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ABSTRACT. By means of a Kaluza–Klein type argument we show that the Perelman’s F–functional
is the Einstein–Hilbert action in a space with extra “phantom” dimensions. In this way, we try to
interpret some remarks of Perelman in the introduction and at the end of the first section in his
famous paper [2].
As a consequence the Ricci flow (modified by a diffeomorphism and a time–dependent factor) is the
evolution of the “real” part of the metric under a constrained gradient flow of the Einstein–Hilbert
gravitational action in higher dimension.
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1. EINSTEIN–HILBERT ACTION AND PERELMAN’S F–FUNCTIONAL

Let (Mm, g) and (Nn, h) be two closed Riemannian manifolds of dimension m and n respec-
tively and let f : M → R be a smooth function on M . On the product manifold M̃ = M ×N we
consider a metric g̃ of the form

g̃ = e−Afg ⊕ e−Bfh,

where A and B are real constants. Notice that g̃ is a conformal deformation of a warped product
on M . We call the function f dilaton field.

As a notation, we will use Latin indices, i, j, . . . for the coordinates onM (we will call them the
”real” variables) and Greek indices, α, β, . . . , for the coordinates onN (the ”phantom” variables).
Under these notations, clearly we have ∀ i, j ∈ {1, . . . ,m} and ∀α, β ∈ {1, . . . , n},

g̃iα = g̃iα = 0 ,

g̃ij = eAfgij , g̃αβ = eBfhαβ .

Let µ, σ and µ̃ be respectively the canonical volume measure on M , N and M̃ . By definition of g̃,
it follows that µ̃ = e−

Am+Bn
2 fµ× σ.

The Christoffel symbols of the metric g̃ are given by the formula

Γ̃cab =
1
2
g̃cd (∂ag̃bd + ∂bg̃ad − ∂lg̃ab) ,

where a, b, . . . can be both real and phantom variables.
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We have the following,

Γ̃kij =
1
2
g̃kl (∂ig̃jl + ∂j g̃il − ∂lg̃ij)

=
1
2
eAfgkl

[
e−Af (∂igjl + ∂jgil − ∂lgij)−Ae−Af (∂ifgjl + ∂jfgil − ∂lfgij)

]
= Γkij −

A

2
(
∂ifδ

k
j + ∂jfδ

k
i − gkl∂lfgij

)
.

Using the fact that the metric g̃ is zero for a pair of “mixed” indices and that the function f
depends only on the real variables, we get

Γ̃γij =
1
2
g̃γβ (∂ig̃jβ + ∂j g̃iβ − ∂β g̃ij) = 0 ,

Γ̃kαi =
1
2
g̃kl (∂ig̃αl + ∂αg̃il − ∂lg̃iα) = 0 ,

Γ̃γiβ =
1
2
g̃γα (∂ig̃αβ + ∂β g̃iα − ∂αg̃iβ) = −B

2
∂ifδ

γ
β ,

Γ̃kαβ =
1
2
g̃kl (∂αg̃lβ + ∂β g̃αl − ∂lg̃αβ) =

B

2
e(A−B)fgkl∂lfhαβ .

Finally, a computation analogous to the one above gives Γ̃γαβ = Γγαβ .
Hence, summarizing

Γ̃kij = Γkij −
A

2
(
∂ifδ

k
j + ∂jfδ

k
i − gkl∂lfgij

)
(1.1)

Γ̃αij = Γ̃kiα = 0 (1.2)

Γ̃kαβ =
B

2
e(A−B)fgkl∂lfhαβ (1.3)

Γ̃γiβ = − B

2
∂ifδ

γ
β (1.4)

Γ̃γαβ = Γγαβ . (1.5)

We want now to compute the Ricci curvature of the metric g̃.
The Riemann tensor, as a (1, 3)–tensor, is defined in terms of the derivatives of the Christoffel’s
symbols as follows

R̃ c
ab d = ∂aΓ̃cbd − ∂bΓ̃cad + Γ̃pbdΓ̃

c
ap − Γ̃padΓ̃

c
bp

hence, the Ricci tensor is given by

R̃bd = ∂aΓ̃abd − ∂bΓ̃aad + Γ̃pbdΓ̃
a
ap − Γ̃padΓ̃

a
bp .

