above mentioned existence results for the Plateau problem in Banach spaces.

In Appendix A we compare our currents with the Federer–Fleming ones in the euclidean case E = R^m and in Appendix B we prove in some Banach spaces the validity of isoperimetric inequalities, adapting to our case an argument of M. Gromov [32]. Finally, in Appendix C we discuss the problem of the lower semicontinuity of the Hausdorff measure, pointing out the connections with some long standing open problems in the theory of Minkowski spaces.

Acknowledgements. We thank M.Chlebík, R.Jerrard, J.Jost, B.Kleiner and V.Magnani for their helpful comments and suggestions. The first author gratefully acknowledges the hospitality of the Max Planck Institut in Leipzig, where a large part of this paper was written in 1998, and completed in the summer of 1999.

1 Notation and preliminary results

In this paper E stands for a complete metric space, whose open balls with center x and radius r are denoted by B_r(x), B(E) is its Borel σ-algebra and B^∞(E) is the algebra of bounded Borel functions on E.

We denote by M(E) the collection of finite Borel measures in E, i.e. σ-additive set functions μ : B(E) → [0, ∞); we say that μ ∈ M(E) is concentrated on a Borel set B if μ(E \B) = 0. The supremum and the infimum of a family {μ_i}_{i∈I} ⊂ M(E) are respectively given by ⋁ i∈I μ_i(B) := sup { ∑ i∈J μ_i(B_i) : B_i pairwise disjoint, B = ⋃ i∈J B_i } (1.1) ⋀ i∈I μ_i(B) := inf { ∑ i∈J μ_i(B_i) : B_i pairwise disjoint, B = ⋃ i∈J B_i } (1.2)

where J runs among all countable subsets of I and B_i ∈ B(E). It is easy to check that the infimum is a finite Borel measure and that the supremum is σ-additive in B(E). Let (X, d) be a metric space; the (outer) Hausdorff k-dimensional measure of B ⊂ X, denoted by H^k(B), is defined by

H^k(B) := lim_{δ↓0} ω_k 2^k inf {_∞ ∑ i=0 [diam(B_i)]^k : B ⊂ ∞⋃ i=0 B_i, diam(B_i) < δ }

where ω_k is the Lebesgue measure of the unit ball of R^k. Since H^k_X (B) = H^k_Y (B) whenever B ⊂ X and X isometrically embeds in Y , our notation for the Hausdorff measure does not emphasize the ambient space. We recall (see for instance [38], Lemma 6(i)) that if X is a k-dimensional vector space and B_1 is its unit ball, then H^k(B_1) is a dimensional constant independent of the norm of X and equal, in particular, to ω_k. The Lebesgue measure in R^k will be denoted by L^k.

The upper and lower k-dimensional densities of a finite Borel measure μ at x are respectively defined by

Θ^∗_k(μ, x) := lim sup_{ϱ↓0} μ(B_ϱ(x)) ω_kϱ^k Θ_{∗k}(μ, x) := lim inf_{ϱ↓0} μ(B_ϱ(x)) ω_kϱ^k . We recall that the implications Θ^∗_k(μ, x) ≥ t ∀x ∈ B =⇒ μ ≥ tH^k B (1.3) Θ^∗_k(μ, x) ≤ t ∀x ∈ B =⇒ μ B ≤ 2^ktH^k B (1.4) hold in any metric space X whenever t ∈ (0, ∞) and B ∈ B(X) (see [23], 2.10.19).

Let X, Y be metric spaces; we say that f : X → Y is a Lipschitz function if d_Y (f(x), f(y)) ≤ Md_X (x, y) ∀x, y ∈ X for some constant M ∈ [0, ∞); the least constant with this property will be denoted by Lip(f), and the collection of Lipschitz functions will be denoted by Lip(X, Y ) (Y will be omitted if Y = R). Furthermore, we use the notation Lip_1(X, Y ) for the collection of Lipschitz functions f with Lip(f) ≤ 1 and Lip_b(X) for the collection of bounded real valued Lipschitz functions.

We will often use isometric embeddings of a metric space into l^∞ or, more generally, duals of separable Banach spaces. To this aim, the following definitions will be useful.

Definition 1.1 (Weak separability) Let (E, d) be a metric space. We say that E is weakly separable if there exists a sequence (φ_h) ⊂ Lip_1(E) such that d(x, y) = sup_{h∈N} |φ_h(x) − φ_h(y)| ∀x, y ∈ E . A dual Banach space Y = G^∗ is said to be w^∗-separable if G is separable.

Notice that, by a truncation argument, the definition of weak separability can also be given by requiring φ_h to be also bounded. The class of weakly separable metric spaces includes the separable ones (it suffices to take φ_h(·) = d(·, x_h) with (x_h) ⊂ E dense) and all w^∗-separable dual spaces. Any weakly separable space can be isometrically embedded in l^∞ by the map

j(x) := (φ_1(x) − φ_1(x_0), φ_2(x) − φ_2(x_0), . . .) x ∈ E

and since any subset of a weakly separable space is still weakly separable also the converse is true.

2 Metric functionals

In this section we define, following essentially the approach of [20], a general class of metric functionals, in which the basic operations of boundary, push forward, restriction can be defined. Then, functionals with finite mass are introduced.

Definition 2.1 Let k ≥ 1 be an integer. We denote by D^k(E) the set of all (k +1)- ples ω = (f, π_1, . . . , π_k) of Lipschitz real valued functions in E with the first function f in Lip_b(E). In the case k = 0 we set D^0(E) = Lip_b(E).

If X is a vector space and T : X → R, we say that T is subadditive if |T (x+y)| ≤ |T (x)| + |T (y)| whenever x, y ∈ X and we say that T is positively 1-homogeneous if |T (tx)| = t|T (x)| whenever x ∈ X and t ≥ 0.

Definition 2.2 (Metric functionals) We call k-dimensional metric functional any function T : D^k(E) → R such that (f, π_1, . . . , π_k) → T (f, π_1, . . . , π_k) is subadditive and positively 1-homogeneous with respect to f ∈ Lip_b(E) and π_1, . . . , π_k ∈ Lip(E). We denote by MF_k(E) the vector space of k-dimensional metric functionals.

We can now define an “exterior differential” dω = d(f, π_1, . . . , π_k) := (1, f, π_1, . . . , π_k) mapping D^k(E) into D^{k+1}(E) and, for φ ∈ Lip(E, F ), a pull back operator φ^#ω = φ^#(f, π_1, . . . , π_k) = (f ∘ φ, π_1 ∘ φ, . . . , π_k ∘ φ) mapping D^k(F ) on D^k(E). These operations induce in a natural way a boundary operator and a push forward map for metric functionals.

Definition 2.3 (Boundary) Let k ≥ 1 be an integer and let T ∈ MF_k(E). The boundary of T , denoted by ∂T , is the (k − 1)-dimensional metric functional in E defined by ∂T (ω) = T (dω) for any ω ∈ D^{k−1}(E).

Definition 2.4 (Push-forward) Let φ : E → F be a Lipschitz map and let T ∈ MF_k(E). Then, we can define a k-dimensional metric functional in F , denoted by φ_#T , setting φ_#T (ω) = T (φ^#ω) for any ω ∈ D^k(F ).

We notice that, by construction, φ_# commutes with the boundary operator, i.e.

φ_#(∂T ) = ∂(φ_#T ) . (2.1)

Definition 2.5 (Restriction) Let T ∈ MF_k(E) and let ω = (g, τ_1, . . . , τ_m) ∈ D^m(E), with m ≤ k (ω = g if m = 0). We define a (k − m)-dimensional metric functional in E, denoted by T ω, setting T ω(f, π_1, . . . , π_{k−m}) := T (fg, τ_1, . . . , τ_m, π_1, . . . , π_{k−m}) . Definition 2.6 (Mass) Let T ∈ MF_k(E); we say that T has finite mass if there exists μ ∈ M(E) such that |T (f, π_1, . . . , π_k)| ≤ k∏ i=1 Lip(π_i) ∫ E |f| dμ (2.2)

for any (f, π_1, . . . , π_k) ∈ D^k(E), with the convention ∏ i Lip(π_i) = 1 if k = 0.

The minimal measure μ satisfying (2.2) will be called mass of T and will be denoted by ‖T ‖.

The mass is well defined because one can easily check, using the subadditivity of T with respect to the first variable, that if {μ_i}_{i∈I} ⊂ M(E) satisfy (2.3) also their infimum satisfies the same condition. By the density of Lip_b(E) in L^1(E, ‖T ‖), which contains B^∞(E), any T ∈ MF_k(E) with finite mass can be uniquely extended to a function on B^∞(E) × [Lip(E)]^k, still subadditive and positively 1-homogeneous in all variables and satisfying |T (f, π_1, . . . , π_k)| ≤ k∏ i=1 Lip(π_i) ∫ E |f| d‖T ‖ (2.3) for any f ∈ B^∞(E), π_1, . . . , π_k ∈ Lip(E). Since this extension is unique we will not introduce a distinguished notation for it.

Functionals with finite mass are well behaved under the push-forward map: in fact, if T ∈ MF_k(E) the functional φ_#T has finite mass, satisfying

‖φ_#T ‖ ≤ [Lip(φ)]^kφ_#‖T ‖ . (2.4)

If either φ is an isometry or k = 0 it is easy to check, using (2.6) below, that equality holds in (2.4). It is also easy to check that the identity φ_#T (f, π_1, . . . , π_k) = T (f ∘ φ, π_1 ∘ φ, . . . , π_k ∘ φ) remain true if f ∈ B^∞(E) and π_i ∈ Lip(E).

Functionals with finite mass are also well behaved with respect to the restriction operator: in fact, the definition of mass easily implies ‖T ω‖ ≤ sup |g| m∏ i=1 Lip(τ_i)‖T ‖ with ω = (g, τ_1, . . . , τ_m) . (2.5)

For metric functionals with finite mass, the restriction operator T ω can be defined even though ω = (g, τ_1, . . . , τ_m) with g ∈ B^∞(E), and still (2.5) holds; the restriction will be denoted by T A in the special case m = 0 and g = χ_A.

Proposition 2.7 (Characterization of mass) Let T ∈ MF_k(E). Then T has finite mass if and only if

(a) there exists a constant M ∈ [0, ∞) such that ∞∑ i=0 |T (f_i, π^i_1, . . . , π^i_k)| ≤ M whenever ∑ i |f_i| ≤ 1 and Lip(π^i_j) ≤ 1;

(b) f → T (f, π_1, . . . , π_k) is continuous along equibounded monotone sequences, i.e. sequences (f_h) such that (f_h(x)) is monotone for any x ∈ E and sup {|f_h(x)| : x ∈ E, h ∈ N} < ∞ . If these conditions hold, ‖T ‖(E) is the least constant satisfying (a) and ‖T ‖(B) is representable for any B ∈ B(E) by sup {_∞ ∑ i=0 |T (χ_{Bi} , π^i_1, . . . , π^i_k)| } , (2.6)

where the supremum runs among all Borel partitions (B_i) of B and all k-ples of 1-Lipschitz maps π^i_j.

Proof. The necessity of conditions (a) and (b) follows by the standard properties of integrals. If conditions (a) and (b) hold, for given 1-Lipschitz maps π_1, . . . , π_k : E → R, we set π = (π_1, . . . , π_k) and define μ_π (A) := sup {|T (f, π_1, . . . , π_k)| : |f| ≤ χ_A} for any open set A ⊂ E (with the convention μ_π(∅) = 0). We claim that μ_π(A) ≤ ∞∑ i=1 μ_π(A_i) whenever A ⊂ ∞⋃ i=1 A_i . (2.7)

Indeed, set ψ^N_i (x) = min {1, Ndist(x, E \ A_i)} and define

φ^N_i := ψ^N_i ∑_N 1 ψ^N_j + 1/N

, g_N := N∑ i=1 φ^N_i = ( 1 + (N N∑ i=1 ψ^N_i )^{−1} )_{−1} . Notice that 0 ≤ g_N ≤ 1, g_N is nondecreasing with respect to N and g_N ↑ 1 for any x ∈ ∪_iA_i. Hence, for any f ∈ Lip_b(E) with |f| ≤ χ_A condition (b) gives |T (f, π_1, . . . , π_k)| = lim_{N→∞} |T ( N∑ i=1 fφ^N_i , π_1, . . . , π_k)| ≤ ∞∑ i=1 μ_π(A_i) .

Since f is arbitrary, this proves (2.7).

We can canonically extend μ_π to B(E) setting

μ_π(B) := inf {_∞ ∑ i=1 μ_π(A_i) : A ⊂ ∞⋃ i=1 A_i } ∀B ∈ B(E) and it is easily checked that μ_π is countably subadditive and additive on distant sets. Therefore, Carathéodory criterion (see for instance [23], 2.3.2(9)) gives that μ_π ∈ M(E). We now check that |T (f, π_1, . . . , π_k)| ≤ ∫ E |f| dμ_π ∀f ∈ Lip_b(E) . (2.8) Indeed, assuming with no loss of generality that f ≥ 0, we set f_t = min{f, t} and notice that the subadditivity of T and the definition of μ_π give ||T (f_s, π_1, . . . , π_k)| − |T (f_t, π_1, . . . , π_k)|| ≤ μ_π({f > t})(s − t) ∀s > t . In particular, t → |T (f_t, π_1, . . . , π_k)| is a Lipschitz function, whose modulus of derivative can be estimated with ϕ(t) = μ_π({f > t}) at any continuity point of ϕ. By integration with respect to t we get |T (f, π_1, . . . , π_k)| = ∫_∞ 0 d dt |T (f_t, π_1, . . . , π_k)| dt ≤ ∫_∞ 0 μ_π ({f > t}) dt = ∫ E f dμ_π . By the homogeneity condition imposed on metric functionals, (2.8) implies that the measure μ^∗ = ⋁ π μ_π satisfies condition (2.2). Since obviously

μ^∗(E) = sup {_∞ ∑ i=0 μ_πi (f_i) : ∞∑ i=0 |f_i| ≤ 1, Lip(π^i_j ) ≤ 1 } we obtain that μ^∗(E) ≤ M, and this proves that ‖T ‖(E) ≤ M, i.e. that ‖T ‖(E) is the least constant satisfying (a).

It is easy to check that the set function τ defined in (2.6) is less than any other measure μ satisfying (2.2). On the other hand, a direct verification shows that τ is finitely additive, and the inequality τ ≤ μ^∗ implies the σ-additivity of τ as well. The inequality |T (χ_B, π_1, . . . , π_k)| ≤ τ(B) ∀B ∈ B(E), π_i ∈ Lip_1(E) gives μ_π ≤ τ, whence μ^∗ ≤ τ and also τ satisfies (2.2). This proves that τ is the least measure satisfying (2.2).

Definition 2.8 (Support) Let μ ∈ M(E); the support of μ, denoted by spt μ, is the closed set of all points x ∈ E satisfying μ(B_ϱ(x)) > 0 ∀ϱ > 0 . If F ∈ MF_k(E) has finite mass we set spt T := spt ‖T ‖.

The measure μ is clearly supported on spt μ if E is separable; more generally, this is true provided the cardinality of E is an Ulam number, see [23], 2.1.6. If B is a Borel set, we also say that T is concentrated on B if the measure ‖T ‖ is concentrated on B.

In order to deal at the same time with separable and non separable spaces, we will assume in the following that the cardinality of any set E is an Ulam number; this is consistent with the standard ZFC set theory. Under this assumption, we can use the following well known result, whose proof is included for completeness.

Lemma 2.9 Any measure μ ∈ M(E) is concentrated on a σ-compact set.

Proof. We first prove that S = spt μ is separable. If this is not true we can find by Zorn’s maximal principle ε > 0 and an uncountable set A ⊂ S such that d(x, y) ≥ ε for any x, y ∈ A with x ≠ y; since A is uncountable we can also find δ > 0 and an infinite set B ⊂ A such that μ ( B_{ε/2}(x) ) ≥ δ for any x ∈ B. As the family of open balls {B_{ε/2}(x)}_{x∈B} is disjoint, this gives a contradiction.

Let (x_n) ⊂ S be a dense sequence and define L_{k,h} := ⋃_h n=0 B_{1/k}(x_n), for k ≥ 1 and h ≥ 0 integers. Given ε > 0 and k ≥ 1, since μ is supported on S we can find an integer h = h(k, ε) such that μ(L_{k,h}) ≥ μ(E) − ε/2^k. It is easy to check that

K := ∞⋂ k=1 L_{k,h(k,ε)} is compact and μ(E \ K) ≤ ε.

We point out, however, that Lemma 2.9 does not play an essential role in the paper: we could have as well developed the theory making in Definition 2.6 the apriori assumption that the mass ‖T ‖ of any metric functional T is concentrated on a σ-compact set (this assumption plays a role in Lemma 5.3, Theorem 5.6 and Theorem 4.3).

3 Currents

In this section we introduce a particular class of metric functionals with finite mass, characterized by three independent axioms of linearity, continuity and locality. We conjecture that in the euclidean case these axioms characterize, for metric functionals with compact support, the flat currents with finite mass in the sense of Federer–Fleming; this problem, which is not relevant for the development of our theory, is discussed in Appendix A.

Definition 3.1 (Currents) Let k ≥ 0 be an integer. The vector space M_k(E) of k-dimensional currents in E is the set of all k-dimensional metric functionals with finite mass satisfying:

(i) T is multilinear in (f, π_1, . . . , π_k);

(ii) lim_{i→∞} T (f, π^i_1, . . . , π^i_k) = T (f, π_1, . . . , π_k) whenever π^i_j → π_j pointwise in E with Lip(π^i_j) ≤ C for some constant C;

(iii) T (f, π_1, . . . , π_k) = 0 if for some i ∈ {1, . . . , k} the function π_i is constant on a neighbourhood of {f ≠ 0}.

The independence of the three axioms is shown by the following three metric functionals with finite mass:

T_1(f, π) := | | | ∫ R fπ^′e^{−t2} dt | | | , T_2(f, π_1, π_2) := ∫ R^2 f ∂π_1 ∂x ∂π_2 ∂y e^{−x2−y2} dxdy , T_3(f, π) := ∫ R f(t)(π(t + 1) − π(t))e^{−t2} dt . In fact, T_1 fails to be linear in π, T_2 fails to be continuous (continuity fails at π_1(x, y) = π_2(x, y) = x+y, see the proof of the alternating property in Theorem 3.5) and T_3 fails to be local.

In the following we will use the expressive notation ω = f dπ = f dπ_1 ∧ . . . ∧ dπ_k for the elements of D^k(E); since we will mostly deal with currents in the following, this notation is justified by the fact that any current is alternating in (π_1, . . . , π_k) (see (3.2) below).

An important example of current in euclidean spaces is the following.

Example 3.2 Any function g ∈ L^1(R^k) induces a top dimensional current [[g]] ∈ M_k(R^k) defined by

[[g]](f dπ_1 ∧ . . . ∧ dπ_k) := ∫ R^k gf dπ_1 ∧ . . . ∧ dπ_k = ∫ R^k gfdet(∇π) dx for any f ∈ B^∞(R^k), π_1, . . . , π_k ∈ Lip(R^k). The definition is well posed because of Rademacher theorem, which gives L^k-almost everywhere a meaning to ∇π. The metric functional [[g]] is continuous by the well known w^∗-continuity properties of determinants in the Sobolev space W^{1,∞} (see for instance [16]), hence [[g]] is a current. It is not hard to prove that ‖[[g]]‖ = |g|L^k.

In the case k = 2 the previous example is optimal, in the sense that a functional

T (f, π_1, π_2) = ∫ R^2 fdet(∇π) dμ defined for f ∈ B^∞(R^2) and π_1, π_2 ∈ W^{1,∞}(R^2) ∩ C^1(R^2) satisfies the continuity property only if μ is absolutely continuous with respect to L^2. This is a consequence of the following result, recently proved by D. Preiss in [54]. The validity of the analogus result in dimension higher than 2 is still an open problem.

Theorem 3.3 (Preiss) Let μ ∈ M(R^2) and assume that μ is not absolutely continuous with respect to L^2. Then there exists a sequence of continuously differentiable functions g_h ∈ Lip_1(R^2, R^2) converging pointwise to the identity and such that lim_{h→∞} ∫ R^2

det(∇g_h) dμ < μ(R^2) .

Notice that the one dimensional version of Preiss theorem is easy to obtain: assuming with no loss of generality that μ is singular with respect to L^1, it suffices to define g_h(t) := t − L^1 (A_h ∩ (−∞, t)) ∀t ∈ R

where (A_h) is a sequence of open sets such that L^1(A_h) → 0, containing a L^1- negligible set on which μ is concentrated.

It is easy to check that M_k(E), endowed with the norm M(T ) := ‖T ‖(E) is a Banach space. Notice also that the push forward map T → φ_#T and the restriction operator T → T ω (for ω ∈ D^k(E)), defined on the larger class of metric functionals, map currents into currents. As regards the boundary operator, we can give the following definition.

Definition 3.4 (Normal currents) Let k ≥ 1 be an integer. We say that T ∈ M_k(E) is a normal current if also ∂T is a current, i.e. ∂T ∈ M_{k−1}(E). The class of normal currents in E will be denoted by N_k(E).

Notice that ∂T is always a metric functional satisfying conditions (i), (ii) above; concerning condition (iii) it can be proved using the stronger locality property stated in Theorem 3.5 below. Hence T is normal if and only if ∂T has finite mass. It is not hard to see that also N_k(E), endowed with the norm N(T ) := ‖T ‖(E) + ‖∂T ‖(E) is a Banach space.

Now we examine the properties of the canonical extension of a current to B^∞(E)× [Lip(E)]^k, proving also that the action of a current on D^k(E) satisfies the natural chain and product rules for derivatives. An additional consequence of our axioms is the alternating property in π_1, . . . , π_k.

Theorem 3.5 The extension of any T ∈ M_k(E) to B^∞(E) × [Lip(E)]^k satisfies the following properties:

(i) (product and chain rules) T is multilinear in (f, π_1, . . . , π_k) and T (f dπ_1 ∧ . . . ∧ dπ_k) + T (π_1 df ∧ . . . ∧ dπ_k) = T (1 d(fπ_1) ∧ . . . ∧ dπ_k) (3.1) whenever f, π_1 ∈ Lip_b(E) and T (f dψ_1(π) ∧ . . . ∧ dψ_k(π)) = T (fdet∇ψ(π) dπ_1 ∧ . . . ∧ dπ_k) (3.2) whenever ψ = (ψ_1, . . . , ψ_k) ∈ [C^1(R^k)]^k and ∇ψ is bounded;

(ii) (continuity) lim_{i→∞} T (f^i, π^i_1, . . . , π^i_k) = T (f, π_1, . . . , π_k) whenever f^i − f → 0 in L^1(E, ‖T ‖) and π^i_j → π_j pointwise in E, with Lip(π^i_j) ≤ C for some constant C;

(iii) (locality) T (f, π_1, . . . , π_k) = 0 if {f ≠ 0} = ∪_iB_i with B_i ∈ B(E) and π_i constant on B_i.

