A RESULT ABOUT C3-RECTIFIABILITY OF LIPSCHITZ CURVES
AN APPLICATION IN GEOMETRIC MEASURE THEORY

SILVANO DELLADIO

ABSTRACT. Let o : [a,b] — R'** be Lipschitz. Our main result provides a sufficient condition,
expressed in terms of further accessory Lipschitz maps, for the C3-rectifiability of vo([a,b]). Such
a condition finds a natural interpretation in the context of Gauss maps of curves and in fact an
application to one-dimensional generalized Gauss graphs is given.

1. INTRODUCTION

The main goal of this paper is to prove the following result.

Theorem 1.1. Let be given three Lipschitz maps
70,7 [a, 0] = RYE  and 42 = (21,721) ¢ [a, ] — RMTF x RMHF
and a function w : [a,b] — {£1} such that the following equalities

(L.1) Y0(t) = w®) @) I (t)
and
(1.2) (70(1);71(t)) = w) [ (76 (8), 1 (1)) [[72(2)

hold at almost every t € [a,b]. Then vo([a,b]) is a C3-rectifiable set.

The proof moves from the C2-rectifiability of 4o ([a,b]) which is provided by the condition (1.1), as
we showed in [7]. Hence one is easily reduced to prove that v ([a,b]) intersects the graph of any
map of class C?
fiR— Ru)"  (weR"F |u| =1)

in a C3-rectifiable set (Section 2). From the up-to-second-order derivatives of f expressed in terms
of the 7;, one obtains a second order Taylor-type formula for f with the remainder expressed in
terms of the ~; (Section 3). Finally, Theorem 1.1 follows by the Whitney extension Theorem, also
involving a Lusin-type argument (Section 4).

In the special case when 7 is smooth (class C? is enough) and regular, the conditions (1.1) and
(1.2) with w := 1 say that 71(¢) and ~2(t) are, respectively, the unit tangent vector of vy at ¢ and
the unit tangent vector of (79,v1) at t. In other words, the map

(’707 Y1, ’72) : [(I, b] - R4(1+k)
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parametrizes the “graph of the Gauss map to the graph of the Gauss map to vy”. Despite the
ugliness of its description in quotes, this kind of objects looks quite natural from the geometric
point of view and can easily be extended to the context of geometric measure theory, through the
machinery of generalized Gauss graphs (e.g. see at [5] for the main definitions). The last two
sections of the present work are devoted to this aim. First of all the absolute curvature for a one-
dimensional C?-rectifiable set P is defined and it is proved to be approximately differentiable almost
everywhere, whenever P is C3-rectifiable (Section 5). Then the notion of “2-storey tower of one-
dimensional generalized Gauss graphs” is provided and some main properties are proved (Section
6). Particular attention is paid to the case k = 1, where a formula expressing the orientation of a
tower in terms of the absolute curvature and its approximate differential is given.

2. REDUCTION TO GRAPHS

By virtue of the main result stated in [7], the equality (1.1) implies that vo([a, b]) is C*-rectifiable.
As a consequence, there must be countably many unit vectors

€ RIHF

and maps of class C?
fi:R— (Ruj)J‘
such that
H* (q0(la, )\ U; Gy, ) = 0
where
Gy, = {(zuy, fi(x)) |z € R}.

Hence we are reduced to show that the sets yo([a,b]) N Gy, are C3-rectifiable. In other words,
Theorem 1.1 becomes an immediate corollary of the following result.

Theorem 2.1. Let vy,71,72 be as in Theorem 1.1 and consider a map
fiR—=Ru)™ (weRMTE uf =1)
of class C*. If Gy := {(xu, f(x)) |z € R}, then the set Gy N~o([a,b]) is C3-rectifiable.

In this section we just do a first step toward the proof of Theorem 2.1, which will be concluded
later in §4.

Let us define
L= (Gy) N {t € [a,b] | v)(t) and +;(t) exist, y)(t) # 0, (1.1) and (1.2) hold} .

By the Lusin Theorem, for any given real number € > 0, there exists a closed subset L. of L such
that

(2.1) Y| Le and w|L. are continuous and £*(L\L.) < e.
If L} denotes the set of the density points of L., then
(2.2) LI C L.

in that L. is closed. The following equality also holds
(2.3) LYLN\L) =0
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by a celebrated Lebesgue’s result. In the special case that L has measure zero, we take L. := 0,
hence L} := ().

Now observe that
G N o(la, B)\0(L2) €70 (31 (Gy) N [, B\L?)
hence

HY (G N[, B)\0(L2) < M (70 (15 1(Gr) N a, B\L?))

IN

7ol
/W/()_I(Gf)ﬁ[‘lvb]\L; 0

- /
Il

< e Lip(0)
which implies
HY (G nyo([a, B\ U2 70(Lf ) ) = 0.
As a consequence, in order to prove Theorem 2.1, it will be enough to verify that
(2.4) Yo(LY) is C3-rectifiable
for all € > 0.

3. SECOND ORDER TAYLOR FORMULA AND ESTIMATES

First of all, we will state formulas for the up-to-second-order derivatives of f in terms of the ~;
(Proposition 3.1). Hence a suitable second order Taylor formula will be obtained (Proposition 3.1).

