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ABSTRACT. We prove a homogenization theorem for non-convex functionals
depending on vector-valued functions, defined on Sobolev spaces with respect
to oscillating measures. The proof combines the use of the localization methods
of I'-convergence with a ‘discretization’ argument, which allows to link the
oscillating energies to functionals defined on a single Lebesgue space, and to
state the hypothesis of p-connectedness of the underlying periodic measure in
a handy way.

Introduction. In this paper we consider homogenization problems on singular
structures, with in mind the model case of an energy defined on smooth functions
over a periodic piecewise-smooth k-dimensional manifold E. Starting from such a
geometry, after the usual homogenization scaling we are led to dealing with func-
tionals of the form

enk /mEf(f,Du) dHF (z), (1)

€

where f is a Borel function, one-periodic in the first variable. Here H* denotes
the k-dimensional Hausdorff measure, and the factor e”~* follows from the scaling
properties of H*. In order that the functional above be well defined one can consider
it as defined only on smooth functions. Note that if we denote by p. the measure
e"FHF restricted to eF, then this integral can be equivalently written as

/Qf(g,Du) dpie. (2)

Following the choice made by several authors (see e.g. Bouchitté and Fragala [g],
Zhikov, [14}, [15], Pastukhova [I6} [I7], etc.) the study of these types of problems can
be set in a more general framework by fixing a general 1-periodic measure p and
defining

1
pe(B) = 6”#(;3)-
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Moreover to each such measure, one can associate the ‘relaxed” Sobolev spaces
WLP(Q, ue; R™) of functions whose ‘tangential derivatives with respect to the mea-
sure .’ are p-integrable. The definition of tangential derivative D) with respect
to a measure \ coincides with the usual one if A\ = H*|_ E is the restriction of the
k-dimensional Hausdorff measure to a smooth k-dimensional manifold as above, and
is defined by relaxation for an arbitrary measure, bringing along additional joint
conditions if for example A = H*|_ E is as above but E is only piecewise smooth
(see Bouchitté, Buttazzo, and Seppecher [4], Zhikov [14] [15]).

The homogenization problem can be then stated as the characterization of the

asymptotic behaviour of integrals of the form

[ #(%.Dp) 3)

defined on W1P(Q, u; R™) if f is a 1-periodic Borel function with p-growth. Since
the functionals we take into account are defined on varying spaces, a notion of
convergence of functions

w5y = uepte = p(Y)ul®
as € — 0, must be introduced to rephrase the problem in terms of the computation
of a I'-limit. In this framework, a general result for convex integrands, for which the
second formulation is derived from the first by relaxation, is obtained by Bouchitté
and Fragala [§] by means of two-scale convergence techniques, and in a series of
works by Zhikov and Pastukhova [14, [15] [16] [17].

In this paper we consider the general case where u is vector valued and no con-
vexity hypothesis is required on the function f with respect to the second variable.
In this framework we cannot resorts to techniques used in previous papers such as
two- scale convergence, and we deal with the problem by using the more complex
localization methods of T'-convergence (see Dal Maso [10], Braides [B [6], Braides
and Defranceschi [7]). Note that in the non convex case no general result ensur-
ing that the relaxed energy of functionals of the form ([2)) is still of the form (3] is
available; hence, they two homogenization processes may give different limits. Our
procedure can be anyhow applied to both cases, obtaining different homogenization
formulas. We perform in detail the proof for the functionals only.

A difference to be remarked between the present paper and the previous literature
is a new ‘discrete’ way to state the condition of ‘p-connectedness’ on (the power p
and) the measure p (introduced by Zhikov in [I3]), that ensures that the I'-limit is
still a coercive local functional, in terms of properties of the averages

= [ uduty)  iezn
i+[0,1)"
namely, that C,§ > 0 exist such that for u € W’l})’f(R”, )

' =P < C | DyulPdp if i = j| = 1;
((+[0,1)M)UGEH0,1)™))+(=8,6)"
/ lu —u'Pdy < C |D,ulPdp.
i+[0,1)" (i+[0,1)")+(=5,0)"

The two joint properties above are implied by the strong p-connectedness of p (and
indeed are slightly more general), and the first one, when scaled by ¢, allows to
consider in place of functions defined on varying Sobolev spaces with respect to
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measures, simply subspaces of piecewise-constant functions in LP(Q; R™) (with re-
spect to the Lebesgue measure). A suitable compactness result ensures that the two
notions of convergence are equivalent. A little technical issue must be mentioned
at this point: some extra conditions must be added in order to obtain such com-
pactness results since those may fail if the boundary of Q disconnects the support
of the measures p.. We have chosen to add a (continuous) term to the functional

of the form
[ 1ul7da.
Q

as done by Zhikov in [T4]. An alternative way could have been to add some boundary
conditions as done by Bouchitté and Fragala in [§]. This option actually brings along
better compactness properties, and is briefly hinted at in the paper.

1. Statement of the problem. Let 2 be an open bounded subset of R™ with
Lipschitz boundary, let Y = (0,1)", and let B(R™) denote the o-algebra of Borel
sets of R". By M™*" we denote the set of m x n matrix with real entries, and
by L™ the Lebesgue measure on R", so that we may use dxr or dL" indifferently.
If X is a Radon measure on () then the Sobolev space with respect to the measure
A WLEP(Q,\) is defined by relaxation as the domain of the lower-semicontinuous
envelope of the functional
/ | Dul? dp
Q

on LP(Q, \). For such functions a tangential gradient Dyu € (LP(Q, )™ of u exists.
In the paper we will consider vector-valued functions u € (WHP(£2,X))™, but we
will drop the apex m for simplicity in the notation. Note that in this case the
tangential gradient is a M™*"-valued function. For the definition and properties of
the spaces WHP(€, X), W2£(Y, ), and of the tangential gradient D, u, we refer to
[, [8] (with a slightly different notation). When p = £™ we shall use the standard
notation for the corresponding spaces W'?(Q), and WLE(Y).