Using equations (1.1)– (1.5), and computing in normal coordinates on both M and N , we get the
following

R̃jl = ∂iΓ̃ijl − ∂jΓ̃kkl − ∂jΓ̃ααl + Γ̃kjlΓ̃
i
ki + Γ̃kjlΓ̃

α
αk − Γ̃kijΓ̃

i
kl − Γ̃βαjΓ̃

α
βl

= Rjl −
A

2
(
2∇2

jlf −∆fgjl
)

+
Am

2
∇2
jlf +

Bn

2
∇2
jlf

+
A2m

4
(
2dfjdfl − |∇f |2gjl

)
+
ABn

4
(
2dfjdfl − |∇f |2gjl

)
−A

2

4
[
(m+ 2)dfjdfl − 2|∇f |2gjl

]
− B2n

4
dfjdfl ,
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that is, collecting similar terms,

R̃jl = Rjl +∇2
jlf

(
Am+Bn

2
−A

)
+
A

2
gjl

[
∆f − |∇f |2

(
Am+Bn

2
−A

)]
(1.6)

+
1
4
dfjdfl

(
2ABn+ (m− 2)A2 −B2n

)
.

On the other hand, for the phantom indices, we get

R̃βγ = ∂αΓ̃αβγ − ∂γΓ̃ααβ + ∂kΓ̃kβγ + Γ̃δβγΓ̃ααδ + Γ̃kβγΓ̃ααk + Γ̃kβγΓ̃iik − Γ̃δαγΓ̃αβδ − Γ̃kαγΓ̃αβk − Γ̃αkγΓ̃kαβ

= Rβγ +
B

2
e(A−B)fhβγ

(
∆f + (A−B)|∇f |2

)
−B

2n

4
e(A−B)fhβγ |∇f |2 −

ABm

4
e(A−B)fhβγ |∇f |2

+
B2

4
e(A−B)fhβγ |∇f |2 +

B2

4
e(A−B)fhβγ |∇f |2 ,

that is,

R̃βγ = Rβγ +
B

2
e(A−B)fhβγ

[
∆f − |∇f |2

(
Am+Bn

2
−A

)]
. (1.7)

Finally, it is easy to see that the mixed terms of the Ricci tensor of g̃ vanish, R̃iα = 0.
From this computation we get then the formula for the scalar curvature of g̃,

R̃ = eAfRM + eBfRN + eAf∆f(Am+Bn−A)

+
eAf

4
|∇f |2

(
4ABn− 2ABmn+ 3mA2 − 2A2 −m2A2 −B2n−B2n2

)
.

where RM and RN are respectively the scalar curvatures of (M, g) and (N,h).
We make now the following ansatz:

2ABn+ (m− 2)A2 −B2n = 0 (C1)

and
Am+Bn

2
−A = 1 ⇐⇒ A(m− 2) +Bn = 2 . (C2)

Remark 1.1. We spend some words to motivate our choice of the constants A and B, which we
guess it is not very clear at this point.
Condition (C1) is assumed in order to make vanish from the expression of R̃ij the term in df ⊗ df
that otherwise appears in doing the flow by the gradient of the functional

∫fM R̃ dµ̃ (see Section 3
and Remark 3.1).
The second condition, that clearly also simplifies both R̃ij and R̃αβ , is instead more related to
Perelman’s F–functional. In writing the functional

∫fM R̃ dµ̃ as an integral on M with respect to
the measure µ we will see that the only way to get the factor e−f is to assume condition (C2).

Lemma 1.2. If m + n > 2, we can always find two non zero constants A and B satisfying these two
conditions.

Proof. Notice that A = 0 implies B = 0. If B 6= 0, dividing both sides of condition (C1) by B2, it
can be expressed in the following form for θ = A/B,

(m− 2)θ2 + 2nθ − n = 0 . (C1∗)

If m 6= 2, this second degree equation for θ has always two solutions for every choice of the
dimensions m,n ∈ N, which would coincide only in the case m = n = 1, that we excluded.
Notice also that the two solutions have opposite signs. Precisely, they are

θ =
−n±

√
n(n+m− 2)
m− 2

and in the special case n = 1, we have θ = −1±
√
m−1

m−2 .
If m = 2 we have only one solution of equation (C1∗) which is θ = 1/2.
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Then, condition (C2) is equivalent to θ(m− 2) +n = 2/B which can be fulfilled, by homogeneity,
if θ(m− 2) + n 6= 0. In the case of equality, we would have

0 = θ2(m− 2) + 2nθ − n = nθ − n

which would imply θ = 1. Hence, m− 2 + n = 0 and m = n = 1. �

Under assumptions (C1) and (C2), the last term of R̃jl in formula (1.6) cancels out and many
coefficients become one. We get indeed the following “smooth“ formulas for the components of
the Ricci tensor of g̃,

R̃jl = Rjl +∇2
jlf +

A

2
gjl
(
∆f − |∇f |2

)
, (1.8)

R̃βγ = Rβγ +
B

2
e(A−B)fhβγ

(
∆f − |∇f |2

)
. (1.9)

Then, the scalar curvature of g̃ becomes

R̃ = eAfRM + eBfRN + eAf
(
∆f(A+ 2)− |∇f |2(A+ 1)

)
. (1.10)

From this last formula, it follows immediately the relation between the Einstein–Hilbert action
functional S on M̃ and the Perelman’s F–functional, see [2],

F(g, f) =
∫
M

(RM + |∇f |2)e−f dµ .

