CVGMT Preprint Server - http://cvgmt.sns.it/papers/ambfuspal95/

Partial regularity of free discontinuity sets II

Luigi Ambrosio

Dipartimento di Matematica Via Abbiategrasso 205, 27100 Pavia, Italy

Nicola Fusco

Dip. di Matematica e Applicazioni “R. Caccioppoli”, Via Cinthia 80126 Napoli, Italy

Diego Pallara

Dip. di Matematica Università di Lecce C.P. 193, 73100 Lecce, Italy

March 31, 1996

Abstract

We prove a regularity theorem for minimizers of a class of free discontinuity problems including the following example: given Ω ⊂ R^n open, g ∈ L^∞(Ω), consider the functional G(u, K) = ∫ Ω\K [|∇u|^2 + (u − g)^2] dx + H^{n−1}(K),

where K ⊂ Ω is relatively closed, u ∈ C^1(Ω \ K) and H^{n−1} is the (n − 1)- dimensional Hausdorff measure in R^n. If (K, u) is a minimizer then K is a C^{1,α} hypersurface outside a closed H^{n−1}-negligible set.

Contents

1 Introduction 2 2 Quasi minimizers 3 3 Statement of the main result 6 4 Preliminary results 8 5 Proof of the energy improvement theorem 13 6 Proof of partial regularity 21

1 Introduction

In this paper we continue the study, started in [5], of the regularity of (quasi) minimizers of a class of free discontinuity problems including the minimization of the Mumford-Shah functional G(u, K) = ∫ Ω\K [|∇u|^2 + α(u − g)^2] dx + βH^{n−1}(K), (1.1)

where Ω ⊂ R^n is an open set, g ∈ L^∞(Ω), α, β > 0 and H^{n−1}(K) is the (n − 1)-dimensional Hausdorff measure of K. In (1.1), K varies in the class of relatively closed subsets of Ω and u ∈ C^1(Ω \ K) (see [19], [6], [18], [15], [11]). Notice that, given K, the optimal function u is the solution of the Neumann problem Δu = α(u − g), ∂u ∂n = 0 (1.2)

in Ω \ K. Namely, we prove in Theorem 3.1 that any optimal free discontinuity set K is a C^{1,α} hypersurface except for a closed singular set S satisfying H^{n−1} (S) = 0. Moreover, we give a characterization of singular points which could be exploited to get further information on the dimension and the structure of S.

The starting point of this paper is a criterion, proved in [5], for the C^{1,α} local regularity of optimal sets K. The criterion involves the rate of decay of the quantity F(x, ρ) = ρ^{−n−1} min_{A∈A} ∫ Bρ(x)∩K dist^2(y, A) dH^{n−1}(y)

measuring the flatness of K (here A denotes the set of affine hyperplanes in R^n) and of the scaled Dirichlet energy D(x, ρ) = ρ^{1−n} ∫ Bρ(x) |∇u|^2 dy. The application of such a criterion to our partial regularity result is based on two decay estimates. The first one, concerning the flatness improvement has been already proved in [5] (see Theorem 3.4 below). Heuristically, (see [5]) a first variation argument and the rectifiability of K show that the Dirichlet energy controls the mean curvature of K. Hence, the proof of flatness improvement has a more geometric flavour and involves some typical arguments of minimal surfaces theory.

The second decay estimate is concerned with the Dirichlet energy. Assuming the decay estimate to be false, we find a sequence of quasi minimizers (z_h, C_h) and a sequence of balls B_{ρh} . Scaling and normalizing, we obtain a sequence of quasi minimizers (v_h, K_h) in a fixed ball B_R whose gradients weakly converge to the gradient of a function v which is harmonic in the upper and lower half balls, with zero normal derivative on {x_n = 0}. An easy reflection argument shows that the scaled Dirichlet energy of v on B_ρ decays like ρ. To transfer this property to the sequence v_h (thus getting a contradiction) we need to prove strong convergence of the gradients. To obtain this convergence at least in a smaller ball, we introduce functions obtained by taking the composition of v_h with deformation maps pushing a large part of K_h on suitable minimal surfaces. An energy comparison argument leads to the strong convergence of gradients and to the desired contradiction.

A feature of our problem is that the flatness improvement theorem involves also the Dirichlet energy, and viceversa. For this reason an iteration argument leading to the improvement of both quantities is needed. The idea is to use the decay of F(x, ρ) if F(x, ρ) controls D(x, ρ) and to use the decay of D(x, ρ) if F(x, ρ) is much smaller than D(x, ρ). This “twospeed” iteration argument seems to be a natural tool for treating the partial regularity of these free discontinuity problems.

Acknowledgement. Work partially supported by MURST 40%.

2 Quasi minimizers

In the following a natural number n ≥ 2 will be fixed and we omit the dependence of several constants on n. Since we will often deal with (n − 1)- dimensional sets, we will use the notation m for n − 1.

Let Ω ⊂ R^n be an open set. For any function u ∈ L^1(Ω) the set S_u denotes the the complement of the Lebesgue set of u, i.e., x /∈ S_u ⇐⇒ ∃ z ∈ R s.t. lim_{ρ→0+} ρ^{−n} ∫ Bρ(x) |u(y) − z| dy = 0. The space SBV (Ω), introduced by De Giorgi and Ambrosio in [14], consists of all functions u with finite total variation in Ω such that the singular part (with respect to Lebesgue measure) D^su of the distributional derivative Du is supported in S_u, i.e., |D^su|(Ω \ S_u) = 0.

In the following, ∇u stands for the density (with respect to Lebesgue measure) of Du. Notice that

u ∈ SBV (Ω) =⇒ u ∈ W^{1,1}(Ω \ S_u)

(2.1)

because the singular part of the distributional derivative of u is supported in S_u. In SBV (Ω) many variational problems involving volume and surface energies can be formulated and have a solution (see [1], [2], [3], [4]). In this paper very little of the SBV theory will be used, because a density lower bound for minimizers (see Proposition 2.4 below and (2.6)) allows a reduction to the study of pairs (u, K(u)), with u ∈ W^{1,1}(Ω \ K(u)) and K(u) = S_u.

Now we give the definitions of local minimizers and quasi minimizers assuming β = 1. This assumption is not really restrictive, by a scaling argument.

Definition 2.1 (local minimizers) We say that u ∈ SBV_{loc}(Ω) is a local minimizer in Ω if ∫ A |∇u|^2 dx + H^m(S_u ∩ A) < +∞ ∀A ⊂⊂ Ω (2.2)

and ∫ A |∇u|^2 dx + H^m(S_u ∩ A) ≤ ∫ A |∇v|^2 dx + H^m(S_v ∩ A) whenever v ∈ SBV_{loc}(Ω) and {v ≠ u} ⊂⊂ A ⊂⊂ Ω.