We consider a positive, Y-periodic Radon measure p on R™. Up to a translation
of the periodicity cell Y, it is not restrictive to assume that ©(9Y) = 0. For every
€ > 0 we denote by p. the measure defined by

pe(B) = e"u(s~'B) for all B € B(R").
Note that if Y =¢(i +Y), i € Z", then
pe(Y) =e"u(i +Y) =" u(Y) for all € > 0,

from which it immediately follows that

*

pe = p(Y)L"
weakly in the sense of measures; i.e.,
lim [ o(z)dp.(z) = / p(x)dx for all ¢ € C.(€2),
e—0 Q Q

where C.(£2) denotes the space of continuous functions with compact support in €.
Let f = f(y,§) : R® x M™*" — R be a Borel function such that f(-,&) is
Y -periodic for every £ € R™ and

alél? < fy, &) < el 4+ [€]P), for p-a.e. y € R™ and for all £ € M™*™,  (4)
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with 0 < ¢; < ¢g, p > 1. We want to study the asymptotic behaviour as € — 0 of
the functionals F. + G. where

x
P = [ (2 Dun)due, Golw) = [ fuPde )
Q & Q
w:Q—R™ and u € WhHP(Q, pe).

2. Main assumptions and preliminary results. In this section we state some
assumptions on the measure p and their consequences.

Condition (H;). Coerciveness. There exist two constants ¢y > 0 and 6 > 0 such
that, for every i,j € Z™, with |i — j| =1,

ut — WP < ¢ D, ulPd
| ‘ u 1%
(YiUY3)4(—5,8)"

for every u € VVli’p (R™ 1) , where

U = ——= udp.
w(Y) i+Y

Condition (Hz). Poincaré-Wirtinger’s inequality. There exist two constants ¢ =
¢(n,p) >0, 6 > 0 such that

[lu-ardese [ Dl
Yy (=8,1+8)"

for every u € W,'P(R", 11), where

loc
77,
uw=—— [ udp.
wY) Jy

Note that these conditions involve only p and the measure pu, and can be stated
for w scalar. They then are also valid for u vector valued by arguing component-wise.

1 1 1

T T T

FIGURE 1. The support of a measure satisfying assumptions (H)
and (Ha)

Remark 1. We note that if p is strongly p-connected (see [§], Section 4); i.e., there
exists C' > 0 such that for all u € W,"P(R", zz) and for all k € N

loc

/ |u|pdu§Ckp/ |DyulPdp whenever/ udp = 0, (6)
kY kY kY

then (Hsz) holds true with § = 0. Moreover it is easy to see that (H;) holds true
with § = 1.
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If (H) is satisfied, then p is strongly p-connected on the torus (see [8], Section
4); i.e., there exists C' > 0 such that for all u € WLP(R", 1)

per

/|u|pdu§0/ |D,ulPdp Whemever/ud,uzo7 (7)
Y % Y

Note that the joint conditions (H;) and (Hz) are weaker than the strong p-
connectedness condition as stated above (see Example [2] below), even though it
is likely that some slight modification of (€ is indeed equivalent to (H;) and
(Hs). Fig. [1] pictures an example of a two-dimensional set E for which strong
p-connectedness is not satisfied for the restriction of the measure H! to E but sat-
isfying our assumptions (the necessity of introducing a J as above is also illustrated
by the examples in [I]).

Condition (H;x*). We remark that (H;) can be iterated and implies that for every
ilezn,

lul —ulP < 0021’271/ |D, ulPdp (8)
Sll+(75,5)n

for every u € VVlif (R™ 1) , where

u' = ——s udp,
w(Y) Jipy

and Sj; is a chain of neighbour cubes joining Y to Y, such that each two consecutive
. . M

cubes have one face in common; i.e. Sy = Ji_o(zr +Y), where ||z — zp—1] = 1,

ro =1 and xp = I.

Example 1. We give a simple example in which we illustrate how (H1) and (H2)
can be easily derived. We define

E={zx=(z1...,2y,): 3i such that x; € Z}, p=H"1L(E+(1/2,...,1/2))

(the translation is necessary in order to have p(9(0,1)™) = 0)) For simplicity we
prove the validity of (H1) and (H2) in the two-dimensional case, the proof being
easily extended to the general setting. In this case, in both conditions we may take
0=0.

X X+E1

FIGURE 2. The set E in Example

It is enough to check (H1) for i = (0,0) and j = e; = (1,0), and Y* = Y,
YI =Y +e = Y Let u e WEP(R2,u). Forall z € Y NE let C(z) be the

loc
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minimal path in E joining x and = + e;. Note that C(x) lies entirely in Y UY! and
the length of C'(z) is at most 2. We can estimate

NPl =l = | [ (ule+ er) — ute)da]

= [ [, periaurantz)
[ ottcany=o(f .
TA(

= 2wy [

Yiu

p

p

IN

DMU(T)

"du(m) " du(a)

()" du(a)

p

IN

D, u(r)

v ’D;LU(T)‘de(T)a

which proves (H1).

The proof of (H2) is easily obtained as for the usual Poincaré-Wirtinger inequal-
ity, for example by arguing by contradiction. Note in fact that if we take a sequence
uj such that [, |D,u;|Pdp — 0, then we easily deduce that u; converge (up to trans-
lations) to a constant in each segment of Y N E, and that by connectedness indeed
it converges to a unique constant ¢ on Y N E. If (H2) does not hold then we may
find such u; satisfying [, ujdp = 0 and [, |u;|[Pdp = 1, from which a contradiction
follows.

