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Abstract.

In this work we discuss, from a variational viewpoint, the equilibrium problem for a finite num-
ber of Volterra dislocations in a plane domain. For a given set of singularities at fixed locations,
we characterize elastic equilibrium as the limit of the minimizers of a family of energy functionals,
obtained by a finite-core regularization of the elastic-energy functional. We give a sharp asymptotic
estimate of the minimum energy as the core radius tends to zero, which allows to eliminate this inter-
nal length scale from the problem. The energy content of a set of dislocations is fully characterized
by the regular part of the asymptotic expansion, the so-called renormalized energy, which contains
all information regarding self- and mutual interactions between the defects. Thus our result may be
considered as the analogue for dislocations of the classical result of Bethuel, Brezis and Hélein for
Ginzburg-Landau vortices. We view the renormalized energy as the basic tool for the study of the
discrete-to-continuum limit in plasticity of crystals, i.e., the passage from models of isolated defects
to theories of continuous distributions of dislocations. The renormalized energy is a function of the
defect positions only: we prove that its derivative with respect to the position of a given dislocation
is the resultant of the Eshelby stress on that dislocation, which can be identified in turn with the
classical Peach-Kohler force.
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1. Introduction. Dislocations are common defects in crystals, and influence
their behavior in multiple ways: for instance, isolated dislocations generate concen-
trations of stress which affect the chemical and electronic properties of solids, while
the collective motion of large sets of dislocations represents the basic mechanism for
plastic slip in ductile solids (cf., e.g., [3], [17] and [25]).

Hence, it is of considerable interest to study the behavior both of isolated and
large sets of dislocations.

However, the study of isolated dislocations and of large clusters of defects re-
quire widely different approaches. Problems involving isolated defects involve scales
which are typically of the order of the interatomic distances in the crystal, while the
characteristic scales involved in the collective behavior of large clusters of dislocations,
typically in plasticity, are much larger. A typical example is self-organization of stored
dislocations in cell patterns [27]: the characteristic distance between the cell walls is
macroscopic, many orders of magnitude larger than the interatomic distances.

Such problems are better studied in terms of dislocation densities, rather than of
isolated dislocations, and require the introduction, in the expression for the macro-
scopic energy of the solid, of terms which depend on the gradients of the (plastic)
strain ([1], [16], [20], [21], [22]). These terms are necessarily phenomenological - for
instance, energies are assumed to be quadratic in the plastic strain gradients, but
such simple choices often lead to unphysical behavior, as shown in [8] for interfacial
dislocations in epitaxial films.

*Dipartimento di Matematica, Universita di Torino, Via Carlo Alberto 10, I-10123 Torino Italy
paolo.cermelli@unito.it

TDepartment of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA 15213, USA
giovanni®@andrew.cmu.edu



At a still larger scale lives classical plasticity: plastic strain gradients are ignored,
no internal length scale is introduced, and dislocations are only implicitly taken into
account. Classical models cannot describe the self-organization of defects in regular
patterns.

Hence, a major open problem in the theory of defects in solids is to correlate the
microscopic (isolated defects) and the macroscopic (gradient theories) approaches.
Specifically, it would be useful to develop a theoretical framework which allows to
characterize the constitutive relations of the continuum models, using the information
gained by ”ab initio” models of finite sets of dislocations.

The goal of this paper may be viewed as the first stage of this project: we give a
variational formulation of the equilibrium problem for a finite number of dislocations
in a plane domain, and characterize the energy content of a body with isolated defects
in terms of a regular function of the defect configuration, the so-called renormalized
energy.

Precisely, consider a finite number of dislocations in an elastic solid: since the
stress field induced by a dislocation is short ranged, it is reasonable to work in the
approximation of linear elasticity, which may be assumed to be valid sufficiently far
from the defect (this topic has been studied extensively in the literature, and explicit
solutions are known in special cases ([30], [25], [31])). We restrict attention to plane
isotropic elasticity!. Let © be a regular domain in R?: in linear elasticity, a displace-
ment of (2 is a regular vector field u on 2, with gradient Vu = H. The equilibrium
equations have the form Div C[E(u)] = 0, with C a linear operator from R?*? into
itself, and E(u) = £(Vu + (Vu) ") the infinitesimal strain tensor.

In this framework, Volterra dislocations may be viewed as singularities of the
field H. Precisely, fix a finite set of points {x1,...,xx} in Q, and a set of vectors
{by,...,by}, with b; € R%: we say that a tensor field H on Q\ {x1,...,zx} cor-
responds to a system of dislocations located at {xi,...,xzy} with Burgers vectors
{by,..., by}, if?

{ Curl H = vazl b; 0z, in Q (1.1)

DivC[E(H)] = 0

in the sense of distributions, where E(H) = X(H + H ") is the strain associated to

H.

Solutions of (1.1) are not unique even modulo an infinitesimal rigid motion and,
moreover, no variational principle may be associated to (1.1), since the elastic energy
of a system of Volterra dislocations is not finite.
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Hence, it is necessary to regularize the theory by removing a core Be(x;) of
radius € around each dislocation; letting Q. = Q \ (UX, B.(x;)), we solve the family
of minimization problems

in /Q W (E(H))) da, (1.2)

m
HecH(by,...,bn;Qe)

IPoint defects in plane elasticity may be effectively used to model straight edge dislocations
orthogonal to the plane of strain.

2The Curl of a two dimensional tensor field H is the vector field whose cartesian components
are (Curl H)l = (81Hi2 — 82H1‘1).



where W(E) = 1E - C[E] is the elastic energy density,

H(by,... by Q) = {H € H(Curl0; Q) : / Htds=b;, i= 1,...,N},
BBE(mi)

and t is the unit tangent vector® to dB.(x;).
Our first result show that the solutions H. of (1.2) converge strongly in L2 (2

N {zi};R?*%) as e — 0, to a solution Hy of (1.1). This solution is unique modulo

UL
a rigid motion. More precisely, we show that
N
HEHH():ZKi—FVUm (13)

i=1

where K; are distributional solutions of (cf. Proposition 3.1)

Curl H = b; 0, . 9
in R,
DivC[E(H)] =0

and ug € H'(2;R?) is a regular displacement field which is a minimizer of the func-

tional
(1.4)

Iy(u) := da—l—Z/(m K;)nds,

Q

on H(Q;R?).
The field Hg is independent of the internal length scale e, but its energy is not
finite: we obtain a sharp asymptotic estimate as ¢ — 0 for the minimum energy in

(1.2), of the form

Yo 1
Z A+ 1) \bi\ang—i—F(wl,...,wN)—i—O(E)—i—Const., (1.5)

/ W(E(H P dr( N+ 2u

where A, p are the Lamé moduli, and

N)+E11t($17"'awN 'a:I:N)v (16)

F(ch,...,iEN) = Fself(wl7"'7w )+Felastic($la-~

is the renormalized energy, with
N N

pA+ ) o
W(E(K;))da+ E ————1b;|*In R,
/Q\BR(%) — Am(A +2p)

Fself(wlwuva) -

-Fint(wlv"' Z /C ( j)da»

=1 j=i+1

N>=LW<E<uo>>da+;AQuo-0E

K;)|nds,

Felastic(wlv e, L
(1.7)

3We choose t = m' to be a counterclockwise 7/2-rotation of the outward unit normal n to

aBg (:l:l)
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and
1
0<R< min{le—y|: z#y, (z,y) € Sx (SUNM},

where S = {x1,...,&n}. It can be shown that Fy¢ is independent of R.
It is important to remark that while for special domains the asymptotic formula

(A + ) 9, 1
W(E ) da ~ bi|"In— 1.
[ ws) aZHang (1)

is classical (see e.g. [25, 31]) and can be obtained by solving explicitly the Euler
equation (1.1) (see [30]), for general domains there are various formal arguments in
support of (1.8) but we are not aware of any rigourous derivation prior to ours.