Throughout this section we shall assume £(L) > 0. Notice that
(3.1) Ya7(s) #0, for all s € L
by (1.2), thus the map

e ek L eu(t)
peft€lab][r2r(t) #0F = RITE - p(t) - Ivar ()]

is well-defined in L.

Lemma 3.1. Let A, B,u € R'™*, with ||u|| = 1. Then
(ANB)_u=(A-u)B—(B-u)A.

Proof. Let {e;} be an orthonormal basis of R'** such that e; = u. One has
[(ANB)Lu]-e; = (ANB,uNe;)
= Z(AjBl — AiBj)(ej Neper Ne;)
;;z
=A1B; — AiBy
=[(A-u)B— (B-u)A] e
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foralli=1,2,...,14+k. O
Proposition 3.1. Set

Then, for all

se L}

one has
(3.2) a'(s) =vp(s) - u#0 i.e. y1(8) - u #0
and

Ha(s)) = 28
(3.3) F(a(s) = Ok
Moreover
(3.4) F'(x(s)) = [y1(s) A ,LL.(S)]L U

Proof. Observe that

f@@) =0(t) = [r0(t) - ulu = 0(t) — z(t)u
forall t € vy Y@ #)- The members of this equality are both differentiable in L} and since each point
in L C 751 (Gy) is a limit point of L. C v *(G), the derivatives have to coincide in L. Then

(3.5) 2'(s) " (2(5)) = v0(s) — o (s) - ulu =15 (s) — 2'(s)u
for all s € LY. We obtain the formula (3.2), by recalling that v)(s) # 0 at all s € L.

As for (3.3), note that it follows at once from (3.5) and (1.1).

By virtue of (3.2), the members of (3.3) are both differentiable in L. Moreover the derivatives
must coincide in L, in that each point of L} is a limit point of L. By also recalling Lemma 3.1,
we get,

1oy _ n(s) -ulyi(s) = nls) -ulm(s) _ [n(s) Avi(s)lu
€z (S)f (Z‘(S)) - [71(8) K u]2 - ( 2

[
for all s € L. The formula (3.4) finally follows from (3.2), (1.1) and (1.2). O

Now, in order to state the second order Taylor formula, we have to introduce some more notation.
First of all, set

Ag(t) :=v(t) — v0(s), s,t € [a, b].

Then observe that the map
Ag(t) - u)?
e ul e

Ss(t) i= Ag(t) — [As(t) - 71(s)] 71 (s) — M1 (s) - ul?

is well-defined for any given s € L?, by Proposition 3.1.

If s € L%, hence s € (a,b) and (3.1) holds, one has

1
lver (@) = Sllv2r(s)ll > 0, for all o € I
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where I denotes a certain non trivial open interval centered at s and included in [a, b], existing by
the continuity of yo1. In particular, this inequality shows that p|ls is Lipschitz, hence the map

Wy(0)i= (o)~ ) ()~ S (14(0) w2+ [ (0) -l (o) )

[y1(s)-ul?
is well-defined and Lipschitz too, provided s € LZ. One also has
Us(s) =0

as it follows at once from (1.2) and from the following simple result.

Proposition 3.2. If s € L then v1(s) - v1(s) = 0.

Proof. Let {s;} be a sequence in L. converging to s, with s; # s for all j. Since
[2(si)ll = llvi(s)l =1, for all j
by (1.1) and (2.2), then we have

0 = MG =M _ nls) —nls)
Sj— S S5 — S

[r(sj) +71(s)]

hence the conclusion follows by letting j — oo.

We are finally ready to state and prove the announced Taylor formula.

Theorem 3.1. Let s € L}. Then

1) For allt € vy Y(Gy) one has
0 f

- Fa(t) - @) - £ () () — (s)] = T o) — ao) =
| = () AT L

(2) For allt € I, one has

20 = [ @b ([ el do ) dp

Proof. (1) By recalling Proposition 3.1 and Lemma 3.1, we get

Fla(®) ~ Fal) — 7Dl - ()]~ D ) - a(e))? =

= 30(t) = o(B)u ~ (10(s) ~ als)u) — (

() A u
e N (3) - ul?

y(s) - u
[(t) — x(s))?

1(s) A2 (s)llu

o€ I

- B m(s) - U by cu)?
= A(t) 71(s) —[As(t) - u] - 2T (s (5) (A1) -]
= s (A 0= g SREIA ) )
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that is just (3.6), by recalling the definition of X(¢).

(2) Since Ag is Lipschitz and Ag(s) = 0, one has

5.0 = [ 60) ~ D6 (o) — 5 o) Py
= [ 3506) = 60) - () = D A (o) -l
namely
1) 246 = [ (@b 2.(o) dp
by (1.1), where ®4 is the Lipschitz map defined as follows
B.(6) = () = (o) M (@n(s) — I o)l o bl

Observe that
170(@) 1L () = 1(16(a), 1 (@) 72T (@)L (o) = w(o)[var ()71 (o)
for a.e. o € [a,b], by (1.2). Hence

1(0) = w(@) (@ 2T — (o) p(o) (o

for a.e. o € [a,b] such that yo1(0) # 0, e.g. for a.e. o € I;. By recalling the definition of U, it
follows at once that

(3-8) (o) = w(o)[16(0)[¥s(o)
for a.e. o € I;. We conclude by (3.7), (3.8) and noting that ®4(s) = 0. O

As a consequence, we get the following integral representation of ¥/ and the related first order
Taylor formula for f’.