Example 2. A simple variation of the geometrical structure in the previous exam-
ple exhibits a situation where § must be taken strictly positive. Such a structure
E is pictured in Fig. The proof of the validity of (H1) and (H2) is obtained
in the same way, but choosing C(z) as the minimal path between x and z + e; in
(YUY +(=4,0)? and § > 0 large enough such that such a path exists for all
reYNE.

R L CLETEEEP R

FIGURE 3. The set E in Example[2]

Rescaled inequalities. By the change of variable y = £ assumption (H;) implies
that for every ¢,j € Z™, with |i — j| = 1,

= P < coer 1D, ulPd.
YiUYZ 4 (—eb,e8)n
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for every u € W,-P(R™, i) , where
. 1
uL = 7/ udjic. 9
p0) s e ©)
Analogously, from (Hs) it follows that
| i <cer [ Dy ulPd.
Y2 eite(—6,146)"

=

for every u € VVli’f(R", te), i € Z", and ul defined by (@)
Finally, condition (Hj%) corresponds to

lul —ul|P < c02p2n6p7"/ | D, ulPdpe (10)
eSi+(—ed,ed)™

for every 7,1 € Z and every u € W,5P(R™, u1.).

The following lemma is the main preliminary result, allowing to link the conver-
gence of functions in W1P(Q, u.) to the convergence of the corresponding piecewise-
constant interpolations in usual LP-spaces, and easily proving coerciveness proper-
ties.

Lemma 2.1. Let u. € WHP(Q, u.) and let U, be defined by
Ue = Z “2)(27
1EL™
where Xt = Xvyi is the characteristic function of Y and
1
pe (YY)

/ uedpe if Y2 CQ,
\&

0 otherwise.
Then the following statements hold true.
(a) If
/Q |ue|Pdue < c for all e > 0, (11)

then there exists u € LP(Q)) such that, up to a subsequence,

Ue — U weakly in LP(§2) (12)
Uepte — p(Y)TAL" ase—0 (13)
(b) If, in addition, u satisfies condition (H1), and
/ (|ug|p + \DHEuEP") due <c¢ for all e > 0, (14)
Q

then
e WhP(Q) (15)

and
/ |Dw|? dx < ko liminf/ |D,.ue|Pdye, (16)

Q =0 Jo

with kg > 0.
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(¢) If (Hy), (H2), hold true, then
U, —u strongly in LY (). (17)

|ue[Pdpe — ,u(Y)/ [u|PdL™,  for all Q' CC Q. (18)
o o

Proof. Proof of (a). In order to prove , it is enough to show that u. is bounded
in LP(2). So we compute

: 1 P
ue|”, = / ug|Pdx = €™ ‘7/ ued,
el = 2, e =2 [ et

. 1 1
< 3 i f e = gy 2 b <
i e\Te < i Y

where we have used Hoélder’s inequality and assumption . Hence, up to a sub-
sequence we have that

Ue — U weakly in LP(€2). (19)
In order to show that holds true we introduce the measure v. = u.pu.; i.e.,

v.(E) = /Eugd,uE for all E € B(£)

By Ve has uniformly bounded total variation, i.e., |v:|(Q2) < ¢, for every £ > 0,
and hence there exists a signed measure v on B(2) such that, up to a subsequence,
Ve =V as € — 0.

We can show that v = p(Y)ul™. To this end, it is enough to compute the limit
of v.(A) for every open set A C Q with Lipschitz boundary. Given A, we set
A =U{Y!:Y! C A}. We have

ve(A) :/Uedﬂs :/ Usdﬂe+/\ Uedfle,
A Ac A\A.

‘/ Usdfie
A\A.

and pe(A\ A:) — 0, as e — 0. By the definition of u’

/AE uedpre = p(Y) /A Uedr = p(Y) (/Aﬂsdx— /A\AE ﬂsda:> - u(y)/Agdfc.

Since

where
< cpe(A\ A)' 7,

‘/ ﬂgda@‘ < LA\ A)F,
A\A,
and L"(A\ Ac) — 0 as ¢ — 0. Hence we obtain that

ve(A) — p(Y) /Aﬂda:, as e — 0,

which means that v(A) = pu(Y) [, udz, ie. v = p(Y)ul".

Proof of (b). We have to prove that @ € W1P?(Q). To this end we note that, by
(H1) and (14)), we have

2.

i,j€Ie,|i—j|=1

i
Ug — Ug

p
— e [ Duucpdn < K. (20)
Q
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for a positive constant K and for every € > 0, with I, = {i € Z : gi + (—,e0)™ C
Q}. To prove that u € WhP(Q) we fix [ € {1,...,n} and show that 687“1 € LP().
More precisely, for every ' CC € we construct a function vl € LP(€Q’) which is
piecewise affine in the variable (z;), and such that

e — vl < ce (21)

1
[raee 5
i€l li—j|=1
for every ¢ > 0. Clearly, from (21 and , up to a subsequence vl — U weakly
in LP()). Moreover, , imply that 22 € LP(Q). Since [ is arbitrary, then
u,w € WHP(Q). By summing over [ in , and passing to the limit, also
follows.
Now we prove and . Let i € Z™, and let

SU = U{YS VI CQj—i=dep, A€ LY.

In this region S we define v!, depending only on z;, as the affine interpolation of
the values uJ. In this way, when Y7 C S we have

/j [G. — vl |Pdx < Z |uf — ul[Pem.
Y,

: k—jl=1

and

iyl
U’E ué:p

(22)

x 3

Then, given ' CC €, for ¢ small enough we have Q' C U;S%? and then

[a. — vl |Pde < Z/Sl,img—vé\pdx
7 =
> OY Y e

i yIcsbtk—jl=1
OB
i yZcsbtk—jl=1
which implies . On the other hand, by construction, if Y7 C SL% then

/ ol k
v?