Definition 2.2 (quasi minimizers) We will call deviation from minimality Dev(u, Ω) of a function u ∈ SBV_{loc}(Ω) satisfying (2.2) the smallest λ ∈ [0, +∞] such that ∫ A |∇u|^2 dx + H^m(S_u ∩ A) ≤ ∫ A |∇v|^2 dx + H^m(S_v ∩ A) + λ for any v ∈ SBV_{loc}(Ω) such that {v ≠ u} ⊂⊂ A ⊂⊂ Ω. Clearly, Dev(u, Ω) = 0 if and only if u is a local minimizer in Ω. Moreover, we say that u is a quasi minimizer in Ω if there exists a nondecreasing function ω(t) : (0, +∞) → [0, +∞) such that ω(t) ↓ 0 as t ↓ 0 and Dev(u, B_ρ(x)) ≤ ρ^mω(ρ) (2.3)

for any ball B_ρ(x) ⊂ Ω. We denote by M_ω(Ω) the class of functions satisfying (2.3).

Remark 2.3 The canonical example of quasi minimizer is given by the minimum u of the Mumford-Shah functional F (u) = ∫ Ω [|∇u|^2 + α(u − g)^2] dx + H^m(S_u),

(2.4)

with g ∈ L^∞(Ω) and α ≥ 0. Indeed, it is easy to check that F (v) ≥ F (M ∧ v ∨ −M) ∀v ∈ SBV_{loc}(Ω) with M = ‖g‖_∞. This shows that ‖u‖_∞ ≤ M and, for any competing function v, the inequality F (u) ≤ F (M ∧v ∨−M) implies that the deviation from minimality of u in B_ρ(x) does not exceed 4αω_n‖g‖^2_∞ρ^n. Hence u ∈ M_ω(Ω) with ω(t) = 4αω_n‖g‖^2_∞t. Existence of minimizers follows by the compactness and lower semicontinuity results of [1] and [4]. Using Proposition 2.4 below it can be seen (see also [15]) that the minimum of F on SBV_{loc}(Ω) is equal to the minimum of the functional originally proposed by Mumford-Shah and Blake-Zissermann: G(u, K) = ∫ Ω\K [|∇u|^2 + α(u − g)^2] dx + H^m(K).

(2.5)

In (2.5), K varies in the relatively closed subsets of Ω and u varies in C^1(Ω\ K). Proposition 2.4 Let u ∈ M_ω(Ω). Then, for any ball B_ρ(x) ⊂ Ω centered at x ∈ S_u we have ρ ≤ ρ_ω =⇒ H^m(S_u ∩ B_ρ(x)) ≥ θ_ωρ^m for some positive constants ρ_ω and θ_ω depending only on ω. Moreover, H^m(S_u ∩ Ω \ S_u) = 0.

Proof. See Theorem 2.7 and Proposition 2.8 of [5]. The density lower bound for minimizers of the Mumford-Shah functional has been proved also in [11] and [18].

We will denote the set S_u by K(u). If u ∈ M_ω(Ω), Proposition 2.4 and the quasi minimality condition imply ∫ Bρ(x) |∇u|^2 dy + H^m(K(u) ∩ B_ρ(x)) (2.6) ≤ ∫ Bρ(x) |∇v|^2 dy + H^m(K(v) ∩ B_ρ(x)) + ρ^mω(ρ) for any v ∈ SBV_{loc}(Ω) such that {v ≠ u} ⊂⊂ B_ρ(x) ⊂ Ω.

3 Statement of the main result

In the following, A stands for the set of affine hyperplanes in R^n. The main result of our paper is the following:

Theorem 3.1 Let M_ω(Ω) be defined in Definition 2.1, u ∈ M_ω(Ω), and assume that ω(ρ) ≤ c_0ρ^{2γ} (3.1)

for some constants c_0 ≥ 0, γ > 0 and let α = min{1/4, γ}/(m + 2). Then, there is a positive constant ε_0(c_0, γ) such that for any x ∈ K(u) and any ball B_ρ(x) ⊂ Ω with ρ < 1, the condition

ρ^2 ∫ Bρ(x) |∇u|^2 dy + min_{A∈A} ∫ Bρ(x)∩K(u) dist^2(y, A) dH^m(y) < ε_0ρ^{m+2}

(3.2)

implies that B_{ρ/2}(x) ∩ K(u) is a C^{1,α} hypersurface.

Remark 3.2 Let R be the set of regular points of K(u), i.e., the set of those points x ∈ K(u) such that (3.2) holds for a sufficiently small ρ ∈ (0, 1). Then, the complement S = K(u) \ R is relatively closed in Ω and it is made of all points satisfying either

lim sup ρ→0^+ ρ^{−m−2} min_{A∈A} ∫ Bρ(x)∩K(u) dist^2(y, A) dH^m(y) > 0

(3.3) or lim inf ρ→0^+ ρ^{−m} ∫ Bρ(x) |∇u|^2 dx ≥ ε_0. (3.4)

It is easy to see that H^m(S) = 0. Indeed, (3.3) is not satisfied at any point x ∈ K(u) where K(u) has an approximate tangent space P (see [20, Th. 11.6]) because, to estimate the integral in (3.3) we can choose A = x + P , thus obtaining that the limit is 0. Moreover, a differentiation theorem (see [20, 3.2(1)]) shows that ∫ C |∇u|^2 dx ≥ ε_0 2 H^m(C) for any Borel subset C of the set E of points x ∈ Ω satisfying (3.4). The inequality above implies that E has locally finite H^m-measure, hence L^n(E) = 0. Using the inequality again we obtain that H^m(E) = 0.

The proof of Theorem 3.1 is based, among other things, on a C^{1,α} regularity criterion proved in [5]. Let us introduce a notation for the Dirichlet integral of u D(x, ρ) = ∫ Bρ(x) |∇u|^2 dy (3.5)

and the flatness of K(u) A(x, ρ) = min_{A∈A} ∫ Bρ(x)∩K(u) dist^2(y, A) dH^m(y).

(3.6)

We can state the following result:

Theorem 3.3 Let u ∈ M_ω(Ω) and assume that there exist C > 0, σ ∈ (0, 1) such that ω(ρ) ≤ Cρ^{2σ} and D(x, ρ) + ρ^{−2}A(x, ρ) ≤ Cρ^{m+σ} for any ball B_ρ(x) ⊂ Ω centered at x ∈ K(u). Then, Ω ∩ K(u) is a C^{1,α} hypersurface with α = σ/(m + 2).

Proof. See [5], Theorem 5.3 and Remark 5.4.

To verify the assumption of Theorem 3.3 in B_{ρ/2}(x) (with x satisfying (3.2)) we need to know that A and D satisfy good decay properties. The following typical decay property of A has been proved in Theorem 6.2 of [5]: it says that if K(u) is sufficiently flat near x, it is flatter on a smaller scale, provided ρ^2D(x, ρ) and ρ^{m+2} √ ω(ρ) are comparable with A(x, ρ) (remember that the Dirichlet integral is related to the curvature of K(u)).

Theorem 3.4 (flatness improvement) For any choice of β ∈ (0, 1/112) and η > 0 there exists ε_1(β, η, ω) > 0 such that, for any u ∈ M_ω(B_ρ(x)), the conditions A(x, ρ) ≤ ε_1ρ^{m+2}, A(x, βρ) ≥ ηρ^2[D(x, ρ) + ρ^m √ ω(ρ)] and x ∈ K(u) imply A(x, βρ) ≤ Cβ^{m+4}A(x, ρ) with C depending only on ω.

