CVGMT Preprint Server - http://cvgmt.sns.it/papers/mug04/

Differen tial and Integral Equations Volume xx, Num ber xxx, , Pages xx–xx

A NOTE ON AN EXPONENTIAL SEMILINEAR EQUA TION OF THE FOUR TH ORDER

Dimitri Mugnai Dipartimen to di Matematica e Informatica, Università di Perugia Via Vanvitelli, 1, 06123 Perugia, Italy

(Submitted by: Reza Aftabizadeh)

Abstract. In this note we prove some existence and nonexistence results for a semilinear equation of the fourth order involving an exponential function via variational techniques. Such equations may occur while studying tra veling waves in susp ension bridges.

1. Intr oduction

Recently Chen and McKenna ([2]) have suggested investigating the following equation: u_{xxxx} + cu_{xx} = e^u − 1 (1.1) as a generalization of the model for traveling waves in suspension bridges proposed by Lazer and McKenna in [4],

(LM ) � Δ^2u + cΔ u − b[u + (u + 1)^− ] = 0 in Ω , u = Δ u = 0 on ∂Ω ,

where b is a real parameter, Δ^2 stands for the biharmonic operator and v^− = max{0,− v}. Moreover, in [4] the authors suggested studying problems similar to (LM ), where the nonlinearit y h(u) = u + (u + 1)^− is replaced by some function which behaves like h(u) (see Problem 11 in [4]).

For example, the functions h(u) = u + (u + 1)^− = (u + 1)^+ − 1 and g_2(u) = e^u − 1 have similar behavior, at least if u is bounded from above.

Moreover, one can also consider nonlinear problems of the form

(P_k) � Δ^2u + cΔ u − bu + a((u + 1)^− )^{k− 1} = 0 in Ω , u = Δ u = 0 on ∂Ω ,

where a, b ∈ R and k is greater than 2 and subcritical (see [10]).

Accepted for publication: May 2003. AMS Sub ject Classifications: 35J35, 35J65, 49J99. Supp orted by M.I.U.R. 1

In this paper we are interested in a problem related to (1.1). More precisely we will consider the problem

(P ) � Δ^2u + cΔ u − b(e^u − 1) = 0 in Ω , u = Δ u = 0 on ∂Ω ,

where Ω is a bounded and smooth domain of R^N and b ∈ R. By a (weak) solution we mean a function u in H_Ω = H^1_0 (Ω) ∩ H^2(Ω) such that � Ω Δ uΔ vdx − c � Ω Du ·Dvdx − b � Ω (e^uv − v) dx = 0 (1.2)

for every v ∈ H_Ω . Let us remark that all integrals appearing in (1.2) are well defined when N ≤ 3 and Ω is bounded.

We remark that u ≡ 0 is a solution of all the problems considered above. Moreover, one could expect that solutions of problems (P ), (LM ), and (P_k) behave similarly, since the nonlinearities are similar, but it is not the case, as we will see. In fact, it is not difficult to prove that, for example, if Ω is a bounded and smooth domain, c < λ_1 (the first eigenvalue of − Δ in H^1_0 (Ω) ), b = 0, and a ≤ 0, then any solution u of (P_k) is less than or equal to 0 (and on the other hand, there are nontrivial solutions of such a problem). In fact, a maximum principle for equations of the fourth order show that, if u ≢ 0, then u < 0 in Ω (see Section 2). But in [11] it is proved that, if c < λ_1, then (LM ) has a nontrivial solution if and only if b ≥ λ_1(λ_1 − c) and that in such a case there exists a solution u < 0 in Ω . (Concerning existence and multiplicit y results for problem (LM ) there is a large literature. For example, see [3], [5], [6], [7], [9], and the references therein.)

Moreover, in the same spirit of [11], we are going to prove in a very simple way that, if b ≤ 0 and c < λ_1, then problem (P ) does not have nontrivial solutions. In particular we will prove the following results.

Prop osition 1. Suppose b ≤ 0, Ω is a bounded and smooth domain of R^N , and c < λ_1. Then (P ) admits only the trivial solution.

