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ABSTRACT. By means of a Kaluza—Klein type argument we show that the Perelman’s F—functional
is the Einstein—-Hilbert action in a space with extra “phantom” dimensions. In this way, we try to
interpret some remarks of Perelman in the introduction and at the end of the first section in his
famous paper [2].

As a consequence the Ricci flow (modified by a diffeomorphism and a time-dependent factor) is the
evolution of the “real” part of the metric under a constrained gradient flow of the Einstein-Hilbert
gravitational action in higher dimension.
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1. EINSTEIN-HILBERT ACTION AND PERELMAN’S F—FUNCTIONAL

Let (M™,g) and (N™, h) be two closed Riemannian manifolds of dimension m and n respec-

tively and let f : M — R be a smooth function on M. On the product manifold M =M x N we
consider a metric g of the form

g=eYgaoeBlh,

where A and B are real constants. Notice that g is a conformal deformation of a warped product
on M. We call the function f dilaton field.

As anotation, we will use Latin indices, i, j, . . . for the coordinates on M (we will call them the
"real” variables) and Greek indices, «, (3, . . ., for the coordinates on NV (the “phantom” variables).
Under these notations, clearly we have Vi,j € {1,...,m}and Ve, 5 € {1,...,n},

gia:’g'iazo7

gij _ eAfgij , gaﬁ _ erhozB )

Let u, 0 and 1 be respectively the canonical volume measure on M, N and M. By definition of g,
~ Am4Bn
2

it follows that i = e fuxo.
The Christoffel symbols of the metric g are given by the formula

1. - - ~
ab = 59“1 (Oagbd + OvGad — AiGab)

where a, b, ... can be both real and phantom variables.
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We have the following,

o 1, ~ ~
Ffj = §gkl (0igj1 + 0j it — D1 Gij)
. ) _
- §€Afgkl [e Y (Digj + 0390 — Drgig) — Ae™ N (Difgju + 9 fan — Difgij)]
=% -= (a 85 + 05 — g™ aufgi;) -

Using the fact that the metric g is zero for a pair of “mixed” indices and that the function f
depends only on the real variables, we get

~ 1_ _ _ .
I% =597 (9igjs + 998 — 955i;) = 0,

- 1. N N B
TF, = " (0iGat + 0adit — OiGia) =0,

2
™ 1~’ya ~ ~ - B .
s =597 (9i9ap + 059ia — Jagip) = =5 0if05,

1 ~ ~ . B (4_
Fa,g = igkl (axglﬁ + 089t — Ogap) = 56(A B)fgklalfhaﬁ .

Finally, a computation analogous to the one above gives fl s=T0g
Hence, summarizing

~ A

F?j = Fi'cj D) (&-féf + ajﬁf - gklalfgij) (1.1)
T Tk

I5 =T =0 (1.2)
~ B

rh, = 56(14—3)1” "0 fhags (1.3)
~ B

I, = - 50 53 (1.4)
L5 =T05- (1.5)

We want now to compute the Ricci curvature of the metric g.
The Riemann tensor, as a (1, 3)—tensor, is defined in terms of the derivatives of the Christoffel’s
symbols as follows

Ry =0aT5, — 0TSy + ffdfgp - fgdfgp
hence, the Ricci tensor is given by
Rpq = 0,14y — T2, +Th Te — TP ¢

Using equations (1.1)- (1.5), and computing in normal coordinates on both M and N, we get the
following

Ry = o —o;TF — ;T8 +ThI}, + ThTS, —TET}, —T0.T%
= Rj- é 2V f — Afgn)
+A—mv21f + —v 5
+A2 (2dfdfi — |V fPg51) + % (2df;dfi — [V f1*g;1)

A2 B?n
e [(m + 2)df;df; — 2|V f*g;] — 1 ——df;dfi,
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that is, collecting similar terms,

~ Am + Bn A Am + Bn
Rj = Ruy+Vif (2 - A) + 595 [Af —|VfP (2 - A)} (1.6)
1
+dejdfg (2ABn + (m — 2)A* — B*n) .
On the other hand, for the phantom indices, we get
Rgy = 0aT%, — 0, T8, + 0Tl + T T + Tk T + Tk Tt —T0. T —TE T5, — T Tk,
B
= Rpy+ 5"y, (Af + (A= B)|VfP)
B%n 4 gy ABm (4_pgys
_Te(A B)fh/37|vf|2 - Te(A B)fhﬁv|vf|2
BZ ) 82 )
+Te<A*B>th|Vf|2 + TeM*B)fhmw\? :
that is,
~ B : A B
Ry = Roy + 542 hg, | = 97 (22520 - 4)] 17)