Proof. We prove locality first. Possibly replacing f by fχ_{Bi} we can assume that π_i is constant on {f ≠ 0} for some fixed integer i. Assuming with no loss of generality that π_i = 0 on B_i and Lip(π_j ) ≤ 1, let us assume by contradiction the existence of C ⊂ {f ≠ 0} closed and ε > 0 such that |T (χ_C dπ)| > ε, and let δ > 0 such that ‖T ‖(C_δ \ C) < ε, where C_δ is the open δ-neighbourhood of C. We set

g_t(x) := max { 0, 1 − 3 t dist(x, C) } , c_t(x) := sign(x) max{0, |x| − t} and using the finiteness of mass and the continuity axiom we find t_0 ∈ (0, δ) such that |T (g_{t0} dπ)| > ε and t_1 ∈ (0, t_0) such that |T (g_{t0} dπ̃)| > ε, with π̃_j = π_j for j ≠ i and π̃_i = c_{t1} ∘ π_i. Since π̃_i is 0 on C_{t1} and spt g_{t1} ⊂ C_{t1/2} the locality axiom (iii) on currents gives T (g_{t1} dπ̃) = 0. On the other hand, since Lip(π̃_j) ≤ 1 we get |T ((g_{t0} − g_{t1} ) dπ̃)| ≤ ∫ E |g_{t0} − g_{t1} | d‖T ‖ ≤ ‖T ‖(C_{t0} \ C) < ε . This proves that |T (g_{t0} dπ̃)| < ε and gives a contradiction.

The continuity property (ii) easily follows by the definition of mass and the continuity axiom (ii) in Definition 3.1.

Using locality and multilinearity we can easily obtain that T (f dπ_1 ∧ dπ_{i−1} ∧ dψ(π_i) ∧ . . . ∧ dπ_k) = T (fψ^′(π_i) dπ_1 ∧ . . . ∧ dπ_k) (3.3) whenever i ∈ {1, . . . , k} and ψ ∈ Lip(R)∩C^1 (R); in fact, the proof can be achieved first for affine functions ψ, then for piecewise affine functions ψ and then for Lipschitz and continuously differentiable functions ψ (see also the proof of (3.2), given below).

Now we prove that T is alternating in π_1, . . . , π_k; to this aim, it suffices to show that T vanishes if two functions π_i are equal. Assume, to fix the ideas, that π_i = π_j with i < j and set π^k_l = π_l if l /∈ {i, j} and

π^k_i := 1 k φ(kπ_i) , π^k_j := 1 k φ(kπ_j + 1 2 ) where φ is a smooth function in R such that φ(t) = t on Z, φ^′ ≥ 0 is 1-periodic and φ^′ ≡ 0 in [0, 1/2]. The functions π^k uniformly converge to π, have equi-bounded Lipschitz constants and since

φ^′(kπ_i)φ^′(kπ_j + 1 2 ) = φ^′(kπ_i)φ^′(kπ_i + 1 2 ) ≡ 0

from (3.3) we obtain that T (f dπ^k) = 0. Then the continuity property gives T (f dπ) = 0.

We now prove (3.2). By the axiom (i) and the alternating property just proved, the property is true if ψ is a linear function; if all components of ψ are affine on a common triangulation T of R^k, representing R^k as a disjoint union of (Borel) k-simplices Δ and using the locality property (iii) we find T (f dψ_1(π) ∧ . . . ∧ dψ_k(π)) = ∑ Δ∈T T π^{−1}(Δ)(f dψ_1(π) ∧ . . . ∧ dψ_k(π)) = ∑ Δ∈T T π^{−1}(Δ)(fdet∇ψ|_Δ(π) dπ_1 ∧ . . . ∧ dπ_k) = T (f ∑ Δ∈T det∇ψ|_Δ(π)χ_π�1_{(Δ)} dπ_1 ∧ . . . ∧ dπ_k) .

In the general case the proof follows by the continuity property, using piecewise affine approximations ψ_h strongly converging in W^{1,∞}_{loc} (R^k, R^k) to ψ.

Finally, we prove (3.1); possibly replacing T by T ω with ω = dπ_2 ∧ . . . ∧ dπ_k we can also assume that k = 1. Setting S = (f, π_1)_#T ∈ M_1(R^2), the identity reduces to S(g_1 dg_2) + S(g_2 dg_1) = S (1 d(g_1g_2)) (3.4)

where g_i ∈ Lip_b(R^2) are smooth and g_1(x, y) = x and g_2(x, y) = y in a square Q ⊃ (f, π)(E) ⊃ spt S. Let g = g_1g_2 and let u_h be obtained by linear interpolation of g on a family of regular triangulations T_h of Q (i.e. such that the smallest angle in the triangulations is uniformly bounded from below). It can be proved (see for instance [15]) that (u_h) strongly converges to g in W^{1,∞}(Q) as h → ∞, hence we can represent u_h(x, y) on each Δ ∈ T_h as a^Δ_h x + b^Δ_h y + c^Δ, with

lim_{h→∞} sup_{Δ∈Th} sup_{(x,y)∈Δ} |g_2 − a^Δ_h | + |g_1 − b^Δ_h | = 0 .

Using the continuity, the locality and the finiteness of mass of S we conclude

S (1 dg) = lim_{h→∞} S(1 du_h ) = lim_{h→∞} ∑ Δ∈T_h S Δ(a^Δ_h dx) + S Δ(b^Δ_h dy)

= lim_{h→∞} ∑ Δ∈T_h S Δ(g_2 dg_1) + S Δ(g_1 dg_2) = S(g_2 dg_1) + S(g_1 dg_2) .

A simple consequence of (3.1) is the identity ∂(T f) = (∂T ) f − T df (3.5) for any f ∈ Lip_b(E). If particular, T f is normal whenever T is normal and f ∈ Lip_b(E).

The strengthened locality property stated in Theorem 3.5 has several consequences: first

T (f dπ) = T (f^′π^′) whenever f = f^′, π = π^′ on spt T (3.6)

and this property can be used to define φ_#T ∈ M_k(F ) even if φ ∈ Lip(spt T, F ); in fact, we set φ_#T (f, π_1, . . . , π_k) := T (f̃, π̃_1, . . . , π̃_k) where f̃ ∈ Lip_b(E) and π̃_i ∈ Lip(E) are extensions to E, with the same Lipschitz constant, of f ∘ φ and π_i ∘ φ. The definition is well posed thanks to (3.6), and still (2.1) and (2.4) hold. The second consequence of the locality property and of the strengthened continuity property is that the (extended) restriction operator T → T f dτ_1∧. . .∧dτ_m maps k-currents into (k−m)-currents whenever f ∈ B^∞(E) and τ_i ∈ Lip(E).

Definition 3.6 (Weak convergence of currents) We say that a sequence (T_h) ⊂ M_k(E) weakly converges to T ∈ M_k(E) if T_h pointwise converge to T as metric functionals, i.e. lim_{h→∞} T_h(f dπ) = T (f dπ) ∀f ∈ Lip_b(E), π_i ∈ Lip(E), i = 1, . . . , k . The mapping T → ‖T ‖(A) is lower semicontinuous with respect to the weak convergence for any open set A ⊂ E, because Proposition 2.7 (applied to the restrictions to A) easily gives

‖T ‖(A) = sup {_∞ ∑ i=0 |T (f_i dπ^i)| : ∞∑ i=0 |f_i| ≤ χ_A, sup_{i,j} Lip(π^i_j ) ≤ 1 } . (3.7)

Notice also that the existence of the pointwise limit for a sequence (T_h) ⊂ M_k(E) is not enough to guarantee the existence of a limit current T and hence the weak convergence to T . In fact, suitable equi-continuity assumptions are needed to ensure that condition (ii) in Definition 3.1 and condition (b) in Proposition 2.7 hold in the limit.

The following theorem provides a simple characterization of normal k-dimensional currents in R^k.

Theorem 3.7 (Normal currents in R^k) For any T ∈ N_k(R^k) there exists a unique g ∈ BV (R^k) such that T = [[g]]. Moreover, ‖∂T ‖ = |Dg|, where Dg is the derivative in the sense of distributions of g and |Dg| denotes its total variation.

Proof. Let now T ∈ N_k(R^k). We recall that any measure μ with finite total variation in R^k whose partial derivatives in the sense of distributions are (representable by) measures with finite total variation in R^k is induced by a function g ∈ BV (R^k). In fact, setting f_ε = μ ∗ ρ_ε ∈ C^∞(R^k), this family is bounded in BV (R^k) and Rellich theorem for BV functions (see for instance [30]) provides a sequence (f_{εi} ) converging in L^1_{loc}(R^k) to g ∈ BV (R^k), with ε_i → 0. Since f_εL^k weakly converge to μ as ε ↓ 0 we conclude that μ = gL^k.

Setting μ(f) := T (f dx_1 ∧ . . . ∧ dx_k) f ∈ B^∞(R^k) , we first prove that all directional derivatives of μ are representable by measures. This is a simple consequence of (3.2) and of the fact that T is normal: indeed, for any orthonormal basis (e_1, . . . , e_k) of R^k we have | | | ∫ R^k ∂ϕ ∂e_i dμ | | | = |T ( ∂ϕ ∂e_i dπ_1 ∧ . . . ∧ dπ_k)| = |T (1dϕ ∧ dπ̂_i)| = |∂T (ϕ dπ̂_i)| ≤ ∫ R^k |ϕ| ‖∂T ‖ for any ϕ ∈ C^∞_c (R^k), where π_i are the projections on the lines spanned by e_i and dπ̂_i = dπ_1 ∧ . . . ∧ dπ_{i−1} ∧ dπ_{i+1} ∧ . . . ∧ dπ_k. This implies that |D_vμ| ≤ ‖∂T ‖ for any unit vector v, whence μ = gL^k for some g ∈ L^1(R^k) and |Dμ| ≤ ‖∂T ‖.

By (3.2) we get T (f dπ_1 ∧ . . . ∧ dπ_k) = ∫ R^k gfdet(∇π) dx for any f ∈ B^∞(R^k) and any π ∈ C^1(R^k, R^k) with ∇π bounded. Using the continuity property, a smoothing argument proves that the equality holds for all ω = f dπ ∈ D^k(R^k), hence T = [[g]].

Finally, we prove that |∂T (f dπ_1 ∧ . . . ∧ dπ_{k−1})| ≤ k−1∏ i=1 Lip(π_i) ∫ R^k |f| d|Dg| (3.8) which implies that ‖∂T ‖ ≤ |Dg|. By a simple smoothing and approximation argument we can assume that f and all functions π_i are smooth and that f has bounded support; denoting by H_π the k × k matrix having Dg/|Dg| and ∇π_1, . . . , ∇π_{k−1} as rows we have ∂T (f dπ_1 ∧ . . . ∧ dπ_{k−1}) = ∫ R^k g df ∧ dπ_1 ∧ . . . ∧ dπ_{k−1} = k∑ i=1 (−1)^i ∫ R^k

fdet ( ∂π ∂x̂_i ) dD_ig = k∑ i=1 (−1)^i ∫ R^k f D_ig |Dg| det ( ∂π ∂x̂_i ) d|Dg| = − ∫ R^k fdet(H_π) d|Dg| whence (3.8) follows using the Hadamard inequality.

The previous representation result can be easily extended to those k-dimensional currents in R^k whose mass is absolutely continuous with respect to L^k. Except for k = 1, 2, we don’t know whether all currents in M_k(R^k) satisfy this absolute continuity property. As the proof of Theorem 3.8 below shows, the validity of this statement is related to the extension of Preiss theorem to any number of dimensions.

Theorem 3.8 A current T ∈ M_k(R^k) is representable as [[g]] for some g ∈ L^1(R^k) if and only if ‖T ‖ << L^k. For k = 1, 2 the mass of any T ∈ M_k(R^k) is absolutely continuous with respect to L^k.

Proof. The first part of the statement can be obtained from (3.2) arguing as in the final part of the proof of Theorem 3.7. In order to prove the absolute continuity property, let us assume that k = 2. Let

μ(B) := T (χ_B dx_1 ∧ dx_2) B ∈ B(R^2)

and let μ A + μ (R^2 \ A) be the Hahn decomposition of μ. Since T is continuous, by applying Theorem 3.3 to the measures μ A and −μ (R^2 \ A) and using (3.2) we obtain that μ << L^2, hence μ = gL^2 for some g ∈ L^1(R^2). In the case k = 1 the proof is analogous, by the remarks following Theorem 3.3.

In the following theorem we prove, by a simple projection argument, the absolute continuity property of normal currents in any metric space E.

Theorem 3.9 (Absolute continuity) Let T ∈ N_k(E) and let N ∈ B(R^k) be L^k-negligible. Then ‖T dπ‖ ( π^{−1}(N) ) = 0 ∀π ∈ Lip(E, R^k) . (3.9)

Moreover, ‖T ‖ vanishes on Borel H^k-negligible subsets of E.

Proof. Let L = π^{−1}(N) and f ∈ Lip_b(E); since

(T dπ)(fχ_L) = T (f dπ)(χ_L) = π_#(T f)(χ_N dx_1 ∧ . . . ∧ dx_k)

and π_#(T f) ∈ N_k(R^k), from Theorem 3.7 we conclude that T dπ(fχ_L) = 0. Since f is arbitrary we obtain ‖T π‖(L) = 0.

If L ∈ B(E) is any H^k-negligible set and π ∈ Lip(E, R^k ), taking into account that π(L) (being H^k-negligible) is contained in a Lebesgue negligible Borel set N we obtain ‖T dπ‖(L) ≤ ‖T dπ‖ ( π^{−1}(N) ) = 0. ¿From (2.6) we conclude that ‖T ‖(L) = 0. 4 Rectifiable currents

In this section we define the class of rectifiable currents. We first give an intrinsic definition and then, as in the classical theory, we compare it with a parametric one adopted, with minor variants, in [20].

We say that a H^k-measurable set S ⊂ E is countably H^k-rectifiable if there exist sets A_i ⊂ R^k and Lipschitz functions f_i : A_i → E such that H^k ( S \ ∞⋃ i=0 f_i(A_i) ) = 0 . (4.1)

It is not hard to prove that any countably H^k-rectifiable set is separable; by the completeness assumption on E the sets A_i can be required to be closed, or compact.

Lemma 4.1 Let S ⊂ E be countably H^k-rectifiable. Then there exist finitely or countably many compact sets K_i ⊂ R^k and bi-Lipschitz maps f_i : K_i → S such that f_i(K_i) are pairwise disjoint and H^k (S \ ∪_if_i(K_i)) = 0.

Proof. By Lemma 4 of [38] we can find compact sets K_i ⊂ R^k and bi-Lipschitz maps f_i : K_i → E such that S ⊂ ∪_if_i(K_i), up to H^k-negligible sets. Then, setting B_0 = K_0 and

B_i := K_i \ f^{−1} S ∩ ⋃ j<i f_j(K_j) ∈ B(R^k) ∀i ≥ 1

we represent H^k-almost all of S as the disjoint union of f_i(B_i). For any i ∈ N, representing L^k-almost all of B_i by a disjoint union of compact sets the proof is achieved.

Definition 4.2 (Rectifiable currents) Let k ≥ 1 integer and T ∈ M_k(E); we say that T is rectifiable if

(a) ‖T ‖ is concentrated on a countably H^k-rectifiable set;

(b) ‖T ‖ vanishes on H^k-negligible Borel sets.

We say that a rectifiable current T is integer rectifiable if for any φ ∈ Lip(E, R^k ) and any open set A ⊂ E we have φ_#(T A) = [[θ]] for some θ ∈ L^1(R^k, Z). The collections of rectifiable and integer rectifiable currents will be respectively denoted by R_k(E) and I_k(E). The space of integral currents I_k(E) is defined by

I_k(E) := I_k(E) ∩ N_k(E) .

We have proved in the previous section that condition (b) holds if either k = 1, 2 or T is normal. We will also prove in Theorem 8.8(i) that condition (a) can be weakened by requiring that T is concentrated on a Borel set σ-finite with respect to H^{n−1} and that, for normal currents T , the integer rectifiability of all projections φ_#(T A) implies the integer rectifiability of T .

In the case k = 0 the definition above can be easily extended by requiring the existence of countably many points x_h ∈ E and θ_h ∈ R (or θ_h ∈ Z, in the integer case), such that

T (f) = ∑ h θ_hf(x_h) ∀f ∈ B^∞(E) . It follows directly from the definition that R_k(E) and I_k(E) are Banach subspaces of M_k(E).

We will also use the following rectifiability criteria, based on Lipschitz projections, for 0-dimensional currents; the result will be extended to k-dimensional currents in Theorem 8.8.

Theorem 4.3 Let S ∈ M_0(E). Then

(i) S ∈ I_0(E) if and only if S(χ_A) ∈ Z for any open set A ⊂ E;

(ii) S ∈ I_0(E) if and only if φ_#S ∈ I_0(R) for any φ ∈ Lip(E).

(iii) If E = R^N for some N, then S ∈ R_0(E) if and only if φ_#S ∈ R_0(R) for any φ ∈ Lip(E).

Proof. (i) If S(χ_A) is integer for any open set A, we set Σ := {x ∈ E : ‖S‖(B_ρ(x)) ≥ 1 ∀ρ > 0} and notice that Σ is finite and that, by a continuity argument, S Σ ∈ I_0(E). If x /∈ Σ we can find a ball B centered at x such that ‖S‖(B) < 1; as S(χ_A) is an integer for any open set A ⊂ B, it follows that S(χ_A) = 0, hence ‖S‖(B) = 0. A covering argument proves that ‖S‖(K) = 0 for any compact set K ⊂ E \ Σ, and Lemma 2.9 implies that S is supported on Σ.

(ii) Let A ⊂ E be an open set and let φ be the distance function from the complement of A. Since

S(χ_A) = φ_#S(χ_{(0,∞)}) ∈ Z

the statement follows from (i).

(iii) The statement follows by Lemma 4.4 below.

Lemma 4.4 Let μ be a signed measure in R^N . Set Q = Q^N × (Q ∩ (0, ∞))^N and consider the countable family of lipschitz maps f_{x,λ}(y) = max_{i≤N} λ_i|x_i − y_i| y ∈ R^N , where (x, λ) runs through Q.

Then μ ∈ R_0(R^N ) if and only if f_{x,λ#}μ ∈ R_0(R) for all (x, λ) ∈ Q.

Proof. We can assume with no loss of generality that μ has no atom and denote by ‖ · ‖_∞ the l_∞ norm in R^N . Assume μ to be a counterexample to our conclusion and let K ≤ N be the smallest dimension of a coordinate parallel subspace of R^N charged by |μ|, i.e. K is the smallest integer such that there are exist x^0 ∈ R^N , I ⊂ {1, . . . , N} with cardinality N − K such that |μ| ( P_I (x^0) ) > 0, where

P_I (x^0) := { x ∈: x_i = x^0_i for any i ∈ I } . Since μ has no atom, K > 0. Replacing μ by −μ if necessary, we find ε > 0 and x^1 ∈ Q^N such that

μ(M) > 3ε where M := P_I (x^0) ∩ { y : ‖y − x^1‖_∞ < 1 } . Next we choose k sufficiently large such that |μ|(M̃) < ε with M̃ := { y ∈ R^N : dist_∞(y, M) ∈ (0, 2/k) } . Modifying x^1 only in the i-th coordinates for i ∈ I we can, without changing M, in addition assume that |(x^0 − x^1)_i| < 1/k for all i ∈ I. We define λ ∈ (Q ∩ (0, ∞))^N by λ_i = k if i ∈ I and λ_i = 1 otherwise. Observe that M ⊂ f^{−1}_{x1,λ}([0, 1)) ⊂ M ∪ M̃ . Let T be the countable set on which μ̃ = f_x1_{,λ#}μ is concentrated. Due to our minimal choice of K we have |μ| ( M ∩ f^{−1}_{x,λ}(s) ) = 0 for any s ∈ R, hence our choice

of M̃ gives |μ|(f^{−1}_{x1,λ}(T ∩ [0, 1))) ≤ |μ|(f^{−1}_{x1,λ}([0, 1)) \ M) < ε and we obtain that |μ̃|([0, 1)) < ε. On the other hand,

μ̃ ((0, 1]) = μ ( f^{−1}_{x1,λ}([0, 1)) ) ≥ μ(M) − |μ|(M̃) ≥ 2ε . This contradiction finishes our proof.

It is also possible to show that this kind of statement fails in any infinite dimensional situation, for instance when E is L^2. In fact, it could be proved that given any sequence of lipschitz functions on a Hilbert space, we can always find a continuous probability measure on it whose images under all these maps are purely atomic.

Now we show that rectifiable currents have a parametric representation, as sums of images of rectifiable euclidean currents (see also [20]).

Theorem 4.5 (Parametric representation) Let T ∈ M_k(E). Then, T ∈ R_k(E) (resp. T ∈ I_k(E)) if and only if there exist a sequence of compact set K_i, functions θ_i ∈ L^1(R^k) (resp. θ_i ∈ L^1(R^k, Z)) with supp θ_i ⊂ K_i and bi-Lipschitz maps f_i : K_i → E such that T = ∞∑ i=0 f_{i#}[[θ_i]] and ∞∑ i=0 M(f_{i#}[[θ_i]]) = M(T ) .

Moreover, if E is a Banach space, T can be approximated in mass by a sequence of normal currents.

Proof. One implication is trivial, since f_{i#}[[θ_i]] is rectifiable, being concentrated on f_i(K_i) (the absolute continuity property (b) is a consequence of the fact that f^{−1}_i : f_i(K_i) → K_i is a Lipschitz function) and R_k(E) is a Banach space. For the integer case, we notice that T_i = f_{i#}[[θ_i]] is integer rectifiable if θ_i takes integer values, because for any φ ∈ Lip(E, R^k) and any open set A ⊂ E, setting h = φ ∘ f_i : K_i → R^k and A^′ = f^{−1}_i (A), we have

φ_#(T_i A) = h_#([[θ_i]] A^′) = [[ ∑ x∈h�1_{(y)∩A}0 θ_i(x)sign (det∇h(x))]]

as a simple consequence of euclidean the area formula.

Conversely, let us assume that T is rectifiable, let S be a countably H^k-rectifiable set on which ‖T ‖ is concentrated and let K_i, f_i be given by Lemma 4.1. Let g_i = f^{−1}_i ∈ Lip(S_i, K_i), with S_i = f_i(K_i), and set R_i = g_{i#}(T S_i); since ‖R_i‖ vanishes on H^k-negligible sets, by Theorem 3.7 there exists an integrable function θ_i vanishing out of K_i such that R_i = [[θ_i]], with integer values if T ∈ I_k(E). Since f_i ∘ g_i(x) = x on S_i, the locality property (3.6) of currents implies

T S_i = (f_i ∘ g_i)_#(T S_i) = f_{i#}R_i = f_{i#}[[θ_i]] .

Adding with respect to i the desired representation of T follows. Finally, if E is a Banach space we can assume (see [37]) that f_i are Lipschitz functions defined on the whole of R^k and, by a rescaling argument, that Lip(f_i) ≤ 1; for ε > 0 given, we can choose θ^′_i ∈ BV (R^k) such that ∫ R^k |θi − θ ′ i| dx < ε2^{−i} to obtain that the normal current T̃ = ∑ i f_{i#}[[θ^′_i]] satisfies M(T − T̃ ) < ε.

The following theorem provides a canonical (and minimal) set S_T on which a rectifiable current T is concentrated.

Theorem 4.6 Let T ∈ R_k(E) and set S_T := {x ∈ E : Θ_{∗k}(‖T ‖, x) > 0} . (4.2) Then S_T is countably H^k-rectifiable and ‖T ‖ is concentrated on S_T ; moreover, any Borel set S on which ‖T ‖ is concentrated contains S_T , up to H^k-negligible sets.

Proof. Let S be a countably H^k-rectifiable set on which ‖T ‖ is concentrated; by the Radon–Nikodym theorem we can find a nonnegative function θ ∈ L^1(H^k S) such that ‖T ‖ = θH^k S. By Theorem 5.4 of [7] we obtain that Θ_k(‖T ‖, x) = θ(x) for H^k-a.e. x ∈ S, while (1.3) gives Θ_k(‖T ‖, x) = 0 for H^k-a.e. x ∈ E \ S. This proves that S_T = S∩{θ > 0}, up to H^k-negligible sets, and since ‖T ‖ is concentrated on S ∩ {θ > 0} the proof is achieved.

