SMOOTH GEOMETRIC EVOLUTIONS OF HYPERSURFACES

CARLO MANTEGAZZA

ABSTRACT. We consider the gradient flow associated to the following functionals
Fon(p) = / L4+ V™) d.
M

The functionals are defined on hypersurfaces immersed in R**! via a map ¢ : M — R™*1, where
M is a smooth closed and connected n—dimensional manifold without boundary.
Here 1 and V are respectively the canonical measure and the Levi-Civita connection on the Rie-
mannian manifold (M, g), where the metric g is obtained by pulling back on M the usual metric of
R"*! with the map ¢. The symbol V™ denotes the m—th iterated covariant derivative and v is a
unit normal local vector field to the hypersurface.

Our main result is that if the order of derivation m € N is strictly larger than the integer part of
n/2 then singularities in finite time cannot occur during the evolution.

These geometric functionals are related to similar ones proposed by Ennio De Giorgi, who conjec-
tured for them an analogous regularity result. In the final section we discuss the original conjecture
of De Giorgi and some related problems.

1. INTRODUCTION

In one of his last papers [16] (see [17] for an English translation) Ennio De Giorgi conjectured
that any compact n—dimensional hypersurface in R**!, evolving by the gradient flow of certain
functionals depending on sufficiently high derivatives of the curvature does not develop singu-
larities during the flow.

This result is central in his program to approximate singular geometric flows with sequences of
smooth ones.

Representing hypersurfaces in R"*! as immersions ¢ : M — R""!, we consider the gradient
flow associated to the following functionals

Funlp) = / 14+ V™0 dy
M

where 11 and V are respectively the canonical measure and the Levi—Civita connection on the
Riemannian manifold (1, g), where the metric ¢ is obtained by pulling back on M the usual
metric of R**! via . We denote with V™ the m~th iterated covariant derivative and with v a
unit normal local vector field to the hypersurface. Finally, A and H are respectively the second
fundamental form and the mean curvature of the hypersurface.
These functionals are strictly related to the ones proposed by De Giorgi since, roughly speaking,
the derivative of the normal is the curvature of M. Though not exactly the same, they can play
the same role in the approximation process he suggested. In the end of the paper we discuss
some other possible functionals and, in particular, the original De Giorgi conjecture.

Our main result is that if the order of derivation m € N is strictly larger than [%] (where [%]
denotes the integer part of n/2), then singularities cannot occur.

The simplest case n = 1 and m = 1 is concerned with curves in the plane evolving by the
gradient flow of

(1.1) Foly) = /gll+k2 ds
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since the curvature k of a curve v : S' — R? satisfies k? = |Vv|2. This case was studied by Polden
in the papers [49, 50] which have been a starting point for our work.

The very first step in attacking our problem is an analysis of the first variation of the function-
als F.,,, which gives rise to a quasilinear system of partial differential equations on the manifold
M.

The small time existence and uniqueness of a smooth flow is a particular case of a very general
result of Polden proven in [50, 39]. Then the long time existence is guaranteed as soon we have a
priori estimates on the flow.

The mean curvature flow of a hypersurface ¢ : M x [0,T) — R**!,

9y

E ——HV:AtQD,

which is a second order PDE, can be studied with nonparametric techniques, as varifolds, level
sets, viscosity solutions (see [4, 8, 12, 24, 25, 26, 27, 43, 44]), where the maximum principle is the
key tool to get comparison results and estimates on solutions. In our case, even if m = 1, the
first variation and hence the corresponding parabolic problem turns out to be of order higher
than two, precisely of order 2m + 2, so we have to deal with equations of fourth order at least.
This fact has the relevant consequence that we cannot employ the maximum principle to get
pointwise estimates and to compare two solutions, thus losing a whole bunch of geometric results
holding for the mean curvature flow. In particular, we cannot expect that an initially embedded
hypersurface remains embedded during the flow, since self-intersections can appear in finite
time (an example is given by Giga and Ito in [31]). By these reasons, techniques based on the
description of the hypersurfaces as level sets of functions seems of difficult application in this case
and therefore we adopt a parametric approach as in the works of Ecker and Huisken [21, 22, 36].

Despite the large literature on the mean curvature flow, fourth or even higher order flows
appeared only recently, we quote the work of Escher, Mayer and Simonett [23] on the surface
diffusion flow (see also the references therein)

Op
E = (AtH)V

and of Simonett [54] on the gradient flow of the Willmore functional (see [45, 53, 56])
Wee) = [ | du
M

defined on surfaces immersed in R?. In these papers the goal is to show, via semigroups and cen-
ter manifold techniques, long term existence and convergence of the flow for initial data which
are C*“—close to a sphere.

In the article of Chrusciel [15], the global existence of a fourth order flow of metrics on a two-
dimensional Riemannian manifold is applied to construct solutions of Einstein vacuum equations
representing an isolated gravitational system, called Robinson-Trautman metrics.

Another problem considered by Polden in [50, 51] is the conformal evolution of a metric g on a
two—dimensional manifold M by the gradient flow of the functional

R@=Aﬂmw

where R is the scalar curvature of (M, g) and F' is an even, smooth and strictly convex function.
Finally, in a very recent paper [45] Kuwert and Schétzle study the global existence and regularity
of the gradient flow of the Willmore functional for general initial data.

Our work borrows from [15, 49, 50, 51] the basic idea of using interpolation inequalities as a tool
to get a priori estimates.

We want to remark here that a strong motivation for the study of these flows is the fact that,
in general, regularity is not shared by second order flows, with the notable exceptions of the
evolution by mean curvature of embedded curves in the plane (see [28, 29, 32, 34, 38]) and of
convex hypersurfaces (see [36]). So our result opens the possibility to approximate canonically
singular flows with smooth ones by singular perturbation arguments (see [16, 17]).
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In order to show regularity, a good substitute of the pointwise estimates coming from the max-
imum principle, are suitable estimates on the second fundamental form in Sobolev spaces, using
Gagliardo-Nirenberg interpolation type inequalities for tensors. Since the constants involved
in these inequalities depends on the Sobolev constants and these latter on the geometry of the
hypersurface where the tensors are defined, before doing estimates we absolutely need some
uniform control independent of time on these constants. In [49] these controls are obvious as the
one-dimensional Riemannian geometry is trivial, on the contrary, much more work is needed
in [15, 45, 51], because of the richer geometry of surfaces.

In our case, we will see that if m is large enough, the functional ,,,, which decreases during
the flow, controls the L? norm of the second fundamental form for some exponent p larger than
the dimension. This fact, combined with a universal Sobolev type inequality due to Michael and
Simon [47], where the dependence of the constants on the curvature is made explicit, allows us to
get an uniform bound on the Sobolev constants of the evolving hypersurfaces and then to obtain
time-independent estimates on curvature and all its derivatives in L?. These bounds imply in
turn the desired pointwise estimates and the long time existence and regularity of the flow.

In the last section we will discuss some possible extensions of our results, some open problems
and the related conjectures of De Giorgi.

Acknowledgement. We are grateful to Gerhard Huisken for many discussions about geometric
flows during his visit at the Scuola Normale Superiore of Pisa. Moreover, we wish to thank Luigi
Ambrosio for his constant encouragement and invaluable help in several occasions.

Our work would have been impossible without the enlightening mathematical insight of En-
nio De Giorgi. This paper is dedicated to his memory.

2. NOTATION AND PRELIMINARIES

We devote this section to introduce the basic notations and facts about differentiable and Rie-
mannian manifolds we need in the paper, a good reference for this introduction is [30] or the first
part of [48].

The main objects of the paper are n—dimensional closed hypersurfaces immersed in R, that
is, pairs (M, ¢) where M is an n—dimensional smooth manifold, compact, connected with empty
boundary, and a smooth map ¢ : M — R"*! such that the rank of dy is everywhere equal to n.

The manifold M gets in a natural way a metric tensor g turning it in a Riemannian manifold
(M, g), by pulling back the standard scalar product of R"** with the immersion map ¢.

Taking local coordinates around p € M given by a chart F' : R* D U — M, we identify the
map ¢ with its expression in coordinates ¢ o F : R* D U — R"™!, then we have local basis of

T, M and T,y M, respectively given by vectors {%} and covectors {dz;}.
We will denote vectors on M by X = X, which means X = X ia%i, covectors by Y =Yj, that

is, Y = Yjdz; and a general mixed tensor with T = Tﬁ;[’“, where the indices refer to the local
basis.

Sometimes we will need also to consider tensors along M, viewing it as a submanifold of R"*!
via the map ¢, in that case we will use the Greek indices to denote the components of such tensors
in the canonical basis {e, } of R"*!, for instance, given a vector field X along M, not necessarily
tangent, we will have X = X“e,.

In all the paper the convention to sum over repeated indices will be adopted.

The inner product on M, extended to tensors, is given by

. . j121 Jiziil.. ik QS1...Sk
g(T7 S) - gllsl " 'glkskg - g le...jl Szl...:l

where g;; is the matrix of the coefficients of the metric tensor in the local coordinates and g% is its
inverse. Clearly, the norm of a tensor is

IT| = Vg(T,T).
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The scalar product in R*** will be denoted with (- |-). As the metric g is obtained pulling it
back with ¢, we have
_ [ 9¢(@) | 9p(2)
Jid (Z’) N < (32132 8xj '
The canonical measure induced by the metric g is given by u = VG L™ where G = det(g;;)

and L" is the standard Lebesgue measure on R™.
The second fundamental form A = h;; of M is the 2—tensor defined as follows:

_ 0*¢(z)
hite) = (o) | 552
the mean curvature H is the trace of A,

The induced covariant derivative on (M, g) of a vector field X is given by

7 9 i i k

where the Christoffel symbols I' = T, are expressed by the following formula,

T I I

jk — 29 8xj Gkl Oz gji (3£Elgjk .
In all the paper the covariant derivative VI of a tensor T’ = Tﬁ;l" will be denoted by VSTjil1 lek =
(V)i

sj1...J1°
With VT we will mean the k-th iterated covariant derivative of a tensor T'.
We recall that the gradient V f of a function and the divergence div X of a vector field at a

point p € (M, g) are defined respectively by
9(Vfp),v) = dfp(v)  VveT,M
and
0

div X = Trace VX = V, X! = a—Xi + i X*.
Ty

Notice that if {e;} is an orthonormal basis of T;, M we can express the divergence of X as

divX =g(e;, Ve, X).
Using this formula we can define the divergence of a general, not necessarily tangent, vector field
X along M viewing it as a Riemannian submanifold of R**!: we take the covariant derivatives
along directions in R"*! which are an orthonormal basis of the tangent space.