The following theorem is the natural counterpart of the flatness improvement theorem: it says that in the regions where A is much smaller than D there is improvement of D.

Theorem 3.5 (energy improvement) For any choice of β ∈ (0, 6/7) there exist ε_2(β, ω) > 0 and η(β, ω) ∈ (0, 1) such that, for any u ∈ M_ω(B_ρ(x)), the conditions

D(x, ρ) ≤ ε_2ρ^m, A(x, ρ) ≤ ε_2ρ^{m+2}, ρ^{m+2} √ ω(ρ)+A(x, βρ) ≤ ηρ^2D(x, ρ) and x ∈ K(u) imply D(x, β 25 ρ) ≤ β^nD(x, ρ). A large part of this paper will be devoted to the proof of the energy improvement theorem. Using a careful choice of the constants in both decay theorems, and using in an essential way the independence of the constant C of Theorem 3.4 on β and η, we will be able to perform in Lemma 6.1 and Corollary 6.2 a joint iteration leading to the desired estimates on A and D.

4 Preliminary results

The following theorem is concerned with the asymptotic behaviour of sequences of quasi minimizers assuming that Dirichlet energy tends to zero and the jump sets become flatter and flatter.

Theorem 4.1 Let (u_h) ⊂ M_ω(B_R), (S_h) ⊂ A be satisfying the conditions lim h→+∞ ∫ Bρ |∇u_h|^2 dx + Dev(u_h, B_ρ) + ∫ Bρ∩K(u_h) dist^2(x, S_h) dH^m = 0

for any ρ ∈ (0, R) and lim h→+∞ dist(0, K(u_h)) = 0, lim_{h→+∞} S_h = S.

Then S contains the origin and the following properties hold: (i) for any ρ ∈ (0, R) the height max x∈Bρ∩K(u_h) dist(x, S)

is infinitesimal as h → +∞;

(ii) denoting by S^±_{R/4} the two connected components of {x ∈ B_{R/2} : dist(x, S) ≥ R/4}, we have lim inf h→+∞ | | ∫ S^+_{R/4} u_h dx − ∫ S^−_{R/4} u_h dx | | > 0; (iii) the measures H^m K(u_h) weakly converge to H^m S in B_R. Proof. Let x_h ∈ K(u_h) be converging to 0 and

ρ_h = min { dist(0, S_h) 4 , ρ_ω, R 4 } . Using Proposition 2.4, if (a subsequence of) ρ_h is not infinitesimal, for h large enough we get ∫ B_{R/2}∩K(u_h) dist^2(x, S_h) dH^m ≥ ∫ Bρ_h (x_h)∩K(u_h) dist^2(x, S_h) dH^m

≥ θ_ωρ^m_h min Bρ_h (x_h)∩K(u_h) dist^2(x, S_h)

≥ θ_ωρ^m_h min_{B2ρh} dist^2(x, S_h) ≥ θ_ω 4 ρ^{m+2}_h a contradiction. Hence, the distances of S_h from 0 are infinitesimal, S contains the origin and lim h→+∞ ∫ Bρ |∇u_h|^2 dx + Dev(u_h, B_ρ) + ∫ Bρ∩K(u_h) dist^2(x, S) dH^m = 0

for any ρ ∈ (0, R). Then, (i) follows again by the density lower bound (see [5, Proposition 5.1]). The properties (ii), (iii) are proved in Step 4 and Step 5 of Theorem 4.3 [5] (see also Lemma 6.1 of the same paper).

The next lemma is based on a well known reflection argument. Lemma 4.2 Let B^+ be the upper unit half ball in R^n and v : B^+ → R. For a ∈ (0, 1), let S^+_a = {(z, y) ∈ B_1 : y > a} and let us assume that v ∈ H^1(S^+_a ) for any a > 0. Then (i) v belongs to H^1(B^+) if and only if ∇v ∈ L^2(B^+); (ii) if v ∈ H^1(B^+) and ∫ B^+ ⟨∇v, ∇ϕ⟩ dx = 0 ∀ϕ ∈ C^1_0 (B_1) (4.1)

the function ṽ(z, y) = v(z, −y) is the harmonic extension of v to B_1.

Proof. (i) One implication is trivial. Assuming ∇v ∈ L^2(B^+), we need only to show that v ∈ L^2(B^+). Clearly, the functions v_k = k ∧ v ∨ −k belong to H^1(B^+) and ‖∇v_k‖_2 ≤ ‖∇v‖_2 for any k > 0; the Poincaré inequality (see [21, Th. 4.4.2]) implies ∫ B^+ |v_k − v̄_k|^2 dx ≤ c ∫ B^+ |∇v_k|^2 dx for some dimensional constant c, with v̄_k equal to the average of v_k on S^+_{1/2}. Letting k → +∞ we get ∫ B^+ |v − v̄|^2 dx ≤ c ∫ B^+ |∇v|^2 dx hence v ∈ L^2(B^+).

(ii) It is well known that ṽ ∈ H^1(B_1). For any test function ϕ ∈ C^1_0 (B_1), using two times (4.1) and a change of variables we get ∫ B_1 ⟨∇ṽ, ∇ϕ⟩ dx = ∫ B^+ ⟨∇v, ∇ϕ⟩ dx + ∫ B_1\B^+ ⟨∇ṽ, ∇ϕ⟩ dx = ∫ B_1\B^+ ⟨∇ṽ, ∇ϕ⟩ dx = ∫ B^+ ⟨∇v, ∇ϕ̃⟩ dx = 0 with ϕ̃(z, y) = ϕ(z, −y). Hence, ṽ is harmonic.

For any 1-Lipschitz function v on ∂B_R, let us denote by ṽ : B_R → R the solution of the minimum problem min {∫ B_R √ 1 + |∇u|^2 dx : u 1-Lipschitz, u = v on ∂B_R } (4.2)

and let E(v) = ∫ B_R √ 1 + |∇ṽ|^2 dx. We are interested to estimate the convergence to 0 of E(v) − ω_nR^n as ‖v‖_H1_{(∂B1)} tends to 0.

Lemma 4.3 (area excess estimate) Let v : ∂B_R → R be a 1/2-Lipschitz function. For any α ≥ 1 we have E(v) − ω_nR^n ≤ [ α^2 R ‖v‖^2_L2_{(∂BR)} + R‖∇v‖^2_{L2(∂BR)} n + 2α − 2 ] (4.3)

provided ‖v‖_∞ < R/(2α).

Proof. The transformation u(x) → û(y) = 1 R u(Ry) preserves the Lipschitz constant and maps functions on B_R to functions on B_1. Hence, we can assume with no loss of generality that R = 1. Let v_α(x) = |x|^αv(x/|x|). By the equations (in polar coordinates) ∇_rv_α = αr^{α−1}v(ω), ∇_ωv_α = r^α∇_ωv(ω) we infer that |∇_rv_α| ≤ 1/2 and |∇_ωv_α/r| ≤ 1/2, hence v_α is a 1-Lipschitz function. In particular E(v) − ω_n ≤ E(v_α) − ω_n ≤ 1 2 ∫ B_1 |∇v_α|^2 dx ≤ [ α^2‖v‖^2_L2_{(∂B1)}

∫_1 0 r^{n+2α−3} dr + ‖∇_ωv‖^2_L2_{(∂B1)} ∫_1 0 r^{n+2α−3} dr ]

≤ [ α^2‖v‖^2_L2_{(∂B1)} + ‖∇v‖^2_{L2(∂B1)} n + 2α − 2 ] .