Corollary 3.1. Let s € L} andt € L:NI;. Then

(1) The map X is differentiable at t and the following formula holds

%(0) = Ol [ wlo)lb(o)12s(o) do
(2) One has

fl@(t) = f(2(s)) = f(x(s))[x(t) — x(s)] =

" () -u]lm(s) "l (71(8) 8 / tw(0>||76(o)|rws(a)da) L

Proof. (1) First of all, observe that
t+helsC(a,b)
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provided |A| is small enough Then, by (2) of Theorem 3.1, one has

Ys(t+ h t+h ,
=5 [ el ([ @ @) eo)do) dp = 1) + La(h)
for all small enough value of |h|, where (with an innocent abuse of notation and recalling that w|L}
is continuous, by (2.1) and (2.2))
w(t)

=2 [ k@l ([ @l @) dp

1
Is(h) := —
2(h) b Jitt+n)\Lz

The following equality holds
w(t p
nw =20 [ bl = b ([ @l o) do+
[t,t+h]NL2

w0 t
ey el B § RGO AC S T OIEACT PR

Recalling that

and

5O [ w(@)hb(o)¥.(0)dz ) dp.

(i) |L¥ is continuous, by (2.1) and (2.2)
(ii) 7o is Lipschitz and ¥y is bounded (in fact it is Lipschitz!)
(iii) ¢ is a density point of L. (hence of L%, by (2.3))

it follows immediately that

lim 1(h) = w(B) o (t II/ ) [0(0)[[s(0) do

The conclusion follows now by observing that, as an easy consequence of (ii) and (iii), one also has
lim I>(h) = 0.
Hmy L2(h)

(2) The two members of (3.6) are differentiable at ¢, by (1). Since ¢ is a limit point of L. C 75 (G)
the derivatives have to coincide, by Theorem 3.1(1), namely

(f'(@(1) = f'(x(s) = [ (x(s))]a(t) — x(s)]) 2'(t) = 71(31) — (n(s) AE(#) L.
We conclude by recalling Proposition 3.1, the statement (1) and (1.1). O

4. BACK TO THE PROOF OF THEOREM 1.1: CONCLUSION

In order to conclude the proof of Theorem 2.1, hence of Theorem 1.1, we have to verify (2.4). To
this aim, for ¢ = 1,2, ..., let us define I'D as the set of the points s € L} satisfying the estimates

|ate) = (o)) = £l - o6 - D

<ilz(t) — a(s)?

(4.1)
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(4.2) 1 () = f'(x(s)) = £"(x(s))[x(t) — 2(s)]l| < ila(t) — a(s)[?
(4.3) 17 (2(8)) = f (@ ()] < ila(t) — z(s)]

for all t € L% such that |t — s| < (b—a)/i.

Obviously one has
r@ cré+ (c L¥)

for all ¢. Moreover, we can verify that

(4.4) U T = ¥,
Indeed, if
se Ll
then, by Theorem 3.1 and since the Lipschitz function W, satisfies U4(s) = 0, we have
[0 = 7o) = atoDlato) — 2] - LG et oo < L0
Lip(y0)? Lip(Wy) | [t ro sldo
<= ([0~ slac)an
= A(s) |t — s
for all t € LY N I, where
__ Lip(y0)? Lip(¥)
A= Gyl
Since
:Ij(tiij(s)ﬁ:c’(s) (as t — s)
and z’(s) # 0 by Proposition 3.1, it follows that
s () (o), WO,
provided |t — s| is small enough. Then
Fla(®) ~ Fals)) — £ D) - (9]~ D ) - (o2 <
(4.6)
< Tl o)

whenever t € L} and |t — s| is small enough.

Analogously, from the statement (2) of Corollary 3.1 we get

/ — M a(s)) — £ (2(s)) [z —z(s !
1 (@(t) = f'(x(s)) — f(2(s))[x(t) ()]Hgm() u[ [ (5) -

Llp Y0) Lip(¥s)
@) - uln(s)
B
— (S) ’t o 5’2
71(t) - ul

t

/ lo — s|do

w(o)vo(0)|¥s(o)do
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for all t € LY N I,, where

Li Lip(W,
B(s) = ip(y0) Lip(¥s)
2|n(s) - ul
Since
n(t) = nls)  (ast—s)
and 71 (s) - u # 0 by Proposition 3.1, one also has

71(s) - uf
2

(4.7) i (#) - ul = >0

provided |t — s| is small enough. Recalling (4.5), we obtain that the following inequality holds
8 B(s
(4.8) 1 () — f(2(s)) — " (2(s)[z(t) — z(s)] (&) ’2|x(t) —a(s)|?

I <
[71(5) - ul |2'(s)
on condition that ¢t € L} and |t — s| is small enough.

Since p|I; is Lipschitz and by (4.7), it follows that the map
() A p(B)]L w
[y (t) -l
is Lipschitz in a neighborhood of s. Then, by also recalling Proposition 3.1, a number C(s) has to
exist such that

t—

1£7 () = f"(@(s)]l < C(s) |t = s
provided ¢ € L? and |t — s| is small enough. By (4.5) one has

(4.9) 1" (@) = f (@) < IQ;(S)I | (t) — x(s)]

whenever t € L* and |t — s| is small enough.
Now (4.6), (4.8) and (4.9) imply that s € I'®), for 7 big enough. Hence (4.4) follows.

