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ABSTRACT. The purpose of this paper is to study the lower semicontinuity with re-
spect to the strong L'-convergence, of some integral functionals defined in the space
SBD of special functions with bounded deformation. Precisely, we prove that, if
u € SBD(Q), (un) C SBD(Q) converges to u strongly in L'(€2,R™) and the mea-
sures |E7uy,| converge weakly * to a measure v singular with respect to the Lebesgue
measure, then

/f(x,gu)dxgliminf/f(x,guh)dx
Q h—oo Jo

provided the integrand f satisfies a weak convexity property and standard growth
assumptions of order p > 1.
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1. INTRODUCTION

Our goal in this paper is to extend in the framework of functions with bounded defor-
mation, the following theorem by Ambrosio [2] for integral functionals defined in the space
SBYV of special functions of bounded variation.

Theorem 1.1. Let Q C R™ be an open set and let f : Q x RF x R™* be a Carathédory
function satisfying:
(i) for a.e. every x € Q, for every (u,€) € RF x R™¥F,
S < flz,u,§) < alz) + ¥([ul)(1+ [£),

where p > 1, a € L*(Q) and the function W : [0,00) — [0,00) is continuous;
1
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(i) for a.e. every x € Q and every u € R¥, f(x,u,-) is quasi-convex.

Then for every u € SBV(Q,Rk) and any sequence (up) C SBV(Qij) converging to u in
L} (Q,R¥) and such that

(1.1) sup H" (8,,) < o0
h

we have

/fxuVu dx<hm1nf/fmuh,Vuh)d

Theorem 1.1 extends in the SBV setting a classical lower semicontinuity result by Acerbi-
Fusco [1] in the Sobolev space WP (().
Later Kristensen in [19] extended Theorem 1.1 under the weaker assumptions

(1.2) sup/ O(|uf — uy [)dH" ™ < oo
hoJSu,

for some function € such that 6(r)/r — oo as r — 07, and f is a normal integrand, i.e., for
a.e. x € Q, f(x,-,-) is lower semicontinuous in R* x R"** and there exists a Borel function
f:Qx RF x Rk [0, 0] such that f(z,-,-) = f(x,-,).

In the proof of Theorem 1.1 as well as in the Acerbi-Fusco result, the use of Lusin type
approximation of functions in the given space (BV or Sobolev spaces) by Lipschitz continuous
functions is crucial.

Recently, Theorem 1.1 has been extended by Fonseca-Leoni-Paroni [16] to functionals
depending also on the hessian matrices.

In this paper we deal with first order variational problem, but with integral functionals
depending explicitly on the symmetrized derivative Fu := (Du + Du”)/2 and defined in the
space SBD of special functions with bounded deformation.

The main result of the paper is the following lower semicontinuity theorem:

Theorem 1.2. Let p > 1 and let f : Q x Mt — [0,00) be a Carathéodory function

satisfying:
(i) for a.e. every x € Q, for every & € MZX"

sym ’

émp < fx,6) < o(x) +C(+[EP),

for some constant C' > 0 and a function ¢ € L*(2);
(ii) for a.e. every xo € Q, f(xo,-) is symmetric quasi-convex i.e.,

(1.3) f(xo, € ][ f(zo, &+ Ep(x))da

for every bounded open subset A of R™, for every ¢ € Wol’oo(A, R™) and £ € M.

Then for every u € SBD(Q), for any sequence (up) C SBD() converging to u strongly in
LY (Q,R™) with |Euy| converging weakly % to a positive measure v singular with respect to
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the Lebesque measure, we have
/f(:c,é'u) dr < liminf/ f(z, Eup) dx.
Q h—oo Jo

In the literature there are various results (see [5, 22, 23, 9]) on lower semicontinuity and
relaxation of convex integral functionals in BD with linear growth in the strain tensor, in
connection with mathematical problems in elasto-plasticity. Concerning non convex func-
tionals with linear growth we mention the papers [12, 6, 13]. As far as the author knows,
there is no result on lower semicontinuity of non convex volume energies with superlinear
growth in the strain tensor. So, Theorem 1.2 is the first lower semicontinuity result for this
class of functionals.

The proof of Theorem 1.2 follows the lines of Theorem 1.1. We use the blow-up method
introduced in [17] and described as a two-steps process whose first step here is the proof
of the lower semicontinuity result whenever € is the unit ball B(0, 1), the limit function is
linear and |E7uy|(B(0,1)) converges to zero (see Proposition 3.1). In a second step, we use
a blow-up argument through the approximate differentiability of BD functions to reduce the
problem into the first step.

The use of Lusin type approximation for B.D functions is crucial in the proof of Proposition
3.1. This result established in [11] and refined here in Proposition 2.8 is obtained using a
”Poincaré type” inequality for BD functions (see Theorems 2.2 and 2.3) together with the
maximal function of Radon measures.