Such definition is useful in view of the following tangential divergence formula (see [52], Chap. 2,
Sec.7),

(2.2) /M div X dp = /M<1/ | XYH du

holding for every vector field X along M.

Notice that the right term is well defined since, by definition (2.1), Hv is independent by the
choice of the local unit normal ». Moreover, if X is a tangent vector field we recover the usual
divergence theorem

/ divXdu=0.
M
The Laplacian AT of a tensor T is

AT = g7V, V;T,

in particular for a function f we have Af = div V f, hence

0= /M div(hV f) dp = /M g(Vh,Vf)dp + /M hAf dp
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thus
/M hAfdy = — /Mg(Vh,Vf) dp = /M fAhdp

for every pair of smooth functions f and h.
The Riemann tensor, the Ricci tensor and the scalar curvature are expressible via the second
fundamental form as follows,

Rijrr = hikhji — hithji
Ricij =Hhi; — hag™hyj,
R =H? — |A].

Hence, the formulas for the interchange of covariant derivatives, which involve the Riemann
tensor, become

VN]-XS - VjVZ-XS = Rijklgkle = Rf-le = (hikh]’l — hilhjk) gkle 5

J

(2.3) ViV;Yi = ViViVi = Rijug™Ys = R Ys = (harhji — hahji) Y5 .
The Codazzi equations
Vihjk = thl-k = th”

imply the following identity which will be crucial in the sequel,

(2.4) Ahi; = V;V;H + Hhig'*he — |A?hij .
Also fundamental will be the Gauss—Weingarten relations

0% r Op 15 09
(2.5) Drdn, D hijv, 8—xjy = hjig o,

which easily imply |Vv| = |A].

Now we introduce some non standard notation which will be useful for the computations of
the following sections.

In all the paper we will write T" x S, following Hamilton [33], to denote a tensor formed by
contraction on some indices of the tensors 1" and S using the coefficients g*/.
Abusing a little the notation, if 7%, . . ., 1} is a finite family of tensors (here [ is not an index of the
tensor 1'), with the symbol

! T
i=1

wewillmean T} * T % --- x 1.

We will use the symbol p,(T4,...,T;) for a polynomial in the tensors T, ..., T; and their iter-
ated covariant derivatives with the * product like

pS(Tla"'7n): Z ci1...i1 vilTl*"'*vilna
i1t =s

where the ¢;, .. ;, are some real constants.

Notice that every tensor T; must be present in every additive term of p;(77, ..., T;) and there are
not repetitions.

We will use instead the symbol q° when the tensors involved are all A or Vv, repetitions are
allowed and in every additive term of there must be present every argument of g°, for instance,

N . M .
9°(Vv,A) =) (kci)l Vi (V) 1(3 V”A) with N, M > 1.

The order s denotes the sum

N M
s= (ik+1) + Y (i+1).

k=1 =

=
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Remark 2.1. Supposing that q° is completely contracted, that is, there are no free indices and we
get a function, then the order s has the following strong geometric meaning: if we consider the
family of homothetic immersions Ay : M — R**! for A > 0, they have associated normal 1,
metric g*, connection V* and second form A* satisfying the following rescaling equations,

(V)‘)iu)‘ —Viy (VA)J'AA — /\vjA7
(@Y =Ngiz (g7 =r"g".
Then every completely contracted polynomial g4° in Vv and A will have the form
> (VEVY) (VYY) . (VINVY) VAL VAL VA guis | guese

with
N

M
s= (ik+1) + Y (Gi+1)

k=1 =
and since the contraction is total it must be

1 N M
t=3 <Z(ik+1)+2(jl+2)>

k=1 =1

=

as the sum between the large brackets give the number of covariant indices in the product above.
By this argument and the rescaling equations above, we see that q° rescales as

(VA AN =AM =245V, .. A)
A~ (EL A+ EL G4 ) g5 (v, L A)
=\"%.

By this reason, with a little misuse of language, also when ¢° is not completely contracted, we
will say that s is the rescaling order of q°.

In most of the following computations only the rescaling order and the arguments of the poly-
nomials involved will be important, so we will avoid to make explicit their inner structure.
An example in this spirit, are the following substitutions that we will often apply

Vps(Tla"'aT'l):ps+1(T17"-7I‘l) and qu(vya"'aA):qZJrl(vya"'aA)‘

We advise the reader that p and g could vary from a line to another in a computation by
addition of analogous terms, the only thing that has to be kept under control is the fact that
all the manipulations involving them are algebraic, that is, their coefficients do not depend on
the particular Riemannian manifold where the tensor are defined. This is crucial in view of the
geometry—independent estimates we want to obtain.

Finally, also the constants could vary between different formulas and from a line to another.

3. FIRST VARIATION

Given an immersion ¢ : M — R™"*! of a smooth closed hypersurface in R"!, we consider the
following functionals for m > 1,

Fule) = [ 1+ IV du
M

where v is a local unit normal vector field to M and |[V™v|? means 3."*] V™12, The norm | - |,
the connection V and the measure p are all relative to the Riemannian metric g which is induced
on M by R"*! via the immersion . Notice that these functionals are well defined also without a
global unit normal vector field, i. e., M is not orientable, because of the modulus.

In this section we are going to analyze the first variation of these functionals. Actually, comput-
ing the exact form can be quite long but for our purposes we need only to study some properties

of its structure.
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Suppose that we have a one parameter family 7 of immersions ¢, : M — R, with ¢y = ¢,
we compute

d
di ] LIV dne

(3.1) 0Fm(p)(Z) = — Fnlepr) dt

t=0

where clearly the metric g, the covariant derivative V and the normal v depend on ¢.
Setting X (p) = %npt (p) |,_, we obtain a vector field along M as a submanifold of R**" via . It
is well known that

=

0

Fiit| = HElX)u

t=0

so it follows,

4
dt

fm(wt)

L) s Lo

/ V™2 Hw | X) dp

dp
t=0

9 . .
+/ — (g gV iV i V)

du .
M Ot

t=0

Then, we need to compute the derivatives in the last term.
For the metric tensor g;; we have
_ Op
8t 9ig = 8t 83% 8arj

_[9X ] dp\ L JoX
o 8 1 8a:j 83;]

0
= ou; <X\ax1>+a—%<

=a;;(X).

0 8<8g@

8xl>
%) ol
8m@> -2 <X ‘ 63;@83:] >

Differentiating the formula g;,9% = 6g we get

9 i is 0 i is j
597 =9 agszg” = —g"ay(X)g".

The derivative of the normal v is given by

0, [0\ Op i _ [, | D¢\ O

ot ot | 0w;/ 9z;” d10z; | Ox;
_ [, 19X\ 9% i Ov 9¢ i
o <V 8xi>8wjg o V<V|X>+<al'l X>8xjg

=~V |X)+Vr*X* =b(X).
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Finally the derivative of the Christoffel symbols is

81“" 1,00 (0 a9 (0 2 (90
TRt {8— (§9k1> + o <§gjl> ~on <§ggk>}
1o ufo 9, 9.
257 {amjg’“”aazk‘%’ ax,gf’“}

1, 9 9 B
=59 ! {Vj <§gkl> + Vi <§ng> -V (E,gjk) }

1 o 0 0 0 0 z 0 z
+ 59 {agkmr]l + atgl;.]'—‘]k + atg]l‘l—‘kl + 6tgl~F]k atg]lrkl - agk'zl—‘jl}

_1 isﬁ zl 9 + 9 9 .
29 6tgszg (3 gkl (3 3 951 — 6$lg]k

1, 9 9 9
=59 ! {Vj <§gkl> + Vi <§!]ﬂ> -V (§gjk> }
i a z is a z
+y9 laglzrjk -9 agszrjk
1, 9 ) 9
=59 ! {Vj <§gkl> + Vi <§!]ﬂ> -V (§gjk> }

1 .
= 59” {Vjau(X) + Viaj(X) — Viajp(X)} .

Notice that all these derivatives are linear in the field X, since the a;;(X) and b(XX') are such.

Lemma 3.1. If a(X) = 2 g s the tensor defined before, for every covariant tensor T = T;, . ;, we have

o, 0T
av Tr=V E +psfl(T7 VG(X))

where the constants in the polynomials ps_1 (T, Va(X)) are universal.

Moreover, if the tensor T is a function f : M — RF the last term ps_1(f, Va(X)) can be substituted with
another polynomial ps_»(V f, Va(X)).

Proof. We prove the lemma by induction on s > 1.