Lemma 4.4 (deformation lemma) Let g^+, g^−, g : B^m_1 → R be Lipschitz functions such that g^+ = g^− = g on ∂B^m_1 and −2 < g^−(z) ≤ g(z) ≤ g^+(z) < 2 ∀z ∈ B^m_1 . Let C be the cylinder B^m_1 × (−3, 3), Γ(g) ⊂ C be the graph of g, W ⊂ C be the open set above the graph of g^+ and below the graph of g^−.

Then, for any v ∈ SBV (C) there exists w ∈ SBV (C) such that the traces of v and w on ∂C are equal and ∫ C |∇w|^2 dx ≤ M ∫ W |∇v|^2 dx, H^m(S_w \ Γ(g)) ≤ MH^m(S_v ∩ W ) with M depending only on the Lipschitz constants of g^+, g^−, g.

Proof. Let x = (z, y), Φ : C → C be the map defined by

Φ(z, y) = (z, 3 + (3 − y)(−1 − g^+(z) + g(z))) if 2 < y < 3; (z, y − g^+(z) + g(z)) if g^+(z) < y ≤ 2; (z, g(z)) if g^−(z) < y ≤ g^+(z); (z, y − g^−(z) + g(z)) if −2 < y ≤ g^−(z); (z, −3 + (y + 3)(1 − g^−(z) + g(z))) if −3 < y ≤ −2.

It is easy to check that the restriction of Φ to ∂C is the identity map, Φ : W → C \ Γ(g) is invertible and the norm of the Jacobian matrices of Φ and Φ^{−1} can be uniformly estimated with the Lipschitz constants of g^+, g^−, g. The function w := v ∘ Φ^{−1} (arbitrarily defined on Γ(g)) has the same trace of v on ∂C and S_w \ Γ(g) ⊂ Φ(W ), hence H^m(S_w \ Γ(g)) ≤ MH^m(S_v ∩ W ). Moreover ∫ C |∇w(x)|^2 dx = ∫ C |∇v(Φ^{−1}(x))∇Φ^{−1}(x)|^2 dx = ∫ W |∇v(x)∇Φ^{−1}(Φ(x))|^2|detJΦ(x)| dx ≤ M ∫ W |∇v|^2 dx.

Theorem 4.5 (Lipschitz approximation) There exist constants R(ω) > 0 and P (ω) > 0 with the following property: let u ∈ M_ω(B_{7r}) for some r ≤ R and let A = ∫ B_{6r}∩K(u)∩Su |T^⊥x|^2 dH^m, D = ∫ B_{6r} |∇u|^2 dx, L = r^m √ Dev(u, B_{6r}) (6r)^m . Then, if P A < r^{m+2} and K(u) ∩ B_{r/16} ≠ ∅ there exists a Lipschitz function f : T → T^⊥ with Lipschitz constant less than 1/2 such that sup |f|^{m+2} ≤ P A, ∫ B^m_{r/4} |f|^2 dz ≤ A + P ( A r^2

+ D + L)(P A)^{2/(m+2)}

(4.4) ∫ B^m_{r/4} |∇f|^2 dz ≤ P [ A r^2

+ D + L]

(4.5)

and, denoting by Γ(f) the graph of f, we have

H^m(B_r ∩ K(u) \ Γ(f)) ≤ P [ A r^2 + D + L]. (4.6)

Proof. Let R = R(ω, 1/2) be the costant defined before Theorem 5.2 of [5]. We will indicate by c the generic constants depending only on n and ω appearing in the estimates of Theorem 5.2 of [5]. Then, this theorem states that A/r^{m+2} < c and K(u) ∩ B_{r/16} ≠ ∅ imply the existence of a Lipschitz continuous function f : T → T^⊥ with Lipschitz constant less than 1/2 such that sup |f|^{m+2} ≤ cA and

H^m(B_r ∩ K(u) \ Γ(f)) + H^m(X) ≤ c [∫ B_{5r} |∇u|^2 dx + ∫ B_{5r} ∩K(u) ‖S_x − T ‖^2 dH^m ] (4.7)

where X is the projection on B^m_{r/4} of Γ(f) \ K(u) and ‖S_x − T ‖ represents the distance of the approximate tangent space S_x to K(u) at x from T (see [5] for details).

Using the tilt lemma (see Lemma 6.1 of [5]) we obtain (4.6) from (4.7) and the estimate H^m(X) ≤ c(A/r^2 + D + L). The second inequality in (4.4) can be easily deduced from the first one by evaluating separately the integral on X and the integral on B^m_{r/4} \ X.

Finally, the inequality (4.5) can be proved with the same method using the tilt lemma and noticing that |∇f| ≤ 1/2 and

‖S_x − T ‖^2 = 2(1 − ν^2_n) = 2|∇f(z)|^2 1 + |∇f(z)|^2 ≥ |∇f(z)|^2 where ν is the normal to the graph of f at x = (z, f(z)), with z ∈ X differentiability point of f.

5 Proof of the energy improvement theorem

We assume whitout loss of generality that ω(t) > 0 for any t > 0. As usual, to prove Theorem 3.5 we argue by contradiction, getting sequences (z_h) ⊂ M_ω(B_{ρh} (y_h)), (S_h), (S̃_h) ⊂ A satisfying ∫ Bρ_h(y_h) |∇z_h|^2 dx < γ_hρ^m_h , ∫ Bρ_h (y_h)∩K(z_h) dist^2(x, S_h) dH^m < γ_hρ^{m+2}_h

(5.1)

ρ^{m+2}_h √ ω(ρ_h) + ∫ B_{βρh} (y_h)∩K(z_h) dist^2(x, S̃_h) dH^m ≤ γ_hρ^2_h ∫ Bρ_h(y_h) |∇z_h|^2 dx (5.2)

for a suitable infinitesimal sequence γ_h and ∫ B_{βρh/25}(y_h) |∇z_h|^2 dx > β^n ∫ Bρ_h (y_h) |∇z_h|^2. (5.3)

To rescale all the functions to a fixed ball we will use the following remark.

Remark 5.1 (scaling) Let u ∈ SBV (Ω) and let B_ρ(x_0) ⊂ Ω. Then, it is easy to check that u_ρ(y) = 1 √ ρ u(x_0 + ρy)

belongs to SBV (Ω_ρ) with Ω_ρ = ρ^{−1}(Ω−x_0). Moreover, for any ball B_η(y) ⊂ Ω_ρ we have ∫ Bη(y) |∇u_ρ|^2 dx = ρ^{−m} ∫ Bηρ(x_0+ρy) |∇u|^2 dx, H^m(S_{uρ} ∩ B_η(y)) = ρ^{−m}H^m(S_u ∩ B_{ηρ}(x_0 + ρy)) Dev(u_ρ, B_η(y)) = ρ^{−m}Dev(u, B_{ηρ}(x_0 + ρy)).