This paper is organized as follows. In section 2 we collect and prove some fine properties
of BD functions that will be used in the proof of our main result. Section 3 is devoted to
the proof of Theorem 1.2. In section 4, we discuss the assumption (in Theorem 1.2) that
the measures |E7uy,| converge weakly * to a positive measure v singular with respect to the
Lebesgue measure. In Example 4.7 we consider a minimization problem in SBD with a
unilateral constraint on the jump sets and we show that minimizing sequences (uy) satisfy
the assumption on |E7uy,|. However, as shown in Example 4.4, this assumption is not always
compatible with the SBD compactness criterion (Theorem 4.1). Precisely, we construct a
sequence of functions (uy) in SBD that satisfies the assumptions of Theorem 4.1, while the
sequence of measures |E/uy,| converges weakly * to a measure proportional to the Lebesgue
measure.

2. NOTATION AND PRELIMINARY RESULTS

Let n > 1 be an integer. We denote by M™*"™ the space of n x n matrices and by Mg the
subspace of symmetric matrices in M™*™. For any & € M™*", ¢7' is the transpose of £. Given
u, v ER" u®vand u®v:=(u®v+v®u)/2 denote the tensor and symmetric products
of u and v, respectively. S"~! is the unit sphere in R”. We use the standard notation, £"
and H" ! to denote respectively the Lebesgue outer measure and the (n — 1)-dimensional

Hausdorff measure. For every set E C R", E and |E| stand respectively for the closure
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and the Lebesgue outer measure of E, while yg denotes the charateristic function of F, i.e.,
xg(z) =1lifz € B and xp(z) =0if 2 ¢ E. For 1 < p < oo, ||-[|, will denote the norm in
the LP space.

Let © be an open subset of R”. We denote by B(2) the family of Borel subsets of Q. For
any x € 2 and p > 0, B(x, p) stands for the open ball of R" centered at z with radius p and
whenever x = 0 and p = 1 we simply write By. We will use the notation w, for the Lebesgue
measure of the ball B;. If ;4 is a Radon measure, we denote by |u| its total variation.

Let u € L}OC(Q, R™). We recall that a point = € Q is a Lebesgue point of u if there exists
u(x) € R™ such that

lim lu(y) — a(z)|dz = 0;

r—07F B(z,r)
the vector u(x) is called the approzimate limit of u at x. Q, denotes the set of of Lebesgue
points of w and Sy, := Q \ Q, is called the approzimate discontinuity set of u. By Lebesgue’s
differentiation theorem, the set S, is L™-negligible and the function @ : 0, — R™ called
Lebesgue representative of u coincides with u L£"-almost everywhere in €2,,.
We recall also that a point x € S, is an approzximate jump point of wu if there exists
(ut(z),u™ (z), vy (x)) € R™ x R™ x 8" ! with ut(z) # v~ (z) such that

lim lu(y) — ut(z)|dz =0

r—0+ BE(z,r,vu(x))
where B (x, 7, v,(z)) := {y € B(x,7): (y—=x, 41, (x)) > 0} and u* () are called the one-sided
Lebesgue limits of u at x with respect to the direction v, (x). The triplet (u™ (z), u™ (z), vy(z))
is uniquely determined up to a change of orientation of v,(z) and a simultaneously permu-
tation of u*(z) and u™(z). The Borel subset J, C S, called Jump set of u is the set of
approximate jump points of wu.

Definition 2.1. We say that u : @ — R™ is a function with bounded deformation in € if
u € L'(Q,R") and Eu := (Du+ Du”)/2 € My(Q,ML5"), where Du is the distributional

sym

gradient of u and /\/lb(Q, M”X”) is the space of MIX"-valued Radon measures with finite total

sym sym
variation in 2.

The space BD(f2) of functions with bounded deformation in € was introduced in [20] and
studied, for instance in [5], [18], [22], [23] in relation with the static model of Hencky in
perfect plasticity. BD(2) is a Banach space when equipped with the norm

lull o) = lull 1 orny + [Eul(2)

where |Eu|(2) is the total variation of the measure Fu in .

It is well known (see Temam [23]) that the trace operator Tr : BD(Q) — L'(09Q,R") is
continuous.

Whenever the open set €2 is assumed to be connected, the kernel of the operator F is the

class of infinitesimal rigid motions denoted here by R, and composed of affine maps of the
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form Mx 4 b, where M is a skew-symmetric n X n matrix and b € R"™. Therefore R is a
finite-dimensional subspace.

Fine properties of BD functions were studied, for instance, in [4], [8] and [18]. The following
“Poincaré type” inequality for BD functions has been proved by Kohn [18] (see also [4]).