As a consequence of (4.4), we are reduced to verify that

(4.10) Y0(I'®) is C3-rectifiable (for all ).
In order to prove such an assertion, let us firstly set
1) (b — CL)]

a

=a+ —F (j=0,...,0);

(
J i

' .=r0n@Ead))]  (G=0,...,i-1);
(

FY = x(T57) (j=0,...,i—1).

I
8

If consider any couple
(i)
5’ n € F]
then there are two sequences {sp}, {t,} C ng) such that
lim z(sp) =&, lim z(tp) = n.
h—o0 h—o0
Since (4.1), (4.2) and (4.3) hold with

s = Sp, t =1ty
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by letting h — oo we get
- ! o _f”(g) _\2 Sl 3.
1) - 1O - F©Om-0 - 120 - 0 <iln -
1F(n) = /(&) = (&) (n = O <iln— &%
1) = ") <iln—¢l.

Then f |Fj(i) can be extended to a map of class C*!

fj(i) ‘R — (Ru)t
by invoking the Whitney extension Theorem [13, Ch. VI, §2.3].

Finally, the Lusin type result [9, §3.1.15] implies that ’yo(l“g-i) ) has to be C3-rectifiable (compare [1,
Proposition 3.2]). Hence (4.10) follows.

5. APPROXIMATELY DIFFERENTIABLE ABSOLUTE CURVATURE OF A ONE-DIMENSIONAL
CB3-RECTIFIABLE SET

First of all, we are going to extend the notion of absolute curvature to any one-dimensional C?-
rectifiable subset P of R"¥. To this aim, let us consider a “C?-covering of P”, namely a countable
family
A={C;}

where the C; are compact curves of class C?, embedded in the base space and such that

Hl (P\ U; Cl) =0.
The assertion (1) in the following proposition and the related Remark 5.1 provide the argument
proving the well-posedness of Definition 5.1 below.

Proposition 5.1. Let ¢, 1 : R — RY* be maps of class C? and xq be a density point of

F:={zeR|p(x)=19()}.
Then

(1) One has ¢'(x0) = ¢'(x0) and " (z0) = ¢" (x0);
(2) In the particular case when ¢ and v are of class C3, also ¢ (x¢) = Y™ (wo) holds.

Proof. Let F* denote the set of the density points of F'. The statement follows at once, by observing
that F* C F and £'(F\F*) = 0, hence every point in F* is a limit point of F*. O

Remark 5.1. Based on Proposition 5.1(1), we can easily verify that:

o If x is a density point of both P N C; and P N Cj, then the absolute curvatures of C; and
C; coincide at x. Hence, denoting by (P N C;)* the set of the density points of P N Cj, the
following function results to be well-defined:

af Ui (PNC)* =R, x— the absolute curvature of Ci) at x
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where i(r) is any index such that € (PN Cy,))*. Also observe that
HY(P\U; (PNC)*) =H (P\U; (PN Cy) =HYH(P\U; C;) =0
by a well-known Lebesgue’s result.

e If B is another C?-covering of P, then aﬁ and alli are representatives of the same measurable
function, with domain P.

Definition 5.1. The measurable real-valued function with domain P and having oz“]ﬁ as a rep-

resentative (compare Remark 5.1) is said to be the “absolute curvature” of P and is denoted by
ap.

As one expect, when P is C3-rectifiable, the following result holds.
Proposition 5.2. If P is C3-rectifiable, then ap is approzimately differentiable, namely:
(1) For any given C3-covering A = {C;} of P, the function ajé‘ s approximately differentiable

at every point in (PN C;)*, for all i;
(2) If A and B are C3-coverings of P, then one has

apDaﬁ = apDa]li, a.e. in P.

Proof. (1) Let us consider any point

ac (P N Cio)*'
Without loss of generality, we can assume that Cj, is the graph of a function of class C?

h:I— RF

where [ is a closed interval centered at 0 and with a = (0, 2(0)). Then set

U:=1I°xRF
and let g : U — R be defined as the function mapping (¢,v) € U to the absolute curvature of Cj,
at (t,h(t)), that is
(IR @ + 1 @R @)1 — [0 () - ()]

(14 [Ih/(2)]]2)3/2 ’

as it follows at once from the formulas (6.3) and (6.4) below, with ~(¢) := (¢, h(t)). Obviously, the
function g is differentiable at a. Moreover, since

(5.1) g(t,v) = (t,v) eU

(PNCi,)* CE:= {x €U(PNC)* | af(z) = g(x)}

by the definition of af), the set E has density 1 at a. According to [9, §3.2.16], the function aé is
approximately differentiable at a and one has

(5.2) apDaf(a) = Dg(a)|Rr, with 7 := (1,7/(0)).