If s = 1 then
o) o (0 .
Evail...zl = <8az Ti iy — FjizTil---iz—lT‘iz+1---il>
J
o 0 ., 0
= a—a—Tll___il - Fji: ETil---iZ—lriz-'—l---il
9
- arjizTil"'i —1Tiz 1000
oT
= VE + T % Va(X)

by the previous computation, hence

%VT va— + po(T, Va(X))
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and the initial case is proved.
Supposing the lemma holds for s — 1, we have

0 0

s _ s—1
atV T atV(V T)
=V <%VS_1T> + po(V*™1T, Va(X))

=V <vs—186—f + ps—o(T, Va(X))>
+po(V*~IT, Va(X))

or
=V°’— + Vp,—»(T, Va(X))

a1
+po(V* T, Va(X))
T
_ vs%_t + 9ot (T, Va(X))

where we set
ps 1(T,Va(X)) = Vp, o(T,Va(X)) + po(VIT, Va(X)).

By this last formula, it is clear that the constants involved are universal. Moreover, if T is a
function f : M — R* then po(f, Va(X)) = 0 and the same formula says that ps 1 (f, Va(X)) does
not contain f without being differentiated. O

Remark 3.2. In the following we will omit to underline that the coefficients of the polynomials
ps and g° which will appear are algebraic, that is, they are the result of formal manipulations.
In particular, such coefficients are independent by the manifold (A7, g) where the tensors are
defined.

Proposition 3.3. The derivative

o . .. o
a (gll.]l . 'gszm vil...im ijl---jm ,/)

t=0

depends only on the vector field X = 2 | o Which is the infinitesimal generator of the family of
immersions I and such dependence is linear.
The first variation of Fp,,

d

0Fm(p)(Z) = E}—m(%@t)

t=0

is a linear function of the field X .

Proof. Distributing the derivative in ¢ on the terms of the product, we have seen that the deriva-
tives of the metric coefficients depends linearly on X, it lasts to check the derivative of V;, _; v.
By the last assertion of Lemma 3.1, we have

0 cm om0V
—atV v=V N + pm—2(Vr, Va(X))
and since % = b(X) we get

0

Evmu =V"b(X) + pm—2(Vr,Va(X))

which proves the first part of the lemma as a(X) and b(X) are linear in X.

The second statement clearly follows by the previous computations and the first part of the

lemma. O



10 CARLO MANTEGAZZA

By this result, we can write 0., (¢)(Z) = 6Fn(¢)(X). Now we want to prove that actually the
first variation depends only on the normal component of the field X, that is, (v | X'), by linearity, it
is clearly sufficient to show that 6F,,,(¢)(X) = 0 for every tangent vector field X. By the previous
proposition, in order to compute the derivative (3.1) we can choose any family 7 of immersions
whose infinitesimal generator is X .

Given a vector field X along M as a submanifold of R**! which is tangent, there exists a

tangent vector field Y on M such that dy, (Y (p)) = X (p) for every p € M.
Then we consider the smooth flow L(p, t) : M x(—¢,&) — M generated by Y on M as the solution

of the ODE’s system

L(p,0) = p
forevery p € M and t € (—¢,¢), and we define ¢,(p) = p(L(p,t)).
Clearly g9 = ¢ and

{%up, t) = Y(L(p,1)),

0 0
7:7P)| = derpy <§L(p, t)) = dpp(Y(p)) = X(p),
t=0 t=0
hence, using the family 7 = {, } we have
d
SFn(@)(X) = S Fouli)
t=0

If g; is the metric tensor on M induced by R**! via the immersion ¢;, then the Riemannian man-
ifolds (M, g;) and (M, g) are isometric for every ¢t € (—¢,¢), being I(-,t) = ¢~ oy : (M, g) —
(M, g) an isometry between them. Since the functional F,, is invariant by isometry, F.,,(¢;) does
not depend on ¢ and its derivative is zero.

By the previous discussion we have the following proposition.

Proposition 3.4. The first variation §F,,(p)(X) depends only on (v | X).

This means that we can suppose that X is a normal field in studying dF,.(¢)(X), hence we
can strengthen the previous computations as follows,

0

agij —aij(X) = —2 <X ‘6;12 (3;17]> = 2<I/|X>hij

9 .. 9 3

. 1] — ZS_ _] — 1]

519 9" 59519 2(v| X)h

0

%’ = -V ({lX)

a Z 2

Erl =g" {V,;((v | X)hws) + V(v | X)hje) — Vi((v | X)hj)}

=VAx(v|X)+AxV(r|X).
Supposing X normal, we have immediately the following modification of Lemma 3.1 substi-
tuting the tensor a;;(X) with 2 (v | X)h;;.

Lemma 3.5. For every covariant tensor T' = T5, ._;,, we have

T
O = v O (T, A, (0] X))

ot
where in ps(T, A, (v | X)) the derivative V*T does not appear. If T is a function f : M — R
R—
av f_v ot + ps— 1(vf7 7<V|X>)

and ps_1(Vf, A, (v | X)) does not contains V* f.
This lemma and the fact that 24 = —V(v| X lead to the following proposition.
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Proposition 3.6. Letting {e,} the canonical basis of R**1 and setting v = v®e, € R**!, we have

0

at
where we denoted with V*(v | X)) the a component of the gradient V(v | X) in the canonical basis of
R+, Moreover, the derivative V™v is not present in p,,—1(Vv, A, (v| X)).

Viyin?® ==V i, VIV | X) + pm 1 (V1 A, (V] X))

We are finally ready to compute

d
— [ 1+ |V™|? duy = / (1+ |V™v*) H{v| X) du
M

dt Jy

t=0

i1j 0 i i j
+ /Mg v Eg kJk .g MJ’"vil___ivaJ'l_,_ijdu

—2/ g gy VY X) Vv dp
M
+2/ V7 sk 1 (Vv A (v | X)) du
M
:/ (1+ |V™v*) H{v| X) du
M
+2m/ V™« VT Alv | X) du
M
— 2/ gt gtmIm N N (v | XYV, g v dp
M

+ [ B d (V7 VA ] X)) di
M

Now, in order to “carry away” derivatives from (v | X') in the last integral, we integrate by parts
with the divergence theorem, “moving” all the derivatives on the other terms of the products.
Hence, we can rewrite it as

/ pam—2(V, Vo, A) (v | X) i,
M
which is equal to

/M 2™ (Yo, A) | X) du

with the conventions of Section 2.
Since also the second integral has this form, collecting them together, we obtain

d . .
—/ L+ |V™0|? dpe = / H{v|X) du+/ P>V, A) (v | X) du
dt Jp t=0 M M

-2 /M gt gtmIn Vv | X) Vi Ve dp.
Finally, we deal with this last term. First, by the divergence theorem it can be transformed in
A1) [ TN X) VI,
second, using the tangential divergence formula (2.2), it is equal to
2" [ 1K) TRtk [ @S0 AN ] X) di

where the extra term q?"*1(Vv, A)(v | X), which has a differentiation order lower than the first
term, comes from the product with the mean curvature in the tangential divergence formula.
Notice now that the permutation of derivatives introduces additional lower order terms of the
form

/ 2 (o, A) (| X) dp
M
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by formulas (2.3), hence we get

2(—1)m/ <u|X>vjlvj1...vjmvjmvau“dujL/ P>V, A) (v | X) du
M M

that is,
m times
— .
2(—1)m/ (1/|X>AA...AV°‘1/“d,u+/ > (Y, A) (v | X) dp.
M M

By Gauss—Weingarten relations (2.5), we have

:aigijh 1 99%

\VaPe .
ox; itg 0xs

= 9" hjig"gsi = g7 hji = H,
so we conclude

5 F () (X) = /M H(v| X) dp + /M P (Y, A) v | X) dy

+2(-1)™ /M AA .. AH(v | X)dp

= [ @@+ [ @A) X) du
M - M

+2(—1)m/MAA...AH(1/|X)du.

By the previous discussion this formula holds in general for every vector field X along M. We
summarize all these facts in the following theorem.

Theorem 3.7. For any m > 1 the first variation of the functional F,, is given by

5 F () (X) = /M En(¢)(v| X) dp

where the function E,,, (@) has the form

m times

——~
En(p) =2(=1)™AA ... AH + ¢*"T(Vr,A) + q' (A).

4. GRADIENT FLOW AND SMALL TIME EXISTENCE

Suppose that po : M — R*"! is smooth immersion of an n—dimensional hypersurface M
which is compact, connected and has empty boundary.
We look for a smooth function ¢ : M x [0,T’) such that
1. the map ¢; = ¢(-,t) : M — R™"*! is an immersion;
2. the following partial differential equation is satisfied
O
E (p7 t) =-En (@t)(p)l/(p, t) .
If we have a solution, then we say that the hypersurfaces M, = (M, g.), where g, is the induced
metric on M, evolve by the gradient flow of the functional F,,.

The small time existence of such flow is a slight modification of the following result of Polden
(see [50], Thm. 2.5.2, Sec. 2 or [39]).

Theorem 4.1. For any smooth hypersurface immersion po : M — N, with N a smooth (n + 1)-
dimensional Riemannian manifold, there exists a unique solution to the flow problem

s times
——~
?9_“: = ((—I)S“AA...AH + ®(p,v,A, VA, ... ,VQS_lA)>I/

defined on some interval 0 < t < T and taking o as its initial value.
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We refer to [50, 39] for the proof of this theorem.
A careful look at Polden’s proof reveals that the theorem can be improved to allow the function
® to depend also on the metric g and the covariant derivatives of the normal v, which is exactly
what we need.

Hence, we obtain the existence of solutions of the problem

m times
——
58_‘5 = <(_1)m+1AA...A H +®(p,9,A,v, VA, Vv, ... ,v2m—1A,v2my))u

which includes our case up to a constant multiplying the leading term. Since such a constant can
be eliminated by a time-only rescaling and since a smooth evolution of an immersed compact
manifold clearly remains an immersion at least for some positive time, we have a small time
existence and uniqueness result for the gradient flow of F,,, with every initial hypersurface.

5. A PRIORI ESTIMATES

To prove long time existence we need a priori estimates on the second fundamental form and
its derivatives which are obtained via Sobolev and Gagliardo—-Nirenberg interpolation inequali-
ties for functions defined on M;.