P uf —ul
d — ’ 3 3
817[ v Z 3
[k—j|=1

so that, summing over i, j, by also follows.
Proof of (c). To show , we can use the Compactness Criterion by Fréchet and
Kolmogorov (see, for instance, [B]) and prove that, for every w CC Q, and every
1 > 0, there exists § > 0, ¢ < dist (w, R™ \ ), such that for every h € R", |h| < 4,
then

Q/

IN

/ . |Duau|pdﬂe < KeP,
YIUYE+(—eb,e6)n

peh

2 )

[7hte — el Loy <, (23)
where we have set 7,u. () = u.(x + h). Let us start by assuming h = Ae; (or, more
generally, h = Xe;, i € {1,...,n}). If we prove inequality for such h, then
by the triangle inequality we can obtain the same result for every h € R™. Let us
take a function . and a point z € w. Then, there exist 4,/ such that z € Y, and
x+h € Y!. Hence U.(x) = ul and u.(z + h) = ul. By (H})

(o) ~ el B = it~ kP < o2 [ Dy P,
S(z,h)
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where we have denoted by S(z, h) the set S;;+(—4,0)™, which depends on the choice
of x and h. If we integrate with z € Y, we have

/Yi [te(z) —u(x + h)|Pde < co2P2nel™™ /w (/S( " |Du5ue\pdue)dx

cOZPZnep/ |DpseyelPdpse

IN

where S(x,h) C S(YZ, h) =U{S(z,h) : x € Y}

Now, we may sum over I. = {i : w C UY? C Q}, noting that the number of
induces i, j such S(Y?, h) N S(Y7, k) # 0 is of the order of |hle™! (the ratio between
the size of S(YZ, h) and the size of Y), and we have

> / e(z) — U (x + h)|Pda < 6p|h|s_1co2p2n/ |D,.. uc|Pdyc.
iel. 7Y @

By , then we have
||7—hﬂ€ _EEHLP(LU) < |h‘€p—1c7
and hence follows. The compactness criterion implies that, up to a subsequence
u. — v, but since we already know that w. — @ then v = w and the proof of
is complete.
To conclude the proof, we have to show that holds true. By applying (Ho)
in each cell Y7

lue — T |Pdpe < csp/ |Dy ue|Pdue < KeP.
o o
Hence, to prove it is enough to show that
(U [Pdpe — [ulPdL"
Q o

for a fixed open set Q' CC Q. Let us fix n > 0 and 7 such that Q' cc Q" cC Q
and

/ [P dL™ < / [a|” dL™ + 1. (24)
Q// Q/
Let I' = {i: Y CcQ}, I/ = {i : Y C Q"}. From 7 there exists €9 > 0 such

that for every ¢ < g
[ mpacr—n< 3
v i€l!

/Y e, (25)

By our definitions, we have

S [ < [ miran <Y [l (26)
vi o

iell iell
By the definition of u¢, for each Y C Q we have
[P die = (5 = )l = ) [l ace

Hence, from we deduce that

Y [ mpact < [ pdn<am Y [ e

i€ll el
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and so
u(Y) h@@dcn—nf;/“h@wduss;4Y>/‘ﬁkwdcw
v Q Qr

Taking the limit as € — 0 we conclude that
p(v) [ det —n <t [l < ) [ e o,
QO e—0 Q/ Q

Since 7 is arbitrary, we have shown . O

Remark 2 (compactness with boundary data). If u. € VVlif (R™, u1c) are such that
ue = ug € WH(R™) on R™ \ Q and sup, [, Dy uc|Pdp. < 400 then we deduce
that holds with € in place of .

In fact, from the scaled condition (H;) and a discrete Poincaré inequality we
deduce that @, are equibounded in L} (R™), from which in turn we deduce that
also sup, [o,, [ue|Pdp. < +oo from (Hy) for all Q”. We may then apply Proposition
2.1| (¢) with Q" strictly containing €.

3. The main result. In this section we state our main result concerning the
asymptotic behaviour of the family of functionals F. 4+ G, in the sense of I'-
convergence. To this end, we note that Lemma [2.I] implies that the family of
functionals (F. + G.)c is equicoercive with respect to the convergence in . For
this reason, we introduce a specific notation, setting

u. 5 = Uepte — p(Y)ul” (27)

as e — 0%, for u. € WHP(Q, p.) and u € WHP(Q).

Our aim is now to compute the I'-limit of the sequence (F. + G.): as ¢ — 0,
with respect to the convergence in . For the reader’s convenience, we recall the
definition of I'-convergence adapted to the present context (see [10], [7]).

Definition 3.1. Let F. : WYP(Q, u.) — R, F : WHP(Q) — R. We say F. I'-
converge to I, or that
F =T(ue)- lim F
e—0
if for every u € W1P(Q)
(a) (liminf inequality) For every u. € W'P(Q, i.) such that u.+5u
F(u) < lim iglf F.(ue).
E—
(b) (existence of a recovery sequence) For every u € W1P(Q) there exists a se-
quence u. € WHP(Q, u.) such that w50 and
F(u) > limsup Fg(u,).
e—0
Theorem 3.2 (homogenization theorem). Let p be a Y -periodic Radon measure
on R™ satisfying conditions (Hi), (Hs), and let F.,G. be defined by (). Let Q be a

bounded open set with Lipschitz boundary. Then F. + G. T'-converges on W1P(Q)
in the sense of Deﬁm’tion to the functional F + G : WHP(Q) — R, defined by

ﬂwzénmwwm mwzmméwmx
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where from : M™*™ — R is a quasi-convex function given by

fuom(©) = tim nt{zz [ . Du @) 9y) — €y € WEOT) 0 |
(28)
such that
BIEP < fron(©) < ka1 +[€F)  for all € € M, (20)
with 0 < k; < ka.

In the theorem above we have used the notation v € WO1 P(A, 1) meaning that
the extension by v = 0 outside A gives a function in WP (R", ).