Theorem 2.2. Let Q) be a bounded connected open subset of R™ with Lipschitz boundary. Let
R: BD(Q2) — R be a continuous linear map which leaves R fixed.
Then there exists a positive constant C(Q2, R) such that:

(2.1) /Q |u — R(u)|dz < C(Q, R)|Eu|(2)  for any u € BD(Q).

When 2 is an open ball of R™ there is a precise representation of the rigid motion R(u),
given in the following theorem.

Theorem 2.3. Letu € BD(R"), x € R™ and p > 0. Then there exists a vector d,(u)(z) € R"
and an n x n skew-symmetric matriz A,(uw)(x) such that:

(2.2) /B( ) u(y) — dp(u)(z) = Ap(u)(2)(y — 2)|dy < C(n)p|Eu|(B(z, p))

where C'(n) is a positive constant depending only on the dimension n.

Moreover, dy(u)(z) and A,(u)(x) are expressed as singular integrals in the following ways:
. n im y—x

(2.9 fe =0 [ D amu, )

y—x|>p

ol nwy|y — x|™

n

(2.4) A (u)(z) = Y /| |
y—x|=p

l,m=1

Iim(y — z)

—WdEulm(y)7

where )\ and T, respectively third and fourth-order tensor valued functions, are defined and
studied in [18], [4].

We recall that if w € BD(f), then the jump set J, of u is a countably (K" ',n — 1)-
rectifiable Borel set and the following decomposition of the measure Fu holds

(2.5) Fu=Eul" + E%u = Eul" + E'u + E‘u,

where Elu := ([u] ® v, )H" L Jy, [u] := uT — u™, Eu is the density of the absolutely
continuous part of Fu with respect to L™, E®u is the singular part, and E°u is the Cantor
part and vanishes on Borel subsets that are o-finite with respect to H"~! (see [4]).

Hereinafter we will use the following proposition proved in [4, Proposition 7.8 and Remark
7.9]

Proposition 2.4. Let K : R"\ {0} — R be a 0-homogeneous function, smooth and with mean
value zero on the unit sphere S"~t. For any Radon measure p with finite total variation in
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R™, let us define the functions

— Ky —=)
ho(x) := /ly_m Y —ap du(y)  p>0.

Then the function h(z) := sup |h,(z)| satisfies the following weak L' estimate
p>0

n C(n,K n
(2.6) |{z € R": h(z) > t}] <<t)\u\(R ).
Moreover, if u = fL™ with f € LP(R™), then the following strong LP estimate holds
(2.7) [2]l, < C(n, K) || £1],,-

Let us recall also the theorem by Ambrosio-Coscia-Dal Maso [4] on the approximate dif-
ferentiability of BD functions.

Theorem 2.5. Let Q be a bounded open set in R™ with Lipschitz boundary. Let u € BD(f2).
Then for L™-almost every x € ) there exists an n X n matriz Vu(z) such that

— lu(y) —u(z) — Vu(z)(y —=z)|
(2.8) lim - /B . ; dy =0,
and
o1 |(u(y) —u(z) — Eu(z)(y —x),y —x)|

for L™-almost every x € ).

In particular, by (2.8) u is approximately differentiable £"-almost everywhere in 2 and the
function Vu satisfies the weak L' estimate

C(n,)
t

Lr{z e Qs [Vu(a)| > 1)) < lullpp@ VE> 0.

where C'(n, () is a positive constant depending only on n and €.
From (2.9) and (2.8) one can easily see that

(2.10) Eu(x) = (Vu(z) + Vu(z)?)/2  for LM-a.e. x € Q.
Analogously to the space SBV introduced by De Giorgi and Ambrosio (see for instance
[3]), the space SBD was introduced by Bellettini and Coscia in [7] and studied in [8].

Definition 2.6. The space SBD(Y) of special functions with bounded deformation, is the
space of functions u € BD(Y) such that the measure Eu in (2.5) is zero.

We set

A(u)(z) = sup [Ap(u) ()|

with A,(u) the anti-symmetric matrix defined in (2.4). Note that for every u € SBD(2),
Ap(u) = Lp(u) + Jp(u)
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with

g i rlm(y — )
2.11 LY (u)(z) == / - _Cupn(y)d
(2.11) Y = 3 [ gty apSum )y
and

. " rm(y — ) ,
2.12 JY (u)(z) = / - 7 L _dFu .
(2.12) o =3 | gy =t
We set also
(2.13) L(u)(z) :=sup |Ly(u)(z)| and  J(u)(x) := sup |Jy(u)(x)].

p>0 p>0

Let us recall that, given a R"-valued Radon Measure i in R™, the maximal function of u is
defined by

Whenever p = gL™, we recover the maximal function of the function g (see [21]).
The following theorem on Lusin type approximation of BD functions is proved in [11].
Theorem 2.7. Let Q) be either R™ or a Lipschitz bounded open subset of R™ and u € BD(S2

).
Then for any A > 0, there exists a Lipschitz continuous function vy : Q — R™ with lip(vy) <
C\ such that:

C
(2.14) [z €0 u(e) £ u@)] < 5 ullpoy
where C' is a positive constant only depending on n and €.