In particular, if ρ ≤ 1, the monotonicity of ω(ρ) shows that

u ∈ M_ω(Ω) =⇒ u_ρ ∈ M_ω(Ω_ρ).

Let R = R(ω) be given by Theorem 4.5. By (5.1), (5.2), (5.3) and our assumption on ω we obtain that ρ_h ≤ R for h large enough. Hence, scaling the functions by a factor ρ_h/R as in Remark 5.1, we obtain new sequences (u_h) ⊂ M_ω(B_R(x_h)), (T_h), (T̃_h) satisfying the conditions ∫ B_R(x_h) |∇u_h|^2 dx < R^mγ_h, ∫ B_R(x_h)∩K(u_h) dist^2(x, T_h) dH^m < γ_hR^{m+2}

(5.4)

√ ω(ρ_h) + ∫ B_{βR}(x_h)∩K(u_h) dist^2(x, T̃_h) dH^m ≤ γ_h ∫ B_R(x_h) |∇u_h|^2 dx (5.5)

and ∫ B_{βR/25}(x_h) |∇u_h|^2 dx > β^n ∫ B_R(x_h) |∇u_h|^2 dx. (5.6)

The deviation from minimality of u_h in B_R(x_h) satisfies

Dev(u_h, B_R(x_h)) =

Dev(z_h, B_{ρh} (y_h)) ρ^m_h /R^m ≤ R^mω(ρ_h) ≤ R^mγ^2_h (∫ B_R |∇u_h|^2 dx )_2 . (5.7)

Denoting by T the hyperplane {x_n = 0}, by a rotation and a translation we can assume with no loss of generality that T̃_h = T , T (x_h) = 0 and T_h converges to some hyperplane S. Using (5.5) and the density lower bound it is easy to see, by the same argument used in Theorem 4.1, that x_h → 0 (notice that x_h ∈ K(u_h)). By Theorem 4.1(iii) and (5.4), (5.7) we obtain that H^m K(u_h) weakly converges in B_R to H^m S and S contains the origin. Since

0 = lim_{h→+∞} ∫ B_{βR}(x_h)∩K(u_h) dist^2(x, T̃_h) dH^m = lim_{h→+∞} ∫ B_{βR}∩K(u_h) dist^2(x, T ) dH^m = ∫ B_{βR}∩S dist^2(x, T ) dH^m we infer that T = S. Setting now ε_h = (∫ B_R |∇u_h|^2 dx )_1/_2

and defining v_h = u_h/ε_h we can rewrite (5.4), (5.5), (5.6) as follows lim h→+∞ ε^2_h + ∫ B_R(x_h)∩K(v_h) dist^2(x, T ) dH^m = 0

(5.8) ∫ B_{βR}(x_h)∩K(v_h) dist^2(x, T ) dH^m = o(ε^2_h)

(5.9) ∫ B_R(x_h) |∇v_h|^2 dx = 1, ∫ B_{βR/25}(x_h) |∇v_h|^2 dx > β^n. (5.10) We point out that, by (2.6), the functions v_h are quasi minimizers in B_R(x_h) of the rescaled functionals F_h(v) = ∫ Bρ |∇v|^2 dx + 1 ε^2_h H^m(B_ρ ∩ K(v)) (5.11) and, denoting by Dev_h the deviation from minimality of F_h, (5.7) yields lim h→+∞ Dev_h(v_h, B_ρ) ≤ lim sup_{h→+∞}

Dev(u_h, B_R(x_h)) ε^2_h = 0 (5.12) for any ρ < R (notice that B_ρ ⊂ B_R(x_h) for h large enough).

Step 1. Let us use y = x_n to denote the “vertical” coordinate. By (5.8) and Theorem 4.1(i) we obtain lim h→+∞ sup x∈D∩K(v_h) |y| = 0 ∀D ⊂⊂ B_R (5.13)

In particular, the maximal height of K(v_h) in B_{R/2} is infinitesimal. For any a > 0 we denote by S^+_a (respectively S^−_a ) the set of points x ∈ B_{R/2} such that y > a (respectively y < −a), we denote by c^±_h the average of v_h on S^±_{R/4} and we assume, up to a change of sign, that c^+_h ≥ c^−_h . By Theorem 4.1(ii) we obtain that the sequence ε_h(c^+_h − c^−_h ) has no infinitesimal subsequences, hence (c^+_h − c^−_h ) diverges.

For any a > 0 (5.13) implies the existence of h_a ∈ N such that v_h − c^±_h belongs to H^1(S^±_a ) for h ≥ h_a. Moreover, if a < R/4, the average of v_h − c^±_h is zero on S^±_{R/4} ⊂ S^±_a and the Poincaré inequality (see [21, Th. 4.4.2]) implies that the family {v_h − c^±_h }_{h≥ha} is bounded in H^1(S^±_a ). Possibly extracting a subsequence, by a diagonal argument we can find a function v : B_{R/2}\T → R such that v_h − c^±_h weakly converges to v in H^1(S^±_a ), and also pointwise in S_a, for any a ∈ (0, R/4). By lower semicontinuity of the Dirichlet integral and the first equality in (5.10) we infer ∫ B_R |∇v|^2 dx ≤ 1. (5.14)

In particular, Lemma 4.2(i) yields v ∈ H^1(S^±_0 ).

Step 2. Now we show that v in harmonic in B_{R/2} \ T and its normal derivative on T is zero.

Using (5.12) and comparing F_h(v_h) with F_h(v_h+ϕ) for ϕ ∈ C^1_0 (B_{R/2}\T ), it is easy to check that v is harmonic in B_{R/2} \ T .

Possibly passing to a subsequence we can assume that the measures |∇v_h|^2L^n are weakly converging in B_{R/2} to some measure μ. Since ∇v_h weakly converges to ∇v in B_{R/2} we have μ ≥ |∇v|^2L^n.

Comparing F_h(v_h) with F_h(ϕ(v +c^±_h )+(1−ϕ)v_h) with ϕ ∈ C^1_0 (B_{R/2} \T ) and using again (5.12) we get the inequality ∫ B_{R/2} |∇v_h|^2 dx ≤ (1 + ε) ∫ B_{R/2} ϕ|∇v|^2 + (1 − ϕ)|∇v_h|^2 dx + (1 + 1 ε ) ∫ B_{R/2} |∇ϕ|^2(v_h − c^±_h − v)^2 dx + o(1) for any ε > 0. Using the strong convergence of v_h −c^±_h to v in L^2_{loc}(B_{R/2} \T ), letting first h → +∞ then ε → 0 we find ∫ B_{R/2} ϕ dμ ≤ ∫ B_{R/2} ϕ|∇v|^2 dx. Since ϕ is arbitrary, we obtain that μ (B_{R/2} \ T ) = |∇v|^2L^n, hence the absolutely continuous part of μ is obviously |∇v|^2L^n and the singular part must be supported in T .

