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Introduction

A fundamental problem of geometric analysis, and also of geometric mea-
sure theory, is the investigation of the interplay between a surface of a given
manifold and its normal. Typically this investigation consists in the study of
suitable PDEs once a coordinates’ system for the surface has been fixed. In
the spirit of this strategy in this thesis we will study the relationships between
weak solutions of nonlinear first order PDEs and H-regular intrinsic graphs.
H-regular intrinsic graphs are a class of intrinsic reqular hypersurfaces in
the setting of the Heisenberg group H"® = C" x R ~ R?"*! endowed with
a left-invariant not euclidean metric d,,. Here hypersurface simply means a
topological codimension 1 surface and by the words ”intrinsic” and ”regular”
we will mean of notions involving respectively the group structure of H" and
its differential structure as Carnot-Carathéodory manifold in a sense we will
define below. In particular we will investigate the problem of the regularity
of the parametrization of a hypersurface through well-known results of the
theory of weak solutions of conservation laws, a special class of non linear
first order PDEs, with which we can describe the normal of the hypersurface.

Given an intrinsic graph S = G ,(w) = ®(w) C H" (see Definition 3.1.12
and (8)) where ¢ : w C R* — R we will study the relationships between
S and ¢ so that S is an H-regular surface (see Definition 3.1.1) and ¢ is a
suitable solution of the nonlinear first order PDEs’ system

Ve =w inw, (1)

being V? the family of first order differential operators defined in (9),
w € C%w; R?*1) prescribed. In the first Heisenberg group H' (1) reads as
the classical Burgers’ equation whereas in highest Heisenberg groups, i.e. H"
with n > 2, it is a real nonlinear system. In [4] W?¢ has been recognized
as intrinsic gradient of ¢ in a suitable differential structure projected on R?"
from the CC differential structure of H" through the graph parameterization
®:w — S as we will define below.

The notion of regular surface in Carnot groups, of which H" is the simplest
example, and in a more general metric space has been investigated in order to

il



iv Introduction

study the classical problem of geometric measure theory of defining regular
surfaces, different measures on them and minimal surfaces. This study has
been carried out by many authors during the last thirty years and a general
account of the many facets and contributions is far beyond the aim of this
introduction. Here we limit ourselves to recommend the reader to the general
monographs [46, 63, 65, 66, 81, 80, 76, 25|, to the articles [83, 47, 48, 68, 24,
64, 60, 26, 1, 55, 82, 56, 57, 73, 44, 85, 78, 29, 30, 58, 77, 3, 32] and references
therein.

The notion of intrinsic graph has been introduced in [58] in the setting
of a Carnot group and deeply studied in the setting of H"™ in [4], although it
was already implicitly used in [55].

Intrinsic graphs in Carnot groups had two main applications so far. The
first application has been in the theory of rectifiability in Carnot groups.
Indeed in [57] classical De Giorgi’s rectifiability and divergence theorems for
sets of finite perimeter was fully extended to a Carnot group of step 2. Let us
point out that recently an interesting application of this rectifiability result
provided in [27] a counterexample in the framework of theoretical computer
science. The second one has been in the framework of the Bernstein problem
in H"”. Namely in [11] it has been proved that an entire perimeter minimizing
regular intrinsic graph in the first Heisenberg group H! has to be a an intrinsic
plane (see also [43] and [45] for an extension to a wider class of surfaces in
H'). Let us recall that the classical notion of Euclidean graph in H" ~ R?"!
does not apply in the two previous topics as proved respectively in [1] for
the problem of rectifiability in H" (see also [69]) and in [29, 61, 89] for the
Bernstein problem in H!.

The Heisenberg group H" = C" x R ~ R?"*! is the simplest example
of Carnot group, endowed with a left- invariant metric d., equivalent to
its Carnot-Carathéodory (CC) metric, but not equivalent to the euclidean
metric. We shall denote the points of H" by P = (z,t) = (z + iy,t),
z € C", z,y € R", t € R, and also by P = (z1,...,Zn, Y1, -, Yn, 1) =
(X1, ooy Ty Ty 1y -y Topy t). I P = (2,8), @ = ((,7) € H" and r > 0,
following the notations of [92], where the reader can find an exhaustive in-
troduction to the Heisenberg group, we define the group operation