(2) The statement follows easily from (5.1) and (5.2), by recalling Proposition 5.1. O
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6. AN APPLICATION: 2-STOREY TOWERS OF
ONE-DIMENSIONAL GENERALIZED (GAUSS GRAPHS

First of all, recall from [2, 5] that a “one-dimensional generalized Gauss graph (based in RY)” is
an integral current (see [9, 11, 12])

T c L (RY x RY)
such that:

(i) The carrier G of T is equivalent in measure to a subset of RY x S¥=1 i.e.
H(G\RY x SV7h)) = 0;
(ii) If ¢ denotes the following 1-form in RY x RY

N
(z,y) — > _yjdx;
j=1

and * is the usual Hodge star operator in R, then one has:

o T(xpl_w) = 0 for all smooth (N — 2)-forms with compact support in RY x RY;

e T(gy) > 0 for all nonnegative smooth functions g with compact support in RY x RV,

Now we can introduce the notion giving the title to this section.

Definition 6.1. A “2-storey tower of one-dimensional generalized Gauss graphs (based in RY**)”
is a one-dimensional generalized Gauss graph T based in R'TF x R™* such that pushing forward
T by the projection map

R'™F x R'TF x R x R1F — RIFF x RIFE, (x,y,z,w) — (x,y)

produces a one-dimensional generalized Gauss graphs based in R'T*.

Ezample (the smooth case). The situation to keep in mind, in order to understand the meaning of
Definition 6.1, is the following one. Consider a regular 1-1 curve of class C3

v : la,b] — RYFF

and set
I':.= (707717/}/2) : [CL, b] - R4(1+k)
where ) )
o=y, mi=_0=21
’ vl 1Y
and
(70, 71) s (/I D)
(6.1) Y2 = (2T, 721) == = .
10D 1S I I

We can define the multiplicity-one current
T:=[Gn1] €L, (R4<1+k>)

with the carrier
G = T([a,b)
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and the orientation
n:G—RUTH nQ)=T'T"1Q)/'T (@)

Then T is a 2-storey tower of one-dimensional generalized Gauss graphs based in Rt¥,

Observe that:

e The equalities (1.1) and (1.2), with w := 1, are obviously satisfied,;
e Since (*7')L_+' =0, one has

Y21 1 1
(6.2) (¥71) Tarll = W(*V’)L /Y = W(*V’)L 7"

where * denotes the Hodge star operator in R**. Also, if
v e RMF, Jluf =1

and {e;} is an orthonormal basis of R** then

1+k 1+k
(xu)_v = (ea A+ ANeryp) i vje; = i vi(ea A+ Neryr)le€j
j=1 =2
where v; := v - e;. Hence
1+k
(6.3) [y ol =~ of = o] = (v-u)? = v Al
j=2

By recalling the formula (8.4.13.1) of [3], we then obtain the following expression for the
absolute curvature o, of v

(6.4) AT e
TP P
which can be written in terms of v, and 72, as it follows from (6.2):
_ NG|l
k el

In the particular case when k& = 1, (6.2) provides the following formula for the signed
curvature xk~ of 7 (compare [8, §1-5, Exercise 12]):

v (%) _ 2L (*71)
1113 2|l

Remark 6.1. In the smooth case the following representation formula for 7 holds.

Ry =

Proposition 6.1. Let v be as in Fxample above and k = 1. Then one has

n

K K
0T = (., (), s | (L4 #2)6m) = o
ool ' 7 [T

(1+ K2

1 K, 2\ 2
u+#w4m%”m“+%“mb'
Y
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Proof. Denote by A the reparametrization of v([a, b]) by arc length satisfying A(0) = 7(a). Then,

by adopting the same notation as in Example, we have
)\IOZ/\l, )\/1 ZKZ/\(*)\l).

Moreover
)\2 _ ()\/, )\”) _ ()\1, ’ik(*)\l))
TN (1 + K3)Y2

by (6.1), hence

(1+ m3)V2OL RAGAD) + Ra (X)) = (1 + K3) 2 earh (A1, Ra(xA1))

Ny =
1+ k3

(ka1 4 £3)($A1) — karh A1, (1 + K3)RA(xM) — (1 + K3)K3A — K3RL (A1)

(14 r3)%/?

namely

R
Nyr = W ((1 + K%\)(*)\l) — /@')\)\1>

and

/

1
b = m (n&(*)\l) - (14 Ii%\)li%\)\l) .
A

By recalling the equalities
A=n~or, Kx=HKyOT
where 7 denotes the inverse function of t — [*||v||, it follows immediately that

/

/ Y

0= T e A1 = Ra(¥A1) = [Ry (¥71)] 0 7,
oT = %((1 + 83 (+71) — H%Wl)} oT
(1+w2)% 1]
and
Ay = [ 12 272 ( K% (%71) — (1 + /{3)&3/}/1)] oT.
(L4 s2)32\ ||l
From
Ui oT o _()\/ I\ / )
HnOH T = 0s N1y N2T s N2L

we finally get the conclusion.

0

The following result summarizes some properties of a 2-storey tower of one-dimensional generelized
Gauss graphs based in R'** (shortly referred as “tower”, in the sequel). In particular it proves
that the carrier is projected to the base space into a C3-rectifiable set and extends the represen-
tation formula stated in Proposition 6.1 to the case of a tower. Recall from [9, §4.2.25] that an

indecomposable one-dimensional integral current has always multiplicity one.