Definition 4.7 (Size of a rectifiable current) The size of T ∈ R_k(E) is defined by S(T ) := H^k(S_T )

where S_T is the set described in Theorem 4.6.

5 Normal currents

In this section we study more closely the class of normal currents; together with rectifiable currents, this is one of the main objects of our investigation, in connexion with the isoperimetric inequalities and the general Plateau problem. We start with a useful equi-continuity property which leads, under suitable compactness assumptions on the supports, to a compactness theorem in N_k(E).

Proposition 5.1 (Equi-continuity of normal currents) Let T ∈ N_k(E). Then the following estimate |T (f dπ) − T (f dπ^′)| ≤ k∑ i=1 ∫ E |f||π_i − π^′_i| d‖∂T ‖ + Lip(f) ∫ spt f |π_i − π^′_i| d‖T ‖ (5.1) holds whenever f, π_i, π^′_i ∈ Lip(E) and Lip(π_i) ≤ 1, Lip(π^′_i) ≤ 1.

Proof. Assume first that f, π_i and π^′_i are bounded. We set dπ_0 = dπ_2 ∧ . . . ∧ dπ_k and, using the definition of ∂T , we find

T (f dπ_1 ∧ dπ_0) − T (f dπ^′_1 ∧ dπ_0) = T (1 d(fπ_1) ∧ dπ_0) − T (1 d(fπ^′_1) ∧ dπ_0) − T (π_1 df ∧ dπ_0) + T (π^′_1 df ∧ dπ_0) = ∂T (fπ_1 dπ_0) − ∂T (fπ^′_1 dπ_0) − T (π_1 df ∧ dπ_0) + T (π^′_1 df ∧ dπ_0) ,

hence using the locality property |T (f dπ_1 ∧ dπ_0) − T (f dπ^′_1 ∧ dπ_0)| can be estimated with ∫ E |f||π_1 − π^′_1| d‖∂T ‖ + Lip(f) ∫ spt f |π_1 − π^′_1| d‖T ‖ . Repeating k − 1 more times this argument the proof is achieved. In the general case the inequality (5.1) is achieved by a truncation argument, using the continuity axiom.

Theorem 5.2 (Compactness) Let (T_h) ⊂ N_k(E) be a bounded sequence and assume that for any integer p ≥ 1 there exists a compact set K_p ⊂ E such that ‖T_h‖(E \ K_p) + ‖∂T_h‖(E \ K_p) < 1 p ∀h ∈ N . Then, there exists a subsequence (T_{h(n)}) converging to a current T ∈ N_k(E) satisfying ‖T ‖(E \ ∞⋃ p=1 K_p) + ‖∂T ‖(E \ ∞⋃ p=1 K_p) = 0 .

Proof. Possibly extracting a subsequence, we can assume the existence of measures μ, ν ∈ M(E) such that lim_{h→∞} ∫ E f d‖T_h‖ = ∫ E f dμ , lim_{h→∞} ∫ E f d‖∂T_h‖ = ∫ E f dν for any bounded continuous function f in E. It is also easy to see that (μ + ν)(E \ K_p) ≤ 1/p, hence μ + ν is concentrated on ∪_pK_p.

Step 1. We will first prove that (T_h) has a pointwise converging subsequence (T_{h(n)}); to this aim, by a diagonal argument, we need only to show for any integer q ≥ 1 the existence of a subsequence (h(n)) such that

lim sup n, m→∞ |T_{h(n)}(f dπ) − T_{h(m)}(f dπ)| ≤ 3 q whenever f dπ ∈ D^k(E) with |f| ≤ q, Lip(f) ≤ 1 and Lip(π_i) ≤ 1. To this aim, we choose g ∈ Lip(E) with bounded support such that

sup_{h∈N} N(T_h − T_h g) < 1 q^2

(it suffices to take g : E → [0, 1] with Lip(g) ≤ 1 and g = 1 in K_{2q}2 ), and prove the existence of a subsequence h(n) such that T_{h(n)} g(f dπ) converges whenever f dπ ∈ D^k(E) with Lip(f) ≤ 1 and Lip(π_i) ≤ 1.

Endowing Z = Lip_1(∪_pK_p) with a separable metric inducing uniform convergence on any compact set K_p, we can find a countable dense set D ⊂ Z and a subsequence (h(n)) such that T_{h(n)} g(f dπ) converge whenever f, π_1, . . . , π_k belong to D. Now we claim that T_{h(n)}(f dπ) converge for f, π_1, . . . , π_k ∈ Lip_1(E); in fact, for any f̃, π̃_1, . . . , π̃_k ∈ D we can use (5.1) to obtain

lim sup n, n0→∞ |T_{h(n)}(f dπ) − T_{h(n}0_)(f dπ)| ≤ 2 lim sup_{h→∞} |T_h(f dπ) − T_h(f̃ dπ̃)|

≤ lim sup h→∞ k∑ i=1 ∫ E (|f| + 1)|π_i − π̃_i| d[‖∂(T_h g)‖ + ‖T g‖] + ∫ E |f − f̃| d‖T_h g‖

≤ k∑ i=1 ∫ spt g (|f| + 1)|π_i − π̃_i| dμ + ∫ E (|f| + 1)|g||π_i − π̃_i| dν + ∫ E |f − f̃||g| dμ .

Since f̃ and π̃_i are arbitrary, this proves the convergence of T_{h(n)} g(f dπ). Step 2. Since T_{h(n)}(ω) converge to T (ω) for any ω ∈ D^k(E), T satisfies conditions (i) and (iii) stated in Definition 3.1. Passing to the limit as n → ∞ in the definition of mass we obtain that both T and ∂T have finite mass, and that ‖T ‖ ≤ μ, ‖∂T ‖ ≤ ν. In order to check the continuity property (ii) in Definition 3.1 we can assume, by the finiteness of mass, that f has bounded support; under this assumption, passing to the limit as h → ∞ in (5.1) we get |T (f dπ) − T (f dπ^′)| ≤ k∑ i=1 ∫ E |f||π_i − π^′_i| dμ + Lip(f) ∫ spt f |π_i − π^′_i| dν . whenever Lip(π_i) ≤ 1, Lip(π^′_i) ≤ 1. This estimate trivially implies the continuity property.

A simple consequence of the compactness theorem, of (3.5) and of (3.1) is the following localization lemma; in (5.2) we estimate the extra boundary created by the localization.

Lemma 5.3 (Localization) Let φ ∈ Lip(E) and let T ∈ N_k(E). Then, T {φ > t} ∈ N_k(E) and ‖∂(T {φ > t})‖({φ = t}) ≤ d dτ ‖T dφ‖({φ ≤ τ}) | | | τ =t (5.2)

for L^1-a.e. t ∈ R. Moreover, if S is any σ-compact set on which T and ∂T are concentrated, T {φ > t} and its boundary are concentrated on S for L^1-a.e. t ∈ R.

Proof. Let μ = ‖T ‖ + ‖∂T ‖, let (K_p) be a sequence of pairwise disjoint compact sets whose union covers μ-almost all of E and set g(t) := μ ({φ ≤ t}) , g_p(t) := μ (K_p ∩ {φ ≤ t}) . We denote by L the set of all t ∈ R such that g^′(t) = ∑ p g^′_p(t) is finite and the derivative in (5.2) exists; these conditions are fulfilled L^1-almost everywhere in R, hence L has full measure in R.

Let t ∈ L, let ε_h ↓ 0 and set f_h(s) = 0 for s ≤ t, 1 for s ≥ t + ε_h, (s − t)/ε_h for s ∈ [t, t + ε_h]; by (3.5) and the locality property we obtain that the currents T f_h ∘ φ satisfy ∂(T f_h ∘ φ) = ∂T f_h ∘ φ − R_h (5.3)

with R_h = ε^{−1}_h T χ_{{t<φ<t+εh }}dφ. By (3.5) and locality again we get ∂R_h = ∂(∂T f_h ∘ φ) = − 1 ε_h ∂T χ_{{t<φ<t+εh}}dφ . It is easy to see that our choice of t implies that the sequence (R_h) satisfies the assumptions of Theorem 5.2. Hence, possibly extracting a subsequence we can assume that (R_h) converges as h → ∞ to some R ∈ N_{k−1}(E) such that ‖R‖ and ‖∂R‖ are concentrated on ∪_pK_p.

Since ∂T f_h(φ) converge to ∂T {φ > t}, passing to the limit as h → ∞ in (5.3) we obtain ∂(T {φ > t}) = ∂T {φ > t} − R , hence ‖∂(T {φ > t})‖({φ = t}) ≤ M(R). Finally, the lower semicontinuity of mass gives

M(R) ≤ lim inf_{h→∞} M(R_h) ≤ d dτ ‖T dφ‖({φ ≤ τ}) | | |_{τ =t} .

In the proof of the uniqueness part of the slicing theorem we need the following technical lemma, which allows to represent the mass as a supremum of a countable family of measures.

Lemma 5.4 Let S ⊂ E be a σ-compact set. Then, there exists a countable set D ⊂ Lip_1(E) ∩ Lip_b(E) such that ‖T ‖ = ⋁ {‖T dπ‖ : π_1, . . . , π_k ∈ D} (5.4) whenever T is concentrated on S.

Proof. Let X = Lip_b(E)∩Lip_1(E) and let S = ∪_hK_h with K_h ⊂ E compact. The proof of Proposition 2.7 and a truncation argument based on the continuity axiom give ‖T ‖ = ⋁ {‖T dπ‖ : π_1, . . . , π_k ∈ X} (5.5) for any T ∈ M_k(E). Let D_h ⊂ X be a countable set with the property that any q ∈ X can be approximated by a sequence q^i ⊂ D_h with sup |q^i| equi-bounded and q^i uniformly converging to q on K_h. Taking into account (5.5), the proof will be achieved with D = ∪_hD_h if we show that ‖T dπ‖ K_h ≤ ⋁ {‖T dq‖ : q_1, . . . , q_k ∈ D_h} ∀π_1, . . . , π_k ∈ X . (5.6) Let f ∈ B^∞(E) vanishing out of K_h and let π^i_j ∈ D_h converging as i → ∞ to π_j as above (i.e. uniformly on K_h with sup_h |π^i_j| equi-bounded). Then, the functions

π̃^i_j (x) := min_{y∈Kh} π^i_j(y) + d(x, y) ∈ Lip_1(E)

coincide with π^i_j on K_h and pointwise converge to π̃_j (x) = min_{Kh} π_j (y) + d(x, y). Using the locality property and the continuity axiom we get

T (f dπ) = T (f dπ̃) = lim_{i→∞} T (f dπ̃^i) = lim_{i→∞} T (f dπ^i) ≤ ∫ E |f| dμ_h where μ_h is the right hand side in (5.6). Since f is arbitrary this proves (5.6).

In an analogous way we can prove the existence of a countable dense class of open sets.

Lemma 5.5 Let S ⊂ E be a σ-compact set. There exists a countable collection A of open subsets of E with the following property: for any open set A ⊂ E there exists a sequence (A_i) ⊂ A such that

lim_{i→∞} χ_{Ai} = χ_A in L^1(μ) for any μ ∈ M(E) concentrated on S .

Proof. Let S = ∪_hK_h, with K_h compact and increasing, let D be constructed as in the previous lemma and let us define

A := { {π > 1 2 } : π ∈ D } . The characteristic function of any open set A ⊂ E can be approximated by an increasing sequence (g_i) ⊂ Lip(E), with g_i ≥ 0. For any i ≥ 1 we can find f_i ∈ D such that |f_i − g_i| < 1/i on K_i. By the dominated convergence theorem, the characteristic functions of {f_i > 1/2} converge in L^1(μ) to the characteristic function of A whenever μ is concentrated on S.

The following slicing theorem plays a fundamental role in our paper; it allows to represent the restriction of a k-dimensional normal current T as an integral of (k − m)-dimensional ones. This is the basic ingredient in many proofs by induction on the dimension of the current.

We denote by ⟨T, π, x⟩ the sliced currents, π : E → R^m being the slicing map, and characterize them by the property ∫ R^m ⟨T, π, x⟩ψ(x) dx = T (ψ ∘ π) dπ ∀ψ ∈ C_c(R^k) . (5.7) We emphasize that the current valued map x → ⟨T, π, x⟩ will be measurable in the following weak sense: whenever g dτ ∈ D^{k−m}(E) the real valued map x → ⟨T, π, x⟩(g dτ) is L^m-measurable in R^m. This weak measurability property is necessary to give a sense to (5.7) and suffices for our purposes. An analogous remark applies to x → ‖⟨T, π, x⟩‖.

Theorem 5.6 (Slicing theorem) Let T ∈ N_k(E), let L be a σ-compact set on which T and ∂T are concentrated and let π ∈ Lip(E, R^m), with m ≤ k.

(i) There exist currents ⟨T, π, x⟩ ∈ N_{k−m}(E) such that

⟨T, π, x⟩ and ∂⟨T, π, x⟩ are concentrated on L ∩ π^{−1}(x) (5.8) ∫ R^m ‖⟨T, π, x⟩‖ dx = ‖T dπ‖ (5.9) and (5.7) holds;

(ii) if L^′ is a σ-compact set, T^x ∈ M_{k−m}(E) are concentrated on L^′, satisfy (5.7) and x → M(T^x) is integrable on R^k, then T^x = ⟨T, π, x⟩ for L^m-a.e. x ∈ R^m;

(iii) if m = 1, there exists a L^1-negligible set N ⊂ R such that ⟨T, π, x⟩ = lim_{y↓x} T χ_{{x<π<y}} y − x dπ = (∂T ) {π > x} − ∂(T {π > x}) for any x ∈ R \ N. Moreover M(⟨T, π, x⟩) ≤ Lip(π)M(T {π ≤ x})^′ for L^1-a.e. x and ∫_∞ −∞ N(⟨T, π, x⟩) dx ≤ Lip(π)N(T ) . (5.10) Proof. Step 1. In the case m = 1 we take statement (iii) as a definition. The proof of the localization lemma shows that S_x := (∂T ) {π > x} − ∂(T {π > x}) = lim_{y↓x} 1 y − x T χ_{{x<π<y}}dπ (5.11) for L^1-a.e. x, hence spt S_x ⊂ L ∩ π^{−1}(x) and

M(S_x ω) ≤ d dt ‖(T dπ) ω‖({π > t}) | | |_{t=x} for L^1-a.e. x ∈ R

whenever ω ∈ D^p(E), 0 ≤ p ≤ k − 1. By integrating with respect to x we obtain ∫_∗ R M(S_x ω) dx ≤ M ((T dπ) ω) (5.12)

where ∫_∗ denotes the upper integral (we will use also the lower integral ∫ ∗ later on).

Now we check (5.7): any function ψ ∈ C_c(R) can be written as the difference of two bounded functions ψ_1, ψ_2 ∈ C(R) with ψ_i ≥ 1. Setting γ_i(t) = ∫_t 0 ψ_i(τ) dτ, for i = 1, 2 and ω ∈ D^{k−1}(E) we compute ∫_∞ 0 S_x(ω)ψ_i(x) dx = ∫_∞ 0 ∂T {π > x}(ω)ψ_i(x) dx − ∫_∞ 0 ∂(T {π > x})(ω)ψ_i(x) dx = ∫_∞ 0 ∂T {γ_i ∘ π > t}(ω) dt − ∫_∞ 0 T {γ_i ∘ π > t}(dω) dt = ∂T (γ^+_i ∘ π ω) − T (γ^+_i ∘ π dω) . Analogously, using the identity S_x = ∂(T {π ≤ x}) − ∂T {π ≤ x} we get ∫_0 −∞ S_x(ω)ψ_i(x) dx = −∂T (γ^−_i ∘ πω) + T (γ^−_i ∘ π dω) .

Hence, setting ω = f dp, we obtain ∫ R S_x(f dp)ψ_i(x) dx = ∂T (γ_i ∘ πf dp) − T (γ_i ∘ π df ∧ dp) = T (f d(γ_i ∘ π) ∧ dp) = T (fγ^′_i ∘ π dπ ∧ dp) = T ψ_i ∘ πdπ(f dp) . Since ψ = ψ_1 − ψ_2 this proves (5.7).

By (5.7) we get T dπ(g dτ) = ∫ R S_x(g dτ) dx ≤ k−1∏ i=1 Lip(τ_i) ∫ ∗R ‖S_x‖(|g|) dx

whenever g dτ ∈ D^{k−1}(E). The representation formula for the mass and the superadditivity of the lower integral give ‖T dπ‖(|g|) ≤ ∫ ∗R ‖S_x(|g|)‖ dx ∀g ∈ L^1(E, ‖T dπ‖) . This, together with (5.12) with ω = |g|, gives the weak measurability of x → ‖S_x‖ and (5.9).

To complete the proof of statement (iii) we use the identity ∂⟨T, π, x⟩ = −⟨∂T, π, x⟩ , (5.13) and apply (5.9) to the slices of T and ∂T to recover (5.10).

Step 2. In this step we complete the existence of currents ⟨T, π, x⟩ satisfying (i) by induction with respect to m. Assuming the statement true for some m ∈ [1, k − 1], let us prove it for m + 1. Let π = (π_1, π̃), with π̃ ∈ Lip(E, R^{m−1}), and set x = (y, t) and T_t := ⟨T, π_1, t⟩ , T_x := ⟨T_t, π̃, y⟩ . By the induction assumption and (5.12) with ω = dπ̃ we get ∫_∗ R ∫ R^m�^1 M(T_x) dydt = ∫_∗ R M(T_t dπ̃) dt ≤ M(T dπ) . (5.14)

By applying twice (5.7) we get ∫ R^m

T_xψ_1(y)ψ_2(t) dydt = ∫ R T_t ψ_1(π̃)dπ̃ψ_2(t) dt = T ψ_1(π̃)ψ_2(π_1)dπ

whenever ψ_1 ∈ C_c(R^{m−1}) and ψ_2 ∈ C_c(R); then, a simple approximation argument proves that T_x satisfy (5.7). Finally, the equality (5.9) can be deduced from (5.7) and (5.14) arguing as in Step 1.

Step 3. Now we prove the uniqueness of ⟨T, π, x⟩; let f dp ∈ D^{k−m}(E) be fixed; denoting by (ρ_ε) a family of mollifiers, by (5.7) we get

T^x(f dπ) = lim_{ε↓0} T (fρ_ε ∘ π dπ ∧ dp) for L^m-a.e. x ∈ R^m .

This shows that, for given ω, T^x(ω) is uniquely determined by (5.7) for L^m-a.e. x ∈ R^m. Let D be given by Lemma 5.4 with S = L ∪ L^′ and let N ⊂ R^m be a L^m-negligible Borel set such that T^x(f dπ) = ⟨T, π, x⟩(f dπ) whenever π_i ∈ D and x ∈ R^m \ N. By applying (5.4) to T^x − ⟨T, π, x⟩ we conclude that T^x = ⟨T, π, x⟩ for any x ∈ R^m \ N.

Now we consider the case of (integer) rectifiable currents, proving that the slicing operator is well defined and preserves the (integer) rectifiability. Our proof of these facts use only the metric structure of the space; in w^∗-separable dual spaces a more precise result will be proved in Theorem 9.7 using the coarea formula of [7].

Theorem 5.7 (Slices of rectifiable currents) Let T ∈ R_k(E) (resp. T ∈ I_k(E)) and let π ∈ Lip(E, R^m), with 1 ≤ m ≤ k. Then there exist currents ⟨T, π, x⟩ ∈ R_{k−m}(E) (resp. ⟨T, π, x⟩ ∈ I_{k−m}(E)) concentrated on S_T ∩ π^{−1}(x) and satisfying (5.7), (5.9), ⟨T A, π, x⟩ = ⟨T, π, x⟩ A ∀A ∈ B(E) (5.15) for L^m-a.e. x ∈ R^m and ∫ R^m S(⟨T, π, x⟩) dx ≤ c(k, m) m∏ i=1 Lip(π_i)S(T ) . (5.16)

Moreover, if T^x ∈ M_{k−m}(E) are concentrated on L∩π^{−1} (x) for some σ-compact set L, satisfy (5.7) and ∫ R^k M(T

x) dx < ∞, then T^x = ⟨T, π, x⟩ for L^m-a.e. x ∈ R^m.

Proof. We construct the slices currents first under the additional assumption that E is a Banach space. Under this assumption, Theorem 4.5 implies that we can write T as a mass converging series of normal currents T_h; by applying (5.9) to T_h we get ∫ R^m ∞∑ h=0 ⟨T_h, π, x⟩ dx ≤ m∏ i=1 Lip(π_i) ∞∑ h=0 M(T_h) = m∏ i=1 Lip(π_i)M(T )

hence ∑ h⟨T_h, π, x⟩ converges in M_{k−m}(E) for L^m-a.e. x ∈ R^m. Denoting by ⟨T, π, x⟩ the sum, obviously (5.7) and (5.9) and condition (b) in Definition 4.2 follow by a limiting argument. Since ⟨T_h, π, x⟩ are concentrated on π^{−1}(x), the same is true for ⟨T, π, x⟩. In the general case we can assume by Lemma 2.9 that F = spt T is separable; we choose an isometry j embedding F into l_∞ and define ⟨T, π, t⟩ := j^{−1}_# ⟨j_#T, π̃, t⟩ ∀t ∈ R where π̃ is a Lipschitz extension to l_∞ of π ∘j^{−1} : j(F ) → R. It is easy to check that (5.7) and (5.9) still hold, and that ⟨T, π, t⟩ are concentrated on π^{−1}(x). Moreover, since (5.9) gives ∫ R^m ‖⟨T, π, x⟩‖(E \ S_T ) dx ≤ m∏ i=1 Lip(π_i)‖T ‖(E \ S_T ) = 0

we obtain that ⟨T, π, x⟩ is concentrated on S_T for L^m-a.e. x ∈ R^m. Using this property, the inequality (see Theorem 2.10.25 of [23]) ∫ R^m H^{k−m} ( S_T ∩ π^{−1}(x) ) dx ≤ c(k, m) m∏ i=1 Lip(π_i)H^k(S_T )

and Theorem 4.6 imply (5.16).

The uniqueness of ⟨T, π, x⟩ follows by Theorem 5.6(ii). The uniqueness property easily implies the validity for L^m-a.e. x ∈ R^m of the identity ⟨T A, π, x⟩ = ⟨T, π, x⟩ A for any A ∈ B(E) fixed. Let A be given by Lemma 5.5 and let N ⊂ R^m be a L^mnegligible set such that the identity above holds for any A ∈ A and any x ∈ R^m \N.

By Lemma 5.5 we infer that the identity holds for any open set A ⊂ E and any x ∈ R^m \ N, whence (5.15) follows.

Finally, we show that ⟨T, π, x⟩ ∈ I_{k−m}(E) for L^m-a.e. x ∈ R^m if T ∈ I_k(E). The proof relies on the well known fact that this property is true in the euclidean case, as a consequence of the euclidean coarea formula; see also Theorem 9.7, where this property is proved in a much more general setting. By Theorem 4.5 we can assume with no loss of generality that T = f_#[[θ]] for some integer valued θ ∈ L^1(R^k) vanishing out of a compact set K, and f : K → E bi-Lipschitz. Then, it is easy to check that T^x := f_#⟨[[θ]], π ∘ f, x⟩ are concentrated on f(K) ∩ π^{−1}(x), satisfy (5.7) and ∫ R^m M(T

x) dx < ∞. Hence ⟨T, π, x⟩ = T^x ∈ I_{k−m}(E) for L^m-a.e. x ∈ R^m .

We conclude this section with two technical lemmas about slices, which will be used in Section 8. The first one shows that the slicing operator, when iterated, produces lower dimensional slices of the original current; the second one shows that in some sense the slicing operator and the projection operator commute if the slicing and projection maps are properly chosen.