More importantly, the introduction of the renormalized energy in this context
appears to be new, and thus our result may be considered as the analogue for dis-
locations of the classical result of Bethuel, Brezis and Hélein (see Chapter 2 in [5],
see also [4] ) for Ginzburg-Landau vortices. We refer to the monograph [5] for more
details about the Ginzburg-Landau functional (see also [2, 6, 24] and the references
contained therein for more recent results).

Note that the renormalized energy is independent of the core radius, and is a
function of the defect position which fully characterizes the energy content of a dis-
located body. Hence, it provides a basis for the study of the behavior of finite sets of
dislocations.

As an example application of these ideas, we prove that the interaction energy
Fiy in (1.7)2 diverges logarithmically with the relative distance between the defects:

al uA—i—u 1
Futaran) = 3 Y vz P gy H O
=1 j= z+1

as |&¢; — ;| — 0.

When more than one dislocation is present, or an external stress is applied to
the dislocated body, defects interact between themselves and with the applied field,
by means of the so-called Peach-Kohler force [32]. Since the renormalized energy
contains all the information about defect interactions, a natural question is whether it
is somehow related to the Peach-Kohler force on dislocations. Indeed, the asymptotic
analysis of a regularized Ginzburg-Landau equation, intended to model disclinations
in liquid crystals, shows that on a long time scale defects move according to a simple
evolution equation, which has the form velocity = force on the defect ([23], [29], [28]),
where the force on the defect is defined as the derivative of the renormalized energy
with respect to the defect position.

In this line of thought, we prove the fundamental relation

Vo, F = —/ {W(B(H)1 - H] CB(H,)] b nds (1.9)
OBRr(zyk)

for R < min; 2d(z;,0%), where the integrand C = W (E(H,))1 — H) C[E(H,)] is
called the Eshelby stress. This object, also known as configurational stress, is usually
introduced in continuum mechanics in conjunction with an additional balance law,
the configurational balance, when defective structures such as interfaces, cracks or
inclusions, are present [20]. The configurational balance governs the evolution of the
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defect, and the resultant of the Eshelby stress in (1.9) may be identified with the
force acting on a defect. In the theory of elastic dislocations, the force on a defect
is defined by means of the so-called Peach-Kd&hler force, and indeed it can be shown
that the resultant of the configurational stress coincides with the Peach-Ko&hler force
on a dislocation [7].

Hence, (1.9) shows that the derivative of the renormalized energy coincides with
the force on a dislocation.

The idea that the force on a defect is the derivative of the minimum energy with
respect to changes of the defect position is the basis of Eshelby’s treatment of defects
([13], [14], [12]).  Howewver, when dislocations are present the energy is not finite,
so that Eshelby’s approach fails without modifications: our result may be viewed as
the generalization of Eshelby’s notion of force on a defect, when bad singularities are
associated to the defect itself.

2. The variational problem. Let Q C R? be a simply connected bounded open
domain with smooth boundary 0f2, with outward unit normal n. In the absence of
defect, we denote by u : Q — R2 the displacement field, with displacement gradient
Vu and strain tensor E(u) = 3 (Vu+ (Vu) ). We write

T = C[E]

for the (symmetric) Cauchy stress, with C' : Sym — Sym the elasticity tensor, a
symmetric* linear map on the space Sym of symmetric 2 x 2 tensors. For isotropic
materials, the stress has the form

C[E] = A(tr E)1 + 2uE, (2.1)

with A, u the Lamé moduli. The associated energy functional is
J(u) = / W(E(u))da (2.2)
Q

which is defined on H'(€2; R?). Here W(E) = $E - C|E] is the strain energy density,
and we assume that the elasticity tensor C is positive definite.® In plane elasticity
and for isotropic materials this is equivalent to requiring

w>0 and A+p>0. (2.3)

In this paper we shall only deal with isotropic materials.

When defects such as dislocations are present, the displacement field is not single-
valued, and the equilibrium problem must be formulated in terms of a 2 x 2 tensor
field H, defined away from the defects, and such that Curl H = 0. The field H plays
the role of displacement gradient but is not necessarily the gradient of a displacement
field globally defined on : we will continue to use the denomination strain tensor
associated to H for the symmetric part of H, writing

1

E(H) =

(H + HT) . (2.4)

4le., E-C[F] = F-C[E] for any E, F € Sym, where - is the inner product of 2 x 2 tensors.
5Which implies that there exist constants c1,cz > 0 such that c1|E|? < W(E) < c2|E|? for any
E ¢ Sym.



More precisely, we are interested in situations in which the field H has a finite number
of singularities in ©: to this purpose, let {x;};=1,... ~ be a finite sequence of points in
Q, and for € > 0 let

N
0. =0\ (U Ba<sci)> :

i=1
and consider the space
H(Curl; Q) := {H € L*(Q;R**?) : CurlH € L*(Q;R>?)} . (2.5)
Following [11] we set
H(Curl0;Q.) :={H € H(Curl;Q.) : Curl H =0}.

We say that H € H(Curl0; €2.) corresponds to a system of dislocations located at x;,
with Burgers vectors b; and cores Be(x;) , if

/ Htds=b;, i=1,...,N, (2.6)
aBE(w’i)

with ¢ the unit tangent to dB.(x;), obtained by rotating counterclockwise by /2
the outward unit normal n to dB.(x;). Here we have used the fact that for each
i=1,..., N the trace map

H— Ht

defined on C>(Q.;R?*?2) extends by continuity to a continuous linear mapping, still
denoted Ht, from H(Curl; Q) to H=2(0B.(z;);R?) , (see e.g. Thm. 2 page 204 in
[11]). With an abuse of notation for every ¢ € Hz (dB.(x;)) we continue to denote by
faBE(mi) @ Htds the value of the linear mapping Ht applied to ¢. We shall denote by
H(by,...,byn; Q) the closed subspace of H(Curl0; €2.) of tensor fields corresponding
to systems of dislocations with Burgers vectors b, i.e.,

H(by,...,bn;9.) = {HGH(CurlO;QE) : / Htds = b;, i:l,...,N}.
o

Be (i)
(2.7)
The strain energy functional is defined as in the absence of defects (cf. (2.2)),
J.(H) = [ W(BH) . (2.8)
QE

and the associated minimization problem is
(Mg ,): Minimize the strain energy functional over all systems of disloca-
tions located at given points (x1,...,xy), and with given Burgers vectors
(b1,...,bn), i.e., find the solutions of

J(H). (2.9)
PROPOSITION 2.1. Assume that the elasticity tensor C satisfies condition (2.3).
Then

Ha EH(bl,...,bN;QE)
6



is a minimizer of (2.9) if and only if H. is a weak solution of the Neumann boundary
problem

{ DivC[E(H.)] =0, in €2, (2.10)

ClE(H.)]n = 0, on 99, = QU (UN,0B. (1)) .