On the other hand, we will show a result for (P ) which is different in nature from the one found in [11] for (LM ). In fact, we will prove the existence of nontrivial solutions for positive values of b which are below λ_1(λ_1 − c). More precisely, the following theorem holds.

Theorem 2. Suppose N ≤ 3, Ω is a bounded and smooth domain of R^N , c < λ_1 and 0 < b < λ_1(λ_1 − c). Then (P ) has a nontrivial solution.

We remark that such results cover the “ph ysical case” (N ≤ 3).

Ackno wledgmen ts. Part of this work was done while the author was visiting Professor Paul H. Rabino witz at the University of Wisconsin-Madison, under a grant of the Italian C.N.R. The author takes this opportunit y to thank Professor Rabino witz for his warm hospitalit y and for his kindness.

2. Not ations, a remark on (P_k) and pr oof of Pr oposition 1

Let Ω be a bounded and smooth domain of R^N , N ≥ 1, b,c ∈ R, and b ≤ 0. Let us consider the following problem:

(P ) � Δ^2u + cΔ u − b(e^u − 1) = 0 in Ω , u = Δ u = 0 on ∂Ω .

Denote by λ_i the i-th eigenvalue of − Δ in H^1_0 (Ω) with eigenvalue e_i. It will also be useful to introduce the couple of eigenvalues and eigenfunctions (Λ_i,E_i)_i of the problem � Δ^2E + cΔ E = ΛE in Ω , E = Δ E = 0 on ∂Ω .

We remark that, if c < λ_1, it turns out that Λ_i = λ^2_i − cλ_i and E_i = e_i ∀ i. Recall that one can choose e_1 > 0 in Ω .

We will use the following version of the maximum principle for fourthorder equations (see [8]).

Theorem 3 (Maximum Principle) . Suppose c < λ_1 and u satisfies � Δ^2u + cΔ u ≤ 0 in Ω , u = Δ u = 0 on ∂Ω . (2.1)

Then either u ≡ 0, or for every ball B containe d in Ω , sup_B u < 0.

Of course (2.1) is considered in the sense of distributions; that is, ∀ v in H_Ω , v ≥ 0, one has � Ω Δ uΔ vdx − c � Ω Du ·Dvdx ≤ 0.

A straigh tforward application of this theorem implies the following proposition.

Prop osition 4. Suppose b = 0, a ≤ 0, and c < λ_1. Then any nontrivial solution u of problem (P_k) is such that u < 0 in Ω .

On the other hand, one can prove that there is always a nontrivial solution of problem (P_k) (see [10], where also multiplicit y results are shown). On the other hand, there are also solutions of (P_k) which are positive in Ω ; for example, if b = λ^2_1 − cλ_1, all functions of the form u = te_1, t > 0, solve (P_k).

On the contrary , we are now going to prove Prop osition 1, which moves in an opposite direction. Pro of of Prop osition 1. Assume for the sake of contradiction that there exists u ≢ 0 which is a solution of (1.2). Then � Ω |Δ u|^2 dx − c � Ω |Du|^2 dx = b � Ω (e^u − 1)u dx ≤ 0,

since (e^s − 1)s ≥ 0 ∀ s ∈ R.

But the left-hand side of such an inequalit y is greater than or equal to

(λ^2_1 − cλ_1) � Ω u^2 dx,

which is positive, a contradiction. □

3. Pr oof of Theorem 2

Problem (P ) has a natural variational structure. In fact, its solutions are the critical points of the functional defined on the Hilbert space H_Ω = H^1_0 (Ω) ∩ H^2(Ω) as

f (u) = 1 2 � Ω |Δ u|^2 dx − c 2 � Ω |Du|^2 − b � Ω (e^u − u − 1) dx.

It is clear, in fact, that f is a smooth functional on H_Ω , since N ≤ 3.

Let us remark that the space H_Ω can be endowed with the scalar product (u, v) = � Δ uΔ v, which induces the norm ‖u‖ = ( � Ω |Δ u|^2)^{1/2}, equivalent to the standard norm of H^2 (see [10]).

We first prove the usual compactness condition, known as the Palais-Smale condition at level a, (P S)_a for short: if (u_n )_n in H_Ω is such that f (u_n ) → a and f^′(u_n ) → 0, then there exists a subsequence (u_{nk} )_k which converges.