Remark 3 (extensions and consequences). (a) Note that the same result holds
considering in place of F. the functionals

/ f(f, Du) dpie u e C™(Q)
O €
(where Du is the usual pointwise gradient), upon defining

fuon(@) = Jim iz [ 10 D@ 0() ~€-y € CTODM]. (0)

T—+o0
the proof being exactly the same.

(b) In place of (or in addition to) the term G. a boundary condition can be
required restricting the domain of F; to those u € Wécp (R™, pe) satisfying u = w
on R™\ ), where w is a fixed function in W>°(R"). In that case the I'-limit is the
restriction of F' to w 4+ Wy () (see Step 6 in the proof of Theorem .

(c) Both in the case of Theoremand with boundary conditions, the functionals
considered are equi-coercive with respect to the convergence u. 5w, and thus the
I'-convergence result implies the corresponding convergence of minimum problems.

The following proposition and lemma will be useful in the proof of the liminf
inequality and in the construction of recovery sequences. Note that both results deal
with Lipschitz target functions, which belong to all the Sobolev spaces we consider.

Proposition 1. Assume that p satisfies conditions (Hy) and (Hsz). Let w €
Wheo(Q), we € WHP(Q, u.) be such that w.~Sw, and

/ (|w5|p + |D/L5w5|p)d,uE <cg, for all e > 0. (31)

Q
Then, for every open set Q' CC §
|we — w|Pdpe — 0, as € — 0. (32)
QI

Proof. Tt is enough to consider the case where w = 0, since, in the general case the
following arguments hold replacing w. by w. —w. Note that our assumptions imply
that w. — 0 weakly in LP(Q2) (see in Lemma [2.1)). Let I.(Q)={i € Z" : Y C
Q}. Given ' CC Q, then for € small enough we have Q' C U{Y. : i € I.(Q)}, and
by (Hs), we can estimate

/ ‘we - ws| d,LLE < Z / - Es|pd,us

i€l ()

ce? Z / |D, we [P duggcep/|DuEw5| dise.

€1 ()

IN
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By it follows that
/ |we — We|Pdpe — 0, as € — 0.

Since

/ [P dz = u(Y) / . P dpe,
uYy uY;

if we prove that w. — 0 also strongly in LP(Q)), then follows immediately, and
the proof is complete. To this end, we can again use the Compactness Criterion by
Fréchet and Kolmogorov and prove that, for every w CC €2, and every n > 0, there
exists § > 0, § < dist (w, R™ \ ©2), such that for every h € R™, |h| < §, then

||Thm5 - E£~:HL2“(w) <, (33)

where we have set 7,W.(z) = W.(x + h). We begin by assuming h = Ae; (or, more
generally, h = Xe;, i € {1,...,n}). If we prove inequality for such h, then by
the triangle inequality we can obtain the same result for every h € R™. Let us take
a function w. and a point # € w. Then, there exist 4,/ € Z" such that z € Y, and
r+h €Yl By (Hy)

[We(z) — We(z+ h)|P = |w§ — wi\p < co2p2n/ |D,, we|Pdpie,
Se(x,h)

where we have denoted by S¢(z,h) the set £S; + (—¢&d,£0)™, which depends on &
and on the choice of x and h. If we integrate with = € Y, we have

/ [We(z) — We(z + h)[Pdz < 002p2n/ (/ |DMEwE\pdu€)dm‘
i v NS se(a,h)

< co2p2n/ (/ |Dusw€|pd,u5>dac
S(Yi,h) “JSe(x,h)

where S¢(z,h) C S(YZ, h) := U{S*(z,h) : z € Y}}.

After summing over I, = {i : w C UY? C Q}, noting that the number of indices
i,j such S(Y2, h)NS(YZ, h) # 0 is of the order of |hle™! (the ratio between the size
of S(YZ, h) and the size of Y7), and we have

3 / @, (2) — . (x + h)Pdz < [h|e"1eo272n / ( / Dy Pdpc) do.
el 7 Ye vi NS (x,h)
By , we then have

| ThWe — WellLp(w) < |hle" e,

and hence follows. The compactness criterion implies that, up to a subsequence
we — v, but since we assume W, — 0 then v = 0 and the proof of the proposition
is complete. O

Lemma 3.3. Let A C Q be an open set with Lipschitz boundary, w. € WHP(Q, ue),
w e Whe(Q), w.L5w, and (F. + G.)(w.) < ¢ for every € > 0. Then, for every
e > 0 there erists a function (. € WYP(Q, u.) such that (. = w in a neighbourhood
of OA, including Q\ A, and

(Fe + Go)(Cey A) < (Fe + Ge)(we, A) +0(1)

as € — 0.
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Proof. Let B CC A be an open set with Lipschitz boundary, and let dist (B, 0A)
0. For every N € N, and every j =1,...,N +1, let B; = {z € A : dist (z,0B)
N+2} Hence we have B CC By CC ... CC Byy1 CC A. Forevery j =1,...,
let ¢; be a cut-off function between B and Bjiq, ie., ¢; € C°(Bj+1), ¢; =11in
a neighbourhood of Bj, 0 < ¢; < 1. By construction dist (B, dBj+1) = NL_‘_Q for
every j, and hence we may choose ¢; such that there exists a constant ¢ > 0 such

Z A

that |Dyp;| < c2F2 for every j.
For a fixed j = ]( ) € {1,..., N}, to be chosen later, we set (. = @,;w. + (1 —
pj)w € WHP(Q, u.). Note that

(- =w. in a neighbourhood of Bj, (c=w inQ\Bj,

and D, (. = ¢; D, we + (1 — ;) D, pj(we —w). In particular
(=w inQ\A, foralle>D0.
Now, we evaluate the energy F.((., A). We have

F.((,A) = F.((., Bj) + Fe(Ce, Bjy1 \ Bj) 4 Fo(Ce, A\ Bjy1) (34)

First of all, we have
F.(¢.,B;) = F.(we, Bj) < Fe(we, A).