Lemma 5.8 (Iterated slices) Let T ∈ R_k(E)∪N_k(E), 1 ≤ m < k, π ∈ Lip(E, R^m), T_t = ⟨T, π, t⟩. Then, for any n ∈ [1, k − m] and any φ ∈ Lip(E, R^n) we have ⟨T, (π, φ), (t, y)⟩ = ⟨T_t, φ, y⟩ for L^{m+n}-a.e. (t, y) ∈ R^{m+n} . Proof. The proof easily follows by the characterization of slices based on (5.7).

Lemma 5.9 (Slices of projections and projections of slices) Let m ∈ [1, k], n > m, S ∈ R_k(E), φ ∈ Lip(E, R^{n−m}), π ∈ Lip(E, R^m). Then q_#⟨(φ, π)_#S, p, t⟩ = φ_#⟨S, π, t⟩ for L^m-a.e. t ∈ R^m , where p : R^n → R^m and q : R^n → R^{n−m} are respectively the projections on the last m coordinates and on the first (n − m) coordinates.

Proof. Set ϕ = (φ, π) and let f dτ ∈ D^{k−m}(R^{n−m}) and let g ∈ C^∞_c (R^m) be fixed. By the same argument used in the proof of Theorem 5.6(ii) we need only to prove that ∫ R^m g(x)q_#⟨ϕ_#S, p, t⟩(f dτ) dx = ∫ R^m g(x)φ_#⟨S, π, t⟩(f dτ) dx . (5.17) Using (5.7) we obtain that the right side in (5.17) is equal to ∫ R^m g(x)⟨S, π, x⟩(f ∘ φ d(τ ∘ φ)) dx = S (f ∘ φ · g ∘ π dπ ∧ d(τ ∘ φ)) . On the other hand, a similar argument implies that the left side is equal to ∫ R^m g(x)⟨ϕ_#S, p, x⟩(f ∘ q d(τ ∘ q)) dx = ϕ_#S (f ∘ q · g ∘ p dp ∧ d(τ ∘ q)) = S (f ∘ φ · g ∘ π dπ ∧ d(τ ∘ φ)) because q ∘ ϕ = φ and p ∘ ϕ = π.

We conclude this section noticing that in the special case when k = m and π = φ an analogous formula holds with p equal to the identity map, i.e.

⟨φ_#S, p, x⟩ = φ_#⟨S, φ, x⟩ for L^k-a.e. x ∈ R^k . (5.18)

6 Compactness in Banach spaces

In the compactness theorem for normal currents seen in the previous section, the existence of a given compact set K containing all the supports of T_h is too strong for some applications. This is the main motivation for the introduction of a weak^∗ convergence for normal currents in dual Banach spaces, which provides a more general compactness property, proved in Theorem 6.6.

Definition 6.1 (Weak^∗ convergence) Let Y be a w^∗-separable dual space. We say that a sequence (T_h) ⊂ M_k(Y ) w^∗-converges to T ∈ M_k(Y ), and we write T_h ⇀ T , if T_h(f dπ) converge to T (f dπ) for any f dπ ∈ D^k(Y ) with f and π_i Lipschitz and w^∗-continuous.

The uniqueness of the w^∗-limit follows by a Lipschitz extension theorem: if A is w^∗-compact and f is w^∗-continuous, we can extend f preserving both the Lipschitz constant and the w^∗-continuity.

Theorem 6.2 Let Y be a w^∗-separable dual space, let A ⊂ Y be w^∗-compact and let f : A → R be Lipschitz and w^∗-continuous. Then, there exists a uniformly w^∗-continuous map f̃ : Y → R such that f̃_{|A} = f, sup |f̃| = sup |f| and Lip(f̃) = Lip(f).

Proof. Of course, we can assume f(A) ⊂ [0, 1]. Using compactness (and metrizability) of the w^∗-topology on any bounded subset of Y we find a sequence {U_n}_{n≥0} of w^∗-neighbourhoods of zero such that |f(x) − f(y)|≤2^{−n} + Lip(f) dist_{‖·‖}(x − y, U_n) if x, y ∈ A, n ≥ 0 . (6.1) Clearly, we can also modify this sequence (gradually replacing the U_n’s by smaller sets if necessary) in a way that additionally

U_0 = Y and U_{n+1} + U_{n+1} ⊂ U_n for all n ≥ 0. (6.2)

For x ∈ Y we define

d_1(x) := inf { 2^{−n} : x ∈ U_n } , d_2(x) := min {2 d_1(x), Lip(f)‖x‖} .

Due to (6.2) we have d_1(x + y) ≤ 2 max(d_1(x), d_1(y)) for any pair of points x, y. This implies by induction with respect to n that d_1( ∑_n 1 x_i) ≤ 2 d_1(x_n) provided d_1(x_1) < d_1(x_2) < . . . < d_1(x_n). We prove also by induction in n that d_1( ∑_n 1 x_i) ≤ 2 ∑_n 1 d_1(x_i) for any x_1, . . . , x_n ∈ Ê. Indeed, if all values d_1(x_i) are different, then this is a consequence of what was just said. But if d_1(x_{n−1}) = d_1(x_n) then the estimate d_1(x_{n−1}) + d_1(x_n) ≥ d_1(x_{n−1} + x_n) shows that the claimed inequality follows from the induction assumption d_1( ∑_{n−2} 1 x_i +(x_{n−1} +x_n)) ≤ 2 ∑_{n−2} 1 d_1(x_i)+ 2 d_1(x_{n−1} + x_n). Now we put for any x ∈ Y

d(x) := inf {_n ∑ i=1 d_2(x) : x = n∑ i=1 x_i } . We note that |f(x) − f(y)| ≤ d(x − y) whenever x, y ∈ A . (6.3) To see this take an arbitrary representation x − y = ∑_n 1 z_i. We define S to be the set of those indices i such that d_2(z_i) = 2 d_1(z_i) and put z = ∑ i∈S z_i, z̄ = x − y − z. Then Lip(f)‖z̄‖ ≤ ∑ i /∈S Lip(f)‖zi‖ = ∑ i /∈S d2(zi). Moreover, ∑ i∈S d_2(z_i) = 2 ∑ i∈S d_1(z_i) ≥ d_1(z). Since |f(x) − f(y)| ≤ d_1(z) + Lip(f)‖z̄‖ due to (6.1), we just established (6.3).

Finally, we define our function f̃ by

f̃(x) := inf_{y∈A} f(y) + d(x − y) .

Since obviously |d(x − y) − d(x̄ − y)| ≤ d_2(x − x̄) for any x, x̄, y, we see that f̃(x) − f̃(x̄) ≤ d_2(x − x̄) ≤ Lip(f)‖x − x̄‖. Hence Lip(f̃) = Lip(f) and due to the w^∗-continuity of d_1 in zero the function f̃ is a uniformly w^∗-continuous one. Moreover, the condition (6.3) ensures that f̃(x) = f(x) for each x ∈ A. The function min{f(x), 1} satisfies all stated conditions.

In the following proposition we state some basic properties of the w^∗-convergence.

Proposition 6.3 (Properties of w^∗-convergence) Let Y be a w^∗-separable dual space and let (T_h) ⊂ M_k(Y ) be a bounded sequence. Then

(i) the w^∗-limit is unique;

(ii) T_h ⇀ T implies M(T ) ≤ lim inf_h M(T_h);

(iii) w^∗-convergence is equivalent to weak convergence if all currents T_h are supported on a compact set S.

Proof. (i) The uniqueness of the limit obviously follows from (ii). To prove (ii) we fix 1-Lipschitz functions π^i_j in E and functions f_i ∈ Lip(E) with ∑ |f_i| ≤ 1, for i = 1, . . . , p. By (3.7) we need only to show that p∑ i=1 T (f_i dπ^i) ≤ lim inf_{h→∞} M(T_h) .

Let ε > 0 and let K_ε ⊂ Y a compact set such that ‖T ‖(Y \ K_ε) + ‖∂T ‖(Y \ K_ε) < ε; since the restrictions of f_i and π^i to K_ε are w^∗-continuous we can find by Theorem 6.2 w^∗-continuous extensions f_{iε}, π^i_{jε} of f_{i|Kε} , π^i_{j|Kε} . As the condition ∑ i |f_{iε}| ≤ 1 need not be satisfied, we define f̂_{iε} = q_i(f_{1ε}, . . . , f_{pε}), where q : R^p → R^p is the orthogonal projection on the convex set ∑ i |z_i| ≤ 1. The convergence of T_h to T implies p∑ i=1 T (f̂_{εi} dπ^i_ε) = lim_{h→∞} p∑ i=1 T_h(f̂_{εi} dπ^i_ε) ≤ lim inf_{h→∞} M(T_h) .

Since f̂_{εi} = f_{εi} = f_i on K_ε, by letting ε ↓ 0 the inequality follows. (iii) The equivalence follows by Theorem 6.2 and the locality property (3.6).

Another link between w^∗-convergence and weak convergence is given by the following lemma.

Lemma 6.4 Let X be a compact metric space, let C_h ⊂ X and j_h ∈ Lip_1(C_h, Y ) with sup {‖j_h(x)‖ : x ∈ C_h, h ∈ N} < ∞ . Let us assume that (C_h) converge to C in the sense of Kuratowski and j : C → Y satisfies

x_{h(k)} ∈ C_{h(k)} → x =⇒ w^∗ − lim_{k→∞} j_{h(k)}(x_{h(k)}) = j(x) . (6.4)

Then, j ∈ Lip_1(C, Y ) and S_h → S implies j_{h#}S_h ⇀ j_#S for any bounded sequence (S_h) ⊂ N_k(X) with spt S_h ⊂ C_h.

Proof. The w^∗-lower semicontinuity of the norm implies j ∈ Lip_1(X, Y ) and clearly spt S ⊂ C. Let f : Y → R be any w^∗-continuous Lipschitz map; we claim that sup_{Ch} |f ∘ j_h − f̃| → 0 for any Lipschitz extension f̃ of f ∘ j; in fact, assuming by contradiction that |f ∘ j_h(x_h) − f̃(x_h)| ≥ ε for some ε > 0 and x_h ∈ C_h, we can assume that a subsequence (x_{h(k)}) converges to x ∈ C and hence that f̃(x_{h(k)}) converge to f̃(x) = f ∘ j(x); on the other hand, j_{h(k)}(x_{h(k)}) w^∗-converge to j(x), hence f ∘ j_{h(k)}(x_{h(k)}) converge to f ∘ j(x) and a contradiction is found.

Let now f dπ ∈ D^k(Y ) with f and π_i Lipschitz and w^∗-continuous, and let f̃, π̃_i be Lipschitz extensions of f ∘ j, π_i ∘ j respectively with f̃ bounded; notice that j_{h#}S_h(f dπ) − j_#S(f dπ) = [ S_h (f ∘ j_h d(π ∘ j_h)) − S_h(f̃ dπ̃) ]

+ [ S_h(f̃ dπ̃) − S(f̃ dπ̃) ] . The equi-continuity of normal currents and the uniform convergence to 0 of f ∘j_h −f̃ and π_i ∘ j_h − π̃_i on C_h imply that the quantity in the first square bracket tends to 0; the second one is also infinitesimal by the weak convergence of S_h to S.

Definition 6.5 (Equi-compactness) A sequence of compact metric spaces (X_h) is called equi-compact if for any ε > 0 there exists N ∈ N such that any space X_h can be covered by at most N balls with radius ε.

Using the equi-compactness assumption and the Gromov–Hausdorff convergence of metric spaces (see [31]), Theorem 5.2 can be generalized as follows.

Theorem 6.6 (Weak^∗ compactness) Let Y be a w^∗-separable dual space, let (T_h) ⊂ N_k(Y ) be a bounded sequence, and assume that for any ε > 0 there exists R > 0 such that K_h = B_R(0) ∩ spt T_h are equi-compact and sup_{h∈N} ‖T_h‖(Y \ K_h) + ‖∂T_h‖(Y \ K_h) < ε . Then, there exists a subsequence (T_{h(k)}) w^∗-converging to some T ∈ N_k(Y ). Moreover, T has compact support if spt T_h are equi-bounded.

Proof. Assume first that spt T_h are equi-bounded and put K_h = spt T_h; since K_h are equi-compact, by Gromov’s embedding theorem [31], possibly extracting a subsequence (not relabelled), we can find a compact metric space X and isometric immersions i_h : K_h → X. By our extra assumption on K_h the maps j_h = i^{−1}_h are equi-bounded in i_h(K_h), and we denote by B a closed ball in Y containing all sets j_h(X). Let d_w be a metric inducing in B the w^∗-topology; since Y = (B, d_w) is compact, possibly extracting a subsequence we can assume the existence of a compact set C ⊂ X and of j : C → B such that C_h = i_h(K_h) converge to C in the sense of Kuratowski and (6.4) holds (for instance this can be proved by taking a Kuratowski limit of a subsequence of the graphs of j_h in X ×B). By Theorem 5.2 we can also assume that the currents S_h = i_{h#}T_h weakly converge as h → ∞ to some current S. By Lemma 6.4 we conclude that T_h = j_{h#}S_h w^∗-converge to T = j_#S.

If the supports are not equi-bounded the proof can be achieved by a standard diagonal argument if we show the existence, for any ε > 0, of a sequence T̃_h still satisfying the assumptions of the theorem, with spt T̃_h equi-bounded and M(T_h − T̃_h)(Y ) < ε. These currents can be easily obtained setting T̃_h = T_h B_{Rh} (0), where R_h ∈ (R, R + 1) are chosen in such a way that M(∂T̃_h)(Y ) are equi-bounded. This choice can be done using the localization lemma with φ(x) = ‖x‖.

7 Metric space valued BV functions

In this section we introduce a class of BV maps u : R^k → S, where S is a metric space. We follow essentially the approach developed by L.Ambrosio in [4] but, unlike [4], we will not make any compactness assumption on S, assuming only that S is weakly separable. If S = M_0(E) we use a Lipschitz approximation theorem for BV metric valued maps to prove in Theorem 7.4 the rectifiability of the collection of all atoms of u(x), as x varies in (almost all of) R^k.

Let (S, d) be a weakly separable metric space and let F ⊂ Lip_b(S) be a countable family such that d(x, y) = sup_{φ∈F} |φ(x) − φ(y)| ∀x, y ∈ S . (7.1) Definition 7.1 (Functions of metric bounded variation) We say that a function u : R^k → S is a function of metric bounded variation, and we write u ∈ MBV (R^k, S), if φ ∘ u ∈ BV_{loc}(R^k) for any φ ∈ F and ‖Du‖ := ⋁ φ∈F |D(φ ∘ u)| < ∞ . Notice that in the definition above we implicitly make the assumption that φ ∘ u is Lebesgue measurable for any φ ∈ Lip_1(S); since S is a metric space, this condition is easily seen to be equivalent to measurability of u between R^k, endowed with the σ-algebra of Lebesgue measurable sets, and S, endowed with the Borel σ-algebra. Notice also that, even in the Euclidean case S = R^m, the space MBV is strictly larger than BV , because not even the local integrability of u is required, and is related to the class of generalized functions with bounded variation studied in [22], [50].

The class MBV (R^k, S) and ‖Du‖ are independent of the choice of F; this is a direct consequence of the following lemma. It is also easy to check that u ∈ MBV (R^k, R) if u ∈ BV_{loc}(R^k, R) and |Du|(R^k) < ∞, and in this case ‖Du‖ = |Du|. Lemma 7.2 Let F ⊂ Lip_b(S) be as in (7.1) and let u ∈ MBV (R^k, S) and ψ ∈ Lip_1(S) ∩ Lip_b(S). Then ψ ∘ u ∈ BV_{loc}(R^k) and |D(ψ ∘ u)| ≤ ⋁ φ∈F |D(φ ∘ u)| . In particular ‖Du‖ = ⋁ {|D(φ ∘ u)| : φ ∈ Lip_1(S) ∩ Lip_b(S)}.

Proof. Let us first assume k = 1. Let A ⊂ R be an open interval and let v : A → R be a bounded function. We denote by L_v the Lebesgue set of v and set |Dv|(A) = +∞ if v /∈ BV_{loc}(A). It can be easily proved that |Dv|(A) = sup {_{p−1} ∑ i=1 |v(t_{i+1}) − v(t_i)| : t_1 < . . . < t_p, t_i ∈ A \ N }

whenever L^1(N) = 0 and N ⊃ A \ L_v . Choosing N := (A \ L_{ψ∘u}) ∪ ⋃ φ∈F [(A \ L_{φ∘u}) ∪ {t ∈ A : |D(φ ∘ u)|({t}) > 0}] we get |ψ ∘ u(t_{i+1}) − ψ ∘ u(t_i)| ≤ sup_{φ∈F} |φ ∘ u(t_{i+1}) − φ ∘ u(t_i)| ≤ ‖Du‖ ((t_{i+1}, t_i)) whenever t_i, t_{i+1} ∈ A \ N. Adding with respect to i and taking the supremum we obtain that |D(ψ ∘ u)|(A) can be estimated with ‖Du‖(A). By approximation the same inequality remains true if A is an open set or a Borel set.

In the case k > 1 the proof follows by the one dimensional case recalling the following facts (see [23] 4.5.9(27) and 4.5.9(28) or [4]): first |Dv| = ⋁ ν∈S^k�1

|D_νv| ∀v ∈ BV_{loc}(R^k) (7.2)

and the directional total variations |D_νv| can be represented as integrals of variations on lines, namely |D_νv| = ∫ π_ν V_u(x, ν) dH^{k−1}(x) ∀ν ∈ S^{k−1} , where π_ν is the hyperplane orthogonal to ν, u(x, ν)(t) = u(x + tν) and V_u(x, ν)(B) := |Du(x, ν)| ({t : x + tν ∈ B}) ∀B ∈ B(R^k) . Hence, for ν ∈ S^{k−1} fixed and v = ψ∘u, using (1.8) of [4] to commute the supremum with the integral we get |D_νv| = ∫ π_ν V_v (x, ν) dH^{k−1}(x) ≤ ∫ π_ν ⋁ φ∈F V_{φ∘u}(x, ν) dH^{k−1}(x) = ⋁ φ∈F ∫ π_ν V_{φ∘u}(x, ν) dH^{k−1}(x) = ⋁ φ∈F |D(φ ∘ u)| ≤ ‖Du‖ . Since ν is arbitrary the inequality |Dv| ≤ ‖Du‖ follows by (7.2).

Given u ∈ MBV (R^k, S), we denote by MDu the maximal function of ‖Du‖, namely MDu(x) := sup_{ϱ>0} ‖Du‖(B_ϱ(x)) ω_kϱ^k . By Besicovitch covering theorem, L^k({MDu > λ}) can be easily estimated from above with a dimensional constant times ‖Du‖(R^k)/λ, hence MDu(x) is finite for L^k-a.e. x. The following lemma provides a Lipschitz property of MBV functions (reversing the roles of R^k and S, an analogous property can be used to define Sobolev functions on a metric space, see [33], [34]).

Lemma 7.3 Let (S, d) be a weakly separable metric space. Then, for any u ∈ MBV (R^k, S) there exists a L^k-negligible set N ⊂ R^k such that d (u(x), u(y)) ≤ c [MDu(x) + MDu(y)] |x − y| ∀x, y ∈ R^k \ N with c depending only on k.

Proof. Any function w ∈ BV_{loc}(R^k) satisfies |w(x) − w(y)| ≤ c(k) [MDw(x) + MDw(y)] |x − y| ∀x, y ∈ L_w , where L_w is the set of Lebesgue points of w; this is a simple consequence of the estimate 1 ω_kϱ^k ∫ B_ϱ (x) |w(z) − w(x)| |z − x| dz ≤ ∫_1 0 |Dw|(B_{tϱ}(x)) ω_k(tϱ)^k dt ≤ MDw(x) for any ball B_ϱ(x) ⊂ R^k centered at some point x ∈ L_w (see for instance (2.5) and Theorem 2.3 of [5]). Taking into account (7.1) and the inequality MDu ≥ MD(φ ∘ u), the statement follows with N = R^k \ ∩_{φ∈F} L_{φ∘u}.

In the following we endow Lip_b(E) with the flat norm F(ϕ) = sup |ϕ| + Lip(ϕ) and, by duality, we endow the space M_0(E) with the flat norm

F(T ) := sup {T (ϕ) : ϕ ∈ Lip_b(E), F(ϕ) ≤ 1} .

If E is a weakly separable metric space it is not hard to see that M_0(E) is still weakly separable. In fact, assuming E = l^∞ (up to an isometric embedding of M_0(E) into M_0(l^∞)), by Theorem 6.2 and Lemma 2.9 we see that

F(T ) = sup {T (ϕ) : ϕ ∈ Lip^∗(E) ∩ B^∞(E), F(ϕ) ≤ 1} = sup {T (ϕ) : n ≥ 1, ϕ ∈ L_n(E), F(ϕ) ≤ 1} , where Lip^∗(E) is the vector subspace of w^∗-continuous functions in Lip(E) and L_n(E) is the subspace consisting of all functions depending only on the first n coordinates of x; since all the sets {ϕ ∈ L_n(E) : F(ϕ) ≤ 1} are separable, when endowed with the topology of uniform convergence on bounded sets, a countable subfamily is easily achieved.

Theorem 7.4 (Rectifiability criterion) Let E be a weakly separable metric space, let S = M_0(E) be endowed with the flat norm and let T ∈ MBV (R^k, S). Then, there exists an L^k-negligible set N ⊂ R^k such that

R_K := ⋃ z∈R^k \N {x ∈ K : ‖T (z)‖({x}) > 0}

is contained in a countably H^k-rectifiable set for any compact set K ⊂ E.

Proof. Let N_1 ⊂ R^k be given by Lemma 7.3 with S = M_0(E), N = N_1 ∪{MDT = ∞}, K ⊂ E compact and ε, δ > 0. For simplicity we use the notation T_z for T (z), while T_z (ϕ) will stand for ∫ E ϕ dT_z . We define Z_{ε,δ} as the collection of points z ∈ R^k \N such that MDT (z) < 1/(2ε) and ‖T_z ‖({x}) ≥ ε =⇒ ‖T_z ‖(B_{3δ}(x) \ {x}) ≤ ε 3 for any x ∈ K. Setting R_{ε,δ} = {x ∈ K : ‖T_z ‖({x}) ≥ ε for some z ∈ Z_{ε,δ} }, we notice that R_K = ∪_{ε, δ>0}R_{ε,δ} , hence it suffices to prove that R_{ε,δ} is contained in a countably H^k-rectifiable set.

Denoting by B any subset of R_{ε,δ} with diameter less than δ, we now check that d(x, x^′) ≤ 3c(k)(δ + 1)

ε^2 |z − z^′| (7.3) whenever x, x^′ ∈ B, ‖T_z ‖({x}) ≥ ε and ‖T_z0‖({x^′}) ≥ ε for some z, z^′ ∈ Z_{ε,δ} . In fact, setting d = d(x, x^′) ≤ δ, we can define a function ϕ(y) equal to d(y, x) in B_d(x), equal to 0 in E \ B_{2δ} (x) with sup |ϕ| = d, Lip(ϕ) ≤ 1; since |T_z (ϕ)| ≤ εd 3 , |T_z0(ϕ)| ≥ εd − εd 3 we get ε 3 d(x, x^′) ≤ |T_z0(ϕ) − T_z (ϕ)| ≤ c(k)(δ + 1) ε |z − z^′| . By (7.3) it follows that for any z ∈ Z_{ε,δ} there exists at most one x = f(z) ∈ B such that ‖T_z ‖({x}) ≥ ε; moreover, denoting by D the domain of f, the map f : D → B is Lipschitz and onto, hence B is contained in the countably H^k-rectifiable set f(D). A covering argument proves that R_{ε,δ} is contained in a countably H^k-rectifiable set.