Finally, it is easy to see that the mixed terms of the Ricci tensor of g vanish, Em =0.
From this computation we get then the formula for the scalar curvature of g,

R = eMRM 4 eBIRN 4 AT Af(Am + Bn — A)
Af
+%\Vf\2 (4ABn — 2ABmn + 3mA® — 24> — m?A? — B*n — B*n?) .

where RM and RY are respectively the scalar curvatures of (M, g) and (N, h).
We make now the following ansatz:
2ABn + (m — 2)A%* — B*n =0 (C1)
and
—A= = Am—2)+Bn=2. (C2)

Remark 1.1. We spend some words to motivate our choice of the constants A and B, which we
guess it is not very clear at this point.

Condition (C1) is assumed in order to make vanish from the expression of éij the term in df ® df
that otherwise appears in doing the flow by the gradient of the functional [; R dJi (see Section 3
and Remark 3.1).

The second condition, that clearly also simplifies both R;; and Rag, is instead more related to
Perelman’s F—functional. In writing the functional [ Rdji as an integral on M with respect to
the measure p we will see that the only way to get the factor e~/ is to assume condition (C2).

Lemma 1.2. If m + n > 2, we can always find two non zero constants A and B satisfying these two
conditions.

Proof. Notice that A = 0 implies B = 0. If B # 0, dividing both sides of condition (C1) by B?, it
can be expressed in the following form for § = A/B,
(m—2)0>+2n0 —n=0. (C1%)

If m # 2, this second degree equation for 6 has always two solutions for every choice of the
dimensions m,n € N, which would coincide only in the case m = n = 1, that we excluded.
Notice also that the two solutions have opposite signs. Precisely, they are

—n=++/nn+m—2)
m— 2
1:|: mfl

9:

and in the special case n = 1, we have § =
If m = 2 we have only one solution of equatlon (Cl*) whichis § = 1/2.
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Then, condition (C2) is equivalent to #(m — 2) +n = 2/B which can be fulfilled, by homogeneity,
if (m — 2) + n # 0. In the case of equality, we would have

0=06%*m—2)+2n0 —n=nb —n
which would imply # = 1. Hence, m —24+n=0and m =n = 1. O

Under assumptions (C1) and (C2), the last term of Ejl in formula (1.6) cancels out and many
coefficients become one. We get indeed the following “smooth” formulas for the components of
the Ricci tensor of g,

~ A
Ry =R+ V?;f + 5 9t (Af - |Vf|2) ) (1.8)

~ B
Rz, = Rp, + §e<A—B>fhm (Af—|VFP) . (1.9)
Then, the scalar curvature of ¢ becomes
R=eMRM £ BIRN 1 AT (Af(A+2) — |Vf2(A+1)) . (1.10)

From this last formula, it follows immediately the relation between the Einstein—-Hilbert action
functional S on M and the Perelman’s F—functional, see [2],

F(9,f) :/M(RM+ IVf2e  du.

Theorem 1.3. Let (M™,g) and (N, h) be two closed Riemannian manifolds of dimension m and n
respectively, with m +n > 2 and let f : M — R be a smooth function on M. On the product manifold

M = M x N consider the metric g of the form
g= e_Afg@e_th,

where A and B are constants satisfying conditions (C1) and (C2).
Then the following formula holds

8(g) = | _Rdji=Vol(N,h)F(g, f) + (/M e(B-A=1f d,u) /N RN do (1.11)

M

In particular, if (N, h) has zero total scalar curvature and unit volume, we get S(g) = F(g, f)-
Proof. We simply compute

~ Am+Bn ~
/ Rdu:/ /e— > TRdudo
M MJN

:/ /e—<1+A>f [eRM 4+ eBIRN + et (Af(A+2) — [Vf*(A+1))] dudo
M JN

z/ /e_(1+A)ferRNdudU
MJN

+/ / [RM + Af(A+2)— [Vf*(A+1)] e dudo
M JN

— (/ e(B=A-Df dp)/ RN do
M N

+ Vol(N, h)/ [RM + Af(A+2) = |[VfP(A+1)] e du
M

= (/ e(B=A-DS du)/ RY do
M N

+vol(N,h)/ (RM +|Vf1*) e du
M

where in the last passage we integrated by parts the Laplacian term. O
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2. THE ASSOCIATED FLOW