Moreover H . is unique modulo an infinitesimal rigid-body motion.
Proof. Since J. is quadratic it follows from standard arguments in the Calculus
of Variations that H. is a minimizer if and only if satisfies the weak Euler equation

/ C[H.] - E(w)da = 0, for all w € H'(9;R?). (2.11)
Q.

Indeed, note that, for every H, H e H(by,...,by;€.), there exists w € H'(Q.;R?)
such that H = H 4+ Vw: moreover, for ¢ a real parameter,

Jo(H +tVw) — J.(H) = t/ C[H] - E(w)da + t*J.(Vw),
Q.

and this proves the assertion.

To prove uniqueness let H. and H. be two solutions of (2.11), then H. =
H_.+ W, with W a constant skew-symmetric tensor: indeed, since H. and H. both
belong to H(by,...,bx;), then H. = H. + Vu for some u € H(Q;R?), which
satisfies the equation

/ C[E(u)] - E(w)da =0, for all w € H'(Q;R?);
Qe

choosing w = w and using the strong ellipticity of C, this implies that E(u) = 0,
and, in turn, that u(x) = a + W, with @ and W a constant vector and a constant
skew-symmetric tensor respectively, which proves the assertion. O

REMARK 2.2. Uniqueness of the solution of (2.9) is guaranteed for instance by
assuming that the total infinitesimal rotation of the body vanishes, i.e.,

/ (H. — H])da=0. (2.12)
Qe

3. Existence for a single dislocation in a ball. In this section we consider
the special case where

Q = Br(xo)

and we have a single dislocation located at xy and with Burger vector b. We are
interested in the asymptotic behavior as ¢ — 0T and R — oo of the solutions of the
minimization problem

min / W(E(H))) da. (3.1)
HEeH (b;Br(z0)\Be(%0)) J B (20)\B: (z0)

PROPOSITION 3.1. Assume that the elasticity tensor C satisfies condition (2.3)
and let Ky g be the unique solution of (3.1) such that

/ (Kber — KJ@R) da = 0. (3.2)
Br(x0)\B:(xo0)
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Then {Kp. r} converges uniformly on compact subsets of R?\ {zo} as e — 0 and
R — oo to the function ©

1
Kyp(x;x0) := mb@ (& — x0)" + Vo(x — x0), (3.3)

with

_ plog|z| At p
R =y v R v v e R LA A

which is a solution in the distributional sense of the system

{ Curl H = bdy, g

Div C[E(H)] = 0

Proof. By Proposition 2.1 and Remark 2.2 the functions Ky . r are given by the
solutions of (2.9) in Br(wo) \ Be(xo) satisfying (3.2). In the isotropic case, these are
explicitly known [30]:

Ky r(z;20) = Kp(x;20) + Vwp e r(T — T0), (3.5)

where

Qe A+ 3p
o) = T T T Tl (& o

(A +p) e’ R?
2m(A + 2p)(* + R?)|x|* {(b-zh)z+ (b-z)2'}.

A straightforward calculation shows that K . r satisfies the constraint (3.2) and the
Euler equations (2.10). Uniform convergence to K is immediate.
It is easy to see that m b® (x — xy)* satisfies

Curl H = by, (3.6)

in the sense of distributions, and it is clear that all other solutions have the form
m b® (x —x0)t + Vo, v a vector field in W} (R%R?). A straightforward
calculation shows that choosing v as in (3.4) we obtain that K also satisfies

DivC[E(H)] = 0, (3.7)

and the proof is complete. O
REMARK 3.2.
(i) The field Kp may be regarded as the deformation induced by a dislocation
with Burgers vector b in the whole plane. By introducing polar coordinates
(0,7) centered at xg, with associated basis (e,, ey), we may write

1
Ky=—b®ey+ Vvp, (38)
2o

6Given a vector v, we denote by vl the vector perpendicular to v obtained by rotating v
counterclockwise by /2.
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with
plogo | At p

=— — b- b- . 3.9
The complete expression for K in polar coordinates is the following
1
Kb = m [/J/(b . 619)69 39 eg —+ (2)\ —+ 3/1/)(17 . eg)eg X €y

—u(b-eyley e, + u(b-eg)ey ® ey,
and the corresponding stress tensor is

pA + 1)

" e g (O e S ee

+(b-ey)e,@egt+ey®ey) +(b-eyleysRey}.

Note that K is homogeneous of degree —1 in p so that we may write
1
K (0,05 @0) = 2 Ly (), (3.10)

where Ly is independent of ¢ and xg.
(ii) In what follows we shall use extensively the family of tensor fields

Ky (z;20) := Kp(x;20) + Vwp . (x — x0), (3.11)
with

Atpe 1
(+2M|$|4{bx )x+ (b-x)x}.

(3.12)

which have the property that DivC[E(Kp.)] = 0 on R? \ B.(zp), and

ClE(Kp.)n = 0 on 0B.(x). Notice also that wp. — 0 uniformly on

compacta in R? \ {zo}.

wpe(x) = lm wp p(z) =

4. Existence for systems of dislocations in a bounded domain. In this
section we study the asymptotic behavior as € — 07 of the solutions of the minimiza-
tion problem

min / W(E(H))) da,
HEH (b1,....bn:Q:) Jo,

where, we recall,
H(by,...,bn; Q) = {HGH(CurlO;QE) : / Htds = b, il,...,N},
oB (wz)

and where x1,...,xy and by,...,by are given sets of points in 2 and of Burgers
vectors, respectively. The main result of this section is the following

THEOREM 4.1. Assume that the elasticity tensor C satisfies condition (2.3).
Then the minimization problem

HeH(by,...,bn; Q) Q
9

min / W(E(H))) da, (4.1)



admits a unique solution, modulo an mﬁnitesz’mal rigid-body motion, H. which con-
verges as € — 0, strongly in L3 (Q\ UN{z;}; R**?), to a solution, in the distribu-
tional sense, of the system

Curl H = > im1 biba, in Q. (4.2)
DivC[E(H)] =0

The proof of the previous theorem is divided in several lemmas. We begin by
recalling that any tensor field H € H(by,...,by; ) can be written as the sum of a
given tensor field in H(by,...,bx; ) and the gradient of a vector field. In particular,
we may choose

N
H=) K.+ Vu, (4.3)

i=1
with u € H(Q:;R?) and (cf. (3.5))
Kie(x) == Kby, o (@; ;). (4.4)