Theorem 1.3. Let (Mm, g) and (Nn, h) be two closed Riemannian manifolds of dimension m and n
respectively, with m + n > 2 and let f : M → R be a smooth function on M . On the product manifold
M̃ = M ×N consider the metric g̃ of the form

g̃ = e−Afg ⊕ e−Bfh ,

where A and B are constants satisfying conditions (C1) and (C2).
Then the following formula holds

S(g̃) =
∫

fM R̃ dµ̃ = Vol(N,h)F(g, f) +
(∫

M

e(B−A−1)f dµ

)∫
N

RN dσ (1.11)

In particular, if (N,h) has zero total scalar curvature and unit volume, we get S(g̃) = F(g, f).

Proof. We simply compute∫
fM R̃ dµ̃ =

∫
M

∫
N

e−
Am+Bn

2 f R̃ dµ dσ

=
∫
M

∫
N

e−(1+A)f
[
eAfRM + eBfRN + eAf

(
∆f(A+ 2)− |∇f |2(A+ 1)

)]
dµ dσ

=
∫
M

∫
N

e−(1+A)feBfRN dµ dσ

+
∫
M

∫
N

[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
e−f dµ dσ

=
(∫

M

e(B−A−1)f dµ

)∫
N

RN dσ

+ Vol(N,h)
∫
M

[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
e−f dµ

=
(∫

M

e(B−A−1)f dµ

)∫
N

RN dσ

+ Vol(N,h)
∫
M

(
RM + |∇f |2

)
e−f dµ

where in the last passage we integrated by parts the Laplacian term. �
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2. THE ASSOCIATED FLOW

Under assumptions (C1) and (C2), we have

R̃jl = Rjl +∇2
jlf +

A

2
gjl
(
∆f − |∇f |2

)
, R̃iα = 0 , (2.1)

R̃βγ = Rβγ +
B

2
e(A−B)fhβγ

(
∆f − |∇f |2

)
(2.2)

and
R̃ = eAfRM + eBfRN + eAf

(
∆f(A+ 2)− |∇f |2(A+ 1)

)
. (2.3)

Suppose we have a manifold M̃ = M ×N with a time dependent metric g̃(t) for t ∈ [0, T ].
If the initial metric is a warped product g̃ = ĝ ⊕ ϕh with ϕ : M → R a smooth function, (N,h)
Ricci–flat and of unit volume, we consider the motion by the gradient of the Einstein–Hilbert
action with the constraint that the measure ϕ−θµ̃ is fixed, where θ comes from condition (C1∗)
and A, B are the relative constants satisfying conditions (C1) and (C2) above.
Suppose there exists a unique solution of this flow, preserving the warped product. We can
assume that for every t ∈ [0, T ] we have g̃(t) = ĝ(t)⊕ ϕ(t)h(t) with (N,h(t)) always of volume 1.
Writing down the evolution of h we see that it moves only by multiplication by a positive factor.
As we assumed that (N,h(t)) is of unit volume, we then conclude that the metric h(t) has to be
constant equal to the initial h. Setting f = − 1

B logϕ which implies ϕ = e−Bf and ϕθ = e−Af , and
we can write g̃ = e−Afg ⊕ e−Bfh where g(t) = eAf ĝ(t). Clearly, also g̃ = ϕθg ⊕ ϕh.