Since the hypersurfaces are moving, also the constants appearing in such inequalities change
during the flow, hence, before proceeding with the estimates, we need some uniform control on
them.

In this section we see that if the integer m larger than [%] then we have a uniform control,
independent by time, on the L™ ™! norm of the second fundamental form. This fact will allow us
to show in the next section that also the above constants are uniformly bounded during the flow.
In the last part of the section, using an inequality of Simon, we prove also an a priori lower bound
on the volume of the evolving hypersurfaces.

We remark that this is a crucial point where the the hypothesis m > [%] is necessary.

By the very definition of the flow, the value of the functional 7,,, decreases in time, since

d

TPl == [ Bl du <0,

hence, as long as the flow remains smooth, we have the uniform estimate

(5.1) /’1+¢vaPdm:=fa@%>Sszww
M

for every ¢t > 0.
Now we want to prove that if m > [%], this estimate implies that the L™** () norms of the
second fundamental form A of M, are uniformly bounded independently by time.

Our starting point is the following universal interpolation type inequalities for tensors.

Proposition 5.1. Suppose that (M, g) is a smooth and compact n—dimensional Riemannian manifold
without boundary and i the measure associated to g.
Then for every covariant tensor T and exponents q € [1, +00) and r € [1, +00], we have

. J s—J i
(5.2) IV T || ey < CHVSTHIS/;(H)||T||Li(p) vj €l0,s],
with
1 ) .
1_J s-i
p  sq sr

where the constant C depends only on n, s, j, p, q, r and not on the metric or the geometry of M.

The proof of the case r = 400 can be found in [33], Sec. 12, along the same lines also the case
r < 400 follows (see also [10], Chap. 3, Sec. 7.6).

Suppose that M is orientable and that g is the metric induced by the immersion ¢ : M — R**1,
let v be a global unit normal vector field on M.
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Ifin (5.2) we consider T'=v,s =m, j=1,q¢ = 2 and r = +00, then we have |T| = 1 and p = 2m,
hence

1
IV Vlm ) < CIV™ VI,

w)?
for a constant C' = C(n, m).
Since by (2.5) |Vv| = |A|, we conclude

[ AP du<c [ 19 dn < CF o).
M M

If M is not orientable, then there exists a two—fold Riemannian covering M of M , with a locally
isometric projection map 7 : M — M which is orientable and immersed in R**! via the map
¢ o 7. Repeating the previous argument for M we get

/~ |AP™ dp < 0/~ V™2 dji .
M M

Since 7 is a local isometry and noticing that the global unit normal field on M gives locally a unit
normal field on M, all the quantities which appear inside the integrals above do not change pass-

ing from M to M, only when we integrate we need to take into account the two—fold structure of
the covering. This means that for every smooth function v : A/ — R we have

/ uowdﬂ:2/ wdp .
M M

2 [|APman<2C [ [VmuPdu< 207 )
M M

which clearly gives the same estimate as in the orientable case.
As2m > 2[%] > n+1, wehave

Hence, we deduce

2m—n—1

ntl
53) [oartaus ([ apman) T ol an*HE < e
M M

with a constant C' = C(n,m).

Finally we show that also the volume of M is well controlled by the value of F,, () under the
hypothesis m > [2].
The bound from above is obvious, the bound from below in dimension n > 1 can be obtained via
the following universal Sobolev inequality due to Michael and Simon (see [47, 52] and also [2, 11,
35] for related results).

Proposition 5.2. Let p : M — R be an immersion of an n—dimensional, compact hypersurface
without boundary. On M we consider the Riemannian metric induced by R™' and the corresponding
measure .

Then, there exists a constant C' = C(n, p) depending only on the dimension n and the exponent p such
that, for every smooth function uw : M — R

. 1/p* 1/p
5.9 ([ an) " <ctn ([ urdus [ )
M M M

wherep € [1,n),n > land p* = £

Considering the function v : M — R constantly equal to 1 in the inequality for p = 1, and
taking in account (5.3), we get

(Vol M)+ gc/ |H d
M

<O\ Al prt1() (Vol M) w51
<CFpm(ip) w1 (Vol M)+ .
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Dividing both members by (Vol M) anl, as 15 > 2=1 we conclude

1 < CF ()71 (Vol Mmoo
that is,

< Vol M < F,,
Fm(p)™ ~ < Fmle)

for a constant C' = C(n, m).
Remark 5.3. With the same argument, it follows that also ||A|;»+1(,) can be controlled above and

below with F,,,(y) and that the functional F,, is uniformly bounded from below by a constant
greater than zero.

In the special case n = 1, we recall that for every closed curve v : S! — R? in the plane the
integral of the modulus of its curvature is at least 2, then

1/2
2w < / |[Alds < (/ |AJ? ds> v/Length v < C\/Fp(7)\/Length .
st st

Hence,

C
Fum(7)

< Length v < Fu(7y)

with C = C(m).
Putting together all these inequalities and the uniform estimate (5.1) we obtain the following
result.

Proposition 5.4. As long as the flow by the gradient of F.,, of a hypersurface in R exists, we have the
estimates

Al Ln41(p,) < C1 < 400

0<Cy<Vol My <C3< 400
where the three constants Cy, C and C3 are independent by time.
They depend only on n, m and the value of F,, for the initial hypersurface.
6. INTERPOLATION INEQUALITIES FOR TENSORS

As we said, we show now that the uniform bound on the L™! norm of the second fundamen-
tal form implies that the constants involved in some Sobolev and Gagliardo—-Nirenberg interpo-
lation type inequalities are also equibounded.

Recalling inequality (5.4), we have

(6.1) lullze (uy < C(n,p) (IVull o + Hull o))
for every u € C*(M), where p* = L and p € [1,n).
Proposition 6.1. If the manifold (M, g) satisfies Vol M + |[H|| pn+s(,) < B for some 6 > 0 then for every
peln)

lullLos () < C (IVullLoey +llulliey) Ve e CH(M),
where the constant C' depends only on n, p, 6 and B.
Proof. Applying Holder inequality to the last term of inequality (6.1), we get

||U||Lz=*(u) < C(nvp)Hvu“LP(u) + C(n,p, 67B)||u||Lf’(,u)

where p is given by

~_ pn+d) ., nm+d)
p_n+6—p_p n(n +6) +p*d’
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thenp < p < p*.
Hence, we can interpolate ||u|17(,) between a small fraction of ||ul| .+ (,) and a possibly large
multiple of ||u||Lr(,),

||u||LP*(;L) < C(nap)“quL"(u) + C(nap7 67 B) (EHUHLI’*(;L) + C(Eap)||u||L1’(#)) :

Choosing € > 0 such that eC(n,p, d, B) < 1/2 and collecting terms we obtain

[ull Lo () < C(n, 2,6, B) (IIVull o) + lull L)) -

When p > n we prove the following L result (see also [45], Thm. 5.6).

Proposition 6.2. If the manifold (M, g) satisfies Vol M + |[H|| pn+s(,) < B for some 6 > 0 then for every
p > n, we have

mﬁx|u| <C (HVUHLP(H) + ||u||Lp(H)) Yu e CH(M),

where the constant C' depends only on n, p, 6 and B.

Proof. Suppose first that M is embedded and n + 0 > p > n, clearly ||H||z»(,) is bounded by a
value depending on the constant B.

We consider M as a subset of R"*! via the embedding ¢ and p as a measure on R**! which is
supported on M. Then the following result holds ([52], Thm. 17.7): let B,,(z) be the ball of radius
p centered at z in R* ™!, for every 0 < 0 < p < +00 we have

<7N(Ej:n(x))>l/p < (%) v + C(n,p,d,B) (,;1*"/19 — alfn/l)) i

Hence,

1/p
<N(Brf (33))> < Cy + Czplfn/p ,
on pn/p

and choosing p = 1, for every 0 < o < 1 we get the inequality
N(BU'("I/.)) S C(napv 67 B)Un "

Then we need the following formula which is proved in [52], Sec. 18, as a consequence of the
tangential divergence formula (2.2).
For every 0 < o < p < 400 we have

Jo @t _ i, v
0—'”/ - p'n/

p
+/ T—n—l/ r([Vu| + [uH]) dyu(y) dr
o B a:)

-

where r = |z — y| and v is any smooth non negative function.
Noticing that r < 7 and using Holder inequality we estimate

oy udp o udp p pp
fB"( ) < fBP(p)n + </ |[VulP + |uH? du) / T_"u(BT(:v))l_l/p dr
M o

0—'”/
1
: / ( )Udu+c(||vu||m(”) + ||UH||LP(H>)/ T dn
Bi(z o

where in the last passage we set p = 1 used the previous estimate on u(B,(z)). The function
77"/? is integrable since p > n and we get

1 —gl=nle

I, @) v
1-n/p

om ’

< /B e C (¥l + Bz
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now sending o to zero, on the left side we obtain the value of u(x) times w,, which is the volume
of the unit ball of R”, hence

() g/B et C (9l + Bz

<C(n,p,0,B) (llullLr(uy + IVullLe () + lluHllLe) -

For a general u we apply this inequality to the function u?, thus

1/p 1/p
c (/ luf? du + (/ |uVu|pdu> 4 (/ |u2H|pdu> >
M M M
1/p 1/p
C max |u] (/ |u| dpe + (/ |Vu|pdu> + </ |uH|pdu> > :
M M M M

Since z € R**! was arbitrary we conclude that

max [u| < C(n,p, 0, B) (lull ) + [IVull oy + [lubll o) -

u?(x)

IN

IN

for a constant C' depending on n, p, § and B.
If M is only immersed, we consider the embeddings of M in R**!1 x R¥ given by the map ¢ x 1) :
M — R*1 x R¥, where ¢ : M — RF is an embedding of M in some Euclidean space. Then,
repeating the previous argument (it is possible since the starting inequalities from [52] hold for
embeddings in any R') we will get the same conclusion with a constant C.. Finally, as C. depends
only on Vol M and H, and all the geometric quantities converge uniformly when ¢ goes to zero,
we conclude that the inequality holds also in the immersed case.