As for the second term in , where, for simplicity we set Bj1q \Ej = Cj, by

we have

F.((,C5) < c/ (1+|Du€w5|p+|D#€w|p)dus+c/ |Dy. ;P lwe — w|Pdpe

N +2\r
cas(Cj)Jrc(TJr) /C |we — w|Pdpe,

where we have used the notation

7.C) = [ (14 IDucwel? + D0l e
C

IN

Since UY,Cj = Bny1, and 0. (UN,C;) = vazl 0-(Cj), then there exists j €
{1,..., N} such that

c
Oe 05 U C / 1 + |Dp wel? + |DMEw|P)d,u8 < N

for every € > 0. As for the second mtegral, by Proposition [I] we know that

N +2 N +2
(;y)/ |we — w|Pdpe < (;y)/ |lwe — w|Pdpe — 0 ase — 0.
0 c 5 B

As for the last term in we have

F.(¢.oA\Bjp1) < ¢ / (14 | Dy w]P)dpse
A\B

< . / (1 + | DwlP)du. = en(Y) / (1+ | Dwl?)dL" + o(1)
A\B A\B

as € — 0. Up to now, we have shown that

N +2\?
PG ) < Fulwes A+ e S52)" [ o= wldic e [ (4 IDul)ae
6 A A\B

N
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Since for G.({., A) we have that
Gt )= [ (6P < [ e+ 27 [ (up -+ ),
A A\B
and
/ _(Jwe|? + |w|P)dpe = 2M(Y)/ _|wlPdL™ + o(1),
A\B A\B
we conclude that

F.(¢,A) < Fo(we, A) + % + C/A\B(l +|D,, w|P)dL™ + o(1),

and analogously

(Port Go)(Ge A) < (Pt G e, A) g +en(Y) [ (1wl +1D, 0 )L™ +o(1)
A\B

as € — 0. Since the last two terms in the above inequalities are arbitrarily small
when 6 — 0 and N — 400, we have completed the proof. O

We now face the proof of the main result, which uses the localization methods
of I'-convergence. The main issue here is to relate the lower-semicontinuity and
measure properties of the functionals defined on the varying Sobolev spaces with
respect to the measures p. to the analogous properties on the usual Sobolev spaces.
On one hand we will identify those functionals with energies defined on a com-
mon Lebesgue space by a ‘discretization’ argument to deduce lower-semicontinuity
properties, on the other hand we will use Lemma [2.1] and Proposition [I] to relate
convergence and measure properties in the different spaces. Note however that some
regularity on the set {2 must be imposed to obtain such a correspondence, as shown
by the counterexample in Section [

Proof of Theorem Our aim is to prove that F; +GELF+G in the sense of Def-
inition This will be done through an adaptation of the localization techniques
of T-convergence (see [10, [7], 5] [@]).

Step 1 (localization and compactness) Let A(€Q) be the family of all open subsets
of Q. We set F.,G. : WhP(Q, ) x A(Q) — [0, +o0] as
x
F.(u, A) :/ 7(2, Do) dpie, Gelu, 4) = / Jul? dps.
A N\E A

for every u € W1P(Q, u.) and every open set A C Q. If A is an open set with
A CC Q, then by it immediately follows that if we prove the I' convergence of
F, to F with respect to the convergence

ue+5u and sup [[ue|| e (o,p) < +00 (35)
then
(F- + Go)(, A (F + G) (-, A) (36)

in the sense of Definition B.11

Since the topology induced by the convergence satisfies the second count-
ability axiom on bounded sets, then, up to a subsequence, there exists

I- lir%FE(~,A) =F(,A) forall Ae A,
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where Ay is a suitable countable dense family; e.g., the family of all finite unions of
open rectangles with rational vertices compactly contained in 2. Now, F(-, A) can
be extended to the family A(2) of all open subsets of Q by inner regularity, setting

F(,A) =sup{F(,A): A € Ay, A’ C A}. (37)

Step 2 (Fundamental Estimate). A crucial step is to proving a version of the so-
called Fundamental Estimate in this context. More precisely, we have to show that
for every n > 0, and every A, A’, B € A(Q) with A’ CC A, there exist M,eq > 0 such
that for all € < ¢, and all u,v € WHP(Q, u.) we construct a function ¢ € C5°(B),
with 0 < <1, and p =1 in A, such that

F.(pu+(1—¢)v, A UB) < (1+n) (Fg(u,A)—&-FE(v,B)) —i—M/B/ lu—v|Pdue (38)

where B’ C C (ANB)\A’. Moreover, if we have sequences u., v. with sup_ (F(u, A)+
F.(v,B)) < 400 we can choose B’ independent of &, up to subsequences.

This property can be proved adapting an argument orginally introduced by De
Giorgi. The proof that we sketch is analogous to the one proposed in [7]. Given
n > 0 and the open sets A, A", B € A(Q) with A’ CC A, define § = dist (A’,0A),
and fix N € N. Denote 4; = {z € A : dist(z,04") < Nj—iQ}, for every j =
1,...,N + 1. In this way, we have A’ CC A; CC ... CC Any+1 CC A. For each j
we choose ¢; € C§°(Aj4+1), 0 < ¢ <1, and p; =1 in a neighbourhood of A;. Since
dist (A;,04,11) = NLH, then |Dy;| < ¢2F2. Tt is clear that ¢ = pju+ (1 —;)v €
WLP(Q, p1e), ¢ = u in a neighbourhood of 4;, ( = v in a neighbourhood of Q\ 4, 1.
Moreover, it can be checked that D, ¢ = ¢; D, u+ (1 —¢;)D, v+ D, @;(u—v).
Now, we estimate