Prop osition 5 (Palais-Smale) . Assume N ≤ 3, c ≠ λ_i ∀ i, and b ∈ R. Then f satisfies (P S)_a ∀ a in R.

Pro of. Let (u_n )_n be such that f (u_n ) → a and f^′(u_n ) → 0. In order to prove (P S)_a it is enough to prove that (u_n )_n is bounded. Indeed, one has

grad f (u) = u + i^∗(cΔ u − be^u − 1),

where i^∗ is the adjoint (compact) operator to the immersion of H_Ω into L^2(Ω) .

First of all observe that f^′(u_n )(u_n )

‖u_n ‖ = 1 ‖u_n ‖ � � Ω |Δ u_n |^2 dx − c � Ω |Du_n |^2 dx − b � Ω [e^{un} u_n − u_n ]dx �

= 1 ‖u_n ‖ � 2f (u_n ) + b � Ω [2e^{un} − e^{un} u_n − u_n − 2]dx �

so that � Ω [2e^{un} − e^{un} u_n ]dx ‖u_n ‖ → � Ω u dx. (3.1)

Moreover,^{f (un )}_{‖un ‖} → 0, which implies

lim_{n→ ∞} � ‖u_n ‖ − c � Ω |Du_n |^2 dx

‖u_n ‖ − b � Ω e^{un} dx ‖u_n ‖ � = − b � Ω u dx, (3.2)

and^{f ′(un )(un )}

‖u_n ‖ → 0, so that

lim_{n→∞} � ‖u_n ‖ − c � Ω |Du_n |^2 dx ‖u_n ‖ − b � Ω e^{un} dx ‖u_n ‖ � (3.3)

= lim_{n→∞} b � Ω [e^{un} u_n − e^{un} − u_n ]dx ‖u_n ‖ . Combining (3.2) and (3.3) we get

lim_{n→ ∞} � Ω [e^{un} u_n − e^{un} ]dx ‖u_n ‖

= 0. (3.4)

In this way, (3.1) and (3.4) imply

lim_{n→ ∞} � Ω e^{un} dx ‖u_n ‖

= 0 (3.5) and lim_{n→ ∞} � Ω e^{un} u_n dx ‖u_n ‖

= 0.

Now compute f^′(u_n )(E_i), which goes to 0 for every i; in this way, we get

Λ_i � Ω u_n E_i dx

‖u_n ‖ − b � Ω [e^{un} E_i − E_i]dx

‖u_n ‖

→ 0.

But the second integral goes to 0 as n goes to ∞ by (3.5), since E_i is bounded for every i, so that Λ_i � Ω uE_i = 0 ∀ i;

that is, u ≡ 0, since Λ_i ≠ 0 (for c ≠ λ_i ∀ i).

On the other hand, computing^{f (un )}_{‖un ‖2} and passing to the limit, we get

1 − c � Ω |Du|^2 dx = 0;

that is, u ≢ 0, and a contradiction arises.

In this way, (u_n )_n is bounded and the (P S)_a follows. □

We now want to prove that, if 0 < b < λ_1(λ_1 − c), f satisfies the geometrical assumptions to exhibit a mountain-pass structure (see [1]). To this purp ose it is enough to show that if |u| ≤ ρ, there exists a constan t M_ρ, going to 1 as ρ → 0, such that

f (u) ≥ 1 2 � Ω � Δ u|^2 − c|Du|^2 − bM_ρu^2 � dx. In fact, write u = � α_ie_i, so that

f (u) ≥ 1 2 � α^2_i (λ^2_i − cλ_i − bM_ρ) = 1 2 � λ^2_i α^2_i λ^2_i − cλ_i − bM_ρ λ^2_i ≥ 1 2 ‖u‖^2 inf_i λ^2_i − cλ_i − bM_ρ

λ^2_i = 1 2 ‖u‖^2m_ρ,

where

m_ρ = min � 1, λ^2_1 − cλ_1 − bM_ρ λ^2_1 � > 0.