Now, given any p > n, we choose p = % min{n+p,2n+4}, then clearly n < p < min{p, n+4/2}.
By the inequality above we have

max [u] < C(n,p,6, B) (llull () + 1IVull o) + [1ubllzo(,)

then using Holder inequality and an interpolation argument as in the proof of Proposition 6.1 we
get
max |u| < C(n, 5,6, B) ([l + IVullLi) + llullee) -
Applying again Holder inequality, as p < p, we conclude that
mj\f}X |U,| S C(nvﬁv 67 B) (HVUHL"(H) + ||u||L1’(u)) )
which gives the thesis since p depends only on n, p and 4. O

We now extend these propositions to tensors (see [10], Prop. 2.11 and also [13, 14]). Since
|T| is not necessarily smooth we apply the previous inequalities first to the smooth functions

VIT|? + €2, converging to |T'| when ¢ — 0. As
(VT,T)
VVIT|? + €2 ‘ =
VT N
we get then easily the following result.

Proposition 6.3. If the manifold (M, g) satisfies Vol M + |[H|| n+s(,) < B for some § > 0 then for every
covariant tensor T' = T, . ;, we have,

(6.2) 1Tl Lo () < C (IVT Loy + 1Tl e()) ifl<p<n,
(6.3) mj\f}X|T| < C(IVT|lLe () + 1T Le () ifp>n,

7]

<
= ViFre

IVT| < |VT|

where the constants depend only onn, I, p, 6 and B.

We define the Sobolev norm of a tensor 1" on (M, g) as

ITllwsa() = Z IV'T || Loy -

i=0
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Corollary 6.4. In the same hypothesis on (M, g) we have

(6.4) IVIT | Loy < CINT |l weau) with =" >0,

. 1
(6.5) i [V < Cl Tl when ==

The constants depend only on n, 1, s, j, p, ¢, d and B.
Proof. By inequality (6.2) applied to the tensor VT we get
IV TllLrgy < C (IVF Tl or gy + 1V Tl or )
< C IV T ooy + 2V Tl oa ) + IV T o2 )

<

< C(IVTlgeomiquy + -+ IV T || proms ()
S ClT[lwews-i u) -

Since the p; are related by

po =pand ps;_; = ¢, we have
1 1 s—73 1 s—3j

p ops—j n a4 n
and the first part of the corollary is proved.
The second part follows analogously using also inequality (6.3). O

Now we put together this result and the universal inequalities

s—J
s

(6.6) V9Tl < CITNpeao 1T

which are obviously implied by Proposition 5.1, to get the following interpolation type inequali-
ties.

Proposition 6.5. In the same hypothesis on (M, g) as before, there exist a constant C depending only on
n,l,s,4,p qr, 0and B, such that for every covariant tensor T = T5, . ;,, the following inequality hold

(6.7) IV T lloquy < CUT Ny 1T N1,

(1)
forall j €10,s], p,q,r € [1,+00) and a € [j/s, 1] with the compatibility condition

1 4 (1 s> 1-a
S=24al--2)+ :
p n qg n T

If such condition gives a negative value for p, the inequality holds for every p € [1,400) on the left side.

Proof. The cases a = j/s and a = 1 are inequalities (6.6) and (6.4), respectively, the intermediate
cases, when j/s < a < 1, are obtained immediately by the log—convexity of || - ||z»(,) in 1/p,
which is a linear function of a, and the fact that the right side is exponential in a.

If p is negative then ; — = < 0and

1 s—373 3 1 s 1—-a
-———<=4al-—— ]+ )
q n n q n r

hence, the L> estimate of inequality (6.5) together with (6.6) gives the inequality for every p €
[1, +00). O

Remark 6.6. By simplicity, we avoided to discuss in all the section the critical cases of the inequal-
ities, for instance p = n in Proposition 6.3. Actually, for our purposes, we just need to say that in
a critical case we can allow any value of p € [1, 4+00) in the left side of inequalities like (6.7). This
can be seen easily, by considering a suitable inequality with a lower integrability exponent on the
right side and then applying Hoélder inequality.
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Putting together the estimates of this section with Proposition 5.4 we obtain the following
result.

Proposition 6.7. As long as the flow by the gradient of F, of a hypersurface in R**! exists, for every
smooth covariant tensor T' = T5, ._,;, we have the inequalities

(6.8) IV Tllzr(uy < CITIys.a(0 1T

l—a
Lr(p)°

forall j €10,s], p,q,r € [1,+00) and a € [j/s, 1] with the compatibility condition

1 4 (1 s > 1-a

S==+tal-—=)+ :

p n q n r
If such condition gives a negative value for p, the inequality holds for every p € [1,400) on the left side.
The constant C depends only on m, n, 1, s, j, p, q, v and the value of F,, for the initial hypersurface.

7. LONG TIME EXISTENCE OF THE FLOW

Suppose that at a certain time 7' > 0 the evolving hypersurface develops a singularity, then
considering the family {M,},., ;, we are going to use the time-independent inequalities (6.8)
to show that we have uniform estimates

nﬁx|va| < Cp < 40 Vte[0,T)

for all £ € N. We will see that such estimates are in contradiction with the development of a
singularity at time ¢t = T', hence the flow must be smooth for every positive time.
To this aim we are going to study the evolution of the following integrals,

/ |VkA|2 d/,tt
M

Remark 7.1. As in the previous sections, we will omit to say in the computations that all the
polynomials p; and ¢° which will appear are independent by the manifold (M, g) where the
tensors are defined.

First we derive the evolution equations for g, v, I‘§ . and A. Essentially repeating the compu-
tations of Section 3, we get

0

5% = —2Ehj

%gij =2E,,h"

%I/ = VE,,

9 i

TRl =VE,,* A+ E,, * VA.

Lemma 7.2. The second fundamental form of M, satisfies the evolution equation

m + 1 times

—
0 iy = 2=1)" Koo Rhyy + a2 (A, A) + 42 (Vi A) + 47(A).

at
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Proof. Keeping in mind the Gauss—Weingarten relations (2.5) and the equations above, we com-
pute

9,
ot 7 6t 6:1: 6:1:]
0?(E,v)
=(v
Q015 83: 83:]
O?E,, 0 Do
= Onion, T Om < oz, (hﬂg Gy >>
_<6E 0p 1, rk 9% Op hij’/>

ox; Oz, g K 83:
. 0p
. or. hisy>

0’E OE,,
=_—" —T{L—"+E,h
890,»8@3 K 8 + ]lg <
:VNjEm - Emhisg lhlj .

z

Expanding E,,, we continue,

m times
hi; =ViV; (2(_1)m‘AA L AH + 2" (Vi A) + ql(A))
m times
2 1 1 l
- (2(—1)mAA...AH+q m+L(Vy, A) + g (A))hisgs hj
m times

—— 5
=2(-1)"V;V;AA ... AH + ¢*™"3(Vr,A) + ¢*(A) .

9
ot

Interchanging repeatedly derivatives in the first term we introduce some extra terms of the form
q?m+3(A, A) and we get

m times

——~
0 hij = 2(=1)™ AA ... AV, V;H+ ¢*" T3 (A, A) + ¢*™P3(Vi,A) + 43(A),

ot
then using equation (2.4) we conclude

m times ‘
hij = 2(_1)m AA ... A(Ahw — Hhilglshsj — |A|2hij)
+ a7 (AL A) + g" (VR A) + 07(A)

m + 1 times

—— . .
—2(—1)"AA... Ahij + ¢ (A,A) + 2™ (Vi, A) + ¢P(A) .

9
ot

Now we deal with the covariant derivatives of A.
Lemma 7.3. We have

m + 1 times

0 — k
=V b =2(=1)" DAL AV Ry

+ " AL A) + g" T (Ve A) + 9" (A).



SMOOTH GEOMETRIC EVOLUTIONS 21

Proof. With a reasoning analogous to the one of Lemma 3.5 applied to the tensor A and by the
previous lemma, we have

d
—Vkh;; =VF—

0

ot
v %h” + qk+2m+3(A,A) + qk+2m+3(vy7 A) + qk+3(A,A)

m + 1 times
—
=2(=1)™VFAA ... Ahy;
+ VT (AL A) + VT (Y, A) + ViR (A)
+q AL A) + gt (T, A) + qME (AL A)
m + 1 times
—
=2(=1)™V*AA ... Ahy;
+ " (AL A) + g" P (Y, A) + 95 (A).

Interchanging the operator V* with the Laplacians in the first term and including the extra terms
in g®*+2m+3(A  A), we obtain

m + 1 times

0 —— k
9 Gkhy =2(—1)"AA. . AV hy;

ot
+ PR AL A) + PP (T, A) 4+ gF TP (A).