1 _
P-Q:= <2+C,t+7—§%m(z-g)) (2)
and the family of non isotropic dilations
5.(P) := (rz,r?t), for r > 0. (3)

We denote as P~1 := (—z, —t) the inverse of P and as e the origin of R***1,
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Moreover H" can be endowed with the homogeneous norm
1P]loo := max{|z], [¢]'/*} (4)
and the distance do, we shall deal with is defined as

doo(Pv Q) = HP_I ’ QHOO (5)

(H",dw) provides the simplest example of a metric space that is not
Euclidean, even locally, but is still endowed with a sufficiently rich compat-
ible underlying structure, due to the existence of intrinsic families of left
translations and dilations respectively induced from the group law (2.1) and
dilations (2.2). Indeed, the geometry of H" is noneuclidean at every scale,
since it was proved in [91] that there are no bi-Lipschitz maps from H" to
any Euclidean space. It is well-known that H" is a Lie group of topological
dimension 2n+1, whereas the Hausdorff dimension of (H", d) is Q@ := 2n+2
(see Proposition 2.1.13).

H" is a Carnot group of step 2. Indeed its Lie algebra b, is (linearly)
generated by

0 Y; 0 0 X 0

0wy O WO i T=2
I on, 20t oy 200 AT b

and the only non-trivial commutator relations are
(X;,Y;] =T, forj=1,...,n.

We shall identify vector fields and associated first order differential opera-
tors; thus the vector fields Xi,..., X, Y1,...,Y, generate a vector bundle
on H", the so called horizontal vector bundle HH" according to the notation
of Gromov (see [64]), that is a vector subbundle of TH", the tangent vector
bundle of H".

To introduce our results, let us start by recalling some related notions
already existing in the literature. The two key points we want to stress now
are the notions of intrinsic regular hypersurface and graph in H". A general
and more complete discussion of these topics in Carnot groups can be found
in [58].

Let us recall that in the Euclidean setting R”, a C''-hypersurface can be
equivalently viewed as the (local) set of zeros of a function f : R” — R
with non-vanishing gradient. Such a notion was easily transposed in [55]
to the Heisenberg group, since an intrinsic notion of Cj-functions has been
introduced by Folland and Stein (see [53]): we can state that a continuous real
function f on H" belongs to Cf(H") if its horizontal gradient Vi f, defined
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by Vuf = (Xuf,..., Xof,Yif,..., Y, f) in the sense of distributions, is a
continuous vector-valued function. We shall say that S C H" is an H -regular
hypersurface if it is locally defined as the set of points P € H" such that
f(P) = 0, provided that Vgf # 0 on S (see Definition 3.1.1). Since it is
not restrictive we will deal in the following with H-regular surfaces S which
are locally zero level sets of function f € C} with X;f # 0. We can also
define the horizontal normal to S at a point P € S vg(P), as the unit vector

_ Vuf(P) n
vs(P) =~ gy € HE.

First of all, we point out that the class of H-regular surfaces is deeply
different from the class of Euclidean regular surfaces, in the sense that there
are H-regular surfaces in H' ~ R3 that are (Euclidean) fractal sets (see
[69]), and conversely there are continuously differentiable 2-submanifolds in
R3 that are not H-regular hypersurfaces (see [55], Remark 6.2). We notice
that Euclidean continuously differentiable 2n-manifolds are H-regular sur-
faces provided they do not contain characteristic points, i.e. points P such
that the Euclidean tangent space at P coincides with the horizontal fiber
HH?} at P. According to Frobenius’ Theorem, for a general smooth mani-
fold, the set of characteristic points has empty interior; in fact there are few
characteristic points ([9], [77]).

The important point supporting the choice of the notion is the fact that
this definition yields an Implicit Function Theorem, proved in [55] for the
Heisenberg group and in [56] for a general Carnot group (see also [32] for an
extension to a CC metric space), so that a H-regular surface locally is a X;-
graph, namely (see Definition 3.1.12) there is a continuous parameterization

of S

®:wC (Vy,]-]) = (5, de) (7)
®(A) := A~ (¢(A)er) (8)

where ¢ : w — R is continuous, V; := {(x,y,t) € H" : 2y = 0}, w C Vy,
{e; : j =1,...,2n + 1} denotes the standard basis in R*"*! ~ H" and
we consider | - | the Euclidean distance on V; ~ R?", (see Theorem 3.1.13).
In general, such a parameterization is not continuously differentiable or even
Lipschitz continuous. Indeed it has been proved in [69] that generally its best
Holder continuous regularity turns out to be of order 1/2 with respect to the
distances given in (7). A natural question arising is the characterization
of the functions ¢ : w — R such that S = Gy 4(w) = ®(w) is H regular.
A characterization has been proposed in [4, 94|, see [32] too. Through a
natural identification between V; and R*" = R, x R**~% x R,, they consider
the parametrization ¢ as a suitable solution of the nonlinear first order PDEs’
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system (1) V%0 = w inw, being V? the family of first order differential
operators defined as