Actually, it could be proved that, for a suitable choice of N, the set R_K is universally measurable in E, i.e., for any μ ∈ M(E) it belongs to the completion of B(E) with respect to μ. The proof follows by the projection theorem (see [23], 2.2.12), checking first that the set

R^′_K := { (z, x) ∈ (R^k \ N) × K : ‖T_z ‖({x}) > 0 } belongs to B(R^k) ⊗ B(E), and then noticing that R_K is the projection of R^′_K on E. Since the projection theorem is a quite sophisticated measure theoretic result, we preferred to state Theorem 7.4 in a weaker form, which is actually largely sufficient for our purposes.

8 Closure and boundary rectifiability theorems

In this section we prove the classical closure and boundary rectifiability theorems for integral currents, proved in the euclidean case by H.Federer and W.H.Fleming in [24] (see also [58], [61]). Actually, we prove a more general closure property for rectifiable currents with equibounded masses and sizes, proved in the euclidean case by F.J.Almgren in [1] using multivalued function theory. We also provide new characterizations of integer rectifiable currents based on the Lipschitz projections.

The basic ingredient of our proofs is the following theorem, which allows to deduce rectifiability of a k-current from the rectifiability of its 0-dimensional slices (for euclidean currents in general coefficient groups, a similar result has been obtained by B.White in [62]). The proof is based on Theorem 7.4, the slicing theorem and the key observation, due to R.Jerrard in the euclidean context (see [36]), that x → ⟨T, π, x⟩ is a BV map whenever T ∈ N_k(E) and π ∈ Lip(E, R^k).

Theorem 8.1 (Rectifiability and rectifiability of slices) Let T ∈ N_k(E). Then T ∈ R_k(E) if and only if

for any π ∈ Lip(E, R^k ), ⟨T, π, x⟩ ∈ R_0(E) for L^k-a.e. x ∈ R^k . (8.1)

Moreover, T ∈ I_k(E) if and only if (8.1) holds with I_0(E) in place of R_0(E).

Proof. Let π ∈ Lip(E, R^k) with Lip(π_i) ≤ 1; we will first prove that for any T ∈ N_k(E) the map x → T_x = ⟨T, π, x⟩ belongs to MBV (R^k, S), where S as in Theorem 7.4 is M_0(E) endowed with the flat norm. Let ψ ∈ C^1_0 (R^k) and ϕ ∈ Lip_b(E) with F(ϕ) ≤ 1; using (3.2) we compute (−1)^{i−1} ∫ R^k T_x(ϕ) ∂ψ ∂x_i (x) dx = (−1)^{i−1}T dπ(ϕ ∂ψ ∂x_i ∘ π) = T (ϕ d(ψ ∘ π) ∧ dπ̂_i) = ∂T (ϕ(ψ ∘ π) dπ̂_i) − T (ψ ∘ π dϕ ∧ dπ̂_i) ≤ ‖∂T ‖(ψ ∘ π) + ‖T ‖(ψ ∘ π) , where dπ̂_i = dπ_1 ∧ . . . ∧ dπ_{i−1} ∧ dπ_{i+1} ∧ . . . ∧ dπ_k. Since ψ is arbitrary, this proves that x → T_x(ϕ) belongs to BV_{loc}(R^k) and |DT_x(ϕ)| ≤ kπ_#‖T ‖ + kπ_#‖∂T ‖ . Since ϕ is arbitrary, this proves that T_x ∈ MBV (R^k, S).

Now we consider the rectifiable case. By Theorem 5.7, the rectifiability of T implies the generic rectifiability of T_x. Conversely, let L be a σ-compact set on which ‖T ‖ is concentrated; by Theorem 7.4 there exists a L^k-negligible set N ⊂ R^k such that ⋃ x∈R^k \N {y ∈ L : ‖T_x‖({y}) > 0} is contained in a countably H^k-rectifiable set R_π. Now, if T_x ∈ R_0(E) for L^k-a.e. x, by (5.9) we infer ‖T dπ‖(E \ R_π) = ‖T dπ‖(L \ R_π ) = ∫ R^k ‖T_x‖(L \ R_π ) dx = 0 . Hence, T dπ is concentrated on a countably H^k-rectifiable set for any π ∈ Lip(E, R^k ). By Lemma 5.4 this implies the same for T , hence T is rectifiable.

Finally, we consider the integer rectifiable case. The proof is straightforward in the special case when E = R^k and p = π : E → R^k is the identity map (in this case, representing T as [[θ]], ⟨T, π, x⟩ is the Dirac delta at x with multiplicity θ(x) for L^k-a.e. x ∈ R^k).

In the general case, one implication follows by Theorem 5.7. Conversely, let us assume that the slices of T are generically integer rectifiable. For A ∈ B(E) and φ ∈ Lip(E, R^k) given, from (5.18) and (5.15) we infer ⟨φ_#(T A), p, x⟩ = φ_#⟨T A, φ, x⟩ = φ_# (⟨T, φ, x⟩ A) ∈ I_0(R^k) for L^k-a.e. x ∈ R^k, whence φ_#(T A) ∈ I_k(R^k).

Remark 8.2 Analogously, if E is a w^∗-separable dual space we can say that T ∈ R_k(E) (resp. T ∈ I_k(E)) if

⟨T, π, x⟩ ∈ R_0(E) (resp. I_0(E)) for L^k-a.e. x ∈ R^k

for any w^∗-continuous map π ∈ Lip(E, R^k ). In fact, this condition implies that T dπ is concentrated on a countably H^k-rectifiable set for any such π, and Lemma 5.4 together with Theorem 6.2 imply the existence of a sequence of w^∗-continuous Lipschitz functions π^i : E → R^k such that ‖T ‖ = ⋁ i∈N ‖T dπ^i‖ . We also notice that in the euclidean case E = R^n it suffices to consider the canonical linear projection and correspondingly the slices along the coordinate axes (in fact, our notion of mass is comparable with the Federer–Fleming one, see Appendix A).

The following technical proposition will be used in the proof, by induction on the dimension, of the closure theorem.

Proposition 8.3 Let (T_h) ⊂ N_k(E) be a bounded sequence weakly converging to T ∈ N_k(E) and let π ∈ Lip(E). Then, for L^1-a.e. t ∈ R there exists a subsequence (h(n)) such that (⟨T_{h(n)}, π, t⟩) is bounded in N_{k−1}(E) and lim_{n→∞}⟨T_{h(n)}, π, t⟩ = ⟨T, π, t⟩ . In addition, if T_h ∈ R_k(E) and S(T_h) are equi-bounded, the subsequence (h(n)) can be chosen in such a way that S(⟨T_{h(n)}, π, t⟩) are equi-bounded.

Proof. We first prove the existence of a subsequence h(n) such that ⟨T_{h(n)}, π, t⟩ converge to ⟨T, π, t⟩ for L^1-a.e. t ∈ R. Recalling Proposition 5.6(iii), we need only to prove that lim_{n→∞} T_{h(n)} {π > t} = T {π > t} , lim_{n→∞} ∂T_{h(n)} {π > t} = ∂T {π > t} (8.2) for L^1-a.e. t ∈ R. Let μ_h = π_#(‖T_h‖ + ‖∂T_h‖) and let μ_{h(n)} be a subsequence w^∗ converging to μ in R. If t is not an atom of μ, noticing that

lim_{δ↓0} lim sup n→∞ [‖T_{h(n)}‖ + ‖∂T_{h(n)}‖](π^{−1}([t − δ, t + δ]) ≤ lim_{δ↓0} μ([t − δ, t + δ]) = 0 , and approximating χ_{{π>t}} by Lipschitz functions we obtain (8.2). As ∫ R lim inf n→∞ N(⟨T_{h(n)}, π, t⟩) dt ≤ lim inf_{n→∞} ∫ R N(⟨T_{h(n)}, π, t⟩) dt ≤ Lip(π) sup_{h∈N} N(S_h) < ∞

we can also find for L^1-a.e. t ∈ R a subsequence of (⟨S_{h(n)}, π, t⟩) bounded in N_{k−1}(E). If the sequence (S(T_h)) is bounded we can use (5.16) and a similar argument to obtain a subsequence with equi-bounded size.

Remark 8.4 If E is a w^∗-separable dual space the same property holds, with a similar proof, if weak convergence is replaced by w^∗-convergence, provided π is w^∗-continuous.

Now we can prove the closure theorem for (integer) rectifiable currents, assuming as in [1], the existence of suitable bounds on mass and size. Actually, we will prove in Theorem 9.5 that for rectifiable currents T whose multiplicity is bounded from below by a > 0 (in particular the integer rectifiable currents) the bound on size follows by the bound on mass, since S(T ) ≤ k^{k/2}M(T )/a.

Theorem 8.5 (Closure theorem) Let (T_h) ⊂ N_k(E) be a sequence weakly converging to T ∈ N_k(E). Then, the conditions

T_h ∈ R_k(E) , sup_{h∈N} N(T_h) + S(T_h) < ∞

imply T ∈ R_k(E) and the conditions

T_h ∈ I_k(E) , sup_{h∈N} N(T_h) < ∞

imply T ∈ I_k(E).

If E is a w^∗-separable dual space the same closure properties holds for w^∗-convergence of currents.

Proof. We argue by induction with respect to k. If k = 0, we prove the closure theorem first in the case when E is a w^∗-separable dual space and the currents T_h are w^∗-converging.

Possibly extracting a subsequence we can assume the existence of an integer p, points x^1_h, . . . , x^p_h and real numbers a^1_h, . . . , a^p_h such that

T_h(f) = p∑ i=1 a^i_hf(x^i_h) ∀h ∈ N . (8.3)

We claim that the cardinality of spt T is at most p. Indeed, if by contradiction spt T contains q = p + 1 distinct points x_1, . . . , x_q, denoting by X the linear span of x_i we can find a w^∗-continuous linear map p : E → X whose restriction to X is the identity and consider, for r > 0 sufficiently small, the pairwise disjoint sets C_i = p^{−1} (B_r(x_i)). Since q > p we can find an integer i such that C_i ∩ spt T_h = ∅ for infinitely many h, since x_i ∈ C_i the contradiction will be achieved by showing the lower semicontinuity of the mass in C_i, namely

‖T ‖(C_i) ≤ lim inf_{h→∞} ‖T_h‖(C_i) = 0 . (8.4)

Let f : E → [−1, 1] be any Lipschitz function with support contained in C_i and let f_k : E → [−1, 1] be w^∗-continuous Lipschitz functions converging to f in L^1(‖T ‖) (see Theorem 6.2). Choosing a sequence (ϕ_n) ⊂ C_0(X) such that ϕ_n ≥ 0 and ϕ_n ↑ χ_{Br (x)} we get

T (f_kϕ_n ∘ p) = lim_{h→∞} T_h(f_kϕ_n ∘ p) ≤ lim inf_{h→∞} ‖T_h‖(C_i) .

Letting first k ↑ ∞ and then n ↑ ∞ we obtain |T (f)| ≤ lim inf_h ‖T_h‖(C_i) and since f is arbitrary we obtain (8.4). In the case when T_h are integer rectifiable, since the cardinality of spt T_h is p, for any x ∈ spt T we can easily find a w^∗-continuous Lipschitz function f : E → [0, 1] such that f(x) = 1, f(y) = 0 for any y ∈ spt T \{x} and {0 < f < 1} does not intersect spt T_h for infinitely many h (it suffices to consider p + 1 functions f_j of the form g_j ∘ p such that {0 < f_j < 1} are pairwise disjoint). Hence

a_x = T (f) = lim_{h→∞} T_h(f) = lim_{h→∞} p∑ i=1 a^i_hf(x^i_h) is an integer.

In the metric case the proof could be easily recovered using the isometric embedding of the closure of the union of spt T_h into l_∞; however, we prefer to give a simpler independent proof, not relying on Theorem 6.2. If x^1, . . . , x^n are distinct points in spt T , we can find ε > 0 such that the balls B_ε(x^i) are pairwise disjoint and obtain from the lower semicontinuity of mass that B_ε(x^i) ∩ spt T_h ≠ ∅ ∀i = 1, . . . , n for h large enough. This implies that T is representable by a sum ∑ a_xδ_x with at most p terms, hence T ∈ R_0(E). In the integer case we argue as in the proof of the closure property for w^∗-convergence.

Let now k ≥ 1 and let us prove that T fulfils (8.1): let π ∈ Lip(E, R^k), let L be a σ-compact set on which T is concentrated and set π = (π_1, π^′) with π^′ : E → R^{k−1}, S = T dπ_1, S_h = T_h dπ_1 and S_t := ⟨T, π_1, t⟩ , S_{ht} := ⟨T_h, π_1, t⟩ . By Proposition 8.3 we obtain that, for L^1-a.e. t ∈ R the current S_t is the limit of a bounded subsequence of (S_{ht}), with S(S_{ht}) equi-bounded. Hence, the induction assumption and Theorem 5.7 give that S_t ∈ R_{k−1}(E) for L^1-a.e. t ∈ R. For any such t, ⟨S_t, π^′, y⟩ ∈ R_0(E) for L^{k−1}-a.e. y ∈ R^{k−1}. By Lemma 5.8 we conclude ⟨T, π, x⟩ = ⟨S_t, π^′, y⟩ for L^k-a.e. x = (y, t) ∈ R^k , hence ⟨T, π, x⟩ ∈ R_0(E) for L^k-a.e. x = (y, t) ∈ R^k .

Since π is arbitrary this proves that T is rectifiable. If T_h are integer rectifiable the proof follows the same lines, using the second part of the statement of Theorem 8.1.

Finally, if E is a w^∗-separable dual space, the same induction argument based on Remark 8.4 gives

⟨T, π, x⟩ ∈ R_0(E) for L^k-a.e. x ∈ R^k

for any w^∗-continuous map π ∈ Lip(E, R^k). Using Remark 8.2 we conclude.

Theorem 8.6 (Boundary rectifiability theorem) Let k ≥ 1 and let T ∈ I_k(E). Then ∂T ∈ I_{k−1}(E).

Proof. We argue by induction on k. If k = 1, by Theorem 4.3(i) we have only to show that ∂T (χ_A) ∈ Z for any open set A ⊂ E. Setting φ(x) = dist(x, E \ A) and A_t = {φ > t}, we notice that ∂T (χ_{At} ) = ∂T A_t(1) = ∂(T A_t)(1) + ⟨T, φ, t⟩(1) = ⟨T, φ, t⟩(1) ∈ Z for L^1-a.e. t > 0. By the continuity properties of measures, letting t ↓ 0 we obtain that ∂T (χ_A) = ∂T (χ_{{φ>0}}) is an integer.

Assume now the statement true for k ≥ 1 and let us prove it for k + 1. Let π = (π_1, π̃) ∈ Lip(E, R^k ) with π_1 ∈ Lip(E), π̃ ∈ Lip(E, R^{k−1}) and S_t = ⟨T, π_1, t⟩; the currents S_t are normal and integer rectifiable for L^1-a.e. t ∈ R, hence ⟨∂T, π_1, t⟩ = −∂⟨T, π_1, t⟩ = −∂S_t ∈ I_{k−1}(E) for L^1-a.e. t ∈ R by the induction assumption. The same argument used in the proof of Theorem 8.5, based on Lemma 5.8, shows that ⟨∂T, π, x⟩ ∈ I_0(E) for L^k-a.e. x ∈ R^k. By Theorem 8.1 we conclude that ∂T ∈ I_k(E).

As a corollary of Theorem 8.1, we can prove rectifiability criteria for k-dimensional currents based either on the dimension of the measure theoretic support or on Lipschitz projections on R^k or R^{k+1}; we emphasize that the current structure is essential for the validity of these properties, which are false for sets (see the counterexample in [7]).

Theorem 8.7 Let T ∈ N_k(E). Then T ∈ R_k(E) if and only T is concentrated on a Borel set S σ-finite with respect to H^k.

Proof. Let π ∈ Lip(E, R^k) and S^′ ⊂ S with H^k(S^′) < ∞; by Theorem 2.10.25 of [23] we have ∫ R^k

H^0 ( S^′ ∩ π^{−1}(x) ) dx ≤ c(k) [Lip(π)]^k H^k(S^′) < ∞

hence S^′ ∩ π^{−1}(x) is a finite set for L^k-a.e. x ∈ R^k. Since S is σ-finite with respect to H^k we obtain that S ∩ π^{−1}(x) is at most countable for L^k-a.e. x ∈ R^k. Hence, the currents ⟨T, π, x⟩, being supported in S ∩ π^{−1}(x), belong to R_0(E) for L^k-a.e. x ∈ R^k, whence T ∈ R_k(E).

Theorem 8.8 (Rectifiability and rectifiability of projections) Let T ∈ N_k(E). Then

(i) T ∈ I_k(E) if and only if ϕ_#T ∈ I_k(R^{k+1}) for any ϕ ∈ Lip(E, R^{k+1} );

(ii) T ∈ I_k(E) if and only if π_#(T A) ∈ I_k(R^k) for any π ∈ Lip(E, R^k ) and any A ∈ B(E);

(iii) if E is a finite dimensional vectorspace then T ∈ R_k(E) if and only if ϕ_#T ∈ R_k(R^{k+1}) for any ϕ ∈ Lip(E, R^{k+1} ).

Proof. (i) Let π ∈ Lip(E, R^k ) be fixed. By Theorem 8.1 we need only to prove that T_x = ⟨T, π, x⟩ are integer rectifiable for L^k-a.e. x ∈ R^k. Let S be a σ-compact set on which T is concentrated, let A be the countable collection of open sets given by Lemma 5.5 and let us denote by φ_A, for A ∈ A, the distance function from the complement of A.

By applying Lemma 5.9 with n = k + 1 and φ = φ_A we obtain a L^k-negligible set N ⊂ R^k such that

φ_{A#}T_x = q_#⟨(φ_A, π)_#T, p, x⟩ ∈ I_0(R)

for any A ∈ A and any x ∈ R^k \ N. In particular, for any x ∈ R^k \ N we have

T_x(χ_A) = φ_{A#}T_x(χ_{(0,∞)}) ∈ Z ∀A ∈ A

and, by our choice of A, the same is true for any A ∈ B(E). Then, the integer rectifiability of T_x follows by Theorem 4.3(i).

(ii) By Theorem 8.1 we need only to show that, for π ∈ Lip(E, R^k) given, L^k-almost all currents T_x = ⟨T, π, x⟩ are integer rectifiable. Let A be given by Lemma 5.5; by (5.15) and (5.18) we can find a L^k-negligible set N ⊂ R^k such that φ_#(T_x A) = φ_#⟨T A, φ, x⟩ = ⟨φ_#(T A), p, x⟩ ∈ I_0(R^k) for any x ∈ R^k \ N and any A ∈ A. By Lemma 5.5 we infer

T_x(A) = T_x A(1) = φ_#(T_x A)(1) ∈ Z ∀A ∈ B(E), x ∈ R^k \ N .

The integer rectifiability of T_x now follows by Theorem 4.3(i). (iii) Assuming E = R^N , the proof is analogous to the one of statement (i), using the countably many maps f_{x,λ} of Lemma 4.4.

9 Rectifiable currents in Banach spaces

In this section we improve Theorem 4.6, recovering in w^∗-separable dual spaces Y the classical representation of euclidean currents by the integration on an oriented rectifiable set, possibly with multiplicities. Moreover, for T ∈ R_k(Y ), we compare ‖T ‖ with H^k S_T and see to what extent these results still hold in the metric case.

The results of this section depend on some extensions of the Rademacher theorem given in [38] and [7]. Assume that Y is a w^∗-separable dual space; we proved that any Lipschitz map f : A ⊂ R^k → Y is metrically and w^∗-differentiable L^k-a.e., i.e. for L^k-a.e. x ∈ A there exists a linear map L : R^k → Y such that w^∗ − lim_{y→x} f(y) − f(x) − L(y − x) |y − x| = 0 and, at the same time, lim_{y→x} ‖f(y) − f(x)‖ − ‖L(y − x)‖ |y − x| = 0 .

Notice that the second formula is not an abvious consequence of the first, since the difference quotients are only w^∗-converging to 0. The map L is called w^∗-differential and denoted by wd_xf, while ‖L‖ is called metric differential, and denoted by md_xf.

The metric differential actually exists L^k-a.e. for any Lipschitz map f from a subset of R^k into any metric space (E, d) and is in this case defined by

md_xf(v) := lim_{t→0} d (f(x + tv), f(x)) |t| ∀v ∈ R^k . This result, proved independently in [38] and [40], has been proved in [7] using an isometric embedding into l_∞ and the w^∗-differentiability theorem. (1) Approximate tangent space. Using the generalized Rademacher theorem one can define an approximate tangent space to a countably H^k-rectifiable set S ⊂ Y by setting Tan^{(k)}(S, f(x)) := wd_xf(R^k) for L^k-a.e. x ∈ A_i whenever f_i satisfy (4.1). It is proved in [7] that this is a good definition, in the sense that H^k-a.e. the dimension of the space is k and that different choices of f_i produce approximate tangent spaces which coincide H^k-a.e. on S: this is achieved by comparing this definition with more intrinsic ones, related for instance to w^∗- limits of the secant vectors to the set. Moreover, the approximate tangent space is local, in the sense that

Tan^{(k)}(S_1, x) = Tan^{(k)}(S_2, x) for H^k-a.e. x ∈ S_1 ∩ S_2

for any pair of countably H^k-rectifiable sets S_1, S_2.

(2) Jacobians and area formula. Let V, W be Banach spaces, with dim(V ) = k, and L : V → W linear. The k-jacobian of L is defined by

J_k(L) := ω_k H^k ({x : ‖L(x)‖ ≤ 1}) = H^k ({L(x) : x ∈ B_1}) ω_k . It can be proved that J_k satisfies the natural product rule for jacobians, namely

J_k (L ∘ M) = J_k(L)J_k(M) (9.1)

for any linear map M : U → V . If s is a seminorm in R^k we define also

J_k(s) := ω_k H^k ({x : s(x) ≤ 1}) . These notions of jacobian are important in connexion with the area formulas ∫ R^k θ(x)J_k(md_xf) dx = ∫ E ∑ x∈f�1_{(y)} θ(x) dH^k(y) (9.2)

for any Borel function θ : R^k → [0, ∞] and ∫ A θ(f(x))J_k(mdf_x) dx = ∫ E θ(y)H^0 ( A ∩ f^{−1}(y) ) dH^k(y) (9.3)

for A ∈ B(R^k) and any Borel function θ : E → [0, ∞].

(3) k-vectors and orientations. Let τ = τ_1 ∧ . . . ∧ τ_k be a simple k-vector in Y ; we denote by L_τ : R^k → Y the induced linear map, given by

L_τ (x_1, . . . , x_k) := k∑ i=1 x_iτ_i ∀x ∈ R^k . We say that τ is a unit k-vector if L_τ has jacobian 1; notice that L_τ depends on the single τ_i rather than the k-vector τ, so our compact notation is a little misleading. It is justified, however, by the following property:

τ = λτ^′ implies J_k(L_τ ) = |λ|J_k(L_τ 0) . (9.4)

This property follows at once from the chain rule for Jacobians, noticing that we can represent L_τ as L_τ 0 ∘ M for some linear map M : R^k → R^k with J_k(M) = |λ|. The same argument proves that any simple k-vector τ with J_k(L_τ ) > 0 can be normalized dividing τ_i by constants λ_i > 0 such that Π_i λ_i = J_k(L_τ ). We also notice that (9.1) gives

|det(L_i(τ_j ))| = J_k(L ∘ L_τ ) = J_k(L) (9.5)

for any unit k-vector τ and any linear function L : span τ → R^k.