Proposition 7.4. The following formula holds,
O IRAR = 4 [ AR
ot Ju M
i / gD (A A A) + g2 (U, AL A) dpe
M
4 [ A, A)
M

Proof. By the previous results we have
.0
BT Vi iy hij Vi e sz

a 7 ikJk o0S 02
Eg n - g k]kg g] vl1lkh2]v]1]k h/sz

) |
57| VRAI =2g"7 . gh gty

+ g“]1 ...
m + 1 times
. —_—
—4(=1)"g g g g RN AV, iy hig Vs gy hee
(AL A) + g (T, A) 4 gEH(A) )« VEA
+ 2E,,g" 9 LRI gk gisgiEg L BNy P
m + 1 times
= 4(—1)mg“]1 .. .glk]kglsg]ZAA PN AV“% hijvjl...jk hsz
(A, A, A) + g7 EED (Tr, A, A) + (A, A)
:4(_1)m ]ZvlkJr Vit vik+m+1vikerJrlvﬁ ikhijvilmikh
2(

+q k+m+2)(A A A)+q2(k+m+2 (VI/ A A)+q k+2)(A A)
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Interchanging the covariant derivatives in the first term we introduce some extra terms of the
form g2(**m+2)(A A, A), hence we get

0
— [ [V*AP dp =
4(-1)™ / gl gV VR Vi Vi hif VI M b dp
M
i / gD (AL AL A) + g2 (T, AL A) + (AL A) dpe
M
- / g2+ (A, A) dp
M
where the last integral comes from the time derivative of ;.
Then, carrying the m + 1 derivatives Vi*+1 ... Vik+m+1 on Vit b by means of the divergence
theorem, we finally obtain the claimed result,

= —4/ 959 Vigimer - - Viess Vigooig hig VL VRS b dyy
M

* /M 2T (A A A) + 2T (T, AL A) + g2 (AL A) dpsy

_ 4/ |vk+m+1A|2 dﬂt
M
+ / ?Tm TR (A, AL A) + ? BT (T, AL A) + ? P (AL A) dp
M

The leading coefficient became —4 since we multiplied 4(—1)™ for (—1)™*! while doing the m+1
integrations by parts. U

Now we analyze the terms
/ q? (A A A) . and / g2 (Yo, A, A) dpa
M M

If one of the two polynomials contains a derivative V‘A or V¥(Vv) of order i > k +m + 1,
then all the other derivatives must be of order lower than & + m, since the rescaling order of the
polynomials is 2(k +m + 2) and the fact that there are at least three factors in every additive term.
In this case, using repeatedly the divergence theorem as before, to lower such highest derivative,
we get the integral of a new polynomial which does not contain derivatives of order higher than
k + m + 1. Moreover, if there is a derivative of order k + m + 1 then the order of all the other
derivatives in q2(**™+2) must be lower or equal than k + m, by the same argument.

With the same reasoning, the term

/ qZ(k+2) (A7 A) dut ’
M

can be transformed it in a term without derivatives of order higher or equal than k + m + 1.
Hence, we can suppose that the last three terms in

L T M
t M M
+/ qz(k+m+2)(A,A7A) +q2(k+m+2)(Vy,A7A) dp
M

(7.1) 4 [ A, A) duy
M

do not contain derivatives of A or of Vv of order higher than k£ + m + 1; possibly, only one
derivative of order k + m + 1 can appear.
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Lemma 7.5. The following inequality holds
Vv < [VF AL+ a7 (A)]
where q°(A) does not contain derivatives of A of order higher than s — 2.

Proof. By equations (2.5) it follows that Vv = A * Vi, hence

Vir=V"AxVe+ Y VAxVIV

i+j=s5—2

and since V3, = —hijv, we get

Vo =V AxVe+ Y VIA«VI(Ay)

i+j=s5—2
=V T AxVo+ Y VAxVIAxVRL.
i+jthk=s—2

Then, by an induction argument we can express V°v as
Vv = V' A %« Vo + q°(A)

where q°(A) does not contain derivatives of order higher than s — 2.
Taking the norm of both sides we get

[V < [VITA = Vil + [9°(A))]

and we conclude the proof computing

O
VA« V| = (Vi i hag't ==
| ol ‘ 10451 1bilg Oz
Ao C o \'*
Ik i is—1js—1 40 w=
— <Vi1...is_1hilg —axkglh...g v 19]Vj1---js_1hjw!] axz>

.. . . .. 1/2
= (Viroioshuag gag g™ .. g =11 g1V g

o S g 1/2
= (Viyis  hag™ g g9 g VG G Bjw)
— |Vs_1A| .
O

Taking the absolute values inside the integrals and using this lemma to substitute every deriv-
ative of v in (7.1), we obtain

9 / VFAP dpyy < —4 / TFEELAR dygy + / 22 (4)] 4 g2 ()] dpg
ot Ju M M

where, as before, the two polynomials do not contain derivatives of A of order higher than % +
m + 1; possibly, only one derivative of order k£ + m + 1 can appear in every multiplicative term
of q2(k+m+2) (A)

Before going on, we remark that the * product of tensors satisfies the following metric property,

7.2) IT+.5] < |T]-1S].
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This can be easily seen choosing an orthonormal basis at a point of M, in such coordinates we
have

2
2 _
T+ S|* = E ( E , Tll---lksjl---Jl>
free contracted
indices indices
2 2
< § :( 2 : Tl1lk>< 2 : Sjl---j1>
free contracted contracted
indices indices indices
< 2 2
— Tll---lk S]l---]l
free  contracted free  contracted
indices  indices indices  indices
2 2
=IT1"- 151"

Now by definition we have
Ni
G2 (4) = 3 @ VoA
1=

with
N
D (e +1)=2(k+m+2)
=1

for every j, hence

N;
ja? 2 (A)] < YTV Al
i ol=1
by (7.2). Setting
N
Q; = Ival
1=1
we clearly obtain

/ g2 kM2 (A)| dpy < Z/ Qj dpy .
M j M

If Q; contains a derivative of A of order k + m + 1, we have seen that all the others have order
lower or equal than k + m, then collecting derivatives of the same order, @); can be estimated as
follows

k+m
Q; <[VEm AL T IviAp
=0
for some «; satisfying the rescaling condition
k+m
(k+m+2)+ > (i+Daji=2(k+m+2).
=0

Hence, using Young inequality, for every €; > 0 we have

k+m
' ; 1 i\ 200
/ Q] d/,tt SE]/ |Vk+m+1A|Z dﬂt+_/ H |v2A|Za], d/,tt
M M dej Jm iy

:a,-/ VAL dp +/ |a* TR (A) dpa
M M

where we put in evidence the fact that the last term satisfies again the rescaling condition and no
more contains the derivative VATm+1A
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Collecting all together such “bad” terms, and choosing suitable ; > 0 such that their total sum
is less than one, we obtain

9 / VFAP dpy < -3 / TR AR dpy + / g2 (4)] 4 / 1202 (A) dpe
ot Ju M M M

where now in the last two terms all the derivatives of A have order lower than k& + m + 1. We are
then ready to estimate them via interpolation inequalities.

As before,
7B (A) <D Q;

and after collecting derivatives of the same order in @),

k+m ) k+m
=[] IViA[~ with ) aji(i+1) =2k +m+2).
i i+1

Then,
k+m

- [T
M

k—‘,—m o
(/ VA |2 d’“)

k+m

= H VAl
=0

where the ; are arbitrary positive values such that }_ 1/vy; = 1.
We apply interpolation inequalities: if in (6.7) we takeq =2, r =n+1,s=k+m+1,j =1
and T' = A we get

IN

L347% (p)

IV All sy < AN s g AT

with
1 i 1 i
_ Pi n n+1
(7:3) a_l_M_Le[kq-mq-]_’l]
n +1
and p; > 1.

Now, since the volumes of M; and ||Al[}.+1(,,, are uniformly bounded in time, also [[A[| 2, is
uniformly bounded and using the universal inequalities (6.6) with p = ¢ = r = 2 we have

k+m+1
||A||W2 ktmtl () S Z CHkarerlA”z-Z;-,Z:J

k+m—+1
< Z ||Vk+m+1A||L2(M)+C

s=0

< B||Vk+m+lA||L2(m) +C,

where we applied Young inequality.
Hence, we conclude that we have constants B, C' independent by ¢ such that

(7.4) IV A ey < (BIVHH4 Al +C)
for a asin (7.3) and p; > 1.
Choosing 7; = 0if a;; = 0and v; = Zg“%?fj) otherwise, we have clearly

k+m k+m

aji(i+1)
Z Z:: kj+m+2 =1

7,071
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by the rescaling condition on the ;.

We claim that for every i € {0, ...,k + m}, the product p; = «;7; satisfies the condition (7.3).
2(k+m+2)

By definition, p; = == 7, hence we must check that the following inequality holds
i MErmT® ~ W "W
E+m+1— %_H—QZH_# -
for every i € {0,...,k + m}. Since every term is an affine function of i, the claim follows if we

show that the inequality holds for¢i = 0and ¢ = k +m + 1.
If i = 0 we have to prove that

1 1

2(k+m+2) =~ n+l
0Sl_k+m+1_ 1 <1,
2 n n+1

that is, since the denominator of the fraction is negative (as 2m > n + 1),

1 kE+m+1 1 1 1

- < — <0.
2 n n+1~2k+m+2) n+1-

The right inequality is clearly true, again since 2m > n + 1, the left one becomes

k+m+1 1 1 <k+m+1

2k+m+2) 2 2k+m+2) - n

which is true as 2(k + m + 2) > n.
When ¢ = k 4+ m + 1 the fraction is equal to 1, hence the inequality obviously holds.
Then, the exponents p; = «;;7; are allowed in inequality (7.4) and we get

IV Al L () < (BIVFF™ A 2,0, + €)™
where aj; is the relative value we obtain from (7.3).
Hence,
k+m

[ Qi< TLIVAI
M i=0

H (B||Vk+m+1A||L2(M) + C) ji 0y
=0

(BIV*™ Al g2 + €

IN

IN

k+m
)Zi:o ajiQgi

where the constants B and C are independent by ¢ and

1 _ i _ 1
jiYi n n+1
Aj; =
J T ktmtl _ 1
n n+1

k+m k4+m 1 _ faji _ aji
R — i n ntl
E:aﬂaﬂ_ E: 1 ktm+l 1
i=0 i=0 2 n n+1
_ k+m [ iaj; aji
1 Zi:O ( n + n+1
= 1 kfm+l _ 1
n n+1
k+m ajq (i+1) k+m . 1 1
1->"i% e~ 20 %ilaT T w
- 1 k+m+1 1
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recalling that Zkfén a;i(i + 1) = 2(k + m + 2) we continue,

k+m+2 k+m _ aji
1—2=7== + Z n n+1)
1 k+m—+41 1

_ ok+m+1 2 k+m _ ajs
1-2 n n + Zi:O n(n+1)

1 k+m+41 1

Now, the denominator is negative and clearly

kifl >’§1a,lz+1 _ ktmt2
Q4 )
= E+m+1 E+m+1

so we obtain
k+m 1— 2k+m+1 _ 2 + 2k+m+2 1
n

Z e < k+m-+41 n(n+1)
@jilji = T _ k+m+1 1
i 2 n n+1
k+m+1 2 2 2 1
_ 1-2 n n + (n+1) + k+m+1 n(n+1)
B 1 _ ktm4l 1
n n+1
_9ktm41 2 , 2 1
_ 1 2 n n+1 + k+m+1 n(n+1)
B 1 _ ktm4l 1
n n+1
2 1
-9 k+m+1 n(n+1)
T ktmyl 11
n n+1 2
4
=2- < 2.