Proposition 6.2. For a tower T = [G,n, 0], the following facts hold.
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(1) There exists a finite sequence of indecomposable towers Tj = [G;,n;,1] such that
T=> T,
J
and

(6.5) M(T) = S M(T),  M(@T) = 3 M(T;)

Moreover one has
(6.6) G=U;G;,  nlGj=n;  0(x)=#{jlz € G;}
where the equality sign has to be intended “modulo null-measure sets”.

(2) The projection of G to the base space R is a C3-rectifiable one-dimensional set.
(3) If T is indecomposable, then there exists a Lipschitz map

I':= (707717’Y2T772L)7 Y0, V1, V2T, Y2l - [OaM(T)] - R1+k

such that
(i) T|[0,M(T)) is injective, T4[0, M(T)] =T and ||I'(¢)|| = 1 for a.e. t € [0, M(T)].
(ii) The equalities (1.1) and (1.2), with w := 1, are satisfied at a.e. t € [0, M(T)].

Proof. (1) Recalling [9, §4.2.25], we can find a sequence of indecomposable currents Tj € Iy(R*(1+F)
such that

T=Y1, N(@I)=Y NI

The number of the T has to be finite, in that
N > 3 R
N(T}) > M(T}) > 2w ?f JT; =0,
M(0T;) =2 if 0T; #0
by [4, Theorem 4.1] and [9, §4.2.25]. Moreover from
SN(T)) = N(T) = M(T) + M(9T) < Y M(T)) + 3" M(9T3) = 3" N(T))
J J J J
and
M(T) < SM(T),  M(OT) < 3 M(T;)
J J
we get at once (6.5). Now the equalities (6.6) follow from [6, Proposition 4.2]. As a consequence

of such equalities, Tj inherits from 7" the geometric properties characterizing a tower, compare [5,
Proposition 4.1], hence each T; has to be itself a tower.

(2) Let {T}} be as in (1) and indicate with p the projection to the base space, i.e.
p: RAHR)  RIFH p(x,y, z,w) = .
From the first equality in (6.6), we get
pG = U;pG;
where each pG; has to be C3-rectifiable, by the assertion (3) and Theorem 1.1.
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(3) Assertion (i) follows from the structure theorem in [9, §4.2.25], while (ii) is a consequence of [5,
Proposition 4.1]. O

Proposition 6.3. Let T' be a tower and T; be any fived indecomposable tower of the sequence
mentioned in Proposition 6.2(1). Denote with P (resp. Pj) the projection of the carrier of T (resp.
T;) to the base space and consider a C3-covering A of P (it exists by Proposition 6.2(2)!). Then
one has

1) P; C P (modulo null-measure sets) and ofs|P; = o .
J Pl P;

Moreover, if
I':= (70771)72—“721_)7 Y0, Y1, V2T, V2L - [OvM(E)] - R1+k

is a Lipschitz parametrization of T; with the properties stated in Proposition 6.2(3), then the fol-
lowing equalities

A _ el el
(2) apovo =" - ,
(3) (apDa) 00, ) = (Leamlnuall)

hold almost everywhere in

E = {t € [0,M(T})] | 7(t) exists and vy(t) # 0}.

Proof. (1) The inclusion P; C P (modulo null-measure sets) follows trivially from (6.6). Hence A
covers P; too and the conclusion follows from the definition of absolute curvature given in §5.

Now on, we will concentrate on a (arbitrarily chosen) curve of A. Without affecting the generality
of our argument, we will assume that such a curve is the graph of a function of class C*3

f:1— (Ru)*, (u € S*, T compact interval).
Preliminary to proving (2) and (3), we have to show that
(6.7 20(t) € (G N (0, M), for ace. ¢ €75 (G N E.
In order to prove (6.7), let us first observe that

70 (30 (Gr) N E) ~ Gy Ny ([0, M(T))

where ~ denotes the equivalence relation of measurable sets (with respect to the measure H!).
Also one has
Gy Nyo ([0, M(T)]) ~ (G Nyo ([0, M(T)])]"
by [10, Theorem 16.2]. As a consequence, setting
Z:={t ey (Gp)NE[0(t) & [Gr N0 ([0, M(T)])]"}
we find
70(2) =10 (16 (G) N E) \ [Gy N30 (10, M(T)]]" ~ 0.

Since 7, # 0 everywhere in Z, it follows that Z is a measure zero set. This concludes the proof of
(6.7).
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(2) We are reduced to prove that

£ P+ A2 = -2 ) yed|)?
T+ 11712)° Yot vz 12

a.e. in ygl(Gf) N E, where Gy denotes the graph of f, i.e.
Gy = {(zu, f(z))|z € I}.

Indeed the left hand side of (6.8) is just the square of the curvature of Gy at its point of abscissa
Y0 - u, as one easily obtains from (6.4) with y(z) = (z, f(x)) by also recalling (6.3).

(6.8)

Define w :=1 and
L=y HGy) N {t € [0, M(T})] | v6(t) and v (t) exist, yo(t) # 0, (1.1) and (1.2) hold} .

Then, by recalling the notation and the arguments in §2 and §3, we will prove the following facts
which immediately allow to conclude:

Fact 1: The formula (6.8) holds in
L* :=U.soLk;
Fact 2: One has
L cyl(GnE and H' (151G NE\LT) =0.