An orientation of a countably H^k-rectifiable set S ⊂ Y is a unit simple k-vector τ = τ_1 ∧ . . . ∧ τ_k such that τ_i(x) are Borel functions spanning the approximate tangent space to S for H^k-almost every x ∈ S.

(4) k-covectors and tangential differentiability. Let Z be another w^∗-separable dual space, let S ⊂ Y be a countably H^k-rectifiable set and let π ∈ Lip(S, Z). Then, for H^k-a.e. x ∈ S the function π is tangentially differentiable on S and we denote by d^S_x π : Tan^{(k)}(S, x) → Z

the tangential differential. This differential can be computed using suitable approximate limits of the difference quotients of π, but for our purposes it is sufficient to recall that it is also characterized by the property

wd_y(π ∘ f) = d^S_{f(y)}π ∘ wd_yf for L^k-a.e. y ∈ D (9.6)

whenever f : D ⊂ R^k → S is a Lipschitz map. Clearly in the case Z = R^p the map d^S_x π induces a simple p-covector in Tan^{(k)}(S, x), whose components are the tangential differentials of the components of π; this p-covector will be denoted by ∧_pd^S_x π. Notice that, in the particular case p = k, (9.6) gives

det (∇(π ∘ f)(y)) = ⟨∧_kd^S_{f(y)}π, τ_y⟩ for L^k-a.e. y ∈ D (9.7)

where ⟨·, ·⟩ is the standard duality between k-covectors and k-vectors and τ_y = wdf_y(e_1) ∧ . . . ∧ wdf_y(e_k) . Taking into account the chain rule for jacobians, from (9.7) we infer

J_k(d^S_x π) = |det(∇(π ∘ f))| J_k(L_{τy} ) = |⟨∧_kd^S_x π, τ_y J_k(L_{τy} )

⟩| for L^k-a.e. y ∈ D

with x = f(y). Since f : D → S is arbitrary we conclude that

J_k(d^S_x π) = |⟨∧_kd^S_x π, σ(x)⟩| for H^k-a.e. x ∈ S (9.8)

where σ is any orientation of S.

The following result shows that, as in the euclidean case, any rectifiable k-current in a w^∗-separable dual space is uniquely determined by three intrinsic objects: a countably H^k-rectifiable set S, a multiplicity function θ > 0 and an orientation τ of the approximate tangent space (notice that, however, in the extreme cases k = 0 and k = m, E = R^m we allow for a negative multiplicity because in these cases the orientation is canonically given).

Theorem 9.1 (Intrinsic representation of rectifiable currents) Let Y be a w^∗-separable dual space and let T ∈ R_k(Y ) (resp. T ∈ I_k(Y )). Then, there exist a countably H^k-rectifiable set S, a Borel function θ : S → (0, ∞) (resp. θ : S → N_+) with ∫ S θ dH^k < ∞ and an orientation τ of S such that the following holds T (f dπ_1 ∧ . . . ∧ dπ_k) = ∫ S f(x)θ(x)⟨∧_kd^S_x π, τ⟩ dH^k(x) (9.9) for any f dπ ∈ D^k(Y ). Conversely, any triplet (S, θ, τ) induces via (9.9) a rectifiable current T .

Proof. Let us first assume that T = φ_#[[g]] for some g ∈ L^1(R^k) vanishing out of a compact set C and some one-to one function φ ∈ Lip(C, Y ). Let L = φ(R^k) and let τ be a given orientation of L; by (9.7) we get det (∇(π ∘ φ)(y)) = ⟨∧_kd^L_{φ(y)}π, η_y⟩J_k(wdφ_y) for π = (π_1, . . . , π_k) ∈ Lip(Y, R^k), where

η_y = wdφ_y(e_1) ∧ . . . ∧ wdφ_y(e_k) J_k(wdφ_y) ∈ { τ_{φ(y)}, −τ_{φ(y)} }

and e_1, . . . , e_k is the canonical basis of R^k. Defining σ(y) = 1 if η_y and τ_{φ(y)} induce the same orientation of Tan^{(k)}(L, φ(y)), σ(y) = −1 if they induce the opposite orientation, the identity can be rewritten as det (∇(π ∘ φ)(y)) = σ(y)⟨∧_kd^L_{φ(y)}π, τ_{φ(y)}⟩J_k(wdφ_y) . By applying the area formula and using the identity above we obtain T (f dπ_1 ∧ . . . ∧ dπ_k) = ∫ R^k g(f ∘ φ)det (∇(π ∘ φ)) dy

= ∫ L f(x) ∑ y∈φ�1_{(x)} g(y)σ(y) ⟨∧_kd^L_x π, τ_x⟩ dH^k(x)

for any f dπ ∈ D^k(Y ). Setting

θ(x) := ∑ y∈φ�1_{(x)} g(y)σ(y) , (9.10)

possibly changing the sign of τ (which induces a change of sign of σ) we can assume that θ ≥ 0. Setting S = L ∩ {θ > 0} the representation (9.9) follows. The case of a general current T ∈ R_k(Y ) easily follows by Theorem 4.5, taking into account the locality properties of the approximate tangent space.

Conversely, if T is defined by (9.9) then T has finite mass and the linearity and the locality axioms are trivially satisfied; the continuity axiom can be checked first in the case E = R^k (see Example 3.2), then in the case when S is bilipschitz equivalent to a compact subset of R^k and then, using Lemma 4.1, in the general case.

We will denote by [[S, θ, τ]] the current defined by (9.9). In order to show that the triplet is uniquely determined, modulo H^k-negligible sets, we want to relate the mass with H^k S and with the multiplicity θ. As a byproduct, we will prove that S = S_T , modulo H^k-negligible sets. The main difference with the euclidean case is the appearence in the mass of an additional factor λ_V (V being the approximate tangent space to S), due to the fact that the local norm need not be induced by an inner product.

Let V be a k-dimensional Banach space; we call ellipsoid any set R = L(B), where B is any euclidean ball and L : R^k → V is linear. Analogously, we call parallelepiped any set R = L(C), where C is any euclidean cube and L : R^k → V is linear. We will call area factor of V and denote by λ_V the quantity

λ_V :=

2^k ω_k sup { H^k(B_1) H^k(R) : V ⊃ R ⊃ B_1 parallelepiped } , (9.11)

where B_1 is the unit ball of V . The computation of λ_V is clearly related to the problem of finding optimal rectangles enclosing a given convex body in R^k (in our case the body is any linear image of B_1 in R^k through an onto map). The first reference we are aware of on the area factor is [11]. The maximization problem appearing in the definition of the area factor has also recently been considered in [9] in connexion with Riemannian geometry and in [55] in connexion with geometric number theory. In the following lemma we show a different representation of λ_V and show that it can be estimated from below and from above with constants depending only on k; the upper bound is optimal, and we refer to [51] for better lower bounds.

Lemma 9.2 Let V be as above. Then

λ_V = sup { J_k ζ : ζ = (ζ_1, . . . , ζ_k) : V → R^k linear, Lip(ζ_i) ≤ 1 } . Moreover, λ_V = 1 if B_1 is an ellipsoid, λ_V = 2^k/ω_k if B_1 is a parallelepiped and in general k^{−k/2} ≤ λ_V ≤ 2^k/ω_k.

Proof. We can consider with no loss of generality only onto linear maps ζ; notice that the parallelepiped {v : max_i |ζ_i(v)| ≤ 1} contains B_1 if and only if max_i Lip(ζ_i) ≤ 1. Taking into account the area formula we obtain

J_kζ =

2^k H^k({v : max_i |ζ_i(v)| ≤ 1}) , and this proves the first part of the statement, since H^k(B_1) = ω_k.

Any parallelepiped R ⊂ V can be represented by ζ^{−1}(W ) for some parallelepiped W ⊂ R^k. Since, by translation invariance, L^k is a constant multiple of ζ_#H^k, we obtain that λ_V is also given by

2^k ω_k sup { L^k(C) L^k(W )

: R^k ⊃ W ⊃ C parallelepiped }

where C = ζ(B_1). If B_1 is an ellipsoid so is C and an affine change of variables reducing C to a ball together with a simple induction in k shows that the supremum above is equal to 1. If B_1 is a parallelepiped, choosing W = C we see that the supremum is 2^k/ω_k.

Due to a result of John (see [52], Chapter 3) C is contained in an ellipsoid E such that L^k(E) ≤ k^{k/2}L^k(C); this gives the lower bound for λ_V .

Remark 9.3 The area factor can be equal to 1 even though the norm is not induced by an inner product; as an example one can consider the family of Banach spaces V_y whose unit balls are the hexagons in R^2 obtained by intersecting [−1, 1]^2 with the strip −t < y − x < t, with t ∈ [1, 2]. It is not hard to see that πλ_{Vt} = 4 − (2 − t)^2, hence there exists t_0 ∈ (1, 2) such that λ_{Vt0} = 1. Moreover, for t = 1 the area factor equals 3/π and in [51] it has been proved that λ_V ≥ 3/π for any 2-dimensional Banach space V .

Corollary 9.4 Let Y be a w^∗-separable dual space and let Π_k(Y ) be the collection of all w^∗-continuous linear maps π = (π_1, . . . , π_k) : Y → R^k with π_i ∈ Lip(Y ) and dim(π(Y )) = k. There exists a sequence (π^j) ⊂ Π_k(Y ) such that Lip(π^j_i ) = 1 for any i ∈ {1, . . . , k}, j ∈ N and sup_{j∈N} J_k ( π^j_{|V} ) = sup { J_k ( π_{|V} ) : π ∈ Π_k(Y ), Lip(π_i) ≤ 1 }

for any k-dimensional subspace V ⊂ Y .

Proof. In Lemma 6.1 of [7] we proved that Π_k(Y ), endowed with the pseudometric γ(π, π^′) := sup_{‖x‖≤1} ||π(x)| − |π^′(x)|| is separable. Since γ(π_h, π) → 0 implies H^k ({v ∈ V : |π(v)| ≤ 1}) = lim_{h→∞} H^k ({v ∈ V : |π_h(v)| ≤ 1}) we obtain that π → J_k(π_{|V} ) = ω_k H^k ({v ∈ V : |π(v)| ≤ 1}) is γ-continuous and the statement follows choosing a dense subset of {π ∈ Π_k(Y ) : Lip(π_i) = 1} .

Using Corollary 9.4, and still assuming that Y is a w^∗-separable dual space, we can easily get a representation formula for the mass of a rectifiable current. Theorem 9.5 (Representation of mass) Let T = [[S, θ, τ]] ∈ R_k(Y ). Then ‖T ‖ = θλH^k S, where λ(x) = λ_{Tan}(k)_{(S,x)}. In particular S is equivalent, modulo H^k-negligible sets, to the set S_T in (4.2).

Proof. The inequality ≤ follows by (9.9) and Lemma 9.2, recalling that by (9.8) |⟨∧_kd^S π, τ⟩| = J_k(d^S π) ≤ λ(x) k∏ i=1 Lip(π_i) .

In order to show the opposite inequality we first notice that for any choice of 1- Lipschitz functions π_1, . . . , π_k : Y → R we have ‖T ‖ ≥ ± θ⟨∧_kd^S π, τ⟩H^k S , whence ‖T ‖ ≥ θJ_k(d^Sπ)H^k S. Now we choose π^j according to Corollary 9.4; since any real valued linear map from a subspace of Y can be extended to Y preserving the Lipschitz constant (i.e. the norm) we have λ_V = sup_{j∈N} J_k(π^j_{|V} ) for any k-dimensional subspace V ⊂ Y , hence ‖T ‖ ≥ ⋁ j θJ_k(d^S π^j)H^k S = θ sup_j J_k(d^Sπ^j )H^k S = θλ_{Tan}(k)_{(S,x)}H^k S .

Now we consider the case of a current T ∈ R_k(E) when E is any metric space; let S = S_T as in (4.2) and let us assume, without any loss of generality, that E is separable. In this case, as explained in [7], an approximate tangent space to S can still be defined using an isometric embedding j of E into a w^∗-separable dual space Y (Y = l^∞, for instance), and setting

Tan^{(k)}(S, x) := Tan^{(k)} (j(S), j(x)) for H^k-a.e. x ∈ S .

This definition is independent of j and Y , in the sense that Tan^{(k)}(S, x) is uniquely determined H^k-a.e. up to linear isometries; hence Tan^{(k)}(S, x) can be thought H^ka.e. as an equivalence class of k-dimensional Banach spaces. Since the mass is invariant under isometries and the area factor λ_V is invariant under linear isometries, by applying Theorem 9.5 to j_#T we obtain that ‖T ‖ = θλ_{Tan}(k)_{(S,·)}H^k S and T is integer rectifiable if and only if θ > 0 is an integer H^k-a.e. on S.

In order to formulate the proper extension of Theorem 9.1 to the general metric case we need the following definition: we say that two oriented rectifiable sets with multiplicities (S_1, θ_1, τ_1) and (S_2, θ_2, τ_2) contained in w^∗-separable dual spaces are equivalent if there exist S^′_1 ⊂ S_1, S^′_2 ⊂ S_2 with H^k(S_1 \ S^′_1) = H^k(S_2 \ S^′_2) = 0 and an isometric bijection f : S^′_1 → S^′_2 such that θ_1 = θ_2 ∘ f and

d^{S1} f_x(τ_1(x)) ∧ . . . ∧ d^{S1} f_x(τ_k(x)) = τ^′_1(x) ∧ . . . ∧ τ^′_k(x) ∀x ∈ S^′_1 . (9.12)

We can now state a result saying that any T ∈ R_k(E) induces an equivalence class of oriented rectifiable sets with multiplicities in w^∗-separable dual spaces; conversely, any equivalence class can canonically be associated to a rectifiable current T . Theorem 9.6 Let T ∈ R_k(E) and let S, θ be as above. For i = 1, 2, let j_i : E → Y_i be isometric embeddings of E into w^∗-separable dual spaces Y_i and let τ_i be unit kvectors in Y_i such that j_{i#}T = [[j_1(S), θ ∘ j^{−1}_i , τ_i]] .

Then (j_1(S), θ ∘ j^{−1}_1 , τ_1) and (j_2(S), θ ∘ j^{−1}_2 , τ_2) are equivalent. Conversely, if (S, θ, τ) and (S^′, θ^′, τ^′) are equivalent and f : S → S^′ is an isometry satisfying θ = θ^′ ∘ f and (9.12), then

f_#[[S, θ, τ]] = [[S^′, θ ∘ f^{−1}, τ^′]] .

Since our proofs use only the metric structure of the space, we prefer to avoid the rather abstract representation of rectifiable currents provided by Theorem 9.6; for this reason we will not give the proof, based on a standard blow-up argument, of Theorem 9.6.

We now consider the properties of the slicing operator, proving that it preserves the multiplicities. We first recall some basic facts about the coarea formula for real valued Lipschitz functions defined on rectifiable sets.

Let X be a k-dimensional Banach space and let L : X → R be linear. The coarea factor of L is defined by the property

C_1(L)H^k(A) = ∫_{+∞} −∞ H^{k−1} ( A ∩ L^{−1}(x) ) dx ∀A ∈ B(X) . In [7] we proved that if L is not identically 0 the coarea factor can be represented as a quotient of jacobians, namely

C_1(L) :=

J_k(q) J_{k−1}(p) with q(x) = (p(x), L(x)) for any one to one linear map p : Ker(L) → R^{k−1}. Using (9.5) we obtain also an equivalent representation as |⟨∧_{k−1}p, τ^′⟩|C_1(L) = |⟨∧_kq, τ⟩| (9.13) where τ is any unit k-vector in X and τ^′ is any unit (k − 1)-vector whose span is contained in Ker(L), with no restrictions on the rank of p and the rank of L; moreover, representing τ as τ^′ ∧ ϵ for some ϵ ∈ X, since we can always choose a one to one map p we obtain C_1(L) = |L(ϵ)| . (9.14) Let now Y be a w^∗-separable dual space, let S ⊂ Y be a countably H^k-rectifiable set and let π : S → R be a Lipschitz function. Then, we proved in [7] that the sets S_y = S ∩ π^{−1}(y) are countably H^{k−1}-rectifiable and Tan^{(k−1)}(S_y, x) = Ker(d^S_x π) for H^{k−1}-a.e. x ∈ S_y for L^1-a.e. y ∈ R^n; moreover ∫ S θ(x)C_1(d^S_x π) dH^k(x) = ∫ R (∫ S∩π�1_{(y)} θ(x) dH^{k−1}(x) ) dy (9.15)

for any Borel function θ : S → [0, ∞].

Theorem 9.7 (Slices in w^∗-separable dual spaces) Let T = [[M, θ, τ]] ∈ R_k(Y ) and let π ∈ Lip(Y, R^m), with m ≤ k. Then, for L^m-a.e. x ∈ R^m there exists an orientation τ_x of M ∩ π^{−1}(x) such that ⟨T, π, x⟩ = [[M ∩ π^{−1}(x), θ, τ_x]] . Proof. By an induction argument based on Lemma 5.8 we can assume that m = 1. Let f dp ∈ D^{k−1}(Y ) and set M_x = M ∩ π^{−1}(x); by the homogeneity of τ → J_k(L_τ ) we can assume that τ(y) is representable by ξ(y) ∧ τ^′_x(y), with τ^′_x(y) unit (k − 1)- vector in Tan^{(k−1)}(M_x, y) for H^{k−1}-a.e. y ∈ M_x, and for L^1-a.e. x. Taking into account (9.13) and possibly changing the signs of τ^′_x and ξ we obtain ⟨∧_{k−1}d^{Mx}_y p, τ^′_x(y)⟩C_1(d^M_y π) = ⟨∧_kd^M_y q, τ(y)⟩ for H^{k−1}-a.e. y ∈ M_x for L^1-a.e. x. Using the coarea formula we find T (ψ ∘ π) dπ(f dp) = ∫ M θψ ∘ πf⟨∧_kd^M q, τ⟩ dH^k = ∫ R ψ(z) (∫ M_z θf⟨∧_{k−1}d^{Mz} p, τ^′_z⟩ dH^{k−1} ) dz = ∫ R ψ(z)[[M_z, θ, τ^′_z]](f dp) dz for any ψ ∈ C_c(R). From statement (ii) of Theorem 5.6 we can conclude that ⟨T, π, x⟩ coincides with [[M_x, θ, τ^′_x]] for L^1-a.e. x ∈ R.

10 Generalized Plateau problem

The compactness and closure theorems of Section 8 easily lead to an existence result for the generalized Plateau problem min {M(T ) : T ∈ I_{k+1}(E), ∂T = S} (10.1) in any compact metric space E for any S ∈ I_k(E) with ∂S = 0, provided the class of admissible currents is not empty. However, it may happen that the class of rectifiable currents is very poor, or that there is no T ∈ I_{k+1}(E) with ∂T = S.

In this section we investigate the Plateau problem in the case when E = Y is a Banach space, not necessarily finite dimensional. Under this assumption the class of rectifiable currents is far from being poor and the cone construction, studied in the first part of the section, guarantees that the class of admissible T is not empty, at least if S has bounded support.

For t ≥ 0 and f : Y → R we define f_t(x) = f(tx), and notice that Lip(f_t) = t Lip(f) and |∂f_t/∂t|(x) ≤ ‖x‖Lip(f) for L^1-a.e. t > 0 if f ∈ Lip(Y ).

Definition 10.1 (Cone construction) Let S ∈ M_k(Y ) with bounded support; the cone C over S is the (k + 1)-metric functional defined by C(f dπ) := k+1∑ i=1 (−1)^{i+1}

∫_1 0 S(f_t ∂π_{it} ∂t dπ̂_{it}) dt where, by definition, dq̂_i = dq_1 ∧ . . . ∧ dq_{i−1} ∧ dq_{i+1} ∧ . . . ∧ dq_{k+1}. We denote the cone C by S××[0, 1].

The definition is well posed because for L^1-a.e. t ≥ 0 the derivatives ∂π_{it}/∂t(x) exist for ‖S‖-a.e. x ∈ Y . This follows by applying Fubini theorem with the product measure ‖S‖ × L^1, because for x fixed the derivatives ∂π_{it}/∂t(x) exist for L^1-a.e. t ≥ 0. In general we can’t say that S××[0, 1] is a current, because the continuity axiom seems hard to prove in this generality. We can prove this, however, for normal currents.

Proposition 10.2 If S ∈ N_k(Y ) has bounded support then S××[0, 1] has finite mass and M(S××[0, 1]) ≤ RM(S), where R is the radius of the smallest ball B_R(0) containing spt S. Moreover, S××[0, 1] ∈ N_{k+1}(Y ) and ∂(S××[0, 1]) = −∂S××[0, 1] + S . Proof. Let f dπ ∈ D^{k+1}(Y ) with π_i ∈ Lip_1(Y ); using the definition of mass we find |S××[0, 1](f dπ)| ≤ R(k + 1) ∫_1 0 t^k ∫ Y |f_t| d‖S‖ dt . This proves that f → S××[0, 1](f dπ) is representable by integration with respect to a measure. We also get ‖S××[0, 1]‖(A) ≤ R(k + 1) ∫_1 0 t^k‖S‖(A/t) dt ∀A ∈ B(Y ) and M(S××[0, 1]) ≤ RM(S).

In order to prove the continuity axiom we argue by induction on k. In the case k = 0 we simply notice that S××[0, 1](f dπ) = ∫_1 0 (∫ Y f_t ∂π_t ∂t dS ) dt = ∫ Y (∫_1 0 f_t ∂π_t ∂t dt ) dS and use the fact that, for bounded sequences (u_j ) ⊂ W^{1,∞}(0, 1), uniform convergence implies w^∗-convergence in L^∞(0, 1) of the derivatives. Assuming the property true for (k − 1)-dimensional currents, we will prove it for k-dimensional ones by showing the identity ∂(S××[0, 1])(f dπ) = −∂S××[0, 1](f dπ) + S(f dπ) (10.2) for any f dπ ∈ D^k(Y ).

We first show that t → S(f_t dπ_t) is a Lipschitz function in [0, 1], and that its derivative is given by S( ∂f_t ∂t dπ_t) + k∑ i=1 (−1)^i [ S( ∂π_{it} ∂t df_t ∧ dπ̂_{it}) − ∂S(f_t ∂π_{it} ∂t dπ̂_{it}) ] (10.3)

for L^1-a.e. t > 0. Assume first that, for t > 0, ∂f_t/∂t and ∂π_{it}/∂t are Lipschitz functions in Y , with Lipschitz constants uniformly bounded for t ∈ (δ, 1) with δ > 0; in this case we can use the definition of boundary to reduce the above expression to S( ∂f_t ∂t dπ_t) + k∑ i=1 (−1)^{i+1}S(f_t d ∂π_{it} ∂t ∧ dπ̂_{it}) . (10.4)

Under this assumption a direct computation and the continuity axiom on currents shows that the classical derivative of t → S(f_t dπ_t) is given by (10.4). In the general case we approximate both f and π_i by

f^ε(x) := ∫_∞ 0 f(sx)ρ_ε(s) ds , π^ε_i (x) := ∫_∞ 0 π_i(sx)ρ_ε(s) ds , where ρ_ε are convolution kernels with support in (1/2, 2) w^∗-converging as measures to δ_1. By Fubini theorem we get

lim_{ε→0} ∂f^ε_t ∂t (x) = ∂f_t ∂t (x) , lim_{ε→0} ∂π^ε_{it} ∂t (x) = ∂π_{it} ∂t (x) for ‖S‖+‖∂S‖-a.e. x for L^1-a.e. t ≥ 0. Hence, we can use the continuity properties of currents to obtain L^1-a.e. convergence of the derivatives of t → S(f^ε_t dπ^ε_t ) to (10.3). As ∂(S××[0, 1])(f dπ) + ∂S××[0, 1](f dπ) is equal to the integral of the expression in (10.3) over [0, 1] and S(f_0 dπ_0) = 0, the proof of (10.2) is achieved.