Denote with δg̃, δg and δf the variations of g̃, g and f respectively. Then we have,

δg̃ = e−Af (δg −Agδf)⊕ e−Bf (−Bhδf) .

and the constraint, in terms of these variations becomes δf = trgδg/2. Keeping in mind that
(N,h) is Ricci–flat, we get

δ

∫
fM 2R̃ dµ̃ =

∫
fM 〈−2R̃ic+ R̃g̃ | δg̃〉 dµ̃

=
∫

fM 〈−2R̃ic+ R̃g̃ | e−Af (δg −Agδf)⊕ e−Bf (−Bhδf)〉 dµ̃

=
∫

fM 〈−2(RicM +∇2f) | δg〉e−Af dµ̃

+
∫

fM
[
−A(∆f − |∇f |2) + (RM + ∆f(A+ 2)− |∇f |2(A+ 1))

]
trg(δg)e−Af dµ̃

+
∫

fM
〈
−2
[
RicM +∇2f +

A

2
g(∆f − |∇f |2)

] ∣∣∣−Agδf〉e−Af dµ̃
+
∫

fM
[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
(−Amδf)e−Af dµ̃

+
∫

fM
[
−B(∆f − |∇f |2)

]
(−Bnδf)e−Af dµ̃

+
∫

fM
[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
(−Bnδf)e−Af dµ̃

=
∫

fM 〈−2(RicM +∇2f) | δg〉e−Af dµ̃

− 1
2

∫
fM (∆f − |∇f |2)(ABn+ 2A−B2n)trg(δg)e−Af dµ̃

=
∫

fM 〈−2(RicM +∇2f) | δg〉e−Af dµ̃

=− 2
∫
M

〈RicM +∇2f | δg〉e−f dµ ,
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since, by conditions (C1) and (C2), it follows ABn+ 2A−B2n = 0.
Hence, the system {

δg = −2(RicM +∇2f)
δf = −∆f −RM

represents the constrained gradient of the Einstein–Hilbert action functional. The associated flow
of the metric g̃ = e−Afg ⊕ e−Bfh is described by

∂tg = −2(RicM +∇2f)
∂th = 0
∂tf = −∆f −RM ,

that is, g evolves by the “modified” Ricci flow.
Following Perelman [2], modifying the pair (g, f) by a suitable diffeomorphism, we get a solution
of {

∂tg = −2RicM

∂tf = −∆f + |∇f |2 −RM

hence, up to a factor and a diffeomorphism, the spatial part of the metric g̃ moves according to
the Ricci flow (g is equal to the spatial part of g̃ times the factor eAf ).

3. OTHER FLOWS

It is interesting to see what functionals and flows one can get by varying the constants A and
B.
Supposing that (N,h) has unit volume and zero total scalar curvature, we computed,

R̃jl = Rjl +∇2
jlf

(
Am+Bn

2
−A

)
+
A

2
gjl

[
∆f − |∇f |2

(
Am+Bn

2
−A

)]
+

1
4
dfjdfl

(
2ABn+ (m− 2)A2 −B2n

)
R̃βγ = Rβγ +

B

2
e(A−B)fhβγ

[
∆f − |∇f |2

(
Am+Bn

2
−A

)]
Assuming the condition Am+Bn

2 −A = 1 we have

R̃jl = Rjl +∇2
jlf +

A

2
gjl
[
∆f − |∇f |2

]
+

1
4
dfjdfl

(
2ABn+ (m− 2)A2 −B2n

)
R̃βγ = Rβγ +

B

2
e(A−B)fhβγ

[
∆f − |∇f |2

]
R̃ = eAfRM + eBfRN + eAf∆f

+eAf
(
Am+Bn

2

)
(∆f − |∇f |2) +

eAf

4
(
2ABn+ (m− 2)A2 −B2n

)
|∇f |2

= eAfRM + eBfRN + eAf∆f

+eAf (A+ 1)(∆f − |∇f |2) +
eAf

4
(
2ABn+ (m− 2)A2 −B2n

)
|∇f |2 .
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Hence, ∫
fM R̃ dµ̃ =

∫
M

∫
N

e−
Am+Bn

2 f R̃ dµ dσ

=
∫
M

∫
N

e−(1+A)f
[
eAfRM + eBfRN + eAf∆f

]
dµ dσ

+
∫
M

∫
N

e−(1+A)feAf (A+ 1)(∆f − |∇f |2) dµ dσ

+
∫
M

∫
N

e−(1+A)f e
Af

4
(
2ABn+ (m− 2)A2 −B2n

)
|∇f |2 dµ dσ

=
∫
M

∫
N

e−(1+A)feBfRN dµ dσ

+
∫
M

∫
N

[
RM + ∆f +

1
4
|∇f |2(2ABn+ (m− 2)A2 −B2n)

]
e−f dµ dσ

=
∫
M

[
RM + |∇f |2 +

1
4
|∇f |2(2ABn+ (m− 2)A2 −B2n)

]
e−f dµ

= F(g, f) + Zm,n(A,B)
∫
M

|∇f |2e−f dµ ,

with Zm,n(A,B) = (2ABn+ (m− 2)A2 −B2n)/4.