————— if2<5<
g, 2 or o= I=T
0 0
Vs 7 Ty Hi=nd )
O vy o< < om
L Ov; 2 Or =J ==
‘ o_go._ 9,40
when n > 2 while whenn =1as V? = V5 :== — 4+ ¢—.
on or
In particular let us notice the (nonlinear) differential operator
Clw) 3 ¢ — B = V0,0 (10)

is a Burgers’ type operator which can be also represented in distributional
form as

09 10¢°
%¢7(977+2(97'

In [4] it has been proved that each H-regular graph Gy 4(w) admits an
intrinsic gradient V®¢ € C°(w;R?"), in the sense of distributions, which
shares a lot of properties with the Euclidean gradient.

Let us recall that the problem of characterizing intrinsic regular graphs
was studied also in [32] in the general setting of a CC space. Moreover also
a notion of intrinsic Lipschitz graph in H" has been introduced in [54] and a
study similar to the one in [4] has been recently carried out in [7] in the case
of H-regular intrinsic graphs in H" with codimension bigger than 1.

In [4] V?¢ has been characterized as intrinsic gradient of ¢ in a suitable
differential structure projected on R*" from the CC differential structure of
H" through the graph parameterization ® : w — S. The main results of [4]
(Theorems 1.2 and 1.3) prove that if ¢ : w — R is a continuous function, then
S = ®(w) = Gy 4(w) is an H-regular surface if and only if the distribution
V?¢ is represented by a function w = (ws, ..., way,) € C%(w; R?"~1) and there
exists a family (¢c)cs0 C C(w) such that, for any open set w’ € w, we have

be — ¢ and V9 ¢, — w uniformly in w'. (11)

Moreover, for every P € S, the horizontal normal to S vg can be repre-

sented by
(. 1 AVAZ0) .
MP)—( Niwn s ¢1+|v¢¢|2>@ Py (1)
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This characterization motives the methods and techniques used in our
work. Indeed they draw mainly from the theory of nonlinear first order PDEs
and from the study of Burgers’ equation. In particular it is fundamental the
study of two classes of weak solutions of PDEs: the distributional solutions
of the equation ¢, + ¢¢. = w (see definition 1.1.2) and the broad* solutions
of the system (1), i.e. (see definition 3.3.1) a continuous function ¢ : w C
R?" — R such that for every A € w, Vj = 2, ..., 2n there exists an exponential
map,

fy]B(s) = exp(sV?)(B) (=02, 00] X I5,(A) — I5,(A) Ew
where 0 < dy < 91, s € [—d2, 2] such that VB € I;,(A)
(El) ’YJB S Cl([—52,52])

WP =V§oqf

® { g

(B:3) 6 (£9) 0 (F0) = [, (0Fw) dr Vs[5

In fact, as we will explain below, some of our main results are the fol-
lowing characterizations: if ¢ € C%(w) and w € C°w, R?*"" 1) the following
conditions are equivalent:

iS= GIIHI@(W) is an H-regular hypersurfaces in H” and VP € S

1 w
vg(P) = [ — , o~1(P)).
(P) ( V1+ [w? \/1—|—|w|2>( ()

ii ¢ is a broad* solution of the system V¢¢ = w.

iii ¢ is a distributional solution of the system V¢ = w.

The continuity of the broad* and distributional solutions plays a central
rule in the discussion: indeed when the function ¢ is continuous, the concepts
of distributional and broad* solution are the same.