Proof of Fact 1. First of all observe that the right hand side member of (6.8) makes sense, in that
L* C L and (3.1) holds. Moreover, with a standard computation based on Proposition 3.1, we find
the following formula in L*:

LF I+ = -2 i Ave)tull? = ([(n Ayen)l o] - )
T+ 1023 Yo-u (1 - w)?[ly2r? '
Therefore, by also recalling (6.3), we remain to show that
[[(7 Ay )l u] A
71 - ul
In order to prove (6.9), assume 73 A v2; # 0 (otherwise there is nothing to prove!) and denote by
{€1,e2} an orthonormal basis of span{vi, 72, } such that

(6.9) = [l Ararll; ae in L7

U

€1 = 7=
@l

where @ is the projection of u to span{vi,721} (@ # 0, by Proposition 3.1). Then one has
{2 Azl u]l Al = [[[(m Ave) @] Al = llaflflva Aveclllll(er Aez)en] Al
where
[(e1 ANe2)lei] Ay =ea Ay =(71-€1)e2 ANeq.
It follows that
1[(v1 Aver)u] Ayl = laflllv Avarlli - el = Iy Ayl - @l
hence (6.9).

Proof of Fact 2. One has
L* =UesoLll CLC NGy NE
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and
H (v (G NE\L) =0

by Proposition 6.2(3). Then
H (v (G NEN\LY) = H! (v (Gy) N B\ L) + H'(L\L*) < HY(L\LY) < e

for all . The conclusion follows from the arbitrariness of .

(3) For simplicity set

Q= {t € L* [70(t) € [G7 Ny([0. M(T)]*, ot 0 70(t) = p(t), p/(t) exists)

with
_ IG) el |l
[ooadl
and observe that
(6.10) Q~ L~y HGHNE
by (6.7), Fact 2 and (2) above. Then, given
teQCL”

and racalling that L* has density one at ¢, we can find {¢,} C € such that
tn, — t, t, # t for all n.

We get
m Ozé o Yo(tn) — oa"]é‘ o vo(t)

n ty, — n t, — 1

where
ap 0 Y0(tn) — ap 0 y0(t) = (apDap (10(t)), 10(tn) — Y0(t)) + 0(v0(tn) — Y0(t))

by the definition of apDasft. Thus the formula (3) holds in 2, hence almost everywhere in v5 (G )N
E, by (6.10). O

In the final proposition, devoted to the case k = 1, we extend the representation formula for the
orientation of a smooth tower (given in Proposition 6.1) to the case of a general tower.

Proposition 6.4. Let T = [G,n,0] be a tower based in R? (i.e. we are assuming k = 1) and adopt
for the components of ) the notation as we used for the components of I', namely

n= (Mo, M,n2T,M21) : G — R? x R? x R? x R®.

(1) If T is indecomposable and
.= (70) Y1, V2T, ’72J_)a Y0, Y1, Y2T, V2L ¢ [07 M(T)] - R2
is as in Proposition 6.2(8), then almost everywhere in

E:={t € [0,M(T)]|vy(t) exists and ~v;(t) # 0}
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one has yo1 # 0 and

n ( Kp 9 Kp
——ol'={m,kr *’Yl,[l—kﬂ *71 —’)’1],
ol Cons iy (A0 6m) = o
| T (o) = (14 )t
- ") — Rr)kTr71
(14 ££)%2 Lol o
where
21 (1)

R ‘=
2l

(2) If P denotes the projection of G to the base space R?, A is a C3-covering of P (existing by
Proposition 6.2(2)) and define

oy, w) := sign(w - (xy)), y,w e R?
then the following formulae hold at H'L_ ||nol|-a.e. (z,y, z,w) in G:

|| ||(x7y7z7w) :y7

m(x7yvzaw) (y’ )a (1:)( )

T2 x,Y, 2, W) = J( )Ozﬁ(:v) aA 22| (%

||770||( W E )_ [1+ap(w)2}3/2([1+ P( ) }( y)+
U(y,w)(apDaé(a:),y>y>7

TRL 4y 2 w) = 1 o(y, w){apDas(x *

ol %) [Haé(:ﬁmg/g( (4, w){apDa(z), ) (sy) +

Proof. First of all, observe that
Yo1 # 0 a.e. in B
by (ii) of Proposition 6.2(3). Moreover, one has

nol' =T" = (70,7,%T1:Y21) a-e. in [0, M(T)]
by (i) of Proposition 6.2(3), hence
n_ :( Y M et 'Yél): (’Yl M et 751.)
1m0l Ivoll™ ol Ivall” ol oll” 1ol 1ol

holds a.e. in E, by (ii) of Proposition 6.2(3). Thus we are reduced to prove that, for k = 1, the
following formulas

/

i
(6.11) HV}H = kr(*71)
0
/
o KT K!
(612) 21 )3/2 (1‘1’/{12")(*71) H FHryl
70

ol (L +5
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! !
Yo 1 Kkt 2y..2
(6.13) ol = (L w272 g (70) — (L AT)REm

hold a.e. in E.

Proof of (6.11). By (1.2) and Proposition 3.2

(6.14) Yo1 -1 =0, a.e. in F
hence, by recalling the definition of kp, one finds
" V2L Y2l

(*’Yl)] (#v1) = kr (*71), a.e. in E.