Now we can complete the proof, showing that S××[0, 1] satisfies the continuity axiom. Let f^i, π^i be as in Definition 3.1(ii) and let us prove that lim_{i→∞} S××[0, 1](f^i dπ^i_1 ∧ . . . ∧ dπ^i_{k+1}) = S××[0, 1](f dπ_1 ∧ . . . ∧ dπ_{k+1}) . Denoting by p the cardinality of the integers j such that π^i_j = π_j for every i, we argue by reverse induction on p, noticing that the case p = k + 1 is obvious, by the definition of mass. To prove the induction step, assume that π^i_j = π_j for every i and for any j = 2, . . . , p and notice that

S××[0, 1](f^i dπ^i_1 ∧ dπ̂^i_1) = S××[0, 1]((f^i − f) dπ^i_1 ∧ dπ̂^i_1) + ∂(S××[0, 1])(fπ^i_1 dπ̂^i_1) − S××[0, 1](π^i_1 df ∧ dπ̂^i_1) .

The first term converges to 0 by the definition of mass, the second one converges to ∂(S××[0, 1])(fπ_1 dπ̂_1) by (10.2) and the continuity property of ∂S××[0, 1] and the third one converges to −S××[0, 1](π df ∧ dπ̂_1), by the induction assumption. Since the sum of these terms is S××[0, 1](f dπ) the proof is finished.

In general the stronger euclidean cone inequality M(S××[0, 1]) ≤ R k + 1

M(S) (10.5)

does not hold, as the following example shows.

Example 10.3 Let X_p be R^2 endowed with the l^p norm and define λ_p, B_p as the area factor of X_p and the 1-dimensional Hausdorff measure of the unit sphere of X_p, respectively. We claim that πλ_p is strictly greater than B_p/2 for p > 2 and p − 2 sufficiently small. As equality holds for p = 2, we need only to check that 2πλ^′_p > B^′_p for p = 2, where^′ denotes differentiation with respect to p. Denoting by A_p the euclidean volume of the unit ball of X_p (which is contained in [−1, 1]^2), we can estimate λ^′_2 ≥ 4 π lim_{p→2}

A_p − 2 4(p − 2) = A^′_2 π , hence it suffices to prove that 2A^′_2 > B^′_2.

Since A_p = 4

∫_1 0 (1 − x^p)^{1/p} dx, a simple computation shows that

A^′_2 =

∫_1 0 √ 1 − x^2 [ 2x^2 ln(1/x)

1 − x^2

− ln(1 − x^2) ] dx (10.6)

= −2 ∫_{π/2} 0 ( cos^2 θ ln cos θ + sin^2 θ ln sin θ ) dθ , with the change of variables x = cos θ.

Now we compute B_p; using the parametrization θ → ( cos^{2/p} θ, sin^{2/p} θ ) of the unit sphere of X_p we find

B_p = 8 p ∫_{π/2} 0 ( cos^{2−p} θ sin^p θ + sin^{2−p} θ cos^p θ )_{1/p} dθ and differentiation with respect to p gives

B^′_2 = −π + 2 ∫_{π/2} 0 (sin^2 θ − cos^2 θ)(ln sin θ − ln cos θ) dθ . (10.7)

Comparing (10.6) and (10.7) we find that 2A^′_2 > B^′_2 is equivalent to ∫_{π/2} 0 [ ln sin θ(6 sin^2 θ − 2 cos^2 θ) + ln cos θ(6 cos^2 θ − 2 sin^2 θ) ] dθ < π , which reduces to

∫_1 0 ln x(4x^2 − 1)/ √ 1 − x^2 dx < π/4 by simple manipulations. The value of the above integral, estimated with a numerical integration, is less than 0.5, hence the inequality is true.

The cone inequality (10.5) is in general false even if mass is replaced by size: a simple example is the two dimensional Banach space with the norm induced by a regular hexagon H ⊂ R^2 with side length 1. If we take S equal to the oriented boundary of H, we find that S(S××[0, 1]) = π, while S(S)/2 = 3 < π because on the boundary of H the distance induced by the norm is the euclidean distance.

Now we prove that the cone construction preserves (integer) rectifiability.

Theorem 10.4 If S = [[M, θ, η]] ∈ R_k(Y ) then S××[0, 1] ∈ R_{k+1}(Y ), and belongs to I_{k+1}(Y ) if S ∈ I_k(Y ). In particular, if M ⊂ ∂B_1(0) and we extend both θ and η to the cone C := {tx : t ∈ [0, 1], x ∈ M} by 0-homogeneity we get S××[0, 1] = [[C, θ, τ]] with τ(x) = (x ∧ η(x))/J_{k+1}(L_{x∧η(x)}).

Proof. Let X = R × Y be equipped with the product metric, let ē = (1, 0) ∈ X and define N = [0, 1] × M. Since the approximate tangent space to N at (t, x) is generated by ē and by the vectors (0, v) with v ∈ Tan^{(k)}(M, x), setting σ = (0, η_1) ∧ . . . ∧ (0, η_k) the (k + 1)-vector

τ̃ := ē ∧ σ(x) J_{k+1}(L_{ē∧σ(x)})

defines an orientation of N and we can set R = [[N, θ, τ̃]] ∈ R_{k+1}(X). We will prove that S××[0, 1] = j_#R, where j(t, x) = tx. In fact, denoting by ρ(t, x) = t the projection on the first variable, by (9.14) we get

C^N_1 ρ(x, t) = | | |d^N(x,t)ρ ( ē J_{k+1}(L_{σ(x)∧ē}) )| | | = 1 J_{k+1}(L_{σ(x)∧ē}) . Hence, using the coarea formula we find j_#R(f dπ) = ∫ N θ(x)f(tx)⟨Λ_{k+1}d^N (π ∘ j), τ̃⟩ dH^{k+1} = ∫ N θ(x)f(tx)⟨∧_{k+1}d^N (π ∘ j), ē ∧ σ⟩ C^N_1 ρ dH^{k+1} = k+1∑ i=1 (−1)^{i+1}

∫_1 0 (∫ M θ(x)f(tx))⟨∧_kd^M (π̂_i ∘ j), σ⟩ dH^k(x) ) dt

= k+1∑ i=1 (−1)^{i+1}

∫_1 0 S(f_t ∂π_{it} ∂t dπ̂_{it}) dt . The proof of the second part of the statement is analogous, taking into account that j : N → B_1(0) is one to one on X \ (Y × {0}).

Coming back to the Plateau problem, the following terminology will be useful.

Definition 10.5 (Isoperimetric space) We say that Y is an isoperimetric space if for any integer k ≥ 1 there exists a constant γ(k, Y ) such that for any S ∈ I_k(Y ) with ∂S = 0 and bounded support there exists T ∈ I_{k+1}(Y ) with ∂T = S such that

M(T ) ≤ γ(k, Y ) [M(S)]^{(k+1)/k} .

We will provide in Appendix B several examples of isoperimetric spaces, including Hilbert spaces and all dual spaces with a Schauder basis. Actually, we don’t know whether Banach spaces without the isoperimetric property exist or not. For finite dimensional spaces, following an argument due to M.Gromov, we prove that an isoperimetric constant depending only on k, and not on Y , can be chosen. This is the place where we make a crucial use of the cone construction.

We can now state one of the main results of this paper, concerning existence of solutions of the Plateau problem in dual Banach spaces.

Theorem 10.6 Let Y be a w^∗-separable dual space, and assume that Y is an isoperimetric space. Then, for any S ∈ I_k(Y ) with compact support and zero boundary, the generalized Plateau problem

min {M(T ) : T ∈ I_{k+1}(Y ), ∂T = S} (10.8)

has at least one solution, and any solution has compact support.

Proof. Let R > 0 such that spt S ⊂ B_R(0) and consider the cone C = S××[0, 1]. As ∂C = S, this implies that the infimum m in (10.8) is finite, and can be estimated from above with RM(S). Let us denote by M the complete metric space of all T ∈ I_{k+1}(Y ) such that ∂T = S, endowed with the distance d(T, T^′) = M(T − T^′). By the Ekeland-Bishop-Phelps variational principle we can find for any ε > 0 a current T_ε ∈ M such that M(T_ε) < m + ε and T → M(T ) + εd(T, T_ε) T ∈ M is minimal at T = T_ε. The plan of the proof is to show that the supports of T_ε are equi-bounded and equi-compact as ε ∈ (0, 1/2); if this is the case we can apply Theorem 6.6 to obtain a sequence (T_{εi} ) w^∗-converging to T ∈ I_{k+1}(Y ), with ε_i ↓ 0. Since ∂T_{εi} = S w^∗-converge to ∂T we conclude that ∂T = S, hence T ∈ M. The lower semicontinuity of mass with respect to w^∗-convergence gives M(T ) ≤ m, hence T is a solution of (10.8).

The minimality of T_ε gives

M(T_ε) ≤

1 + ε 1 − ε M(C) ≤ 3RM(S) . (10.9)

As K = spt S is compact, the equi-compactness of the supports of T_ε follows by the estimate ‖T_ε‖(B_ϱ(x)) ≥ (3γ)^{−k} (k + 1)^{k+1} ϱ^{k+1} ∀x ∈ spt T_ε (10.10)

for any ball B_ϱ(x) ⊂ Y \ K, with γ = γ(k, Y ). In fact, let I_ϱ be the open ϱneighbourhood of K and let us cover K by finitely many balls B_ϱ(y_j) of radius ϱ; then, we choose inductively points x_i ∈ spt T_ε \ I_ϱ in such a way that the balls B_{ϱ/2}(x_i) are pairwise disjoint. By (10.10) and (10.9) we conclude that only finitely many points x_i can be chosen in this way; the balls B_{2ϱ}(y_j) and the balls B_ϱ(x_i) cover the whole of spt T_ε. We can of course decompose this union of closed balls into connected components. It is easy to see that a component not intersecting K contains a boundary free part of T_ε and hence contradicts the minimality assumption for T_ε. On the other hand, all components intersecting K are equibounded, and therefore the whole spt T_ε is as well.

In order to prove (10.10) we use a standard comparison argument based on the isoperimetric inequalities: let ε > 0 and x ∈ spt T_ε \ K be fixed, set φ(y) = ‖y − x‖ and δ := dist(x, K) , g(ϱ) := ‖T_ε‖(B_ϱ(x)) ∀ϱ ∈ (0, δ) . For L^1-a.e. ϱ > 0 the slice ⟨T_ε, φ, ϱ⟩ belongs to I_k(Y ) and has no boundary; hence, we can find R ∈ I_{k+1}(Y ) such that ∂R = ⟨T_ε, φ, ϱ⟩ and M(R) ≤ γ [M(⟨T_ε, φ, ϱ⟩)]^{(k+1)/k} ≤ γ [g^′(ϱ)]^{(k+1)/k} . Comparing T_ε with T_ε (Y \ B_ϱ(x)) + R we find

‖T_ε‖(B_ϱ(x)) ≤ M(R) + εM(T_ε B_ϱ(x) − R) ,

hence g(ϱ) ≤ 3γ [g^′(ϱ)]^{(k+1)/k}. As g(ϱ) > 0 for any ϱ > 0, this proves that g(ϱ)^{1/(k+1)} − (3γ)^{−k/(k+1)}ϱ/(k + 1) is increasing, and hence positive, in (0, δ).

Finally, proving for any solution T of (10.8) a density estimate analogous to the one already proved for T_ε, we obtain that spt T is compact.

We conclude this section pointing out some extensions of this result, and different proofs. The first remark is that the Gromov–Hausdorff convergence is not actually needed if Y is an Hilbert space: in fact, denoting by E the closed convex hull of spt S, it can be proved that E is compact, hence (10.1) has a solution T_E . If π : Y → E is the metric projection on E, since π_#S = S we get

M(T ) ≥ M(π_#T ) ≥ M(T_E) ∀T ∈ I_{k+1}(Y ), ∂T = S

hence T_E, viewed as a current in Y , is a solution of the isoperimetric problem in Y .

A similar argument can be proved to get existence in some nondual spaces as L^1(R^m) and C(K):

Example 10.7 (a) L^1(R^m) can be embedded isometrically in Y = M_0(R^m), i.e. the space of measures with finite total variation in R^m; since Y is an isoperimetric space (see Appendix B) and the Radon–Nikodym theorem provides a 1-Lipschitz projection from Y to L^1(R^m), the Plateau problem has a solution for any S ∈ I_k (L^1(R^m)) with compact support.

(b) In the same vein, an existence result for the Plateau problem can be obtained in E = C(K), where (K, δ) is any compact metric space; it suffices to notice that any compact family F ⊂ E is equibounded and has a common modulus of continuity ω(t), defined by ω(t) := sup {|f(x) − f(y)| : f ∈ F, δ(x, y) ≤ t} ∀t ≥ 0 . Let ω̃ be the smallest concave function greater than ω; since for any ε > 0 the function ε + Mt is greater than ω for M large enough, it follows that ω̃(0) = 0, hence ω̃ is subadditive. Using the subadditivity of ω̃ it can be easily checked that f(x) → min_{y∈K} [f(y) + ω̃ (δ(x, y))] provides a 1-Lipschitz projection from E into the compact set { f ∈ E : ‖f‖_∞ ≤ sup_{g∈F} ‖g‖_∞, |f(x) − f(y)| ≤ ω̃ (d(x, y)) ∀x, y ∈ K } . Since any function in F has ω ≤ ω̃ as modulus of continuity, the map is the identity on F.

11 Appendix A: euclidean currents

The results of Section 9 indicate that in the euclidean case E = R^m our class of (integer) rectifiable currents coincides with the Federer–Fleming one. In this section we compare our currents to flat currents with finite mass of the Federer–Fleming theory. In the following, when talking of Federer–Fleming currents (shortened to FF-currents), k-vectors and k-covectors we adopt systematically the notation of [48] (see also [23], [57]) and give the basic facts of that theory for granted. Since flat FFcurrents are compactly supported by definition, we restrict our analysis to currents T ∈ M_k(R^m) with compact support. We also assume k ≥ 1, since M_0(R^m) is simply the space of measures with finite total variation in R^m.

We recall that the (possibly infinite) flat seminorm of a FF-current T is defined by F(T ) := sup {T (ω) : F(ω) ≤ 1} (11.1)

where the flat norm of a smooth k-covectorfield ω with compact support is given by F(ω) := sup_{x∈Rm} max {‖ω(x)‖^∗, ‖dω(x)‖^∗} and ‖ · ‖^∗ is the co-mass norm. It can be proved (see [23], page 367) that

F(T ) = inf {M(X) + M(Y ) : X + ∂Y = T } . (11.2)

We denote by F_k(R^m) the vector space of all FF k-dimensional currents with finite mass which can be approximated, in the flat norm, by normal currents. Using (11.2) it can be easily proved (see [23], page 374) that F_k(R^m) can also be characterized as the closure, with respect to the mass norm, of normal currents.

In the following theorem we prove that any current T in our sense induces a current T̃ in the FF-sense and that any T ∈ F_k(R^m) induces a current in our sense. Our conjecture is that actually T̃ ∈ F_k(R^m), and hence that our class of currents with compact support not only includes but coincides with F_k(R^m); up to now we have not been able to prove this conjecture because we don’t know any criterion for flatness which could apply to this situation. Since the mass of any k-dimensional flat FF-current vanishes on H^k-negligible sets (see [23], 4.2.14), this question is also related to the problem, discussed in Section 3, of the absolute continuity property of mass with respect to H^k. On the other hand, for normal currents we can prove that there really is a one to one correspondence between the FF-ones and our ones.

Theorem 11.1 Any T ∈ M_k(R^m) with compact support induces a FF-current T̃ defined by T̃ (ω) := ∑ α∈Λ(m,k) T (ω_α dx_{α1} ∧ . . . ∧ dx_{αk} ) for any smooth k-covectorfield ω : R^m → Λ^kR^m with compact support. Moreover, M(T̃ ) ≤ c(m, k)M(T ).

Conversely, any T ∈ F_k(R^m) induces a current T̂ ∈ M_k(R^m) with compact support such that M(T̂ ) ≤ M(T ). Finally, T → T̃ and T → T̂ , when restricted to normal currents, are each the inverse of the other.

Proof. By the continuity axiom (ii) on currents, T̃ is continuous in the sense of distributions, and hence defines a FF-current. Since |T̃ (ω)| ≤ ∫ R^m ∑ α∈Λ(m,k) |ω_α(x)| d‖T ‖(x) ≤ c ∫ R^m ‖ω(x)‖ d‖T ‖(x)

we obtain that T̃ has finite mass (in the FF-sense) and M(T̃ ) ≤ cM(T ), where c is the cardinality of Λ(m, k).

Conversely, let us define T̂ for normal FF-current T first. Let us first notice that any f dπ ∈ D^k(R^m), with f ∈ C^∞_c (R^m) and π_i ∈ C^∞(R^m), induces a smooth k-covectorfield with compact support ω : R^m → Λ^kR^m, given by ω = f dπ_1 ∧ . . . ∧ dπ_k = ∑ α∈Λ(m,k) fdet ( ∂(π_1, . . . , π_k) ∂(x_{α1} , . . . , x_{αk} ) ) dx_{α1} ∧ . . . ∧ dx_{αk} .

Hence, T (f dπ) is well defined in this case. Moreover, since the covectors ω(x) are simple, the definition of comass easily implies that ‖ω(x)‖^∗ ≤ |f(x)| k∏ i=1 Lip(π_i) ∀x ∈ R^m . (11.3)

Arguing as in Proposition 5.1, and using (11.3) instead of the definition of mass, if Lip(π_i) ≤ 1 and Lip(π^′_i) ≤ 1 it can be proved that |T (f dπ) − T (f^′ dπ^′)| ≤ ∫ R^m |f − f^′| d‖T ‖_{F F} (11.4) + k∑ i=1 ∫ R^m |f||π_i − π^′_i| d‖∂T ‖_{F F} + Lip(f) ∫ R^m |π_i − π^′_i| d‖T ‖_{F F} , where ‖T ‖_{F F} and ‖∂T ‖_{F F} are now understood in the Federer–Fleming sense.

If f dπ ∈ D^k(R^m) we define

T̂ (f dπ) := lim_{ε↓0} T (f ∗ ρ_ε d(π ∗ ρ_ε)) .

By (11.4) the limit exists and defines a metric functional multilinear in f dπ: moreover, since for ε > 0 fixed the map f dπ → T (f ∗ ρ_ε d(π ∗ ρ_ε)) satisfies the continuity axiom (ii) in Definition 3.1, the same estimate (11.4) can be used to show that T̂ retains the same property. Setting ω_ε = f ∗ ρ_ε d(π ∗ ρ_ε), by (11.3) we obtain

|T̂ (f dπ)| = lim_{ε↓0} |T (ω_ε)| ≤ lim inf_{ε↓0} ∫ R^m ‖ω_ε(x)‖^∗ d‖T ‖_{F F} ≤ k∏ i=1 Lip(π_i) lim inf_{ε↓0} ∫ R^m |f ∗ ρ_ε| d‖T ‖_{F F} = k∏ i=1 Lip(π_i) ∫ R^m |f| d‖T ‖_{F F}

hence T̂ has finite mass and ‖T̂ ‖ ≤ ‖T ‖_{F F} . The locality property T̂ (f dπ) = 0 follows at once from the definition of T̂ if f has compact support and one of the functions π_i is constant in an open set containing spt f; the general case follows now since T is supposed to have compact support. This proves that T̂ is a k-current. The operator T → T̂ can be extended by continuity to the mass closure of normal currents, i.e. to F_k(R^m).

Finally, since T̂ (f dπ) = T (f dπ) if π_i are smooth, for any normal FF-current T we get

^̃T (ω) = ∑ α∈Λ(m,k) T̂ (ω_αdx_{α1} ∧ . . . ∧ dx_{αk} ) = ∑ α∈Λ(m,k) T (ω_αdx_{α1} ∧ . . . ∧ dx_{αk} ) = T (ω) .

12 Appendix B: isoperimetric inequalities

In this appendix we extend the euclidean isoperimetric inequality to a more general setting: first, in Theorem 12.2, we consider a finite dimensional Banach space, proving the existence of an isoperimetric constant depending only on the dimension (neither on the codimension nor on the norm of the space). Then, using projections on finite dimensional subspaces, we extend in Theorem 12.3 this result to a class of duals of separable Banach spaces. The validity of isoperimetric inequalities in a general Banach space is still an open problem.

We start with the following elementary lemma.

Lemma 12.1 Let β : [0, ∞) → (0, ∞) be an increasing function and let k ≥ 2 integer and c > 0. Then, there exist λ = λ(k, β(0)) < 1 and T = T (c, k) > 0 such that ( β(t) + c[β^′(t)]^{k/(k−1)} )_{(k+1)/k} + ( 1 − β(t) + c[β^′(t)]^{k/(k−1)} )_{(k+1)/k} > λ (12.1)

L^1-a.e. in (0, T ) implies β(T ) > 1/2.

Proof. Let δ = β(0) > 0 and define λ as sup_{τ ∈[δ,1/2]} ψ(τ), where

ψ(τ) := ( τ + 1 2k τ )_{(k+1)/k} + ( 1 − τ + 1 2k τ )_{(k+1)/k} .

Since ψ is strictly convex and ψ(0) = 1, ψ(1/2) < 1, it follows that λ < 1. Let T > [(2kc)^{k−1}/2]^{1/k} and assume that (12.1) holds L^1-a.e. in (0, T ); the definition of λ implies that c[β^′]^{k/(k−1)} ≥ β/(2k) L^1-a.e. in (0, T ), hence β(T_−) ≥ ( 1 2kc )_{k−1} T^k > 1 2 .

Now, we recall the isoperimetric inequality in euclidean spaces: for any current S ∈ I_k(R^m) with compact support and zero boundary there exists T ∈ I_{k+1}(R^m) satisfying ∂T = S and

M(T ) ≤ γ(k, m) [M(S)]^{(k+1)/k} .

This result, first proved by H.Federer and W.H.Fleming in [24] by means of the deformation theorem, has been improved by F.J.Almgren in [2], who proved that the optimal value of the isoperimetric constant does not depend on m and corresponds to the isoperimetric ratio of a (k + 1)-disk.

The proof of the isoperimetric inequality in finite dimensional Banach spaces follows closely an argument due to M.Gromov (see [32], §3.3): the strategy is to choose a maximizing sequence for the isoperimetric ratio (which is finite, by the Federer–Fleming result) and to prove, using Lemma 12.1, that almost all the mass concentrates in a bounded region. Using this fact, the cone construction gives an upper bound for the isoperimetric constant which depends only on the dimension of the current.

Theorem 12.2 Let k ≥ 1 be integer. There exists a constant γ_k such that for any finite dimensional Banach space V and any S ∈ I_k(V ) with ∂S = 0 there exists T ∈ I_{k+1}(V ) with ∂T = S and

M(T ) ≤ γ_k [M(S)]^{(k+1)/k} .

Proof. The proof is achieved by induction with respect to k; let α = (k + 1)/k and, for S ∈ I_k(V ) with ∂S = 0, define

γ(S) := inf { M(T ) [M(S)]^α : ∂T = S }

and γ(0) = 0. Since V is bilipschitz equivalent to some euclidean space which is known to be an isoperimetric space we conclude that L = sup_S γ(S) is finite. In the following we consider a maximizing sequence (S_n) and normalize the volumes to obtain M(S_n) = 1. A simple compactness argument proves the existence of linear 1-Lipschitz maps π_1, . . . , π_N in V with the property that

diam (_N ⋂ i=1 π^{−1}_i (L_i) ) ≤ 2

whenever diam(L_i) ≤ 1. We define β_i(t) = ‖S_n‖ ( π^{−1}_i (−∞, t) ) for any i ∈ {1, . . . , N} and n fixed.