In the following proposition we further refine the estimate (2.14) when the function u €
SBD(Q) with Eu € LP(Q, MZX™).

sym

Proposition 2.8. Let p € (1,00), A > 0 and u € SBD,(R™). Then there exists a function
vy : R — R™ Lipschitz continuous with lip(vy) < CX, |vx(z)| < CA for every x € R™, and
for any Borel subset E of R™ we have the following estimate

(215) B0z e B - on(a) £ u@)}] < lullos ooy + BP0l (B)] +

1

1
7 |L(u)(x)|Pde + — [M(|Eul)|Pdz.
En{L(u)(z)>\}

AP ) B M(1Eu) >N}

where C' is a positive constant only depending on n.

Proof. For A > 0, we set

Ey :={z e R" M(|u|L"+ |Eu|)(z) < 3X and A(u)(z) < 2A}.
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It has been proved in Theorem 2.7 that u| E\\S, 18 Lipschitz continuous with Lipschitz con-
stant less or equal to a positive constant proportional to A. Moreover, from the Lebesgue
differentiation theorem we have also

lu(z)] <3\ Va € Ey\ S,
The function vy is then obtained from u|g,\g, by Kirszbraun’s Theorem (see Federer [15,
Theorem 2.10.43]).
Now given E € B(R"), since EN{x € R": vy(z) # u(z)} C E\ E), it is sufficient to
estimate the measure of E \ Ej.
Note that

|En{z € R": A(u)(z) >2X}| < |EN{z € R": L(u)(z) > A}
+ |En{z € R": J(u)(z) > A}

where L and J are defined in (2.11) and (2.12). From Proposition 2.4 and Chebychev’s
inequality we get respectively

!Eﬂ {x e R™ J(u)(z) > A} < Cg\n)|E1u|(E’)
and
1
En{xeR"™ L(u)(x) > A} < — L(u)(x)[Pdz.
H EoEers Lo >N <5 [ )

C(n)

(216) BN o € B A@w)(x) > 20} < 7 Bul(B) + !

AP /Eﬁ{L(u)(:Jc)>)\}

On the other hand, using covering theorems (see [3], [15]) and the properties of maximal

IL(w)(2)Pde.

functions of LP functions, we obtain the estimates

(217)  |En{z € R™ M(Ju|L" + |Eu|)(z) > 3A}| < |EN{z € R™ M([ulL")(z) > A}

+|En{z eR™ M(|Eul)(z) > A + |En{z e R": M(|Eu|)(z) > A}

C(n ; 1
< L g ooy + BN + 55 [ (M (Eul)Y da.
EN{M(|Eul)>A}
The estimate (2.15) is then obtained by adding (2.16) to (2.17). O

Remark 2.9. Let 2 be a bounded connected open subset of R™ with Lipschitz continuous
boundary 092 and v € SBD(Q) with Eu € LP(Q,MIX"). Let w be the extension of u by 0

sym
outiside . It is easy to see that

Bt := Eul"LQ+ Elul_Q — tr(u) © vH" 1L 09
where tr(u) and v are respectively the trace of u on 92 and the outer unit normal vector to

0f). Therefore from the continuity of the trace operator for BD functions, we get

ue SBD(R") with &ue LP(R™, MXX™).

sym
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Applying then Proposition 2.8 to @, we obtain the following estimate for every E € B(R™)
|En{z € R" : v\(z) # u(x)}|

C(n,Q : —
< L lullposn +1EW@NE)+ [l
1 1
+)\p/ |L(u)(x)|Pdz + )\p/ [M(|Eul)]Pdx.
En{L(u)(x) > A} En{M(|Eu|)>\}
In particular for any E € B(€2) we get
C(n, .
(2.18) |[En{z e Q: vy(z) #u()}] < (/\ )[H’U,HLl(QJRn) + | Elul| ()]
1 1
+ 37 |L(u)(x)Pdx + 7 [M(|Eu|)]P dz.
En{L(u)(x) > A} En{M(|Eu|)>\}

3. THE PROOF OF OUR MAIN RESULT

This section is essentially devoted to the proof of Theorem 1.2. The following proposition
will be crucial.