Notice that K. satisfies the Euler equations (2.10) on R? \ B.(x;), i.e.,

{DIVC[ (K;.)] =0 inR2\ B.(x),
CIE(K;:)Jn=0 on 0B (x;),

Also, faB Kzgtds—b
Insertmg (4.3) into the energy functional (2.8) and applying the divergence the-
orem we obtain

N
JE(H):Z_; L(K;.) +Z Z / C|E |- K. da+ I.(u), (4.5)

i=1 j=i+1

with

:/QE W(E(u))da—&-i::/ u- TzendS_ZZ/ u-Tjends, (4.6)

i=1 j#i OBc(x:)

and where T'; . :== C[E(K, )]
Hence, granted the decomposition (4.5), for € fixed, the minimization problem
(4.1) is equivalent to the problem
(M, <): Minimize the functional I. over all displacement fields w € H'(Q.;R?),
i.e., find the solutions of
i 1, . 4.7
wert a1 *7)
In view of (4.3), (4.5), and the invariance of the functional J. with respect to
infinitesimal rigid-body motions, it is clear that to minimize the functional I. over

all displacement fields u € H'(Q.;R?) is equivalent to minimize I. over all u €
H'(Q.;R?) such that

/Budazo, /QE(Vu—(Vu)T)da:O, (4.8)



for a fixed ball B C .. Conditions (4.8) guarantee the coerciveness of the functional
I. and in turn the existence of minimizers. Indeed we have the following lemma:

LEMMA 4.2. Assume that the elasticity tensor C satisfies condition (2.3). Then
there exists two positive constants c¢; and co independent of € such that

1.(w) > er[ull? o, me) — collull i oz (4.9)

for every u. € H'(Q.;R?) satisfying the constraint (4.8). Moreover for every ¢ the
minimization problem

i I
u€Hlln(lﬂns;R2) +(w)

admits a unique solution u. € H*(Q.;R?) satisfying (4.8) and such that
e || 1 (02 r2) < M, (4.10)

for some positive constant M independent of €.
Proof. By the positive definiteness of the elasticity tensor C, for u € H'(Q.;R?),

N
IE(U)ZKO/ \E(u)\Qdastup|T¢,s|/ u| ds (4.11)
Qe i—1 o0 oN

S [ s i

zl];ﬁz Be(xq)

By Korn’s inequality (see Proposition 6.8) there exists a constant ¢z, independent of
e, such that

[ B P da > caluc o, (4.13)

€

Now, by Proposition 6.9

/ luclds < calluc|| g g2y, and luclds < calluc| g rey,  (4.14)
o0 OB (xi)

with ¢4 independent of €. Moreover,

sup |TJ,€| S Cs, j 7é iu (415)
OB.(x;)

with c¢5 independent of e.

Combining (4.12), (4.13), (4.14) and (4.15) yields (4.9). In turn, since the func-
tional I. is convex and I.(0) = 0 the remaining of the proof follows immediately.
0

We now study the asymptotic behavior of the minimizers u..

LEMMA 4.3. Assume that the elasticity tensor C satisfies condition (2.3). Let
u. € HY(Q.;R?) be the unique solution of

i 1
uEHIln(lﬂng iR2) ¢ (U)
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satisfying (4.8). Then as € — 0 the sequence {u.} converges strongly in H{ (Q\
UN  {x;};R?) to a solution wy of the minimization problem

i I . 4.16
werin o fo(w) (4.16)

Here
N
Io(u) ;:/QW(E(U))dHZ/aQu.des, (4.17)

where T'; := C[E(K;)] and
K;(x) = Kb, (z; 2;) (4.18)
is the fundamental solution defined in (3.3). Moreover,
I.(us) — Ip(up). (4.19)
Proof. By Proposition 6.10, we can extend u. to §2 in such a way that
[we |z (r2) < €M,

where M is the constant given by (4.10). Hence there exists a subsequence of {u.}
not relabelled, such that

U — UQ in H*(Q;R?),

for some ug € H*(2;R?). By Hoélder’s inequality,
2
/ u. - Tj.nds §/ lu.|?ds / |T;.|ds < ec sup |T;.|>M?,
OBc(x;) OBc(x;) OB (x;) e (@i
(4.20)

which vanishes as € — 0, and where we have used Proposition 6.9, (4.10) and the fact
that T'j . — T'; uniformly on B.(«;). K is a positive real constant. Hence

lim U - Tj.nds=0. (4.21)
€0 /8B, ()

Fix now gy > 0. For ¢ < ¢g, by (4.6),
N N
I (ue) > / W(E(u.)) da + Z/ u.-T;.nds— ZZ/ u. - T .nds.
Qe i=1 /0% i=1 j#i 7 0Be(®:)

Letting € — 07, by standard lower semicontinuity results and (4.21), we obtain that

N
limianE(ue)Z/ W(E(uo))da+2/ uo - Tin ds.
QEU =1 oQ

e—0t

Letting eg — 0" we get

liminf I, (u:) > Io(uo).

e—0

12



On the other hand, since
Ie(us) S IE(uO)7
we also have that

lim sup I (ue) < Ip(ug).
e—0+

Hence

lim I.(u.) = Io(uo). (4.22)

e—0+t

To prove strong convergence, notice that (4.19) implies that

lim W(E(ug))da:/QW(E(uo)) da,

e—0t Q.

from which we conclude that, as in Evans [15],

lim |E(u.) — E(u)|*da = 0,

e—0" Jo.

L .(Q;R?) follows from Korn’s inequality.
Now we claim that wy minimizes Iy. Indeed for any w € H*(£; R?) we have that

and strong convergence of u. in H}

I (uw) > I.(u.),
so that letting ¢ — 0 and using (4.19),
Io(u) Z Io(’u,o).

Next we claim that wg satisfies
/ upda = 0, / (Vug — (Vo) ") da =0, (4.23)
B Q

The first constraint follows immediately from (4.8), since {u.} converges strongly in
HY (Q\ UY {x;};R?) to ug. To prove the second constraint, let S. := (Vu. —
(Vue) ") and So = 5(Vug — (Vug) "), and notice that S. — Sp strongly in L (€ \
UM {z;};R?*?). Now, denote by S. the extension of S. to zero on Q. Then,
since ||Vuc| r2(q,;r2x2) is bounded independently of ¢, it follows that the sequence
HSE||L2(Q;R2X2) is bounded, so that S. — Sg in L2(Q; R?*2) for some So € L2(;R2x2),
Hence, also S. — So weakly in L2 _(Q\ {zo};R?*?), and Sy = Sy. By weak conver-
gence,

0:/ Ssda:/ S’Eda—>/Soda,
Q. Q Q

and the claim follows. Since the minimization problem

i I
we At 00

13



admits a unique solution modulo an infinitesimal rigid-body displacement, we con-
clude that all sequences u. converge strongly to wug.
|

We are now ready to conclude the proof of Theorem 4.1.
Proof. [Proof of Theorem 4.1] Let u. € H!(2:;R?) be the unique solution of

min I (u)
weH(Q.;R?)

satisfying (4.8). It suffices to define

N
H.:=> Ki.+Vu..
=1

Since, by Proposition 3.1, K; . — K uniformly on compact subsets of R?\ {z;} the
proof is concluded.
O

5. The renormalized energy. In this section we prove a sharp estimate for
the minimum energy

min / W(E(H))) da,

HecH(by,....bn;Q:) Jo

as the core radius ¢ — 0, and compute the renormalized energy which, being a
function of the defect position only, allows to study the equilibrium configurations of
the defects and the force acting on them.