The structure of the thesis is the following. In chapter 1 we provide
a complete exposition of preliminary and classical results about the theory
of conservation laws. As we said before, the fundamental concept of weak
solution is investigated. Following [21, 51, 70] we study the broad solution
u:w=(0,T) x (—=rg,m9) € R? — R for the quasilinear conservation law

t,x

up + uuy = g(t, )
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and distributional solution for the general equation

u+ f(u), = g(t,r) inw
{ u(0, ) = uo(x) on {0} x [—rg, o] (13)

In general, a distributional solution of problem (13) could be not unique,
see example 1.1.4. In particular distributional solutions are not smooth, but
could be discontinuous. Kruzhkov define in [70] a special class of distribu-
tional solutions, the entropy solutions, which are physically admissible and
prove an important uniqueness Theorem for this kind of solutions, see [13].
In section 1.5 we give a short introduction to the study of the Hamilton-
Jacobi equation
u + H(u,) = G(t, ), (14)

see [37, 38, 39, 51, 74]. In particular we study the notion of viscosity solution
of (14) and the link between the viscosity solution of (14) and the entropy so-
lution of the conservation law u;+H (u), = g(t, x), where g(t,z) = %G(t, ).

Chapter 2 is devoted to a complete description of the Heisenberg group
H", that we introduced in the first part of this introduction. After the
recalling of the most important and well-know definitions and preliminary
results, we give an exhaustive exposition of multilinear algebra in H", follow-
ing [8, 52, 58, 59]. In section 2.4 we revisit the theory of the Rumin complex
[90], a complex of intrinsic differential forms that fits the structure of H" in
the same way as De Rham complex does in Euclidean space. We prove an
interesting generalization of some results of [59] in H". We define the opera-
tor curly through the Rumin theory and we write explicitly its components.
Then we establish the explicit compatibility’s conditions for the existence of
a primitive of F' = (F, ..., Fy,) with F; € D'(Q2), where Q C H" is open and
simply connected: similarly to the classical Poincare Lemma in Euclidean
setting, there exists f € D’'({2) such that Vi f = F if and only if curlgF' = 0,
where the equalities have to be understood in distributional sense.

Chapter 3 is dedicated to the study of intrinsic H-regular hypersurfaces in
H". As we said, a subset S C H" is an H-regular hypersurfaces if it is locally
defined as zero’s level set of a non critical function f € C(H"), i.e. Vif # 0
on S. In this chapter we recall the most important Theorem about H-regular
hypersurfaces, following [4, 32, 54, 55, 56, 57, 58, 69, 64, 76, 81, 94]. In
particular we study the Implicit Function Theorem and the intrinsic gradient
V?¢, about which we discussed in the first part of this introduction. The
most important original result of this chapter is Theorem 3.3.12, an Holder
continuous regularity result for broad* solutions which extends a previous
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one given in [4] for C! regular solution ¢ of the system V%¢ = w (see [4],
Theorem 5.8). This technical Theorem will be the central point of the proofs
of the characterization of the parametrization ¢ of H-regular hypersurfaces
(Theorem 0.0.2) and of their euclidean regularity results (Theorems 0.0.4 and
0.0.5).

In section 3.4 we consider some regularity problems about the parame-
trization ® of S H-regular hypersurface, that are written in collaboration with
D.Vittone [20]. Namely we are able to give a negative answer to the question
of extending an interesting result of Lipschitz regularity, done by D. R. Cole
and S. Pauls in [34] for C' surface S in H', to general H-regular surfaces.
® : (R?, 0) — (H',dw) cannot be bi-Lipschitz where o((z, 2), (2/, 2)) := |z —
2’| +|z—2'|'/2, see Theorem 3.4.2. The idea for constructing a counterexample
lies in the possibility of finding H-regular surfaces which are connected by
curves with finite length, and to notice that the parabolic plane (R?, g) does
not share this property. This first result was obtained by D. Vittone in [94]
with the help of G. Citti and Z. Balogh.

An other question risen in [69] was to understand whether the map ®
belongs to some Sobolev class W LP((w,d), (H", d.)) of maps between metric
spaces. We are able to answer in the negative also to this second question:

Theorem 0.0.1. The parametrization ® : w — S of an H-reqular surface
S does not belong to WhP((w,d), (H", dy)) for any 1 < p < +oc when d is
the Fuclidean distance on w. The same result holds when d is the distance
Aol 0N w C Vi = R?™ provided ® is not the inclusion map w — H" (i.e. if

¢ #0).

In chapter 4 we explain the original results obtained in collaboration
with professor Serra Cassano and exposed in [18, 19]. As we said in our
context the notion of broad* solution can be understood as a notion of C*-
differentiability with respect to the vector fields V?. Indeed we prove that
the notions of H-regular hypersurface and the one of broad* solution of the
system (1) are equivalent.