(k+m+1D2(k+m+1)(n+1) —n(n—1)]

1-4
/ Qj dpr < <B/ |VEFmELA 2 dp, +c>
M M

for a positive ¢ and using again Young inequality, we have

/ Qjdur < €j/ |VEFmH A2 dpy + C
M M

Hence, we finally get

27

for arbitrarily small ;. Repeating this argument for all the (); and choosing suitable ¢; whose

sum is less than one, we conclude that
d . . . o
G [P < w2 [ vRmaR e [0 () g
M M M

with a constant C' independent by time.

The last term can be treated in the same way. It can be estimated by the sum of the multiplica-

tive terms (); and collecting derivatives of the same order as before, we have

k+m k+m
Q; < [ IviAP  with Y Bii(i +1) = 2k +4.
=0 =0
In this case the coefficients -y;, when ;; # 0, are given by v; = ci(,k(:fi) , hence

pasil & i+ 1)
ZZ Za]kz+2

by the rescaling condition.

With an analogous control, one can see that the conditions on the exponent p; are satisfied.

It
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lasts to compute

k+m k+m 1 _ iB3jq _ Bji
> b = Y
jilji 1 _ ktmtl _ 1
=0 i=0 2 n n+1
_ Nkt m (i85 Bji
1 Ei:O ( n + n+1
B 1 _ ktm41 1
n n+1
_ k+m ,8],(z+1) k+m By
_ 1 Z + Z n(n+1)
B l _ M _ L
2 n n+1
2k+4 k+m _ Bji
. 1- + Zz 0 n(n+1)
- 1 _ ktm+4l _ 1
n n+1

As the denominator is negative and

' B+ 2k +4

2 iz k 1 & 1’
— P +m + +m +

we obtain
k4m _ 2k+4 k+m Bii(i+1) 1
> Biiaji < ! T 2izo Rimil nhD
jidji = 1 _ k+m+1 _ 1
i 2 n n+1
1 _ 2htd | 2k+a 1
_ n k+m+1 n(n+1) <2
B 1 _ ktm+l 1 ’
n n+1

since this last inequality is equivalent to

2% +4 2%k +4 1 2k+m+1) 2
1- + >1- —
n E+m+1n(n+1) n n+1
and simplifying, to
2% + 4 1 2Am—1) 2
k+m+1n(n+1) n n+1

which is obviously true.
Concluding as before we finally get

d
7.5) 4 / VAP e < — / TREELAR 4 O
M M

for a constant C' independent by time.
By (5.2) and Young inequality, we have

.
| VARt C < BITETH AR AN +

IN

B||v’“+m+1A||g;(*;j; +C

1 ‘
5/ |vk+m+1A|2,ut_'_C
M

IN

again with a uniform constant. Combining this inequality with (7.5), we obtain
d 1
S vapu < -5 [ AP uC

and a simple ODE’s argument proves that there exists constants (', independent by time such
that

/ IVFA|2 dp, < Cy, .
M
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To pass from WP (u;) to pointwise estimates, first we notice that being all the derivatives of A
bounded in L?(u;), by inequalities (6.2), for every p > 1 and k € N we have constants C , such
that

/M |VFAP dpy < Chp -

Then choosing a p > n, we apply inequalities (6.3) to every V*A to conclude that for every k € N
we have constants C},, independent by ¢, such that

(7.6) max |V*A| < Cj, .
M;

Looking back at the way we obtained them, we can see that the constants C}, depend only on
the dimension n, the differentiation order k and the initial hypersurface ¢y.

Following Huisken [36], Sec. 8 and Kuwert and Schitzle [45], Sec. 4, these estimates imply the
regularity of the map ¢(p, ).
Since V¥ A are uniformly bounded in time, supposing that [0,7') is the maximal interval of exis-
tence of the flow, we have

o, 1) — o(p,5)] < / o (i06) ()| dE < C(t — 5)

for every 0 < s < t < T, then ¢, uniformly converge to a continuous limit 7 ast — T.
We recall Lemma 8.2 in [36] (Lemma 14.2 in [33]).

Lemma 7.6. Let g;; a time—dependent metric on a compact manifold M for 0 < t < T < +oo. Suppose
that
g 0
/0 N | a7
Then the metrics g;;(t) are all equivalent, and they converge as t — T uniformly to a positive definite
metric tensor g;;(T') which is continuous and also equivalent.

dt < C.

In our situation, if T' < 400, the hypotheses of this lemma are clearly satisfied, hence ¢(:,T)
represents a hypersurface. Moreover, it also follows that there exists a positive constant C' de-
pending only on n and g such that for every 0 < t < T' we have

1
C <gij(t) < C.

Since

0

5% = —2En hij
by (7.6), for every k € N we have

0

Vk&.gij

<Ck7

‘ L>(p)

analogously, as the time derivative of the Christoffel symbols is given by

% i =VEn*A+Ep,*VA

it follows that
9 .

Lo (p)

I

forevery k € N.
With an induction argument, we can prove the following formula (where we avoid to indicate
the indices) relating the iterated covariant and coordinate derivatives of a tensor T',

(7.7) VT =0"T + ) > 1. . 0N TOFT

=1 14 tjitk<m—1
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By this formula and induction, it follows that

ok Qr?l

ot < G,

10* T 1= ‘

L2 ()
for every t € [0,T).
Applying again formula (7.7) to T = V°A we see that

k
OFVIA - VEEA = > OND... 0T §'V°A,
=1 j1+- il <k—1
and by induction and estimates (7.6) we obtain
10¥V*Al| 2 (4) < Chys

forevery k,s € N.
Since we already know that |¢| is bounded and |0¢| = 1, by the Gauss—-Weingarten relations (2.5)

0%p =T0p + Av, Ov=Ax0p
and the previous estimates, we can conclude that
10 @ll oo () < Cik

forevery k € Nand t € [0,T).

The regularity of the time derivatives also follows by these estimates and the evolution equation.
Hence, the convergence ¢, — ¢, whent — T, is in the C'*° topology and M7 is smooth. Then,

using Theorem 4.1 to restart the flow with ¢ as initial hypersurface, we get a contradiction with

the fact that [0, T') is the maximal interval of existence.

Remark 7.7. Though this argument shows that the solution is classical, we cannot conclude that
the previous estimates holds uniformly for every t € [0, +-00) which is the case for estimates (7.6).

Theorem 7.8. If m > [%], for any smooth hypersurface immersion po : M — R"*! there exists a
unique smooth solution to the problem

g_f(p, 1) = —En()(0)v(p,t)

that is, the gradient flow associated to the functional
Fulo) = [ 141970 dn,
M

defined for every t € [0, +o00) and taking pg as its initial value.
Moreover, such solution satisfies

max |V*A| < Cj, .
M,
for constants Cy, depending only on n, k and .

8. CONVERGENCE

Let us consider the function o : [0, +o0) = R,

ot) = /M (o ()] dpie > 0.

Clearly we have

GFn(e0 == [ Bl du = —o(0),

and integrating both sides in ¢ on [0, +00) we get

+oo
/0 o(t) dt = Fuu(00) — Fon(pt) < Fu(i00) -
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Moreover,
- = g Zmirt)
‘ a’ © ‘ / M ot
by the bounds (7.6). Then the function o, being Lipschitz and integrable on [0, +00), converges
to zero at +oo. This means that every C* limit hypersurface of the flow ¢ : M — R"*! satisfies
E..(¢) =0, 1.e., itis a critical point of F,,, diffeomorphic to .
To find limit hypersurfaces, we need the following compactness result of Langer and Della-
dio [20, 46].

En (o) = H[Em(po)]” | due < ©

Theorem 8.1. Let be given a family (M, g;) of closed, oriented, n—dimensional hypersurfaces, isometri-
cally immersed in R"™! via the maps p; : M — R*"L, let p; the associated measures on M and Bar; the

center of gravity of ¢;, that is,
Bar; = / Qi dp; .
M

Let h be any metric tensor on M, if for some exponent p > n and C' > 0 we have
/ 1+ |A|Pdu; +Bar; < C < 400,
M

then there exist a subsequence of {@;} (not relabeled) and diffeomorphisms o; : M — M such that,

{pi o 0;} converges in the H*¥ weak topology of maps from (M, h) — R**! to an immersion p : M —
R+,

Translating the hypersurfaces ¢, : M — R in order to have Bar, = 0 € R"™!, we are in
the above hypotheses. Hence, we can extract a subsequence of smooth hypersurfaces ¢; = ¢y,
and diffeomorphisms o; : M — M such that, for a fixed metric h on M, the sequence {y; c 0;}
converges in the H** weak topology to an immersion ¢ : M — R**L.