We now claim that v has zero normal derivative on T ∩ B_{R/2}, i.e., ∫ S^±_0 ⟨∇v, ∇ϕ⟩ dx = 0 (5.15)

for any ϕ ∈ C^1_0 (B_{R/2}). Indeed, let ϕ ∈ C^1_0 (B_{R/2}), ε > 0 and let ψ : R → R be a smooth non decreasing function such that ψ(−∞) = 0, ψ(+∞) = 1 and ψ^′(t) ≤ ε for any t ∈ R. By (5.12) the sequence z_h = Dev_h(v_h, B_{R/2}) is infinitesimal. Hence, denoting by c_h the average of c^+_h and c^−_h , comparing F_h(v_h) with F_h(v_h + √ z_hϕψ(v_h − c_h)) and dividing both sides by √ z_h we obtain

lim inf h→+∞ ∫ B_{R/2} ψ(v_h − c_h)⟨∇v_h, ∇ϕ⟩ dx + ∫ B_{R/2} ϕψ^′(v_h − c_h)|∇v_h|^2 dx ≥ 0. Since ∇v_h weakly converges to ∇v in L^2(B_{R/2}, R^n) and ψ(v_h − c_h) strongly converges to χ_S+_0 (here we use the fact that c^+_h − c^−_h → +∞) we obtain ∫ S^+_0 ⟨∇ϕ, ∇v⟩ dx ≥ −ε‖ϕ‖_∞. As ε and ϕ are arbitrary, (5.15) is proved for S^+_0 . The argument for S^−_0 is similar. By Lemma 4.2(ii) we infer that the restrictions of v to S^±_0 can be prolonged by reflection along T to harmonic functions on B_{R/2}. In particular, v and ∇v are locally bounded in B_{R/2} and ∫ Bρ |∇v|^2 dx ≤ 2^nρ^n R^n ∫ B_{R/2} |∇v|^2 dx ≤ 2^nρ^n R^n ∀ρ ∈ (0, R/2). (5.16)

Step 3. Now we prove an estimate from below on the size of K(v_h), namely H^m(C_ρ ∩ K(v_h)) ≥ ω_mρ^m − o(ε^2_h) for any cylinder C_ρ = B^m_ρ (x_0) × (−ρ, ρ) contained in B_{R/2}. Let Z_h ⊂ B^m_ρ (x_0) be the projection of C_ρ ∩ K(v_h) on T ; by well know properties of Hausdorff measures it suffices to prove that L^m(Z_h) ≥ ω_mρ^m − o(ε^2_h). Let G_h = B^m_ρ (x_0) \ Z_h; given a ∈ (0, ρ) we have that the functions v_h(z, ·) are absolutely continuous in (−a, a) for almost every z ∈ G_h, hence ∫ G_h |v_h(z, a) − v_h(z, −a)|^2 dz ≤ 2a ∫ G_h ∫ a −a | ∂v_h ∂y |^2(z, y) dy dz (5.17) ≤ 2a ∫ B_{R/2} |∇v_h|^2 dx ≤ 2a. On the other hand, the integrals ∫ G_h |(v_h(z, a) − c^+_h ) − (v_h(z, −a) − c^−_h )|^2 dz are bounded because of the convergence of (v_h − c^±_h ) to v. Since (c^+_h − c^−_h ) tends to +∞ we infer that L^{n−1}(G_h) is infinitesimal, hence lim h→+∞ ∫ G_h |(v_h(z, a) − c^+_h ) − (v_h(z, −a) − c^−_h )|^2 dz = 0

(5.18)

for any a ∈ (0, ρ). Assuming by contradiction that L^{n−1}(G_{hk} ) ≥ δε^2_{hk} for some δ > 0 and some subsequence (h_k), by (5.17) and (5.18) we obtain

δε^2_{hk} (c^+_{hk} − c^−_{hk} )^2 ≤ L^{n−1}(G_{hk} )(c^+_{hk} − c^−_{hk} )^2 ≤ 3a

for k large enough depending on a. Since a is arbitrary we find that ε_{hk} (c^+_{hk} − c^−_{hk} ) tends to 0, a contradiction with Theorem 4.1(ii).

Step 4. Applying Theorem 4.5 to the functions u_h with r = βR/6 we can find 1/2-Lipschitz functions f_h : B^m_{r/4} → R such that (we use (4.4), (4.5), (5.9), (5.7)) lim h→+∞ sup |f_h| = 0, ∫ B^m_{r/4} |f_h|^2 dz = o(ε^2_h)

(5.19) ∫ B^m_{r/4} |∇f_h|^2 dz ≤ Qε^2_h (5.20)

H^m(B_r ∩ K(v_h) \ Γ(f_h)) ≤ Qε^2_h

(5.21) for some constant Q ≥ 0. Possibly extracting a subsequence, we can assume that the measures ν_h = 1 ε^2_h

H^m (K(v_h) \ Γ(f_h))

are weakly converging in B_r to some measure ν. Since the maximal height of K(v_h) is infinitesimal, the measure ν is supported in T .

Step 5. We will prove that μ = lim |∇v_h|^2L^n is absolutely continuous with respect to L^n. The convergence of the Dirichlet integrals and the final contradiction will follow at once.

Let us fix a cylinder C = B^m_ρ (x_0) × (−3ρ, 3ρ) contained in B_{r/4}, and assume that ρ and x_0 fulfil the conditions μ(∂C) = ν(∂C) = 0 (5.22)

lim inf h→+∞ 1 ε^2_h ∫ ∂B^m_ρ (x_0) |∇f_h|^2 dz ≤ Q^′ < +∞. (5.23)

Let h(k) be a subsequence such that lim k→+∞ 1 ε^2_{h(k)} ∫ ∂B^m_ρ (x_0) |∇f_{h(k)}|^2 dz ≤ Q^′ and let g_k : B^m_ρ (x_0) → R be the 1-Lipschitz solutions of the least area problems (4.2) with B^m_ρ (x_0) in place of B_R and f_{h(k)} in place of v. Let g^+_k (x) = inf_{y∈∂Bmρ (x0)} f_{h(k)}(y)+|x−y|, g^−_k (x) = sup_{y∈∂Bm} ρ (x_0) f_{h(k)}(y)−|x−y|. It is well known (and easy to check) that g^+_k and g^−_k are respectively the largest and the smallest 1-Lipschitz extensions of the restriction of f_{h(k)} to ∂B^m_ρ (x_0). In particular

g^−_k (x) ≤ g_k(x) ≤ g^+_k (x) and g^−_k (x) ≤ f_{h(k)}(x) ≤ g^+_k (x) ∀x ∈ B^m_ρ (x_0).