Under assumptions (C1) and (C2), we have

~ A ~
Ry =R+ V5f+ 2 9il (Af=1IVf]?), Rin =0, 2.1
~ B B
Rgy = Rgy + — " hg, (Af = |[VFP?) 22
and
R=eMRM £ BIRN 4 AT (Af(A+2) — [VF*(A+1)) . (2.3)

Suppose we have a manifold M = M x N with a time dependent metric §(¢) for ¢ € [0, T).
If the initial metric is a warped product § = g & ph with ¢ : M — R a smooth function, (N, k)
Ricci—flat and of unit volume, we consider the motion by the gradient of the Einstein—Hilbert
action with the constraint that the measure i is fixed, where # comes from condition (C1*)
and A, B are the relative constants satisfying conditions (C1) and (C2) above.
Suppose there exists a unique solution of this flow, preserving the warped product. We can
assume that for every ¢ € [0,7] we have g(t) = g(t) ® ¢(t)h(t) with (N, h(t)) always of volume 1.
Writing down the evolution of  we see that it moves only by multiplication by a positive factor.
As we assumed that (N, h(t)) is of unit volume, we then conclude that the metric i(¢) has to be
constant equal to the initial h. Setting f = —+ log ¢ which implies ¢ = e~/ and ¢ = ¢4/, and
we can write § = e~ g @ e~ Bfh where g(t) = e4/§(t). Clearly, also § = ¢’g @ ph.

Denote with 0g, dg and J f the variations of g, g and f respectively. Then we have,

6g = e M (69 — Agdf) ® e B/ (—~Bhdf) .

and the constraint, in terms of these variations becomes §f = tr,dg/2. Keeping in mind that
(N, h) is Ricci—flat, we get

5/ 2R dji = /<72§¢E+R§|5g>dﬁ
M M
/ (—2Ric+ Rg|e AT (59 — Agéf) & e B (—Bhsf)) dii

" (=2(Ric™ + V2 f) | 6g)e= M dp

E\

—AAf = V) + (RM + Af(A+2) — |[VF2(A+1))] trg(6g)e dfi
) ch +V2f 4 g(Af IV £[2) H—Ag<5f> —AT 4
+ RM+Af (A+2) = |[Vf*(A+1)] (—Améf)e=* di
~|VfP)] (~Bnsf)e A di

[RM + Af(A+2) — [VFP(A+1)] (=Bndf)e~* dn
= [_(=2(Ric" +92p) | sg)e di

% / (Af — |Vf?)(ABn + 24 — B*n)tr, (3g)e ™ dji
_ /M<—2(Ric V1) | Sghe M di

=— 2/ (RicM + V2 f|6g)e™ dp,
M
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since, by conditions (C1) and (C2), it follows ABn + 2A — B?*n = 0.
Hence, the system

59 = —2(Ric™ + V2f)
§f =—-Af —RM

represents the constrained gradient of the Einstein—Hilbert action functional. The associated flow
of the metric § = e=4f g @ e~ B/ h is described by

0:g = —2(Ric™ + V2 f)
Oh =0
atf = _Af - RN[»

that is, g evolves by the “modified” Ricci flow.
Following Perelman [2], modifying the pair (g, f) by a suitable diffeomorphism, we get a solution
of

8tg = —2RiC]\/[
o f =—-Af+|Vf]?—RM

hence, up to a factor and a diffeomorphism, the spatial part of the metric ¢ moves according to
the Ricci flow (g is equal to the spatial part of g times the factor e*/).

3. OTHER FLOWS

It is interesting to see what functionals and flows one can get by varying the constants A and
B.
Supposing that (N, k) has unit volume and zero total scalar curvature, we computed,

~ Am + Bn A Am + Bn
Ry = Ry+Vyf (2 —A) + 595 [Af —|Vf? (2 - A)}
1
+dejdfl (QABn + (m —2)A% — BQn)
~ B 4 Am + Bn
R, = Rg7+56(’4 B hg., [Af—|Vf|2 <2 —A)]

Am+Bn
2

Assuming the condition — A =1wehave

Ry = Ryt Vaf+ S [af - (917
+idfjdfl (24Bn + (m — 2)A® — B*n)
Eﬁv = Rﬁv + ge(A_B)fhﬁv [Af - |Vf|2]
R = e RM 4+ BIRN L ATAS
AT (Am2+3"> (Af — |Vf])) + % (2ABn + (m — 2)A* — B*n) |V f|?