With the arguments of the proof of Theorem 8.1 in [20, 46] and keeping into account that in our
case we have also the estimates (7.6), it is possible to conclude that actually the convergence is in
the C*° topology and the limit hypersurface is smooth (see also [37], Prop. 3.4).

Theorem 8.2. The family of smooth hypersurfaces po : M — R, immersed in R"*1, evolving by the
gradient flow for the functional

Fulp) = / 1+ [V dp,
M

when m > [2], up to reparametrizations and translations, is compact in the C* topology of maps.
Moreover, every limit point for t — oo is a critical hypersurface of the functional F,, which is C*
diffeomorphic to .

9. REMARKS AND OPEN PROBLEMS

The heuristics behind our results comes from the regularity theory for varifolds with gener-
alized second fundamental form introduced by Hutchinson in [40, 41, 42] (see also Allard [2, 3])
which, roughly speaking, says that a control on the volume and on the L” norm of the second
fundamental form for some exponent p > n provides a local control on the oscillation of the
tangent space of the hypersurface, precisely a C%* Holder estimate. This means that writing the
hypersurface locally as the graph of a height function on its tangent space, the evolving hyper-
surfaces should share the same regularity of the solution of a corresponding parabolic problem
involving the height function.

In our case, we have seen that the energy F,, of the evolving hypersurface it is a priori bounded
hence, since m > [%], the control on the volume and on the W ™2 norm of the normal vector v
gives abound on A in L™t

Actually, this is only a heuristic argument in favor of regularity, in the paper we did not adopt
this approach, we instead used a priori estimates on the curvature and its derivatives as in the
works of Hamilton [33], Ecker and Huisken [21, 22, 36] and Polden [49, 50, 51].
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9.1. Other Functionals. The analysis of the flow was based upon the following key points:

e the form of the leading term of the first variation;
e the a priori uniform estimates on the constants in Sobolev and interpolation inequalities;
e the “rescaling” property of the functional.

Hence, the proof of regularity could be possibly extended to other functionals with similar char-
acteristics.

Moreover, considering the analogy with the Sobolev spaces on R", where W™? embeds in
C%* if 2m > n, it would be very interesting to study the flows in the “critical” case 2m = n,
where our line of proof fails. The study of regularity, long time existence and the analysis of
singularities is, as in the mean curvature flow, an intriguing open problem.

Notice that the two special situations of curves in the plane moving by mean curvature and the
well known Willmore functional (see [45, 53, 56])

W(e) = /M AP du

defined on surfaces immersed in R?, fall exactly in this case, being |A|? equal to |Vv|%.

In the case of curves, regularity (before collapsing) can be proved only in codimension one and
for an embedded initial curve (see [1, 5, 6, 9, 28, 29, 32, 34, 38]), moreover, the proof involves not
only PDE’s theory but also topological arguments.

About the Willmore functional, at the moment nor there is a proof of regularity of the flow, neither
an example showing the development of a singularity. A first step in this direction was recently
done by Kuwert and Schétzle [45].

When 2m < n we do not expect regularity of the flow by the gradient of F,, since, by analogy

with the previous discussion about the regularity of varifolds, the curvature term should not be
sufficient to give regularity and dumb-bell like separation phenomena should appear during the
flow of certain hypersurfaces.
Moreover, it should also be noticed that in this and in the critical case, the n—dimensional unit
sphere in R"*! collapses in finite time. This can be easily seen considering the ODE satisfied
by the radius r(t) during the evolution (the hypersurface remains a sphere by symmetry) and
checking that in finite time r(t) goes to zero, like in the mean curvature flow, indeed, if 2m < n
the curvature term also forces the sphere to shrink (the curvature integral is a constant for the
spheres, in the critical case 2m = n).

9.2. Other Ambient Spaces. A natural extension would be to consider an ambient spaces differ-
ent by R"!, that is, a general Riemannian manifold (N, h) of dimension n + 1. Since Polden’s
Theorem 4.1 about small time existence of the flow already deals with a general target manifold,
only the a priori estimates leading to the global existence and regularity need to be be carried
out.

Similarly, we can analyze the case of codimension s greater than one, in this case a functional
which could be considered is

Funl9) =/ 1+ V™0l du
M

where w = v; A --- A, is a s—vector obtained by a local orthonormal basis of the normal space to
the n—dimensional immersed submanifold ¢ : M — N™*%,

In [45] Kuwert and Schétzle announce a forthcoming paper with the extension of Polden’s results
to space curves.

9.3. Smoothing Terms. From our analysis, it easily follows that for every positive constants «
and 3 also the gradient flow of the functional

FoB(p) = / o+ A1V dp
M
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exists and it is smooth for every positive time.
Moreover, if we consider a general positive geometric functional

G(p) 2/ .9, A v, ... VA, V') dp,
M

such that f is smooth and has a polynomial growth, choosing an integer m large enough, the
gradient flow of the perturbed functional

Gr(p) = G(p) +eFm(p)

does not develop singularities. This is achieved choosing m so that the rescaling order of |V v|?
is larger than the rescaling order of f(¢,g,A,v, ... ,V*A,V'v), in this way the extra terms com-
ing from G are well controlled by the leading term in the first variation of e F,,.

We say that F,, is a smoothing term for .

This was the idea behind De Giorgi’s suggestion to study the regularity of these flows. Once
you have a sufficiently general family of smoothing terms you can study what happens varying
the parameters, in particular when the constant in front of them goes to zero.

De Giorgi’s program can be stated as follows: given a geometric functional § defined on sub-
manifolds of R* (or a more general ambient space),

e find a functional F such that the perturbed functionals G. = G + F give rise to smooth
flows;

e study what happens when € — 0, in particular, the existence of a limit flow and in this case
its relation with the gradient flow of G (if it exists, smooth or singular).

The simplest example is the analysis of the convergence (in some topology) of the family of
flows of curves 7° : S' x Rt — R? given by the functionals

fg(”y):/gll+6k2ds

when € goes to zero, and the relations of the possible limit flow with the mean curvature flow.
Our work shows that the functionals F,, satisfy the first requirement of this program for geo-
metric functionals G with polynomial growth, defined on hypersurfaces immersed in the Eu-
clidean space, provided we choose an order m large enough (depending on G).
Clearly other choices of smoothing terms could be done, as

Fmp(p) = /M 1+ |V™v|Pdu when mp > n

following the analogy with the Sobolev spaces. In this case the smoothness of the flow is an open
problem.
A particularly interesting case of these is m = 1 and p > n, that is

Fiplp) = /M 1+ |AP du forp >n

which would give rise to a flow of order lower than the one of 7,,, whenn > 1.

The good property of these functionals is that, with the same arguments of Section 6, the control
on the constants in the Sobolev and interpolation inequalities is immediate. The bad point is the
possible degeneration of the leading term of the first variation, so it could be necessary to add a

term
/ |A]? dp
M

to F1, in order to get the small time existence of the flow.
In the same spirit another interesting functional is

Hp(p) :/M1+|H|pd,u forp>n.
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9.4. De Giorgi’s Conjecture. Finally we introduce the original smoothing terms suggested by
De Giorgi in [16, 17]. Given a smooth embedded hypersurface M C R"*!, we can consider the
squared distance function n™ (z) = [d(z, M)]? : R**! — R which turns out to be smooth in a
neighborhood of the hypersurface M. Then we define the function

_ =l = M)
A ==——

and its derivatives
omAM ()
0x;...0cm,
whenever they exist, in particular for every z € M.
The quantities AM . (z) for x € M are related to the second fundamental form A(z) of M and

i1em

to its derivatives up to the order m — 3, for instance

A @P = Y (4@ =3lA@)P.

1<i,j,k<n+1

In general there is a bijective relation between the quantities Ag‘jlk (x) and the second fundamental
form of M at z (see [7, 18, 19] for this and related facts). In the case of immersed manifold, not
necessarily embedded, the function A (z) can be defined using the property that every immer-
sion is locally an embedding.

The relations of the distance function with the second fundamental form make it a valuable tool
in the study of the evolution by mean curvature (see [8, 55]) and more in general of geometric
functionals and flows (see for instance [7, 18, 19]).

De Giorgi suggested that the gradient flow of the functionals

DG () = /M L+ |AY . [Pdp

when m is large enough, does not become singular. In [16, 17] a precise value for the minimal
order of derivation m is not stated but, by analogy with our work we expect that m > [2] + 2is
sufficient to obtain regularity.

The first variations of these functionals has been studied by Ambrosio and the author in [7],
Sec. 5.3: the leading term of the first variation of DG, turns out to be a constant multiple of the
leading term of E,,,_» (see Theorem 3.7)

m — 2 times
—_——
2m(—1)"AA ... AH,

moreover, the functional DG, has the same rescaling properties of 7, _».
The difficult step in repeating our proof stays in controlling a priori Sobolev and interpolation
constants, or more precisely in obtaining inequalities of kind

145 s llze o < CIAT iy llzego »

’Ll...’ik

since the integrals are done on M but the derivatives are taken along all the directions of the
ambient space R" 1.
At this moment the original conjecture of De Giorgi remains open.

9.5. Asymptotic Behavior. An open problem arising from the discussion of the previous section
is the question of the uniqueness of the limit hypersurfaces.

It is also unknown to the author if actually it can happen that the hypersurface goes to the
infinity when ¢ — +o0.

To conclude, we mention the problem of classification of the limit points of these flows, or
equivalently of the critical hypersurfaces of F,,. In his work [49] Polden completely classifies the
limit curves of the flow of the functional (1.1), the analogous n—dimensional result seems to be a
much more difficult task.
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