Step 1. Let k = 1; we claim that for any ε ∈ (0, 1) there exist closed balls B_n with radius less than 4 such that ‖S_n‖(Y \ B_n) ≤ ε for n large enough. In fact, for L^1-a.e. t ∈ R such that ⟨S_n, π_i, t⟩ ≠ 0 we have β^′_i(t) ≥ M(⟨S_n, π_i, t⟩) ≥ 1 by the boundary rectifiability theorem. On the other hand, if δ ∈ (0, 1), β_i(t) ∈ [δ/2, 1 − δ/2] and ⟨S_n, π_i, t⟩ = 0 we can decompose S_n as the sum of two cycles

S_n = S^1_n + S^2_n = S_n {π_i < t} + S_n {π_i ≥ t}

to obtain

γ(S_n) ≤ γ(S^1_n) (β_i(t))^2 + γ(S^2_n) (1 − β_i(t))^2 ≤ L [ 1 + δ( δ 2 − 1) ] < L and this is impossible for n large enough, depending on δ. Hence, setting δ = ε/N, β^′_i ≥ 1 L^1-a.e. in I_i = {β_i ∈ [δ/2, 1 − δ/2]}, which implies L^1(I_i) ≤ 1. Our choice of π_i implies that the intersection of π^{−1}_i (I_i) has diameter at most 2. Step 2. Now we consider the k-dimensional case with k ≥ 2 and set c = γ_{k−1}. We claim that for any ε ∈ (0, 1) there exist closed balls B_n with radius less than r_k = 8T (c, k) (with T given by Lemma 12.1) such that ‖S_n‖(V \ B_n) ≤ ε for n large enough. For this purpose we set δ = ε/(2N) and observe that ( β_i(t) + c[β^′_i(t)]^{k/(k−1)} )_α + ( 1 − β_i(t) + c[β^′_i(t)]^{k/(k−1)} )_α > λ(k, δ) (12.2)

for L^1-a.e. t and n large enough. In fact, for any t such that L_t = ⟨S_n, π_i, t⟩ ∈ I_{k−1}(V ) we can find by the induction assumption R_t ∈ I_k(V ) with ∂R_t = L_t and

M(R_t) ≤ c [M(L_t)]^{k/(k−1)} ≤ c[β^′_i(t)]^{k/(k−1)} .

Writing

S_n = S^1_n + S^2_n := (S_n {π < t} − L_t) + (L_t + S_n {π ≥ t})

if (12.2) does not hold we can estimate γ(S_n) by

γ(S^1_n) ( β_i(t) + c[β^′_i(t)]^{k/(k−1)} )_α + γ(S^2_n) ( 1 − β_i(t) + c[β^′_i(t)]^{k/(k−1)} )_α

which is less than Lλ, and this is impossible if γ(S_n)/L > λ. Now we fix n large enough, set

t_i := inf {t : β_i(t) ≥ δ} , s_i := sup {t : β_i(t) ≤ 1 − δ}

and obtain from Lemma 12.1 that β_i(t_i + T ) > 1/2 and β_i(s_i − T ) < 1/2, hence s_i − t_i ≤ 2T and ‖S_n‖ ( V \ N⋂ i=1 π^{−1}_i ([t_i, s_i]) ) ≤ N∑ i=1 ‖S_n‖ ( V \ π^{−1}_i ([t_i, s_i]) ) ≤ 2Nδ = ε . By our choice of N, the intersection of π^{−1}_i ([t_i, s_i]) has diameter less than 4T , and this concludes the proof of this step.

Step 3. Assuming with no loss of generality that the balls B_n of Step 2 (or Step 1, if k = 1) are centered at the origin, we can apply the localization lemma with φ(x) = ‖x‖ to choose t_n ∈ (r_k, r_k + 1) such that the currents L_n := ⟨S_n, φ, t_n⟩ = ∂(S_n B_{tn} ) = −∂(S_n (V \ B_{tn} )) have mass less than ε for n large (L_n = 0 if k = 1); by the induction assumption we can find currents R_n ∈ I_k(V ) with ∂R_n = L_n and M(R_n) ≤ cε^{k/(k−1)}; we project R_n on the ball B_{tn} (0) with the 2-Lipschitz map

π(x) := x if ‖x‖ ≤ t_n: t_nx ‖x‖ if ‖x‖ ≥ t_n to obtain R^′_n ∈ I_k(V ) with ∂R^′_n = L_n, spt R^′_n ⊂ B_{tn} and M(R_n) ≤ 2^kcε^{k/(k−1)}. Writing S_n = (S_n B_{tn} − R^′_n) + (R^′_n + S_n (V \ B_{tn} ))

and applying the cone construction to S_n B_{tn} − R^′_n, for n large enough we obtain

γ(S_n) ≤ (r_k + 1)(1 + 2^kcε^{k/(k−1)}) + L(2^kcε^{k/(k−1)} + ε)^α .

Letting first n → ∞ and then ε → 0 we conclude that L ≤ R_k + 1, and r_k depends only on k.

Theorem 12.3 Let Y be a w^∗-separable dual space and assume the existence of finite dimensional subspaces Y_n ⊂ Y and continuous linear maps P_n : Y → Y_n such that P_n(x) w^∗-converge to x as n → ∞ for any x ∈ Y . Then

inf {M(T ) : T ∈ I_{k+1}(Y ), ∂T = S} ≤ γ_kC^{k+1} [M(S)]^{(k+1)/k}

for any S ∈ I_k (Y ) with bounded support, where C = sup_n ‖P_n‖ and γ_k is the constant of Theorem 12.2. If S has compact support the infimum is achieved by some current T with compact support.

Proof. The constant C is finite by the Banach–Steinhaus theorem. Let S ∈ I_k(Y ) with bounded support, let S_n = P_{n#}S and notice that by Theorem 12.2 we can find solutions T_n of the Plateau problem

min {M(T ) : T ∈ I_{k+1}(Y_n), ∂T = S_n}

and these solutions satisfy

M(T_n) ≤ γ_k [M(S_n)]^{(k+1)/k} ≤ γ_kC^{k+1} [M(S)]^{(k+1)/k} .

Since Y_n embeds isometrically in Y we can view T_n as currents in Y and prove, by the same argument of Theorem 10.6 (but using Theorem 12.2 in place of the assumption that Y is an isoperimetric space), that spt T_n are equi-bounded and equi-compact. By Theorem 6.6 we can find a subsequence T_{n(h)} w^∗-converging to some limit T . Since ∂T_{n(h)} w^∗-converge to ∂T and S_{n(h)} w^∗-converge to S we conclude that ∂T = S and the lower semicontinuity of mass gives

M(T ) ≤ lim inf_{h→∞} M(T_h) ≤ γ_kC^{k+1} [M(S)]^{(k+1)/k} .

Finally, since we have just proved that Y is an isoperimetric space, if S has compact support the infimum is a minimum by Theorem 10.6.

Any dual Banach space Y satisfying the assumptions of Theorem 12.3 is an isoperimetric space. These assumptions are satisfied by Hilbert spaces (in this case the optimal isoperimetric constant is the same one of euclidean spaces), dual separable spaces with a Schauder basis, and also by some non separable spaces, as l^∞.

Also the space Y = M_0(R^m) of measures with finite total variation in R^m has the isoperimetric property: indeed, let us consider regular grids T_n in R^m with mesh size 1/n and let us define

P_n(μ) := ∑ Q∈T_n n^mμ(Q)H^m Q ∀μ ∈ Y .

It is easy to check that ‖P_n‖ = 1 and that P_n(μ) weakly^∗ converge to μ as n → ∞ for any μ ∈ Y . More generally, any dual space Y = X^∗ is an isoperimetric space if X has a Schauder basis: in fact, denoting by X_n the n-dimensional subspaces generated by the first n vectors of the basis, and denoting by π_n : X → X_n the corresponding projections such that ‖x − π_n(x)‖ → 0 for any x ∈ X, we can define P_n : Y → Y_n := {y ∈ Y : y ∘ π_n = y} setting P_n(y) = y ∘ π_n, i.e P_n = π^∗_N .

13 Appendix C: Mass, Hausdorff measure, lower semicontinuity

In this section we assume that Y is a w^∗-separable dual space and k ≥ 1 is an integer. We discuss here the possibility to define lower semicontinuous functionals, with respect to the weak convergence of currents, in I_k(Y ). Denoting by ∧_kY the exterior k-product of Y , and by ∧^s_kY the subset of simple k-vectors, any function λ : ∧^s_kY → [0, ∞) induces a functional F_λ on I_k(Y ) ⊃ I_k(Y ): indeed, recall that any T ∈ I_k(Y ) is representable, essentially in an unique way, as [[S, θ, τ]] through (9.9), with S = S_T given by (4.2), θ integer valued and ‖τ‖_m = 1 on S, i.e. H^k ( { k∑ i=1 z_iτ_i(x) : k∑ i=1 z^2_i ≤ 1} ) = ω_k ∀x ∈ S . If T = [[S, θ, τ]] we define

F_λ(T ) := ∫ S θλ(τ) dH^k . Notice that, in order to define F_λ, λ needs to be defined only on unit simple vectors; for this reason all the functions λ that we consider later on are positively 1-homogeneous.

In the following, for τ ∈ ∧^s_kY ≠ 0, V_τ ⊂ Y is the k-dimensional Banach space spanned by τ with the induced metric and B_τ is its unit ball. Several choices of λ are possible, and have been considered in the literature. In particular, we mention the following three (normalized so that they agree if Y is an Hilbert space):

(a) λ_1(τ) = ‖τ‖_m = H^k ( { ∑_k i=1 z_iτ_i : ∑_k i=1 z^2_i ≤ 1} ) /ω_k; (b) λ_2(τ) = λ_{Vτ} ‖τ‖_m, where λ_V is defined in (9.11) (see also Lemma 9.2 for a definition in terms of Jacobians);

(c) λ_3(τ) = V P (τ)‖τ‖_m/ω^2_k, where V P (τ) is the so-called volume product of V_τ (see [59], 2.3.2).

The functional F_1 induced by λ_1 is ∫ S |θ| dH^k, i.e. the Hausdorff measure with multiplicities while, according to Theorem 9.5, the functional F_2 induced by λ_2 is the mass. The functional F_3 induced by λ_3 arises in the theory of finite dimensional Banach spaces (also called Minkowski spaces) and is the so-called Holmes-Thompson area; we refer to the book by A.C. Thompson [59] and to the book by R. Schneider [56] for a presentation of the whole subject; in this context, the function λ_1 has been studied by H. Busemann and λ_2 has been studied by R.V. Benson [11].

Coming to the problem of lower semicontinuity, the following definition (adapted from [23], 5.1.2) will be useful. We recall that the vector space of polyhedral chains is the subspace of I_k(Y ) generated by the normal currents [[F, 1, τ]] associated to subsets F of k-dimensional planes with multiplicity 1.

Definition 13.1 (Semi-ellipticity) We say that λ : ∧^s_kY → [0, ∞) is semi-elliptic if_q ∑ i=1 θ_iλ(τ_i)H^k(F_i) ≥ θ_0λ(τ_0)H^k(F_0) (13.1)

whenever T =^q ∑ i=1 [[F_i, θ_i, τ_i]] − [[F_0, θ_0, τ_0]] is a k-dimensional polyhedral chain with

∂T = 0.

Since (13.1) is equivalent to q∑ i=1 F_λ([[F_i, θ_i, τ_i]]) ≥ F_λ([[F_0, θ_0, τ_0]])

the geometric significance of the semi-ellipticity condition is that “flat” currents T_0 = [[F_0, θ_0, τ_0]] minimize F_λ among all polyhedral chains T with ∂T = ∂T_0.

By a simple rescaling argument, it is not difficult to prove that the semi-ellipticity of λ is a necessary condition for lower semicontinuity of F_λ. At least in finite dimensional spaces Y , using polyhedral approximation results it could be proved, following 5.1.5 of [23], that the condition is also sufficient; we believe that, following the arguments of Appendix B, this fact could be proved in greater generality, but we will not tackle this problem here.

Since we know that the mass is lower semicontinuous, these remarks imply that the Benson function λ_2 is elliptic. We will give, however, a more direct proof of this fact in Theorem 13.2 below (this result has been independently proved by A.C. Thompson in [60]). Concerning the Busemann and Holmes–Thompson definitions, their semi-ellipticity is a long standing open problem in the theory of Minkowski spaces (see [59], Problems 6.1.1, 7.1.1), and it has been estabilished only in the extreme cases k = 1, k = dim(Y ) − 1; in these cases, as in the theory of quasiconvex functionals, semi-ellipticity can be reduced to convexity. We also mention, in this connexion, the work [10] by G. Bellettini, M. Paolini and S. Venturini, where the relevance of these results for anisotropic problems in Calculus of Variations is emphasized.

We define

λ(τ) := 1 ω_k sup { L^k (η(B_τ )) ‖τ‖_m : η ∈ Λ } ∀τ ∈ ∧^s_kY \ {0} (13.2) where Λ is the collection of all linear maps η : Y → R^k with Lip(η_i) ≤ 1, i = 1, . . . , k. By the area formula, the function λ can also written as

λ(τ) = sup {J_k(η)‖τ‖_m : η ∈ Λ} (13.3)

hence Lemma 9.2 gives that λ = λ_2.

Theorem 13.2 The function λ : ∧^s_kY → [0, ∞) defined in (13.2) is semi-elliptic.

Proof. Let T as in Definition 13.1 and let η ∈ Λ be fixed; since

T (1 dη) = ∂T (η_1 dη_2 ∧ . . . ∧ dη_{k−1}) = 0

taking into account (9.9) we obtain

θ_0 | | | ∫ F0 ⟨∧_kd^{F0} η, τ_0⟩ dH^k | | | ≤ q∑ i=1 θ_i | | | ∫ F_i ⟨∧_kd^{Fi} η, τ_i⟩ dH^k | | | .

Since the definition of the jacobian together with (9.8) imply that |⟨∧_kd^{Fi} η, τ_i⟩| = J_k(L_{η|span(Fi)}) = L^k (η(B_{τi} )) /ω_k, we obtain

θ_0 ω_k L^k (η(B_{τ0} )) H^k(F_0) ≤ q∑ i=1 θ_i ω_k L^k (η(B_{τi} )) H^k(F_i) .

This proves that θ_0L^k (η(B_{τ0} )) H^k(F_0)/ω_k ≤ ∑_q 1 θ_iλ(τ_i)H^k(F_i). Since η is arbitrary, the semi-ellipticity of λ follows.

References

[1] F.J.Almgren Jr.: Deformations and multiple valued functions. In: Geometric Measure Theory and Calculus of Variations, Proceedings of Symposia in Pure Mathematics, AMS, 44 (1985), 29–130.

[2] F.J.Almgren Jr.: Optimal isoperimetric inequalities. Indiana Univ. Math.

J., 35 (1986), 451–547.

[3] F.J.Almgren Jr., W.Browder & E.W.Lieb: Co-area, liquid crystals and minimal surfaces. In: “Partial Differential Equations”, Lecture Notes in Mathematics, 1306 (1988), 1–22.

[4] L.Ambrosio: Metric space valued functions with bounded variation. Ann.

Scuola Norm. Sup. Pisa Cl. Sci. (4), 17 (1990), 439–478.

[5] L.Ambrosio: On the lower semicontinuity of quasi-convex functionals in SBV . Nonlinear Analysis, TMA, 23 (1994), 405–425.

[6] L.Ambrosio: Some fine properties of sets of finite perimeter in Ahlfors regular metric measure spaces. Forthcoming.

[7] L.Ambrosio & B.Kirchheim: Rectifiable sets in metric and Banach spaces.

Preprint MPI Leipzig, 1998.

[8] G.Anzellotti, R.Serapioni & I.Tamanini: Curvatures, functionals, currents. Indiana Univ. Math. J., 39 (1990), 617–669.

[9] I.K.Babenko: Asymptotic volume of tori and geometry of convex bodies.

Math. Zametki, 44 (1988), 177-190.

[10] G.Bellettini, M.Paolini & S.Venturini: Some results on surface measures in calculus of variations. Ann. Mat. Pura Appl., 170 (1996), 329–357.

[11] R.V.Benson: Euclidean Geometry and Convexity. McGraw Hill, 1966.

[12] R.Caccioppoli: Misura e integrazione sugli insiemi dimensionalmente orientati I, II. Rend. Acc. Naz. Lincei, (8) 12 (1952), 3–11, and 137–146; also in Opere, Cremonese, 1963 , vol I, 358–380.

[13] J.Cheeger: Differentiability of Lipschitz functions on metric measure spaces.

Geometry and Functional Analysis, 9 (1999), 428–517.

[14] M.Chlebik: Hausdorff lower s-densities and rectifiability of sets in n-space.

Preprint MPI Leipzig, 1997.

[15] P.G.Ciarlet: The Finite Element Method for Elliptic Problems. North- Holland, Amsterdam 1978.

[16] B.Dacorogna: Direct Methods in the Calculus of Variations. Springer, 1989. [17] R.O.Davies: Measures not approximable or not specifiable by means of balls.

Mathematika, 18 (1971), 157–160.

[18] E.De Giorgi: Su una teoria generale della misura (r−1)-dimensionale in uno spazio a r dimensioni. Ann. Mat. Pura Appl., (4) 36 (1954), 191–213.

[19] E.De Giorgi: Nuovi teoremi relativi alle misure (r − 1)-dimensionali in uno spazio a r dimensioni. Ricerche Mat. 4 (1955), 95–113.

[20] E.De Giorgi: Problema di Plateau generale e funzionali geodetici. Atti Sem.

Mat. Fis. Univ. Modena, 43, 285–292 (1995).

[21] E.De Giorgi: Un progetto di teoria unitaria delle correnti, forme differenziali, varietà ambientate in spazi metrici, funzioni a variazione limitata. Unpublished manuscript.

[22] E.De Giorgi & L.Ambrosio: Un nuovo funzionale del calcolo delle variazioni. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (8) Mat. Appl. 82 (1988), 199–210.

[23] H.Federer: Geometric Measure Theory. Springer, 1969. [24] H.Federer & W.H.Fleming: Normal and integral currents. Ann. of Math., 72 (1960), 458–520.

[25] B.Franchi, R.Serapioni & F.Serra Cassano: Sets of finite perimeter in the Heisenberg group. CRAS, 1999.

[26] B.Franchi, R. Serapioni & F. Serra Cassano: Rectifiability and Perimeter in the Heisenberg Group. Preprint, 1999.

[27] M.Giaquinta, G.Modica & J.Souček: The Dirichlet energy of mappings with values into the sphere. Manuscripta Math., 65 (1989), 489–507.

[28] M.Giaquinta, G.Modica & J.Souček: Cartesian currents and variational problems for mappings with values into the spheres. Ann. Sc. Norm. Sup. Pisa Cl. Sci. (4), 16 (1990), 393–485.

[29] M.Giaquinta, G.Modica & J.Souček: Cartesian Currents in the Calculus of Variations, Part I: Cartesian currents, Part II: Variational integrals. Springer, 1998.

[30] E.Giusti: Minimal Surfaces and Functions of Bounded Variation. Birkhäuser, 1994.

[31] M.Gromov: Groups of polynomial growth and expanding maps. Inst. Hautes Études Sci. Publ. Math., 53 (1981), 183–215.

[32] M.Gromov: Filling Riemannian manifolds. J. Diff. Geom., 18 (1983), 1–147. [33] P.Hajłasz: Sobolev spaces on an arbitrary metric space. Potential Analysis, 5 (1996), 403–415.

[34] P.Hajłasz & P.Koskela: Sobolev met Poincaré. Forthcoming. [35] T.Ilmanen: Elliptic regularization and partial regularity for motion by mean curvature. Memoirs of AMS, Vol. 108, Number 520, (1994).

[36] R.Jerrard, H.M.Soner: Functions of bounded n-variation. Forthcoming.

[37] W.B.Johnson, J.Lindenstrauss & G.Schechtman: Extension of Lipschitz maps into Banach spaces. Israeli J. Math., 54 (1986), 129–138.

[38] B.Kirchheim: Rectifiable metric spaces: local structure and regularity of the Hausdorff measure. Proc. AMS, 121 (1994), 113–123.

[39] B.Kleiner: The local structure of length spaces with curvature bounded above.

Preprint, 1997.

[40] N.Korevaar & R.Schoen: Sobolev spaces and harmonic maps for metric space targets. Communications in Analysis and Geometry, 1 (1993), 561–659.

[41] F.H.Lin: Gradient estimates and blow-up analysis for stationary harmonic maps, C. R. Acad. Sci. Paris, 312 (1996), 1005–1008.

[42] F.H.Lin & T.Rivière: Complex Ginzburg-Landau equations in high dimensions and codimension two area minimizing currents. Journal of the European Mathematical Society, forthcoming.

[43] E.Matouškov́a: Extension of continuous and Lipschitz functions. Canad.

Bull. Math., to appear.

[44] P.Mattila: Geometry of sets and measures in euclidean spaces. Cambridge U.P., 1995.

[45] P.Mattila: Hausdorff m-regular and rectifiable sets in n-spaces. Trans. Amer.

Math. Soc., 205 (1975), 263–274.

[46] V.D.Milman& G.Schechtman: Asymptotic theory of finite dimensional normed spaces. With an appendix by M. Gromov: Isoperimetric inequalities in Riemannian manifolds. Lecture Notes in Mathematics 1200, Springer-Verlag.

[47] M.Miranda: Functions of bounded variation on “good” metric measure spaces.

Forthcoming.

[48] F.Morgan: Geometric Measure Theory – A beginner’s guide, Academic Press, 1988.

[49] I.G.Nikolaiev: Solution of Plateau’s problem in spaces of curvature no greater than K. Sib. Math. J., 20 (1979), 246–252.

[50] D.Pallara: Some new results on functions of bounded variation. Rend. Accad. Naz. Sci. XL Mem. Mat., (5) 14 (1990), 295–321.

[51] A.Pelczynski & S.J.Szarek: On parallelepipeds of minimal volume containing a convex symmetric body in R^n. Math. Proc. Camb. Phil. Soc., 109 (1991), 125–148.

[52] G.Pisier: The volume of convex bodies and Banach space geometry. Cambridge U.P., 1989.

[53] D.Preiss & J.Tišer: On Besicovitch 1/2-problem. J. London Math. Soc., 45 (1992), 279–287.

[54] D.Preiss: Forthcoming.

[55] A.Schinzel: A decomposition of integer vectors IV. J. Austral. Math. Soc., 51 (1991), 33–49.

[56] R.Schneider: Convex Bodies: the Brunn–Minkowsky Theory, Encyclopedia of Mathematics and its applications 44, Cambridge University Press, 1993.

[57] L.Simon: Lectures on Geometric Measure Theory, Proc. Centre for Math.

Anal., Australian Nat. Univ., 3, 1983.

[58] B.Solomon: A new proof of the closure theorem for integral currents. Indiana Univ. Math. J., 33 (1984), 393–418.

[59] A.C.Thompson: Minkowski Geometry. Encyclopedia of Mathematics and its applications 63, Cambridge University Press, 1996.

[60] A.C.Thompson: On Benson’s definition of area in a Minkowski space. Canadian Math. Bull., 42 (1999), 237–247.

[61] B.White: A new proof of the compactness theorem for integral currents.

Comm. Math. Helv., 64 (1989), 207–220.

[62] B.White: Rectifiability of flat chains. Annals of Mathematics, forthcoming. [63] W.P.Ziemer: Weakly Differentiable Functions, Springer, 1989.