Proposition 3.1. Let fp : Q x MZX" — [0,00) be a sequence of Carathéodory functions

sym
nxn
sym 7

satisfying for a.e. every x € §2, for every £ € M

ZIEP < fe,8) < u(@) + OO+ IEP),

for some constant C > 0 and a sequence (¢3,) uniformly bounded in L'(By). Assume that
there exist an L™-negligible set N C By and a symmetric quasi-convex function f : ngxn? —

0,00) such that limy,_o fr(y, &) = f(&) uniformly on compact subsets of M2X"™ and for any
sym

y € By \ N. Then, for any sequence (uy,) in SBD(By) converging strongly in L*(B1,R") to a
linear function u, with limy o |Eup|(B1) — 0, we have

f(Eu)dx < liminf [ fu(x,Eup) du.
B h—oo B
Proof. Let (up) C SBD(Bj) be a sequence which converges strongly in L'(B1,R™) to a linear
function u and limy . |[E/up|(B1) — 0. Up to substituting uj, by u, — u and fy,(z, 2) by
fn(z, z + Eu) we can assume that u = 0. So, we have to prove that

(3.1) |Bilf(0) < liminf [ fi(z, Eup) de.
—00 B
Up to a subsequence we assume that

liminf [ fp(z,Eup)de = lim fn(x, Eup) do < 0.

h—o00 B h—oo B

So the sequence (€uy) is uniformly bounded in LP(By, MZX"). We set

sym

(3.2) Wp i= [M(Eup)” + [L(un)|” + |l
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where M is the maximal function and L is defined in (2.13). From the assumptions and from
Proposition 2.4, we have that (¥},) is a bounded sequence in L'(Bj). So, By Chacon Bitting
Lemma (see for instance [3, Lemma 5.32]) there exist a subsequence of (V) (still denoted
(Uy,)) and a decreasing sequence of sets (Fx) C B(Bj) such that |Fy| — 0 as k — oo and the
sequence (V;1p\ g, )n is equiintegrable for any k& € N. We introduce the following modulus
of equiintegrability for the sequence (V,1p\g, )n

limsup/ U, dx: F € B(By),
(3.3) Wi(0) := sup h—oo JF

F CBi\Eyand |[F| <0

Vo >0, Vk € N.

It follows that W (d) — 0 as 6 — 0.
Now, from Proposition 2.8 and Remark 2.9 we have for any integer m > 1, a Lipschitz
continuous function vy, y, : B; — R" and a set E} m € B(Bq) such that

(3.4) Lip(vpm) < C(n, Bi)m, |vpm(x)] < C(n, B1)m Va € B, Upm = Up in B1 \ Epm

and for any E € B(B;) the following estimate holds

(n, Bl)

C A
(35) |Enm \ E| < - unllzr (B, mry + [ B up|(B1)]

1

1
— |L(up)(x)|Pdz + / [M(|Eup]|)|Pdx.
mp /{L<uh)<x>>m}\E mP S (|gun))>m P\ E
In particular for £ = Fj we get from the definition of Wj, that
C(n, By) ; 2 /
3.6 Enm \ Bl < ———2||lu ny + Bl up|(B1)] + — Uy, dz.
(3:6)  [Enm \ Ei| ——[llunllz sz + [ un| (BU) + — I L

We set S := supy, ||¥]|1. Using the fact that [{¥), > mP}| < % together with u;, — 0
strongly in L'(B1,R") and |E’uy|(B1) — 0 (by assumptions), we get from (3.6) that

S
(3.7) lim sup mp‘Eh m \ Ek‘ < 2Wj (—)
h—00 ’ mp
From the inequality (3.7), it is easy to see (for m large enough) that

S
limsup/ op dx < lim sup/ Uy, de < 2Wh <—)
Ep,m \Ek B \Ey mpP

h—o00 h—o0

Now from (3.4), it follows by Ascoli-Arzela that the sequence (v, ), is relatively compact
in C(B1,R"™). Hence, using a diagonal argument, we get up to a subsequence that, for every
integer m > 1, vy, ,, converges uniformly to a function v, € C(B1,R") as h — oo.

Since, |Ex| — 0 as k — oo, to get (3.1), it is enough to prove that

(3.8) [Bu\ Eilf(0) < liminf [ fy(z,Eup)dz Yk eN.

>~ Jp;
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We have the following estimates

fu(x, Eup) dx > /

Bi\(En,mUEy)

fo(, Eup) da = / J(, Evy ) da

B1 Bl\(EhﬂmUEk)

:/ fh(x,é'vh,m)d:v—/ In(x, Evp ) da
B1\Ej,

Eh,m\Ek
> / In(x, Evp ) do — / opdr — Cmp‘Eh,m \ Ek‘
Bi\Ey, Ep,m\Ek
So, passing to the limit as h — oo, and using (3.6) and (3.7) we get that

(3.9)  liminf [ fu(z, Euy)dz > liminf / i, Evhm) dz — CWk( S )
Bl\Ek

h—o0 By h—oo mpP

Now from the assumption on the convergence of fj(x,&) to f(£), we get

(3.10) lim inf fn(x, Evp ) de > liminf f(Evnm) dx.
h—oo B1\E), h—oo B1\Ey

Using the symmetric quasi-convexity of the function f, we also get

(3.11) lim inf/ f(Evhm) dx > / f(Evp,) de.
Bl\Ek

h—o0 B1\Ey

Indeed, f symmetric quasi-convex means that f o 7 is quasi-convex in the classical sense,
where 7 is the projection on symmetric matrices. Since lip(vp ) < C(2,n)m, it is easy to
see that the (vp,m)n converges weakly x in W1°°(By, R") to the function v,, and hence (3.11)
follows from a classical lower semicontinuity theorem by Morrey (see for instance Dacorogna
110]).