Theorem 0.0.2. Let w C R?" be an open set and let ¢ : w — R and
w = (Wy, ..., wa,) : w — R¥* be continuous functions. Then the following
conditions are equivalent:
i
b is a broad* solution of the system V®¢ = w in w; (15)
ii S =Gy y(w) is H-regular and Vél)(P) <0 for all P € S, where we denote
with vg(P) = (Vél)(P), ...,l/g")(P)) the horizontal normal to S at a
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point P € S. Moreover

(1 véo L1
I/S(P) - ( \/1+ |V¢¢|27 \/1+ |V¢¢|2> ((I) (P>)

V P €S where V¢ denotes the intrinsic gradient of ¢.

Let us explicitly point out that Theorem 0.0.2 extends the characte-
rization of H-regular intrinsic graphs contained in [4] (see Theorems 3.2.12
and 3.3.9). Indeed the results contained in [4] yield the thesis of Theorem
0.0.2 provided the additional assumption that ¢ is little Holder continuous
of order 1/2 (see Lemma 4.1.2) is made. Here the key step to the proof of
Theorem 0.0.2 will be to gain 1/2-little Holder continuity when ¢ is supposed
to be only a (continuous) broad® solution of the system (1) (see Theorem
3.3.12).

Theorem 0.0.2 also yields that each Lipschitz continuous solution ¢ of
the system (1) with w continuous induces a H-regular graph (see Corollary
4.1.4). Moreover a broad* solution of (1) turns out to be also a distributional
solution (see Corollary 4.1.5).

In section 4.2 we prove a second new characterization of the parametriza-
tion of H-regular hypersurfaces. By the link between continuous broad* solu-
tions and continuous distributional solutions of Burgers’ equation, obtained
by a result of [42] (see Theorem 1.4.17), we can show the following:

Theorem 0.0.3. Let w C R?*" be an open set and let ¢ : w — R be a
continuous function. The following conditions are equivalent:

i S :=®(w) is an H-reqular hypersurface.

ii There exists w = (wy, ..., wa,) € CO(w; R 1) such that ¢ is a distribu-
tional solution of the system (1).

The characterization given in Theorem 0.0.3 is the exact counterpart of
the distributional one in the Euclidean setting. Namely a function ¢ € C*(w)
can be understood as a continuous distributional solution of V¢ = w in w,
provided w € C%w;R™) and w C R™ open set. Let us observe that the
strong approximation assumption (11) is not required in the statement ii of
Theorem 0.0.3. Its equivalence to the statement of Theorems 1.2 and 1.3 of
[4] is not immediate. Our strategy will be to prove the equivalence between
the statement ii of Theorem 0.0.3 and the statement i of Theorem 0.0.2.

On the other hand we do not know whether the approximation (11) can
be directly obtained by recoursing to technical devices like mollification or
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approximation by vanishing viscosity of the continuous distributional solu-
tions of the system (1). A very deep study of vanishing viscosity solutions
with bounded variation of nonlinear hyperbolic systems has been carried out
in [15] (see also the remark in [15], section 1.3). This study does not seem to
apply to our context where the solution is supposed to be only continuous.

In the section 4.3 a local uniqueness result for broad™ solutions of (1)
uniformly bounded in w is also given provided initial conditions (see Theorem
4.3.1). As far as the existence of broad* solutions for (4.1) is concerned we
will prove that there will always be broad* solutions for any assigned initial
conditions but for suitable data w (see Theorem 4.3.4). In the case n > 2
compatibility’s conditions among the components of w are needed for the
existence of broad* solutions as pointed out in Theorem 4.3.5 and Remark
4.3.6.

In the section 4.4 we will study the Euclidean regularity of an H-regular
graph S = Gﬁd)(w) through the regularity of its intrinsic gradient V¢¢.

Theorem 0.0.4. Letw C R*" be an open set, let Gy 4(w) be H-regular in H"

and let us assume the component of its intrinsic gradient Vﬁﬂqzﬁ € Lipioe(w).
Then ¢ € Lipioe(w).