”’Y(/)” B H’Y2TH B ”’YzTH

Proof of (6.12). From the definition of xr and (6.14), it follows that

(6.15) o = 0zl g
el
hence
1
6.16 1+ ki =-——, ae. in E.
(040 e
As a consequence, we easily obtain
/
(6.17) Krhp = —%, a.e. in E.
e
Define

Z:={te F|kr(t)=0} CE
and observe that

e One has
(6.18) Yor -y =0, ae. in Z
by the formulas (1.1), (1.2) and (6.17).
e From the definition of xr it follows that
Yoi - (*y1) =0, in Z
hence
v - (¥y1) =0, a.ein Z
by (1.2). Recalling Proposition 3.2, we get
71 =0, a.ein Z.
Then, since
Yor - (sm1) = [y21 - (7)) — 727 - (1), a.e in [0, M(T)]
and
(6.19) Va1 - (*71) =0, a.ein E
by (1.1) and (1.2), we conclude
(6.20) Yor - (¥71) = 0, a.e. in Z.
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By virtue of (6.18) and (6.20), we obtain
Y1 =0, ae. in Z
hence the formula (6.12) has to hold a.e. in Z.

It remains to prove that the formula holds a.e. in E\Z. To this aim, let us invoke (6.17) which
yields the identity

!
Y2T Vo .
(6.21) Kp = — , a.e. in F\Z.
. 2T 1B [aL - (+71)]
Then, a.e. in F\Z, one has
! /
KT 2 Kp Yo.r - (*71) s[ (vo1 - o)
g |L+60) ) — | = ———— el
(1+ k)32 ]l |2l Iv2rll?  volllveTlBlyer - Geva)]
/
Yo V2T
= [y2L - (+71)](x1) + ( : )’Yl
1%l 1varll

= [y21 - (om1)] (e 1) + (|’|é(,]| ~71>71

! /
T (*’Yl)} (#71) + 2T

= [yoL - Gey1)](31) —

17oll oll
by (1.1), (1.2) and (6.16). Therefore, in order to conclude, it is enough to show that
/
\V’j’TH “(¥71) = 721 - (%71), a.e. in E\Z.
0

But such an equality is a consequence of (1.1), (1.2) and (6.19). Indeed

VT |y = D2 )l = am - (1) L
AT ol (Wﬂ

*< Yol )
[v2]l

=21 - (¥71)

= =T -

= =727 = =71 (¥721)

a.e. in F.

Proof of (6.13). As in the proof of (6.12), we begin by showing that the formula holds a.e. in Z.

Observe that
(6.22) |lv2Tll =1, ae. in Z

by (1.2) and (6.15). Moreover

YoT - 21 =0, a.e. in F
by (1.1), (1.2) and Proposition 3.2, hence

Vo1 2L 727 Y21 =0, ae. in E.

By recalling (6.15) again, we get

Yo+ 2T =0, ae. in Z
that is
(6.23) Yo -1 =0, ae. in Z
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by (1.1) and (1.2).

From the definition of s
IveT|lkr = Yoo - (*71), a.e. in E
it follows that
[vor I'sr + et llar = 51 - (+71) + 721 - (1), ace. in E.
Then, by also invoking (6.15) and (6.22), we obtain

Kp =75 - (¥71), a.e. in Z.
This identity, along with (6.23), imply
Yor = (Vor -y + [ar - Gm)](3m1) = Kp(xm), ace. in Z
namely (6.13) holds a.e. in Z.

The following computation follows from (1.1), (6.15), (6.16) and (6.21). It is valid a.e. in E\Z.

(21 - Yo1) (¥71) 2L ]*71

IolllverPhes - ()l el

_ T (91 — v2L[I” X
176l [var - (+71)] 2|l

1 K[
(1+ w7)3/2 L%l

(s90) = (L4 by | = e ?

Hence we have to prove that

/
V2T Vo / .
6.24 - = - (*v1), a.e. in E\Z
( ) Yo - (*'71) Y21 ( ’Yl) \
and
/ 2
(6.25) _ InolllvzL I =94 -7, a.e. in E\Z.

2|l
First, since
o] + [1y2rl* = 1, ace. in E
by (1.2) and recalling Proposition 3.2, we get

—2T "YéT = Y2l - 7§L = [(v2L - 1)y + [v2L - (+71)](*71)] "YéL = [v2L (*71)”75J_ - (¥71)]
a.e. in E\Z, that is just (6.24).

Since
Yor = (yoL - v)m + [y - Gev)](+71) = [v2L - (+m1)](*71), ae. in E
by (1.2) and Proposition 3.2, one has
Vo1 = a1 - (+71) + 721 - ()] (o) + [y2s - Gev)] (1)
= [va1 - )] Ge) + e - (1)1 (+91)
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a.e. in E, by (1.2). Once again invoking (1.2) and Proposition 3.2, we finally obtain
Yor - = bt - Gy)ll(+94) - m]

/

— —hlll2s - (+)] W

(o)

/
ol
ol 2
== [var - (+71)]
vzl
_ IolllveL)?
72l
a.e. in E, namely (6.25).
(2) It can be easily derived from the statement (1), Proposition 6.2(1) and Proposition 6.3. O
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