Finally putting together (3.9), (3.10) and (3.11) we get

S
. im inf > m — — .
(3.12) hhnilog . fu(x,Eup) de > /Bl\Ek f(Evp) dx C’Wk<mp)
On the other hand, from (3.7) we have also that
S
(3.13) mP|{x € By \ Eg: vn(z) # 0}| < 2Wk(m).

In fact, from the L'-norm lower semicontinuity of the map

u— |z € By \ By Jul(z) #0}| = / X0y ([l (),

B1\E}

it follows that

mP{x € By \ Ep: v(x) # 0}

IN

liminf m?|{z € By \ Ep: (vhm — up)(z) # 0}‘

h—o0

h—o00 mp
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Now, setting A, := {x € By \ Ex: vn(z) # 0}, we obtain from (3.12) that

(3.14) liminf | fu(z,Eup) do > / £(0) d — CWk(%)

h—oo /B, Bi\(ExUA,)

So, passing to the limit in (3.12) as m — oo and using (3.13) we finally obtain (3.8) and this
achieves the proof of the proposition. O

Remark 3.2. We recall that the terminology symmetric quasi-convezity is already available
in the literature. It has been introduced and properly used in [12] (see also [6, 13]).

Now we are in the position to prove the main result of this paper.

The proof of Theorem 1.2. Let (uy) be a sequence such that u, converges strongly to w in
LY(Q,R") and | E/uy,| converges weak * to the measure v singular with respect to the Lebesgue
measure. We assume that

hmmf f x,Eup) dx = hm f(z, Eup) dz < oo.

*}OOQ

So, up to a subsequence, the sequence of measures fj,(z, Eup) L™ L converges weakly * to a
positive measure p. To prove (1.4), it is enough to prove that

(3.15) %(wo) > f(xo,Eu(zo)) a.e. zp € Q.

In fact, from the lower semicontinuity of the total variations of measure with respect to weak
« convergence and from the inequality (3.15) it follows that

lihn_l)icgf/gf(x,guh)dxzu /dﬁ" dx>/f:v5u

So, let us prove that (3.15) holds. To this aim, we use a characterization of Carathéodory
functions by Scorza-Dragoni (see e.g. [14, Page 235]), to get for every i € N a compact set
K; C Q such that |Q\ K;| < 1/i and f|Kingyxmn is continuous in K; x MX". Let K} be the

set of Lebesgue points of the function xg,. We set

Fo=JE nK})
1€EN
and it follows that |[Q\ F| < |Q\ (K;NK})| = [Q\ K;| < 1/i -0 asi — oo. We fix
xo € F such that:

T
(i) zo is an approximate differentiability point of u and such that Eu(zg) = M;

. dv . v(B(zg,¢))
il — lim 20 S)) .
(11) dLmr (o) EI_I)I(I) ‘B(xo,é‘)‘ ’
o dp . p(B(zo, €))
— |im BA2\E0:C))
(i) Zzn(@o) = lim =
We consider the sequence g \, 07 such that v(0B(xg,ex)) = 0 and p(dB(zo,ex)) = 0. Note
that such a sequence exists since the set {¢ > 0: v(0B(xp,¢)) > 0, v(0B(xg,€)) > 0} is a
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most countable set. From the fact that u, — u strongly in L'(£2,R") and the approximate
differentiability of u at zg we get that

(3.16) kli)rgo hli—>nolo ||k p — wol[L1 (B, rny =0
where
Uk o= un (o + 81;}?5) — ulo) and  wo(y) := Vu(zg)y.

We have also that

Ehugl(By) = / |, — ) © Vg | AP
Blm‘]“kh

= 5k"/ ’(u; —u,)© 1/uh|dH"_1
B(Z‘o,ék)ﬂjuh

|E7up|(B(z0, 1)) < !Ejuhl(B(Jfo,Ek))'

€k €k

Hence
. Eluy|(B
(3.17) lim sup limsup |E?uy p|(B1) < limsup limsup BT un|( n(x075k))
k—o0 h—o0 k—oo h—oo €L
B
< limeup 2BE0ED) _
k—o0 €L

On the other hand, setting fi(y, &) := f(xo + exy, &) we get that
d B
e (ro) > limsup (B0, )

acr - koo |B($0,€k)|

k—oo h—o00

1
> i li _ d
> limsup lim sup Blzo.0)] /B(mo’sk)f(a:,é’uh) x

1
> limsup limsup — f(wo + ery, Eupp) dy

k—oco h—oo Wn JpB

1
= limsuplimsup — fk(y,guk,h) dy.

k—o0 h—o0 n J By

By a standard diagonal argument we may extract a subsequence vy, := uy , such that
lim ||vg — woll 1 pny =0,  lim [Efvp|(B1) = 0
k—o00 k—o00

and

d 1
ﬁ(wo) > liﬁsipﬂ . Tr(y, Evi) dy.