Since f_h uniformly converges to 0 in ∂B^m_ρ (x_0), the functions g^±_k uniformly converge in B^m_ρ (x_0) to ±dist(x, ∂B^m_ρ (x_0)); we set W_∞ = {x = (z, y) ∈ C : |y| ≥ dist(z, ∂B^m_ρ (x_0))}. For k large enough we have ‖g^±_k ‖_∞ < 2ρ, hence we can apply Lemma 4.4, getting functions w_k ∈ SBV (C), with the same trace of v_{h(k)} of ∂C, such that ∫ C |∇w_k|^2 dx ≤ M ∫ W_k |∇v_{h(k)}|^2 dx (5.24) and H^m(S_{wk} ) ≤ MH^m(K(v_{h(k)}) ∩ W_k) + H^m(Γ(g_k))

(5.25)

where W_k denotes the open portion of C above the graph of g^+_k and below the graph of g^−_k . Using Lemma 4.3 and taking into account (5.19) and (5.20) we have lim sup k→+∞ H^m(Γ(g_k)) − ω_mρ^m ε^2_{h(k)} ≤ ρQ^′ m + 2α − 2 for any α ≥ 1, hence H^m(Γ(g_k)) ≤ ω_mρ^m + o(ε^2_{h(k)}). Using the fact that W_k does not intersect the graph of f_{h(k)} we obtain the following estimate on H^m(S_{wk} ):

H^m(S_{wk} ) ≤ ω_mρ^m + Mε^2_{h(k)}ν_{h(k)}(W_k) + o(ε^2_{h(k)}).

(5.26) Now, we define

ṽ_k(x) = v_{h(k)}(x) if x /∈ C; w_k(x) if x ∈ C and we compare F_{h(k)}(v_{h(k)}) with F_{h(k)}(ṽ_k). Taking into account (5.12) and (5.24) we get ∫ C |∇v_{h(k)}|^2 dx ≤ M ∫ W_k |∇v_{h(k)}|^2 dx + H^m(S_{wk} ∩ C) − H^m(S_{vh(k)} ∩ C) ε^2_{h(k)}

+ o(1).

(5.27)

Now, by Step 3, H^m(S_{vh(k)} ∩ C) exceeds ω_mρ^m up to an infinitesimal faster than ε^2_{h(k)}. Hence, letting k → +∞ in (5.27) and using (5.26) we obtain μ(C) ≤ Mμ(W_∞) + Mν(W_∞). Finally, our choice of ρ and the fact that μ^s and ν are both supported in T guarantees that μ^s(W_∞) = ν(W_∞) = 0 and

μ(W_∞) = ∫ W∞ |∇v|^2 dx ≤ 6ω_m‖∇v‖^2_L∞_{(BR/4)}ρ^n. Hence, μ(C) ≤ 6Mω_m‖∇v‖^2_{L∞(BR/4)}ρ^n.

By a standard approximation argument, the inequality remains true even if (5.22) or (5.23) are not fulfilled. Indeed, the set of radii ρ for which (5.22) is false is at most countable, and the set of radii ρ for which (5.23) is false is L^1-negligible, by (5.20) and the Fatou Lemma. Since the cylinder C ⊂ B_{r/4} is arbitrary, it follows that μ^s B_{r/4} = 0.

Step 6. End of the proof. From Step 5, it follows that |∇v_h|^2L^n weakly converges to |∇v|^2L^n in B_{βR/24}. In particular, lim h→+∞ ∫ Bρ |∇v_h|^2 dx = ∫ Bρ |∇v|^2 dx ∀ρ ∈ (0, βR/24). Choosing ρ = βR/25 and passing to the limit as h → +∞ in (5.10) we obtain ∫ B_{βR/25} |∇v|^2 dx ≥ β^n. This contradicts the energy estimate (5.16) with ρ = βR/25.

6 Proof of partial regularity

In this section we will prove the partial regularity of quasi minimizers, stated in Theorem 3.1. Since ω is a fixed function, we omit in this section the dependence of the constants on ω. Let c_0 ≥ 0, γ > 0, be given by (3.1).

If u ∈ M_ω(B_ρ(x)) and x ∈ K(u) we define A(ρ) = A(x, ρ), D(ρ) = D(x, ρ). (6.1)

By Theorem 3.4 we obtain that, for any choice of β ∈ (0, 1/112), A satisfies the following decay property, that for convenience we restate in a slightly different way:

(i) For any η > 0 there exists ε_1(β, η) > 0 such that the conditions A(ρ) ≤ ε_1ρ^{m+2}, A(βρ) ≥ η max{ρ^2D(ρ), √ c_0ρ^{m+2+γ}}

imply A(βρ) ≤ Cβ^{m+4}A(ρ), with C depending only on c_0, γ.

Similarly, using Theorem 3.5, we obtain that D satisfies for any β ∈ (0, 6/7) the following decay property:

(ii) there exist ε_2(β) > 0 and η(β) ∈ (0, 1) such that the conditions

D(ρ) ≤ ε_2ρ^m, A(ρ) ≤ ε_2ρ^{m+2}, max{ √ c_0ρ^{m+2+γ} , A(βρ)} ≤ ηρ^2D(ρ) imply D(βρ/25) ≤ β^nD(ρ).

Lemma 6.1 Let ρ̄ ∈ (0, 1), A, D : (0, ρ̄) → R^+ be nondecreasing functions satisfying (i) and (ii) above. Then, for β > 0 sufficiently small (see (6.3) below) there are constants ε, η, L > 0 such that, setting E(ρ) = [ η D(ρ) ρ^m + A(ρ) ρ^{m+2} ] (6.2)

the following implication holds

E(βρ) > Lρ^γ, E(ρ) < ε ⇒ E(τ_1ρ) ≤ τ^{1/4}_1 E(ρ) or E(τ_2ρ) ≤ τ^{1/4}_2 E(ρ) with τ_1 = β/25 and τ_2 = β^{1/3}.

Proof. We fix a constant β ∈ (0, 1/(112)^3) so small that

25^{m+3}β^{1/3} < ( β 25 )_1/_4

, 2Cβ^{2/3} < (β^{1/3})^{1/4}

(6.3)

and we fix η(β) > 0 according to (ii). Finally, we set

ε = η(β) min { ε_2(β), ε_1(β, β^{(3m+7)/3}η(β)), ε_1(β^{1/3}, β^{(3m+7)/3}η(β)) }

and we choose L > 0 satisfying the conditions η(β) L [β^{−m} + β^{1/3}] < c^{−1/2}_0 , β^{−m−2} + β^{−(6m+7)/3} L < c^{−1/2}_0 .

Let us assume that E(ρ) < ε and E(βρ) > Lρ^γ for some ρ ∈ (0, ρ̄).

Case 1. Assume that A(βρ) ≤ β^{(3m+7)/3}η(β)ρ^2D(ρ). (6.4) Our choice of ε implies D(ρ) < ρ^mε_2(β); moreover, using the inequality E(βρ) > Lρ^γ we get η(β)D(ρ) ρ^m [β^{−m} + β^{1/3}] > Lρ^γ

and our choice of L implies √ c_0ρ^{m+γ} ≤ η(β)D(ρ). Hence, we can apply (ii).

This, together with (6.4) yields E ( β 25 ρ ) = A(^β_{25} ρ) (^β_{25} ρ)^{m+2} + η(β) D(^β_{25}ρ) (^β_{25} ρ)^m ≤ 25^{m+2}A(βρ) β^{m+2}ρ^{m+2}

+ 25^mη(β)

D(^β_{25}ρ) β^mρ^m ≤ 25^{m+2}β^{(3m+7)/3}η(β)ρ^2D(ρ) β^{m+2}ρ^{m+2}

+ 25^mη(β) β^nD(ρ) β^mρ^m < 25^{m+3}β^{1/3}η(β) D(ρ) ρ^m ≤ 25^{m+3}β^{1/3}E(ρ).