Let us point out that Theorem 0.0.4 is sharp. Indeed in [11], Example
2.8 it has been proved that if ¢ : w := (—=1,1) xR = R, ¢(n,7) := 774:? then
¢ € Lipe(w) \ C'(w), Gy 4(w) is H-regular in H' and its intrinsic gradient
V%) =0in w.

Weakening the assumption Viﬂgb € Lip(w) with Viﬂqﬁ € 0% (w) the
thesis of Theorem 0.0.4 can fail. For instance, if n = 1 by [4] Corollary 5.11
(see also [94]) we can construct for each a € (3,1) a function ¢ € C%*(w)
such that Gy 4(w) is H-regular and V%¢ € C***~!(w).

Moreover a regularizing effect is stressed when n > 2 by an higher regu-
larity result which fails if n = 1 (see also Theorem 4.4.5, Corollary 4.4.6 and
Remark 4.4.7).

Theorem 0.0.5. Let n > 2, w C R** be an open set and let ¢ € Lip(w)
and w = (wa, . . . ., W) € Lip(w; R* 1Y) such that V¢ = w a.e. in w. Then
¢ € C(w).

As a consequence of this study we will get a (local) uniqueness result for
H-regular graphs of a prescribed horizontal normal (see Corollary 4.3.3).

Eventually let us point out that this regularity technique could help in the
approach to the difficult problem of the regularity for the minimizers of sets of
finite H-perimeter in H" (see Definition 2.2.25). Indeed, by analogy with the
Euclidean setting, a key tool was to get regularity for a set of finite perimeter
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by means of the regularity of its generalized normal (see, for instance, [62],
Theorem 4.11). Some problems related to this topic have been studied in
[86, 29, 28, 87, 30, 89, 31] for sets whose boundary is an Euclidean graph and
in [4, 22, 23] for sets whose boundary is an intrinsic graph, assuming at least
Lipschitz regularity. On the other hand Theorem 0.0.4 could be applied to
H-perimeter minimizing intrinsic graphs which, a priori, could be less regular
than Lipschitz.
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RTL

{e1,...,en}

w,

K

U(x,r), B(z,r)
Uﬂ(xv T)’ Bp(ma T)
E’n

H Sy

wS

0;
oif
%7 8xfa fz

Vf

div f

XE

supp f

Lip(Q), C*(Q)
C*(Q)

Ce (%)

¥
f*g
| Pl as
WP (M, p, N)

compactly contained

cardinality of a set A

direct sum of vector spaces

composition of functions

n-dimensional Euclidean space

canonical basis of R"

open sets in R"

compact set in R”

open and closed ball with respect to the euclidean metric
open and closed ball with respect to the metric p
Lebesgue measure in R”

d-dim. Hausdorff and spherical measures induced by p
Lebesgue measure of the unit ball in R*

i-th vector of the standard basis of R”

partial derivative of the function f along 0;

partial derivative of f with respect to x

Euclidean gradient of f

Euclidean divergence of f

characteristic function of a measurable set £ C R"
support of f

Lipschitz or a-Holder continuous real functions in €2
continuously k-differentiable real functions in €2
functions in C*(Q2) with compact support in

time derivative of a curve

convolution between f and g

norma of P € (M, dyy)

metrical Sobolev space of u: M — N with respect to a measure p
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do
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Chapter 1

Non linear first-order PDEs

A scalar conservation law in one dimensional space is a first-order partial
differential equation of the type

u+ fuw)e =0 (1.1)

with the initial condition
u(0,x) = up(x) (1.2)

where z € [—rg,79] C R, t € [0,7]. This equation is called conservation
law because u represents a conserved quantity: the quantity u is neither cre-
ated or destroyed: the total amount of u contained inside any given interval
[—70,70] can change only due to the flow of u across the two endpoints. In
fact, integrating (1.1) over [—rg, 9] we obtain

d T0 To 0

Sty de = / w(t,z) d — — / Flult, ) dz = F(u(t,—ro))— f(u(t, o).
=70 70 —70

Example 1.0.6. Let us recall some physical example of conservation laws:

the Euler’s equations for compressible gas flow in one dimension. Let p be the

mass, v the velocity, E the energy density per unit mass and p the pressure

pr+ (pv), =0 conservation of mass
(pv)e + (pv®* +p). =0  conservation of momentum
(pE): + (pEv + pv), = 0 conservation of energy

By a classical solution of (1.1) we main a continuously differentiable
function u = wu(t,x) which satisfies (1.1) at every point of the domain. In
this case the initial condition (1.2) must be regular: ug € C([—rg,7o]).
When the initial condition is only locally integrable, we have to give an
other interpretation to our ”solution”, that becomes a weak solution. We
will speak about different definitions of solution u, that can be discontinuous
too:



2 CHAPTER 1. NON LINEAR FIRST-ORDER PDES

distributional solution : V¢ € C!([0,T] x [—ro,]) we have
T o
| et sy deas —o,
0 —ro

entropy solution : a distributional solutions of (1.1) which is physically
admissible in a suitable sense;

broad solution : the function u depends by particular integral curves, the
characteristics.