= eMRM L BIRN L ATAS

+eM(A+1)(Af - V) + % (2ABn + (m — 2)A* — B*n) |V f]*.
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Hence,

m+B

“IRdudo

/ —(14+A)f [ RM 4 BIRN 4 ATAS] dpdo
L eI AN (A 1)(Af — |V f|?) dudo

/ —(+A)f (2ABn—|—(m 2)A? — B*n) |V f|? dudo

—(1+A)f BfRN d’udO'

Lok
/.
L,
“J,
s
“,

/ [RM +Af+ i\Vf\QQABn + (m —2)A? — BQn)] e ! dudo
N

= / {RM + V2 + i|Vf|2(2ABn + (m —2)A? — an)} el du

M
= Fg.0)+ Zn(A.B) [ V1P du,
M
with Z,, ,(A, B) = (2ABn + (m — 2)A% — B?n) /4.
We want to see what are the possible values of Z,, ,,, we recall that we have the constraint

A(m —2)+ Bn =2.
We change variables as ¢ = A and y = (B — A) so the constraint becomes (m +n — 2)z + ny = 2

and 4Z,, ,(A,B) = (m +n — 2)2? — ny?. Asy = [2 — 2(m + n — 2)]/n we get (like before we
assume m +n > 2),

4Zmn(A,B) =(m+n—2)2*> —n (
n

2—x(m+n—2)>2
=(m+n—2)2% - (4+2*(m+n—-2)%—dz(m+n—2))/n
=2%[(m+n—2)— (m+n—2)2/n] +4daz(m+n—2)/n—4/n

_ _Iz(mJF”*?)(m*Q)+x4(m+n72) 4

n n n

In the special case m = 2, we have B = 2/n and A “free”, then

rm+n—-2)—1 An—1

Zmn(A,B) =
n

=A-1/n
which can take every real value as = can vary from —oo to +o0.
If instead, m > 2 the expression
m+n—2)(m—2) +Am+n—2 B 1
4n n n
is a second degree polynomial in A € R with negative leading coefficient, so it can vary only
between —oo and some maximum. By a straightforward computation one sees that such a maxi-
mum is given by 1/(m — 2), which is independent of the dimension n.
This means that by a suitable choice of the constants A and B one has

Zmn(A,B) = —A2(

S@ = [_Rdi= [ (B +(0+DIVIP du,

for every A € ( 00, —} Notice that (if m > 2), with the exception of A = 1/(m — 2) one has
always two possible choices of pairs of constants (A, B) for every value A.
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When A # 0 as
Ro= R+ V2 4 2(Af— VI Adf @ d
jt = B + Vi f + 5 (Af = [V )gn + Mdf @ df)j,

the associated flow is substantially different from the (modified) Ricci flow, indeed if as before
of = %trg(csg) and (N, h) is Ricci—flat, we get

5/M2173d/7 =/A7<—21’~z7c+1§§| 59) dii
= /M<—27%70 +Rgle=* (69 — Agdf) @ e BT (~Bhif)) dfi
= | (~2(Ric™ + V*f + \df @ df)| dg)e™ dii
[—AAf = V) + (RM + Af(A+2) — V(A +1)] try(6g)e”* dii

<72[RicM +Vf 4+ gg(Af - |Vf|2)} ] —Agéf>e’Af dji

+ 4+ S
=

[RM + Af(A+2) = |[VfP(A+1)] (—Améf)e * dp

+ [ Bar - 95 (-Brof)e M di
M

+
T

* /~ [RM + Af(A+2) = |VfP(A+1)] (=Bnéf)e* di
M

:—2/ (RicM + V2 f + \df @ df | 6g)e ! dp.
M
Hence, as before, the system

89 = —2(Ric™ + V2f + \df ® df)
6f = =Af = RM - MV []?

represents the constrained gradient of the Einstein—Hilbert action functional and the associated
flow is

g = —2(Ric™ + V2 f + \df @ df)

Ouf = =Af = RM XNV
Remark 3.1. Like in the Ricci flow, the flow 0,9 = —2(Ric+ V2 f + Adf ® df) can be modified by a

diffeomorphism to the flow 9,9 = —2(Ric + Adf ® df). The extra term df ® df instead, cannot be
“canceled” in this way as V2 f.

Notice that, as in Perelman’s work, immediately one gets the monotonicity of the relative F-
functional along this flow.
d

S R A DT d = 72/ \Ric™ + V2 + Adf @ df2e~! dy.
M M

Remark 3.2. Compare the material of this section with the Ph.D Thesis of List [1].
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