Let © a bounded domain with the cone property as before, let S = {@1,...,zn}
be a system of dislocations in 2, and let

R imin{|x—y| cxty, (z,y) €S x (SUMN). (5.1)

The main result of this section is the following

THEOREM 5.1. Assume that the elasticity tensor C satisfies condition (2.3). Let
H_. e H(by, - ,bn; Q) be a solution of

min / W(E(H))) da,

HeH(by,...bni%) Jo

for a system of dislocations with Burgers vectors b;. Then

N
| W) da = BALD 210 L | pey . an) £+ 06), (5.2)
Q. €

— Am(A + 2p)
where

F(xy,...,xn) = Fet(x1,...,xn) + Fine (21, ..., 2N) + Felastic(®1, ..., xn), (5.3)
14



is the renormalized energy, with

N N
pA+ ) oo
Fyf(zy,...,on) = / W(E(K;))da+> =22 _|b2InR,
1t (21 N) ;:1 . (E(K)) > 47r()\+2u)| |

i=1

N-—-1 N
Fus(oron) = 3 Y [ CIBUK))- BUK;)da,

i=1 j=i+1

N
Foastic(®1, ..., xN) = / W (E(ug)) da + Z/ ug - T;nds,
Q — Joa

(5.4)
where K;(x) := Ky, (x; x;) is the fundamental solution defined in (3.3), the function
w is defined in Lemma 4.3, ¢ is a constant independent of ¢1,...,xxy and0 < R < R
is arbitrary. Moreover Fyqs is independent of R.

Proof.

Consider the fundamental solution K;(x) := Kb, (x; x;) defined (3.3): by (3.10)
we may write

1
Ki(ei, Vi) = — Li(0), (5.5)
where (g;,1;) are polar coordinates centered at x;, and L;(¥;) is independent of p;

and is defined by (3.10), with b replaced by b;. A straightforward computation using
(3.8) and (3.9) yields

2
pA+p) oo
o= [ WEE@) a0 = LI (56)
By (4.5) we can write the minimum energy in the form
N N-1 N
Je(Ho) = L(ue) + Y J(Kio)+ >, Y. / ClE(K;.)]- K. da. (5.7)
i=1 i=1 j=i+1” S

where I.(u.) is the functional defined by (4.6).

Notice first that the representation of the elastic contribution Fepastic in (5.4)s
follows immediately from (4.19).

We now compute the self-energy contribution Fy.¢: fix R < R and write

J(K,.) = / W(E(K,.))da+ / W(E(K,.)da, (58)
Qe \Br(z:) Ce,r(zi)
with CE’R(wi) = BR(iL'Z) \ Bg(ml)
Now, as € — 0, by uniform-on-compacta convergence of K; . on R?\ {z;},
/ W(B(K,.))da — W(E(K,)) da. (5.9)
QE\BR(ll:i) Q\BR(.’.I:l)

Moreover, writing as in (3.11) K; . = K;+Vw,, with w. — 0 uniformly on compacta
in R?\ {z;}, we have

/ W(E(Ki,g))da:/ W(E(Ki))da+/ CIE(K)] - Vw. da
Ce,r(x:) Ce,r(x:) Ce,r(x:)

15



+/ W(E(w.))da,
Ce r(x;i)
and, by (5.5), the first integral on the right hand side of this identity gives
/ W(E(K,))da = a;(In R —In¢), (5.10)
CE,R(mm)

while the second and third integral may be written as

[ we OB ¢ gBwonds— [ w. CIE(KD) + jBwolnds
OBR(x;)

OB (x;)
1 1
= w. - C[E(K;) + -E(w.)|nds — = w, - C[E(K;)nds (5.11)

where we have used the fact that C[E(w.)jn = —C[E(K;)[n on 0B.(x;), since
CIE(K;.)ln =0 on 0B.(x;). The first integral on the right hand side of the above
expression vanishes as e — 0, while by (3.12) we may write

&_2

we(0i, %) = - w(vY;),

)

which, in conjunction with (5.5), shows that

1 1 2m ~ -
= /aBE(wi) w, - C[E(K;)|nds = —5/0 @(9) - C[E(L;(9))ndd = c,

with ¢ a constant independent of (x1,...,xy). To summarize, (5.11) converges, as
€ — 0, to a constant ¢ independent of R and x;. Note that this is the constant which

appears in (5.2). B
Notice that Fyg is independent of R, since, for R’ < R, say R’ < R,

/ W(E(K,))da+ a;In R
Q\Bpg/ (i)

= W(E(KZ)) da+/ W(E(Ki))da—&-ai In R
Q\Br(x;) Crr g(zi)

R
= W(E(K;))da+ a;ln — +a;In R’
R/
Q\BR(wi)
= W(E(K;))da+ a;In R.
O\Br(z:)

We finally compute the contribution of the interaction term Fj,; to the renormal-
ized energy, and prove that

CE(K;.)] -E(K;:)da= / ClE(K,)] - E(K;j)da+ O(e). (5.12)
Q. Q

To see this, let as before K; . = K; + Vw, . and K;. = K; + Vw; . (cf. (3.11)), so
that

/ CEK;.)] -E(K;.:)da= / ClEK,)] E(K;)da+ / ClE(K;)]-Vw,da
Q. Qe Q.
16



+/ C[E(KJ)} . Vwm da +/ C[E(wm)] . ij,s da.
QE QE

It can be easily proved that

/Q CIE(K) - B(K ;) da — / CIE(K)) - B(K;)da,

while, applying the divergence theorem, the last three integrals become
/ (wj.-ClE(K;)n+w,. - C[E(K;)n+w,. - ClE(w;.)n) da
a0

_ Z /83 o) (wje-ClE(K;)n+w,. - C[E(K;)n+w,. ClE(w;.)n)5d3)

Now, recall that w; . — 0 uniformly on compacta in R? \ {z;} (see Remark 3.2(ii)),
so that the integrals over 902 and 9B¢(xy), with k # 4, j vanish in the limit as ¢ — 0,
and (5.13) becomes

s

—/ (wj-CE(K;)[n+w,.-CE(K;)n+w,;.-ClE(w,;.)|n) da
OB, (z:)

— (wj.-ClE(K)In+w,. - C[E(K;)In+w,. - ClE(w;.)|n) d&,14)
0Bc(x;)

which tends to 0 as ¢ — 0. Consider in fact the first term: then

<C sup |wj.| |C[E(K;)]n|da
Be (i) 0B ()

/ w;. - ClE(K,;)nda
OB (x;)