In this case (6.3) yields E(τ_1ρ) ≤ τ^{1/4}_1 E(ρ).

Case 2. Now we assume that (6.4) does not hold, hence A(β^{1/3}ρ) ≥ A(βρ) > β^{(3m+7)/3}η(β)ρ^2D(ρ) (6.5)

Our choice of ε implies

A(ρ) < ε_1(β^{1/3}, β^{(3m+7)/3}η(β))ρ^{m+2}, A(ρ) < ε_1(β, β^{(3m+7)/3}η(β))ρ^{m+2}.

Moreover, (6.5) and E(βρ) > Lρ^γ yield A(βρ) ρ^{m+2} [β^{−m−2} + β^{−(6m+7)/3}] > Lρ^γ and our choice of L yields √ c_0ρ^{m+2+γ} ≤ A(βρ). Since β < 1 we have also √ c_0(β^{1/3}ρ)^{m+2+γ} ≤ A(β^{1/3}ρ).

Hence we can apply (i) with β^{1/3} and β. This, together with (6.5), yields

E(β^{1/3}ρ) = = A(β^{1/3}ρ) β^{(m+2)/3}ρ^{m+2} + η(β) D(β^{1/3}ρ) β^{m/3}ρ^m ≤ C β^{(m+4)/3}A(ρ) β^{(m+2)/3}ρ^{m+2} + η(β) D(ρ) β^{m/3}ρ^m ≤ Cβ^{2/3} A(ρ) ρ^{m+2} + A(βρ) β^{(3m+8)/3}ρ^{m+2} ≤ Cβ^{2/3} A(ρ) ρ^{m+2} + C β^{m+4}A(ρ) β^{(3m+8)/3}ρ^{m+2} ≤ 2Cβ^{2/3}E(ρ). In this case (6.3) gives E(τ_2ρ) ≤ τ^{1/4}_2 E(ρ).

Corollary 6.2 With the assumptions and the notations of Lemma 6.1, E(ρ) < ε implies E(r) ≤ ( 25 β )m_{+2+}σ max {( r ρ )σ E(ρ), L β^σ r^σ } ∀r ∈ (0, ρ] with σ = min{1/4, γ}.

Proof. Let us assume that E(ρ) < ε for some ρ ∈ (0, ρ̄). We inductively define an infinitesimal sequence of radii (ρ_k) such that ρ_0 = ρ, ρ_{k+1}/ρ_k ∈ {β, τ_1, τ_2} and E(ρ_k) ≤ max {( ρ_k ρ )σ E(ρ), L β^σ ρ^σ_k } . (6.6)

Clearly, (6.6) holds with k = 0. Assume that the inequality is valid for ρ_k; if E(βρ_k) ≤ Lβ^{−σ}(βρ_k)^σ we choose ρ_{k+1} = βρ_k. Otherwise, E(βρ_k) ≥ Lρ^σ_k and Lemma 6.1 yields that (6.6) is valid either with ρ_{k+1} = τ_1ρ_k or with ρ_{k+1} = τ_2ρ_k.

Given r ∈ (0, ρ) there exists a unique k such that ρ_{k+1} ≤ r < ρ_k; since τ_1 = β/25 < β < τ_2 = β^{1/3} we have E(r) ≤ ( ρ_k r )m_{+2} E(ρ_k) ≤ ( 25 β )m_{+2} E(ρ_k) ≤ ( 25 β )m_{+2} max {( ρ_k ρ )σ E(ρ), Lβ^{−σ}ρ^σ_k }

≤ ( 25 β )m_{+2+}σ max {( r ρ )σ E(ρ), Lβ^{−σ}r^σ }

and the statement follows.

Conclusion of the proof. Let ε be given by Corollary 6.2. We need only to choose ε_0 so small that (3.2) implies [ η D(y, ρ/2) (ρ/2)^m + A(y, ρ/2) (ρ/2)^{m+2} ] < ε ∀y ∈ B_{ρ/2}(x). By Corollary 6.2 we obtain that the assumptions of Theorem 3.3 are satisfied in Ω = B_{ρ/2}(x).

References

[1] L.Ambrosio: A compactness theorem for a new class of functions of bounded variation, Boll. Un. Mat. Ital. 3-B (1989), 857-881.

[2] L.Ambrosio: Existence theory for a new class of variational problems, Arch. Rat. Mech. Anal. 111 (1990), 291-322.

[3] L.Ambrosio: Variational problems in SBV , Acta Applicandae Mathematicae 17 (1989), 1-40.

[4] L.Ambrosio: A new proof of SBV compactness theorem, Calc. Var., 3 (1995), 127-137.

[5] L.Ambrosio-D.Pallara: Partial regularity of free discontinuity sets I, (1994).

[6] A.Blake-A.Zisserman: Visual Reconstruction, M.I.T. Press, 1987.

[7] A. Bonnet: On the regularity of edges in the Mumford-Shah model for image segmentation, to appear.

[8] M.Carriero-A.Leaci: Existence theorem for a Dirichlet problem with free discontinuity set, Nonlinear Analysis TMA, 15 (1990), 661– 677.

[9] M.Carriero-A.Leaci-D.Pallara-E.Pascali: Euler Conditions for a Minimum Problem with Free Discontinuity Set, Preprint Dip. di Matematica, 8 Lecce, 1988.

[10] M.Carriero-A.Leaci-F.Tomarelli: Plastic free discontinuities and special bounded hessian, C.R. Acad. Sci. Paris. 314 (1992), 595-600.

[11] G.Dal Maso-J.M.Morel-S.Solimini: A variational method in image segmentation: existence and approximation results, Acta Math., 168 (1992), 89–151.

[12] G.David-S.Semmes: On the singular set of minimizers of the Mumford-Shah functional, Journal de Mathématiques pures et Appliquées, to appear.

[13] E. De Giorgi: Free Discontinuity Problems in Calculus of Variations, in: Frontiers in pure and applied Mathematics, a collection of papers dedicated to J.L.Lions on the occasion of his 60^{th} birthday, R. Dautray ed., North Holland, 1991.

[14] E.De Giorgi-L.Ambrosio: Un nuovo tipo di funzionale del Calcolo delle Variazioni, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Nat. (8) 82 (1988), 199-210.

[15] E.De Giorgi-M.Carriero-A.Leaci: Existence theorem for a minimum problem with free discontinuity set, Arch. for Rational Mech. Anal. 108 (1989), 195-218.

[16] E. Giusti: Minimal surfaces and functions with bounded variation, Birkhäuser, Boston, 1984.

[17] F.H.Lin: Variational problems with free interfaces, Calc. Var. 1 (1993), 149-168.

[18] J.M.Morel-S.Solimini: Variational models in image segmentation, Birkhäuser, 1994.

[19] D.Mumford-J.Shah: Optimal approximation by piecewise smooth functions and associated variational problems, Comm. on Pure and Appl. Math. 17 (1989) 577-685.

[20] L.Simon: Lectures on Geometric Measure Theory, Proceedings of the Centre for Mathematical Analysis, Australian National University, Canberra 1983.

[21] W.P.Ziemer: Weakly differentiable functions, Springer Verlag, Berlin, 1989.