Now, since xg € F, there exist igp € N such that z¢p € K;, N K}O. So, the sequence X ;=
€k
converges strongly to 1 in L'(B;) and hence, up to a subsequence X Kig—=o (y) — 1 for a.e.

€k
y € By. So, for k large enough we have that xg +ery € K;, for a.e. y € B;. Hence, for every
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§ € Mg we get that limy,_.oo f(z0+exy,§) = f(w0,&) for a.e. y € By. Therefore, we finally
obtain for a.e. y € B that

(3.18) Jim fe(,6) = f(z0,§)

nxn

locally uniformly in M7t So, applying Proposition 3.1 to the sequence (v), we get

d 1 1
a (x0) > hmlnf* ey, Evp)dy > — [ f(xo,Eulng)) dy = f(xo,Eu(xo))
dﬁ” k—oo Wp By Wn, B

which gives (3.15) and achieves the proof of the theorem. O

4. SOME EXAMPLES AND REMARKS

In the proof of Theorem 1.2, the assumption on |E7uy| has played a crucial role in order
to perform the blow-up argument. Note that any sequence (uj) C WHP(Q,R") such that
up, — u strongly in L(2, R") satisfies trivially the assumptions of the theorem. For examples
of sequences that are not necessarily in W1?(€, R"), we consider here a variational problem
with a uniform L°° constraint on the admissible functions and a unilateral constraint the
jump sets.

Let us recall here the compactness criterion in SBD by Bellettini-Coscia-Dal Maso [8].

Theorem 4.1. Let ¢ : [0, +oo[— [0, +00[ be a non-decreasing function such that

(4.1) lim o) = +o00

t—+oo t

Let (up,) be a sequence in SBD(Y) such that

(4.2) / |up|dx + |Ejuh\ / o(|Eup|)dx + H™"™ 1(Juh) <C

for some positive constant C' independent of h. Then there exists a subsequence, still denoted
by (up) and a function w € SBD(QY) such that

(4.3) up, — u strongly in Li..(Q,R™),
(4.4) Eup, — Eu weakly in L'(Q, Mg )
(4.5) Fluy, — Elu weakly * in My(9Q, M),
(4.6) HH(T,) < lim inf H ().

In the next example we consider a variational problem for which the minimizing sequences
satisfy the assumption on the measures |E/uy| in Theorem 1.2.
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Example 4.2. Let K # () be a non closed subset of  such that 0 < H" }(K) < oo and let
{F(z)}zeq be a family of uniformly bounded closed subsets of R”. We consider the following
variational problem:

(4.7) min / f(z,Eu)d

uESBD(Q)
u(a:)EF( ) ae in Q

with f: Q x M — [0, 00) being a Carathéodory function that satisfies the assumptions of
Theorem 1.2 that we repeat here for the reader’s convenience:

nxn
sym »

LIel < £.©) < ola) +C(1+ €,

for some constant C' > 0 and a function ¢ € L*(Q);
(ii) for a.e. every zg € €2, f(zo,-) is symmetric quasi-convex i.e,

(4.8) f(xo, € ][ f(@o, & + Ep(x))dx

for every bounded open subset A of R", for every ¢ € VVO1 (A, R") and & € M2XP,

sym

(i) for a.e. every x € Q, for every £ € M

Let us prove that Problem (4.7) admits a solution.
First of all, By the rectifiability of jump sets of BD functions, note that the inclusion J, C K
will be intended up to a H" l-negligible set.

Now let (up) C SBD(2) be a minimizing sequence for Problem (4.7). By the assumptions,
there exists a constant M > 0 such that ||up|lcc < M and

(4.9) |Eup|() < 2|up||aoH™ (Ju,) < 2MHHK) < 0.

Hence, by the growth assumptions (i) on f, (4.2) is satisfied with ¢(t) = tP. Therefore, by
Theorem 4.1, the sequence (uy) converges (up to a subsequence) strongly in L'(£2,R") to
some function u € SBD(2). Moreover, we have also u(z) € F(x) a.e. x € Q.

On the other hand | E/uy,| converge (up to a subsequence) weakly x to some positive measure
v. Tt easily follows from (4.9) that the measure v is concentrated on the set K. Hence v is
singular with respect to the Lebesgue measure. Therefore, by Theorem 1.2, we have that

/f:L‘Su dm<hm1nf/fx€uh ) dx.