< sup \wj,5|/ |K;|da — 0,
Be(xi) O0B. (i)

by uniform convergence of w; .. Consider now the second term in (5.14): as before,
we may write

e _
wi,e(@i,ﬁi) = ? w;(V;),
so that, since K ; is continuous at x;,
/ w; .- C[E(Kj)lnds| < sup |[C[E |/ |w;|ds — 0
0Bc(xi) Be (i) OBe ()

as € — 0, since w; is bounded. The remaining terms in (5.14) can be treated analo-
gously, and this completes the proof of (5.2).
0

PROPOSITION 5.2. The interaction energy Fin in (5.4)2 diverges logarithmically
with the relative distance between the defects:

NI N o) 1
Fi(T1, ..., TN) = HATH) b pIn——— +0(1), 1
o g ; (A+2 )b b n|f'3i—$j|+0() (5.15)

17



as &, — z;| — 0.
Proof.
Recall that K; € L*(Q;R?*2) for each i, and

N—-1 N
Fut(@1,...oxn) =Y > /C[E(Ki)]'E(Kj)da,
i=1 j=i+17$

let @;,z; € Q, and v a line segment parallel to &; — x; connecting x; to 9 (cf.
Figure 5.1),so that y={x € Q : * = x; + s(z; —x;)}, with s € [0, §]. Let moreover

1L
m = ( o ) be the unit vector orthogonal to . Consider the tensor field K ;:

| —a|
while Q \ {z;} is not simply connected, 2\ 7 is, so that there exists a field w; on
2\ v such that K; = Vw;, and

[w;] = —b;,

where [w;] is the jump of w; across v, defined by

[w;l(2) = _ lim  w(y)—  li; o w,(y)

for € 7. Applying the divergence theorem to 2\, and noting that 9(2\y) = 0QU~,
we find

/C[E(Ki)} K, da= | C|E(K))]-Vw,da
Q Q\y
oN ¥

The first integral in the above expression remains bounded as x; — ¢; — 0, since
K,(x) = Kp,(z;z;) — Ky, (z;x;) uniformly on 0Q as ¢; — x; — 0. As to the
second integral, write K; = iLi(ﬂi), and choose s = p; — d, ¥; = 9 on ~ with
d= |a:j — 1131| then

- [Tl clBE mas = [ b CBE)Im

=b; - C[E(L;(9))|m (m(li + In(d + g)) ,

ds

which proves (5.15) since by a straightforward computation using (3.8) and (3.9) we
have

b; - CLE(L(9)jm = LA TH)

= BATH p b
T(A+2u)

6. The force on a dislocation. We prove in this section that the derivative of
the renormalized energy with respect to defect position coincides with the resultant
of the Eshelby stress

C =W(E(H))1 - H'C[E(H)], (6.1)
18



Fic. 5.1. Connecting cut .

on the dislocation 7.
In order to highlight the dependence of the minimizers on the location of the
dislocations, we write

uo(T; Ty, ..., TN),

for a minimizer of Iy relative to a system of dislocations located at (x1,...,xy) in
Q, and

N
Hy=Hy(x;z1,...,xN) := ZKbi(a:;a:i) + Vug(z; z1,...,2N) (6.2)
i=1

for the corresponding solution of (4.2) as in Theorem 2.1. Let also h € R? be a fixed
vector and t € I C R a real parameter.

LEMMA 6.1. The field Ky, (x;x;), uo(x; x1,...,xN) and Ho(x;x1,...,TN) are
smooth with respect to x; forie {1,...,N}.

In particular,

K,(z):= %Kbi (z;z; + th) B = —V (Kbp,(z;2i)h) = =V (K ;(x)h). (6.3)

Moreover, if for a fized k € {1,...,N} we denote by 4y and H, the smooth fields
such that

ug(x) = ﬁuo(w;wl,...,wk—|—th,...,wN) ,
y t=0
Ho(a:) = %Ho(m;wl,...,mk—|—th,...,:vN) ,
t=0
then
Hy=vVw, with w=1u— Kh. (6.4)

"Here 1 is the identity tensor.
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Proof. Smoothness of K; follows upon recalling that Ky, (x;®;) is a smooth
function of  — x; (cf. (3.3)). This implies that Ky, (x; x; + th) = Ky, (x —th;x;) =
K ;(x — th), so that

K,(x) = —V(K(z))h,

where V(K ;)h is the tensor field defined by the identity [V(K;)h|z = [V(K;z)]h for
any constant vector z € R?. Since Curl K; = 0 in R? \ {z;},

V(K;)h = V(K;h),

which yields (6.3)
Now, since ug minimizes the functional I, and satisfies the corresponding Euler
equations, it may be written in the form

N
(1, ..., TN) = /6Q G(z,¢€) (Z T:i(& ..., wN)n(£)> dag, (6.5)
i=1

modulo an infinitesimal rigid body motion, where G(x, £) is the Green’s function for
the Neumann problem in plane elasticity. Since

N N
Z Ti(z;21,...,x5) = Z ClE(Ky, (x;x;))]

the smoothness of u, follows from the smoothness of K.

Finally, the smoothness of H, follows from (6.2), and (6.4) can be directly verified.
0

LEMMA 6.2. Let f = f(,t), g = g(x,t), r = r(x,t), be smooth functions defined
on Br(xg +th), 0Br(xo + th) and Q\ Br(xo +th) fort € I C R respectively, with
R >0 and h a constant vector. Then

4 / f(z,t)da = / D f(z,0)da
dt Br(zo+th) ‘=0 Br(xo)
= / O f (x,0) da+/ f(x,0)h-nds, (6.6)
BR(mo) 8BR(mU)
and
d
- / g t)ds| = / Dyg(a, 0) ds. (6.7)
aBR(m0+th) =0 aBR(mO)
Moreover,
4 / r(x,t) da = / Or(z,0) da — / r(z,0) h-nds,
dt Jo\Bp(wo-+th) o J0\Br(o) OB p (o)
(6.8)
where
Dif =8,f +Vf-h. (6.9)
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Proof. The first identity follows upon applying the classical theorem of derivation
under the integral

d / d
f(x,t)da = — flx+th,t)da
dt Br(xo+th) ( ) dt Br(xo) ( )

= (Ouf(x +th,t)+ h-Vf(x+th,t))da;
Br(®o)

letting ¢t = 0 and using the divergence theorem we obtain (6.6). Relation (6.7) follows
from a similar argument. To prove (6.8), denote by 7(x,t) a smooth extension of
r(zx,t) to Q for all t € I. Then

d
— r(x,t)d :—/ mtdaf— 7(x,t) da
dt Jo\Br(zo+th) dt J By (zo+th)

:/0tf(w,t) da—/ O (zx,t) da
Q BR(wQJ"th)

—/ 7(x,t)h - nds
OBRr(zo+th)

= O (1) da — / #(@, )h - ds,
Q\Br(zo+th) OBR(zo+th)

which proves the assertion. O

The next theorem, one of our main results, shows that the derivative of the
renormalized energy coincides with the force on a dislocation and thus, as mentioned
in the introduction, it may be viewed as the generalization of Eshelby’s notion of force
on a defect, when bad singularities are associated to the defect itself.