In particular, m_ρ =^{λ21− cλ1− bMρ}_{λ21} if c ≥ 0 or c < 0 and b ≥ − cλ_1, and m_ρ = 1 if c < 0 and b < − cλ_1.

In this way, if ρ is small enough, λ^2_1 − cλ_1 − bM_ρ > 0 and u = 0 is a strict local minimum for f .

Now take t > 0 and consider

f (te_1) = t^2 2 (λ^2_1 − cλ_1) − a � Ω � e^{te 1} − te_1 − 1 � dx. If t → + ∞ , it is clear that f (te_1) → − ∞ .

We have thus proved that f satisfies all the assumptions of the mountainpass theorem. Therefore f has a nontrivial critical point; that is, (P ) has a nontrivial solution.

So, we only have to prove that, if |u| ≤ ρ, there exists M_ρ such that e^u − u − 1 ≤ M_ρu^2/2. Let us define

M_ρ = sup_{|u|≤ ρ} 2 e^u − u − 1 u^2 . We want to show that M_ρ = 2(e^ρ − ρ − 1)/ρ^2.

Assume first 0 ≤ u ≤ ρ, and consider the function g(u) =^{eu − u− 1}_{u2} (where g(0) := lim_{u→ 0} g(u) = 1/2). Then g^′(u) =^{(u− 2)eu + u+2}_{u3} . Setting m(u) = (u − 2)e^u + u + 2, we get m^{′′}(u) = ue^u, so that m is convex on [0,ρ]. So m^′ is increasing. But m^′(0) = 0, so m is increasing for u positive; that is, m(u) > 0, since m(0) = 0. This means g^′(u) > 0 for u > 0, and so g(u) ≤^{eρ − ρ− 1}_{ρ2} . Note that M_ρ ↓ 1 as ρ → 0.

Now assume u < 0. Set v = − u, and consider the function h(v) =

e^{− v} + v− 1 v^2 . Reasoning as in the previous case, it is easy to show that h(v) ≤

h(0^− ) = 1/2 ∀ v > 0. We have thus proved that

sup_{|u|≤ ρ} e^u − u − 1 u^2 = e^ρ − ρ − 1 ρ^2 . Theorem 2 is thus completely proved.

References

[1] A. Ambrosetti and P.H. Rabino witz, Dual variational methods in critic al point theory and applications, J. Functional Analysis, 14 (1973), 349–381.

[2] Y. Chen and P.J. McKenna, Traveling waves in a nonline arly suspended beam: theoretical results and numeric al observations, J. Differential Equations, 136 (1997), 325–355.

[3] A.C. Lazer and P.J. McKenna, Global bifurcation and a theorem of Tarantel lo, J.

Math. Anal. Appl., 181 (1994), 648–655. [4] A.C. Lazer and P.J. McKenna, Large-amplitude periodic oscillations in suspension bridges: some new connections with nonline ar analysis, SIAM Review, 32 (1990), 537–578.

[5] A.M. Micheletti and A. Pistoia, About the multiplicity of solutions for certain class of fourth order semiline ar problems, Le Matematic he LI, (1996)-F asc. II, 253–271.

[6] A.M. Micheletti and A. Pistoia, Multiplicity results for a fourth-or der semiline ar elliptic problem, Nonlinear Analysis, TMA, 31 (1998), 895–908.

[7] A.M. Micheletti and A. Pistoia, Nontrivial solutions for some fourth order semiline ar elliptic problems, Nonlinear Analysis, TMA, 34 (1998), 509–523.

[8] A.M. Micheletti and A. Pistoia, On the number of solutions for a class of fourth order elliptic problems, Comm. Appl. Nonlinear Analysis, 6 (1999), 49–69.

[9] A.M. Micheletti, A. Pistoia, and C. Saccon, Three solutions of a fourth order elliptic problem via variational theorems of mixed type, Appl. Anal., 75 (2000), 43–59.

[10] D. Mugnai, On a “r eversed” variational inequality, Topological Metho ds in Nonlinear Analysis, 17 (2001), 321–358.

[11] G. Taran tello, A note on a semiline ar elliptic problem, Differential and Integral Equations, 5 (1992), 561–565.