We want to see what are the possible values of Zm,n, we recall that we have the constraint
A(m− 2) +Bn = 2.
We change variables as x = A and y = (B −A) so the constraint becomes (m+ n− 2)x+ ny = 2
and 4Zm,n(A,B) = (m + n − 2)x2 − ny2. As y = [2 − x(m + n − 2)]/n we get (like before we
assume m+ n > 2),

4Zm,n(A,B) = (m+ n− 2)x2 − n
(

2− x(m+ n− 2)
n

)2

= (m+ n− 2)x2 − (4 + x2(m+ n− 2)2 − 4x(m+ n− 2))/n

=x2[(m+ n− 2)− (m+ n− 2)2/n] + 4x(m+ n− 2)/n− 4/n

= − x2 (m+ n− 2)(m− 2)
n

+ x
4(m+ n− 2)

n
− 4
n
.

In the special case m = 2, we have B = 2/n and A “free”, then

Zm,n(A,B) =
x(m+ n− 2)− 1

n
=
An− 1
n

= A− 1/n

which can take every real value as x can vary from −∞ to +∞.
If instead, m > 2 the expression

Zm,n(A,B) = −A2 (m+ n− 2)(m− 2)
4n

+A
m+ n− 2

n
− 1
n
.

is a second degree polynomial in A ∈ R with negative leading coefficient, so it can vary only
between −∞ and some maximum. By a straightforward computation one sees that such a maxi-
mum is given by 1/(m− 2), which is independent of the dimension n.
This means that by a suitable choice of the constants A and B one has

S(g̃) =
∫

fM R̃ dµ̃ =
∫
M

(RM + (λ+ 1)|∇f |2)e−f dµ ,

for every λ ∈
(
−∞, 1

m−2

]
. Notice that (if m > 2), with the exception of λ = 1/(m − 2) one has

always two possible choices of pairs of constants (A,B) for every value λ.
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When λ 6= 0 as

R̃jl = Rjl +∇2
jlf +

A

2
(∆f − |∇f |2)gjl + λ(df ⊗ df)jl ,

the associated flow is substantially different from the (modified) Ricci flow, indeed if as before
δf = 1

2 trg(δg) and (N,h) is Ricci–flat, we get

δ

∫
fM 2R̃ dµ̃ =

∫
fM 〈−2R̃ic+ R̃g̃ | δg̃〉 dµ̃

=
∫

fM 〈−2R̃ic+ R̃g̃ | e−Af (δg −Agδf)⊕ e−Bf (−Bhδf)〉 dµ̃

=
∫

fM 〈−2(RicM +∇2f + λdf ⊗ df) | δg〉e−Af dµ̃

+
∫

fM
[
−A(∆f − |∇f |2) + (RM + ∆f(A+ 2)− |∇f |2(A+ 1))

]
trg(δg)e−Af dµ̃

+
∫

fM
〈
−2
[
RicM +∇2f +

A

2
g(∆f − |∇f |2)

] ∣∣∣−Agδf〉e−Af dµ̃
+
∫

fM
[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
(−Amδf)e−Af dµ̃

+
∫

fM
[
−B(∆f − |∇f |2)

]
(−Bnδf)e−Af dµ̃

+
∫

fM
[
RM + ∆f(A+ 2)− |∇f |2(A+ 1)

]
(−Bnδf)e−Af dµ̃

=− 2
∫
M

〈RicM +∇2f + λdf ⊗ df | δg〉e−f dµ .

Hence, as before, the system {
δg = −2(RicM +∇2f + λdf ⊗ df)
δf = −∆f −RM − λ|∇f |2

represents the constrained gradient of the Einstein–Hilbert action functional and the associated
flow is {

∂tg = −2(RicM +∇2f + λdf ⊗ df)
∂tf = −∆f −RM − λ|∇f |2 .

Remark 3.1. Like in the Ricci flow, the flow ∂tg = −2(Ric+∇2f + λdf ⊗ df) can be modified by a
diffeomorphism to the flow ∂tg = −2(Ric+ λdf ⊗ df). The extra term df ⊗ df instead, cannot be
“canceled” in this way as∇2f .

Notice that, as in Perelman’s work, immediately one gets the monotonicity of the relative F–
functional along this flow.

d

dt

∫
M

(RM + (λ+ 1)|∇f |2)e−f dµ = −2
∫
M

|RicM +∇2f + λdf ⊗ df |2e−f dµ .

Remark 3.2. Compare the material of this section with the Ph.D Thesis of List [1].
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