THEOREM 6.3. Let H be defined by (6.2), and let F' = F(xy,...,xN) be the
renormalized energy (5.3): then

Vo F = — /BB . [W(B(H)1 - H] C[B(H) b nds (6.10)

for R < R, where R is defined in (5.1).
Proof. The first step is to rewrite the renormalized energy as the sum of two
contributions:

F(zi1,...,zNy) = Fr(z1,...,2N) + G(z1,. .., ZN), (6.11)

where we have omitted the constant logarithmic term and

Fr(zy,....,xn) = | W(E(H,))da, (6.12)
Qn
and
N N—-1 N

Gz, >/ (Kot 33 Y [ ClB(K) K da

i= 1h;£z BR(zh) h=1 i=1 j—i+1" Br(®n)

N N
+Z/ W(E(uy)) da + / ug - C[E(K;)|n da.(6.13)
h—1" Br(zn) he1i—1“ 9Br(zn)
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Consider now a variation of the position of the k-th dislocation of the form z); —
x + th, with h a fixed vector. Then
d

£FR(w1,...7wk+th,...,a:N)

t=0
_4d
Cdt

and applying Lemma 6.2 we obtain

ClE(H,)] - Hyda — / W(E(Hy))h - nds.
Qr OBRr(zy)

Recalling now Lemma 6.1, writing H, =

= Vw, applying the divergence theorem and
recalling that C[E(H)n

= 0 on 0f) this becomes
C|E(H))] ~VUJda—/ W(E(Hy))h-nds
QR 6BR(wk)

Z/@BR o) (Ho)}nds—/ W(E(Ho))h - nds,

8BR({Bk)

which in turn equals

- / h- (W(E(Ho)1 — H] C|E(H,)|)nds
OBRr (k)

- (w+ Hoh) - C|E(H,) nds—Z/
OBR(xk)

[E(Hy)|nds.
i#k dBR(wz)

The first term is the resultant of the Eshelby stress on the k-th dislocation, while the
second and third term may be written as

_/ (dig + (Vuo)h + > K;h) - C[E(Ho)|n ds
aBR(wk Z#k:

—Z/E)BR(% o — Kih) - C[E(H)n ds.

i#k

since w = ug — Kih and

(6.14)

w + Hoh =iy — Kh + (Z K;+ Vu0> h =1y + (Vug)h + > Kh.
i ik
We now prove that (6.14) cancels with the derivative of (6.13), i

d
aG(wl,...,azk—&—th,...,wN)

t=0
In fact, rewriting (6.13) as the sum of the terms

/B()Z )+ > CIE(K))] K;+W(E(ug)) 3 da

i#k 1<j

22
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+ /8 o > (uo - CIE(K)In) ds, (6.15)

and

Z/ )+ > CIE(K))]- K; +W(E(u)) 3 da
Br(xn) 175h

htk i<j

+ Z/ o - C[E(K;)|n) ds, (6.16)

h#k OBRr(xh) i

and computing the derivative of (6.15) with respect to ¢ and using Lemma 6.2, we
find

i<j

/ {ZO[E(KM'DtKi+ZC[E(Ki)]'DtKj
Br(®r) | j2k

1<j

\/aB ( {Z'LLO DtK TL+ZDtUO C[E(K,L)]n} dS,

%

+> CIE( -DiK; + C[E(u )]-V(Dtuo)} da

where DtK = K; + V(K;)h and D;ug = g + (Vug)h. Since DK = 0 and
D,K; =V (K;)h=V(K,h) for j # k (since K; = 0 for j # k), using the divergence
theorem and noting that DivC[E(D,K;)] =0 on R?\ {z;}, we find

-/E)BR(a:k) {D”‘O - C[E(Ho)]n + #Zk(Kih) . ClE(uo)|n

i#k ik j#i

S Kk - CIEK )+ Y S (Kih) - C[E<Kj>}n} ds,

which becomes finally
/ (Dyug + Y K;h) - CIE(H,)|nds. (6.17)
E)BR(a:k) Z;ék?

Consider now the derivative of (6.16) with respect to ¢: using Lemma 6.2, we find

i#k

Z/B( ){C[ KkJrZO |- Ky + ClE(u )]'Vuo}da
h#k Y Br(®h

+ /aBR(wh) {uo -C[E(Ky)n + Z U - C[E(Ki)}n} ds,

h#k

and using the fact that Div C[E(K})] = 0 on R?\ {z}}, and Kj, = —V(Kh) we
finally obtain

Z/a (4o — Kyh) - ClE(Ho)lnds. (6.18)

h#k Br(zn)
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Relation (6.10) follows now upon noting that the sum of (6.14), (6.17) and (6.18)
vanishes.
0

Appendix: Poincaré and Korn inequalities for €).. The basic tool to study
the compactness of a sequence of minimizers of problem (2.9) is Korn’s inequality: we
prove here that, for a perforated domain such as (2., under mild regularity assump-
tions, Korn’s and Poincaré’s inequalities hold uniformly in € as ¢ — 0. Also, we show
that the trace constant for 2. may be chosen independent of e.

We begin by proving that Poincaré’s inequality holds for each domain ). uni-
formly in €, when €2 has the cone property.

PROPOSITION 6.4. Let  be a bounded open connected domain in R? with the
cone property: then, for any u € H'(Q;R?),

/ lu —up|® de < c/ |Vul® de, (6.19)
€ QE
where
u 1 / uda (6.20)
B ‘= 157 ) .
|B| /B
B is any fized ball contained in Q\ {x1,...,xN}, and the constant c is independent

of € (but may depend on Q\ {x1,...,xNn} and B).

Proof. Fix R > 2¢ so small that Br(x;) C Q\ B for any i = 1,..., N, Br(xz;) N
Br(xj) = 0 for ¢ # j, and decompose €. as the union of the annuli CE,%(ZBZ') =
Br (z;) \ Be(x;) and its complement €', which is independent of e. Since €' is still
connected and has the cone property, by the classical Poincaré’s inequality we may
find a constant ¢ depending on ' and B such that

/ lu—up)® de<c | |Vul® da. (6.21)
94 Q

For each fixed i = 1,..., N let (o,9) be polar coordinates centered at x;: for £! a.e.
e <s<p< Rand 6 € |[0,2n] we have

o
w(s,9) = u (0, 0) - Z—Zu,mdr

from which it follows, by Hoélder’s inequality,

2

a—u (r,9)] dr.