Now let us prove that u verifies the constraint J, C K up to a H" !-negligible set. This is
obtained by slicing method.
To this aim, we recall the notations for one-dimensional sections of BD functions.
Given £ € R™ with £ # 0, we set
7wt = {y e R™: (y,€) = 0}
and for every y € 7¢ and for every B € B(1),
Bg ={teR: y+té€ B} and B :={yent: B§ # 0}



16 FRANCOIS EBOBISSE

For every u € L'(Q2,R") we set
u (1) = (u(y +1€),€).

It has been proved in [4] that, if u € SBD(Q) then for H" l-ae. y € Qf, uf € SBV(Qg).
Viceversa, assume that

n—1 n—1
ug € SBV(Qg) for H" lae. y e Q° and /Q5 |Du§|(Q§)dH (y) < o0

for every £ = &+ &5, 14,7 = 1,--- ,n with (&)}, being an orthonormal basis in R™. Then
u € SBD(Q).
Setting J§ := {z € Ju: (uT(z) —u(x),£) # 0}, it follows from Fubini’s theorem that

(4.10) H" (T, \JE) =0 for K" tae £ eS™L
From the structure theorem for BD functions (see [4, theorem 5.1]) we have also
— (716)¢ 3
Ju§ = (Ju)y for a.e. y € Q°.

Now we can prove that the limit u of the minimizing sequence (uy,) for Problem (4.7) satifies
the constraint J, C K up to a H" '-negligible set. Let & € S"! be such that (4.10) holds.
Following the proof of Theorem 4.1, we get that the sequence of one-dimensional section
(ufby) of the minimizing sequence (uj) satisfies the assumptions of the SBV compactness
theorem in [3, Theorems 4.7 and 4.8] and from J,, C K we have also

Jui,y = (Jg)g C K§ Wlth HO(KE) < 00 fOI' anl_a.e‘ y c Qf

Therefore the limit function uf, has also its jump set contained in the finite set K§ In fact, it
is easy to see that the jump set J ¢ is contained in the set of limits of the jump points of ui ”»
Y b
Now from (Jé)g =Je C K§ for H" l-ae. y € QF, we get J5 C K up to a H" -negligible
Yy
set and hence also J, C K up to a H" '-negligible set. O

Remark 4.3. Note that the set K has been taken non closed in order to avoid the easy case
where the minimizing sequences (uy,) and their limit u belong to the space

LD(Q\ K) :={uc L}Y(Q\ K,R"): Buc L'(Q\ K,M2")}

sym

for which the lower semicontinuity of the functional
/ f(z,Eu)de = f(z,Eu) dzx
Q Q\K

in the strong topology of L'(Q\ K,R") follows from [12, Theorem 3.1].

As we have seen in the previous example, the minimizing sequences for problem (4.7)
satisfy the assumptions of both Theorems 1.2 and 4.1. However, unlike the assumptions (1.1)
in Theorem 1.1 and (1.2) in [19], which are consistent with the compactness criterion in SBV/,
the assumption of Theorem 1.2 on the measures |E’uy| is not always compatible with the
compactness criterion in Theorem 4.1.
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In the following example, we construct a sequence (uy) C SBD(Q2) that satisfies the com-
pactness criterion in SBD while |E’uy,| converges to a measure proportional to the Lebesgue
measure.

Example 4.4. We consider in R? the open squares
1 11 1 1 11 1
Q:=(0,2)x (02) and Q= (7 - 755 +73) % (5 -3 7 +73):
We set

Bvi= | (Qu+@j) with I:={0,2/h4/h,--,2—2/h}.
(6.9)EInxIp
Let (up) be the sequence defined by up, := (xg,,0) and let Ej;; := Qp + (4,7). By easy
computations we get

Ejuh = Fuy = Z (1,0) ® l/EhyiyjHlLaEh%j
(i7j)€]hXIh

where VE, ., 18 the unit normal vector to dEj,; ;. Hence, we have
|Eup|(Q) =2vV2+4 and  H'(J,, NQ) =8.

Thus, the sequence (uy) satisfies the assumptions of Theorem 4.1. However, the sequence
| Fuy,| converges weakly * to the measure (V2 +2)L2LQ.

Indeed, let Mh’J, N, “J he the two vertical sides of the square Ej;; and Ly 0. , Ky “J he its
horizontal sides. It is easy to see that

V2

Lo V2
5 H L Ly +

(411) Bl = Y (LM RN + CHILK).
(6,4)€lnx1p
Now let ¢ € C.(Q). It is easy to see
lim )y dH' = de  for §™ — i NI g i
g 2 ng ho = oY o BR o Eh

h—o0
l])EIhXIh

Therefore we get from (4.11) that

lim [ @d/Flu| = (\/§+2)/ pdz.
Q

h—oo Jo
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