F(¢A'UB) < Fe(u, A) + F(v, B) + F:((, Cy),

where C; = (4,41 \ A4;) N B. Note that UN_,C; = Ay41 N B C AN B. To prove
we have to estimate F.((,C;). From (4] we have

RCC) < e [ (1+1DuCP)die
J
c; cy
N +2\P
< e [ (141Dl + Dol )+ o2 [ u ol
c; C;
(39)
We denote

0:(C) = / (1 + [Dp.ul” + |Duev|p)dﬂe-
c
Since UY ,Cj = An41N B, and 0. (UY,C;) = Zfil 0:(Cj), there exists j such that

1 1
o:(Cj) < 7‘76(UN Cj) = NUE(ANJrlmB)

N J=1
1

< = (1 + [Dyul” + [Dy v[P) dpe
N Janp

<

1 1 1
—u:(ANB —F, A)+ —F_.(v, B).
N/’(‘E( )+C1N E(U’ )+ClN 5(U7 )
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In the following we shall choose N large enough, such that
£ <, L <n.

N ca N

By setting B’ = C} then follows.

Step 3 (identification with functionals on a Lebesgue space) It is convenient to
identify the family of functionals F, + G. with a family H. defined on the usual
Lebesgue LP spaces. To that end we define for all open sets A the functionals

H.(-,A): LY (Q) — [0, +00] by
inf{(F. + G.)(v,A) : v € WHP(Q, 1) such that v, = u}
H.(u,A) = if u is piecewise constant in A
400 otherwise,
(40)

where, for every v € WHP(Q, u.),
1 / .
, [ wdue fYicCQ
Ve = ZU;XY;’) vl = pe(YY) Jys : ‘
i 0 otherwise.

(41)

As done for the functional F above, we may suppose that the T-limit H of H.(-, A)

exists for A in the same class Ay with respect to the convergence in LY (£2), and

we extend such H to a functional H by inner regularity.
We now show that H(u, A) = (F + G)(u, A). Indeed, if A € Ay and v.~5u then

hmi(l)lf(Fe(’Ue, A) + Ge(ue, A)) > limiélfHe(ﬁs,A)) > H(u, A),

which shows that (F 4+ G)(u, A) > H(u, A); on the other hand, if u. — win L ()
is such that H(u, A) = lim. o H:(u, A) then we choose T, such that F.(v., A) +
G.(t., A) < H.(ue, A) +0(1). Note that by Proposition [2.1] we have 7. -5 locally
in A, so that we get

H(u,A) > limi(r)lf(FE(fE, A+ G (v, A)) > (F+G)(u, A)

for all A’ CC A, which proves the converse inequality.

Step 4 (integral representation). Here we show that there exists a Caratheodory
function ¢ : Q x M™*™ — [0, +00[, such that

krl€P < (&) < ko(1+)€P)  for all € € M™*™,

and

Flu,A) = / o(x, Du)dx  for all u € WHP(Q), A € A(Q).
A

To this end, we apply an integral representation result on Sobolev spaces, as Theo-
rem 9.1 in [7]. We have to check that F(u, A) satisfies properties (i)-(v) therein for
all w € WHP(Q) and all A € A(Q); i.e.,

(i) (locality) F is local, i.e., F(u, A) = F(v, A) if u = v a.e. in A € A(Q);

(ii) (growth condition) there exists ¢ > 0 and a € L' (£2) such that

Flu, A) < /A (a(z) + |DulP)dL”

for all u € WHP(Q) and A € A();
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(iii) (measure property) for all u € W1P(Q) the set function F(u,-) is the restric-
tion of a Borel measure to A(Q);

(iv) (translation invariance in u) F(u + 2, A) = F(u,A) for all z € R™, u €
Whr(Q) and A € A(Q);

(v) (lower semicontinuity) for all A € A(Q) F(-, A) is lower semicontinuous with
respect to the weak convergence in WP (Q).

First we note that (v) follows from the previous step, since F(-, A) coincides
with H(-, A) — G(-, A) for A € Ay, which by definition is lower semicontinuous with
respect to the LP (€2)-convergence. Hence F(-, A) is lower semicontinuous as the
supremum of a family of lower semicontinuous function, for all A € A(Q).

The proof of (i) is a direct consequence of the definition of I'-convergence and
the locality property of the functionals F..

The proof of (ii), for u € WH>(Q), is a consequence of the growth conditions
. In fact, by the pointwise inequality |D,,_u| < |Dul, then for each u € W1>°(Q),
Ac A(Q)

Fuu, 4) < C2/ (14 D ul?) dp. < cz/ (1+ | Dul?) dp..
A A
Note that if A’ C C A is Lipschitz then we have
i [ (14 DuP)d = (V) [ (14 |DuP) do < ) [ (@4 Dul?) da
e Al Al A

and hence for all A € A(Q)
Flu, ) < conlY) [ (14 [Dul) do. (42)
A

By the lower semicontinuity of F with respect to the W 1P-convergence this inequal-
ity extends to W1P(Q) by approximation.

Actually, F satisfies also a lower bound on W1?(Q). In fact, if we choose u.-~5u
such that

sup |[ue | Lr(,py < +oo  and F(u, A) = shi% F(ue, A),

then, by , which is valid also with 2 replaced by any Lipschitz subset of A, we
obtain that

ko
/ |Duf? dz < = F(u, A). (43)
A €1
Hence, we have proved that there exist kq, ks, such that 0 < k; < ko and
kl/ \Dul? do < F(u, A) < kg/(1+|Du|p) iz (44)
A A

for all w € WHP(Q), and every A € A(Q).