R
u ) <2ulen)f+2n [ |

Integrating with respect to 19 and multiplying by s yield

27 27
/ s u (s, 0) do < 2/ ol (0, 9)[2 dv + 2R/ Vul?da,  (622)
0 0 C,

e, r(Ti)

where we have used the fact that s < o, r. By integrating first with respect to s in

e, £] and then to ¢ in [, R] we obtain

/ lu|® da < 2/ lu|® da + 2R/ |Vl da.
C%(mi) Cr p(=i) Ce,r(:)

e R

R
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If we now replace u with w — up in the previous inequality we get

/ |u—uB\2da§2/ |u—uB|2da+2R/ Vul? da,
O, 5 (=) Cr p(®:) Ce,r ()

which together with (6.21) and the fact that CrpC Q' concludes the proof. O

We now turn to Korn’s inequality: first of all we notice that, if 2 has the cone
property then for all € > 0 ). has the cone property, the following version of this
inequality holds ( Friedrichs (1947), [26]):

PROPOSITION 6.5. [Korn’s inequality I] Let Q@ C R? be an open bounded
connected domain with the cone property, and u € H'(Q;R?) such that

/ (Vu— (Vu) ") da = 0; (6.23)
QE
then there exists a constant c. such that

/ |Vu|2da§c€/ |E(u)|*da. (6.24)
Qe

QE

We continue to denote by ¢, the infimum of all constants satisfying (6.24), and refer
to it as Korn’s constant for 2.. The following result shows that c. is bounded from
above independently of € as ¢ — 0.

PROPOSITION 6.6. Let c. be Korn’s constant for Q. as defined in (6.24): then
there exists a constant ¢ < oo, independent of € (but possibly depending on Q), such
that

ce <cg, (6.25)

for all e > 0.

Proof. Consider first the case N = 1, and let ; = 0, so that Q. = Q\ B.(0).
The proof follows from two results of [10]. The first result states that the minimum
value for Korn’s constant of the annulus C; r(0) with internal radius € and external
radius R (under the constraint (6.23)) is

3R22 !
411 - ————— , 6.26
[ <R4+R252+€4>} (6.26)
which tends to Korn’s constant for the circle ¢ = 4 as ¢ — 0. The second result states

that, if Korn’s inequality (6.23)-(6.24) holds for two open bounded domains Q; and
Qy such that |Qq N Qa| > 0, then it also holds for 1 U Qy, and

il el e+ va, (6:27)

ci2<c+cex+

with c12, ¢; and co the Korn’s constants of 21 U o, 1 and 5 respectively.

To prove (6.25), choose R such that 2R < d(0,09), let Q1 = C.2r(0) and
Oy = Q. \ C; r(0), and apply (6.27): since ¢y is independent of € and, by (6.26),
c1 — 4 as ¢ — 0, Korn’s constant ¢, = ¢12 is bounded from above, and the thesis
follows for N = 1.
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When N > 1, to obtain the thesis it is sufficient to iterate the above procedure:
define

Qo = Q\ (UL, Br(z:))

Qi = Qi_lu(BgR(wi)\Bg(CCi)) Z':L...7N—17

QN = QE.

Applying (6.27) to each Q,; we obtain

5 N N min Qi, )| e x; - —\ 2
& <1+ E+ { 1], ]ce 2r( )|}(\/Z+\/g)

|Qi—1 N ce2r(x;)]
. . 4R? —¢? _ —\ 2
=Ci—1+C + T3RZ (\/ Ci-1+V Ca) )
where ¢; and ¢, are Korn’s constants for QZ- and Cg¢opr(x;) respectively. Using the
relation (a + b)? < 2(a? + b?), and taking ¢ = 0, this relation implies

- 11 N
¢ < 3(01—1 + ¢.),

e () (D))=

Since ¢, is given by (6.26) and is bounded from above, and ¢y is independent of ¢,
this relation shows that ¢, = ¢y is also bounded from above as ¢ — 0.
]

which yields in turn

Korn’s inequality extends trivially to displacement fields w which do not satisfy
(6.23):

COROLLARY 6.7. [Korn’s inequality I'] Let Q2 C R? be an open bounded con-
nected domain with the cone property, and uw € H*(Q.;R?): then there exists a con-
stant ¢, independent of €, such that

/ IV — W|2da < c/ |\E(u)|2da, (6.28)
Q. Q.
where
1
W = 5/ (Vu — (Vu) ") da. (6.29)
Qs

Combining (6.19), (6.24) and (6.25), we obtain finally the basic inequality
PROPOSITION 6.8. [Korn’s inequality II] Let uw € H'(Q.;R?) such that

/ (Vu— (Vu)") da = 0; (6.30)
Qe

then there exists a constant c, independent of €, such that

/ |u—uB|2da+/ Vul2da < c/ |\E(u)|2da, (6.31)

€ € =
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where
u L /ud (6.32)
= — a, .
"Bl g

and B is any fixed ball contained in Q\ {x1,...,zN}.
We now show that the trace constant for €2, may be chosen to be independent of

PROPOSITION 6.9. Let u € H(Q.;R?): then there exists a positive constant c,
independent of €, such that

/ lul?ds < ¢ </ lu|?da +/
2. Q. Q

Proof. Taking s = ¢ in (6.22) we have

Vu|2da) : (6.33)

€

2w
/ lu|?ds < 2/ g|u(g,19)|2d19—|—2R/ |Vul|? da,
OBc(z;) 0 Ce r(x;i)

By averaging with respect to g over [, R] we obtain

2
/ lul?ds < / || da+2R/ |Vaul|® da.
9B. () R—¢Jo. na) Ce.n(@:)

Hence, for ¢ sufficiently small, there exists a constant ¢; such that

/ lul?ds < ¢, (/ || da+/ |Vu|2da> (6.34)
aBE(a‘:i) Qs Qa

for each i = 1,..., N. Now, let ¢y be the trace constant for Qg, so that

/ |ul?ds < ¢z (/ |u)? da+/ |Vul|? da) <c (/ |u)? da+/ |Vu2da> .
o0 Qr Qr Q Q.

(6.35)
Adding the expressions above we finally obtain the thesis.
0

€

Finally, we show that functions in H*(£2.; R?) can be extended to Q with extension
constant independent of e.

PROPOSITION 6.10. Let w € H'(Q.;R?): then u admits an extension 4 €
H(Q,R?) such that

@]l or2) < cllullm (. re), (6.36)

where the constant ¢ is independent of €.

Proof. First notice that, using a partition of unity, we may assume that u €
H'(R?\ B.(0); R?), and u = 0 outside a compact in R?. Let

i) = u (|;|2 :1:) x € B.(0),
u(x) x € R?\ B.(0),
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so that @(x) = u(x) when || = ¢. Then

2
/ |ﬁ($)|2da:/ u <2 a:>
B.(0) .o | \|z|

< / () ? da,
R2\Bc(0)

since the modulus of the Jacobian of the transformation z — 2z /|z|? is | J| = e*/|z|*,
and e*/|z|* < 1 for |z| > €. Also, notice that

o= ) [ o o)

2

84
da :/ —lu(@)* da
R2\ B. (0) ||

and
2
Hence,
et g2 2
/ |V'&(az)|2da§M/ 4‘Vu (2 :I:) da
B.(0) B.(0) || ||
4 4
=M £ @ \Vau(z)[? da
R2\ B, (0) |zt e
<M Vu(@)]? da,
R2\B.(0)

with M a positive constant independent of €. Since 4 = u on R? \ B.(0), it follows
that there exists a constant ¢ independent of ¢ such that

6] 71 (r2 r2) < cl|wll g1 @2\ B. (0):R2),

which implies the thesis.
0
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