The proof of (iii) is more delicate. According to the De Giorgi - Letta Criterion
(see Theorem 10.2 in [7]) we have to show that, for every u € W1P(Q), the set
function F(u,-) is additive, and inner regular. The superadditivity is obviuous.
The proof of the subadditivity, which is based on the Fundamental Estimate ,
and the upper bound , can be obtained by arguing as in the proof of Proposition
11.6 in [7].

The proof of (iv) is a direct consequence of the definition of I'-convergence and
the translation invariance in u of the functionals F.
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A classical translation argument, independent from the functional setting, shows
that indeed ¢(z,&) = @(§) (see [7] Proposition 14.3). By Theorem 9.1 in [7] we
then have that

Fu, A) = / o(Du)dz  for all u € W'P(Q), A € A(Q).
A

Step 5 (inner regularity) Note that
F~(-,A) :=T- limi(r)lng(-, A), F*(-,A) :=T-limsup F.(-, A),
e—

e—0

defined for every A € A(Q) satisfy by definition
F (A =F(,A) =F*(,A), forall Ac A.

If we prove that F~ (-, A), FT(-, A) are inner regular on Lipschitz open sets, then it
follows that .
F(,A)=TI- lir% F.(,A)
E—

on those sets, and in particular on Q. Now, the inner regularity of F*(-, A) follows
from the Fundamental Estimate proved in Step 2 (see, for instance, [7], Chapter
11), upon remarking that the condition that A is Lipschitz is used when using the
upper estimate.

Step 6 (convergence with boundary data) From Remark [2 and Lemma we
deduce that given w in W1°°(R") the functionals given by

F&;UJ(U/’A) _ {Fe(u’A) lf’uE If[/llof(RnhuE)a U = w on Rn\A’
+00 otherwise
I'-converge to

FY(u,A) = {

for all A with Lipschitz boundary, and that F are equicoercive.

F(u,A) if u€ WEP(R™), u = w on A,

ocC
400 otherwise,

Step 7 (homogenization formula) Another usual subadditivity argument shows that
the limit defining fhom exists ([7] Proposition 14.4). To prove the equality ¢ = fhom,
it suffices then to apply Step 4 with w = -z and A = (0,1)™, and the convergence
of minimum problems for I'-converging equi-coercive sequences to get

pl§) = min{/(0 e o+ Du)dx :u € WOLP((O, 1)";Rm)}

— lim inf{FE(g crtu, (0,1)") u € WEP(R™, 12), u =0 on R™\ (0, 1)"}

e—0
= fhom (6);

where we have used the quasiconvexity of ¢ in the first equality. As a consequence,
we have obtained that

F(u,A) = F(u, A) for all u € WHP(9Q), (45)
and A with Lipschitz boundary. Moreover, the convergence in and hold
true as € — 0 independently on the subsequence.

Step 8 By Step 1 we have proved the I'-convergence for A CC Q. We now
conclude the proof by showing that it holds also on the whole 2.
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We first assume that u € W1°°(Q). We prove the I-limsup inequality (b). The
proof of I'-liminf inequality (a) is similar. For every constant n > 0, there exists a
regular set A, CC 2 such that

/Q\A (14 [l + | Dy ul?) due <7 Ve > 0. (46)

Let u. € WYP(Q, u.) satisfy condition (b) in Definition for the functionals
(F. + G2)(- Ay), (F+G)(, Ay), ie. u-+>u and

(F + G)(u, An) > limsup(F: + G:)(ue, An)'

By Lemma there exists v. € W1P(§, u.) such that v. = u in Q\ 4, and
limsup(F: + G¢)(ue, Ay) > limsup(F. + G.)(ve, Ay).
€ €

Now, by our assumption

limsup(Fr + Ge)(ve, 4y) > limsup(F: + Ge)(ve, Q) — 1

So we have obtained that

(F+G)(u,Q) > (F+G)(u, Ay) > limsup(F: + G:)(ve, Q) — 1.

By the arbitrariness of 7 we have proved condition (b) in Definition for u €
Whoo(Q) and A = Q.

Now we show that the Definition is satisfied also when u € W1P(Q) and
A = Q. In this case, the I'-liminf inequality is trivial. To prove the I'-limsup
inequality, let u € WP(Q) and u; € WH*°(Q) converge strongly to u in W1P(Q).
By the lower-semicontinuity of H (defined above, in Step 4), the continuity of F/+G,
and the fact that H = F' + G, we have

I-limsup(F; + G:)(u, Q) = H(u, Q) < Iiminf(F + G)(u;,Q) = (F + G)(u, Q)

e—0 Jj—+oo

as desired. O

4. A counterexample.

Remark 4. As for the case of functionals defined on measures dealt with in [2] and
contrary to the usual homogenization results in the framework of ordinary Sobolev
spaces, the hypothesis that (2 has a Lipschitz boundary cannot be removed from
Theorem To check this, we can use the same geometry as in the corresponding
counterexample in [2], where n = 2 and

o0

Q= (U@ -27""a+27x 0.1) U (UJO.1) x (@ - 27 g +277%),
i=1 =1
where (g;) is a numbering of QN (0, 1). Take as p the measure of Example[l|and any
fin Theorem Note that, since the support of each measure 11, is contained in
1, 2. om 1, 2. 3
Q then the two spaces WM’;k (2N (0,1)*;R™) and Wulfjk((O, 1)#; R™) are equivalent,
and

Fip(u, Q2N (0,1)%) = Fy 5 (u, (0,1)%).
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he thesis of Theorem [3:2] were true, then we would easily conclude that for all v €

Wr(QN(0,1)%;R™) with F(v,2N(0,1)?) < +oo there exists u € WHP((0,1)%;R™)
with u = v on 2N (0,1)? and

wh

(1

[10]
(11]

(12]
(13]
(14]
15]
[16]

(17]

F(u,QN0(0,1)?) = F(u,(0,1)%),
ich gives a contradiction since |21 (0,1)2] # |(0,1)2].
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