We will study distributional solutions for the general equation in section
1.1, entropy solutions for the general equation in sections 1.2 and 1.3 and
broad solutions for the semilinear and quasilinear equation in section 1.4.
In section 1.5 we give a short introduction to the study of Hamilton Jacobi
equation u; + H(u,) = G(t,z), see [37, 38, 39, 51, 74]. In particular we
study the notion of viscosity solution of this equation and its equivalence
with the entropy solution of the conservation law u; + H (u), = g(t, z), where

g(t,z) = %G(t,x).

1.1 Distributional Solutions of Conservation
Laws

In this section we will study the general conservation law u; + f(u), = g. Its
solution is not smooth in general, but it can be discontinuous, see examples
1.1.5,1.2.1 and 1.4.14). We will so study the notion of distributional solution,
see [6, 14, 21, 35, 41, 50, 51, 70, 72]. In the following let us indicate I =
(=ro,70), T >0, w=(0,T) X (—=709,70)-

Definition 1.1.1. A locally measurable functionu : w — R is a distributional
solution of the PDE

w(t, ) + f(u(t,z)), = g(t, z) (1.3)
where f € Lipjo(R) and g : w — R if

[ ot fwpe v geldedt =0 VeeClo) (g
Let us now consider the Cauchy problem

u(t,x) + f(u(t,z)), = g(t,z) inw
{ (0, ) = uo(x) ’ in {0} x I (1.5)
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Definition 1.1.2. We say that u € C°([0,T), Li,.(I)) is a distributional

loc

solution of the Cauchy problem (1.5) with ug € L}, (I) if Vi € CH{w)

]

/ [upr + f(u)ps + gp] dedt + / uo(z)p(0, z)dx = 0, (1.6)

—-ro

and lim | u(t,-) —uo [|;

loc

n=0

As we said distributional solution can be discontinuous. Let us study a

condition that a distributional solution u must satisfy on his lines of discon-
tinuity.
Let us consider an open region V' C w and a function v : V' — R with jumps
on a finite number of curves: for example let us suppose in the open region
V that u is smooth on either side of a smooth curve C, that we can represent
parametrically as

C={(t,z) e V:x=s(t)} forsomesmoothfunctions: (0,7) — R.

Let V_ be the part of V' on the left of the curve and V. the part on the right.
Let us denote with u_ the left limit of v to C' and u, the right limit, i.e.
Vte (0,7)

u_(t):= lm wu(t,z) uy(t) ;== lm wu(t,z).

xz—s(t)~ z—s(t)T

We give a jump condition, the Rankine-Hugoniot condition, that ensures that
u is a distributional solution of (1.3), see [21, 35, 51].

Theorem 1.1.3. Let us assume in V_ and V. that u is a distributional
solution of (1.3) and that its first derivatives are uniformly continuous. If u
is a distributional solution of (1.3) in V' then

flug) = flus) = 5(uy —u-). (1.7)

Proof. Let us choose in (1.4) p € C}(V_). Since ¢ vanishes near the bound-
ary of V_, integrating by part we obtain

0= / [ugs + f(u)p, + go| dedt = —/ [ug + f(u), — gl pdxdt  (1.8)

(1.8) holds Vo € C1(V_), and so we have

w4 f(u)y —g=0 inV_ (1.9)
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In the same way we obtain
u+ f(u), —g=0 inV, (1.10)

Let us select now ¢ € C!(V), which does not necessarily vanish along C.
Again employing (1.4) we deduce

0= / [ups + f(u)psr + gp] dr dt =

:/v [usot+f(U)soz+gsO]dxdt+/ [upe + f(u)ps + gpldrdt.  (1.11)

Vi

Since ¢ has compact support within V', we obtain by (1.9)

/V s + F(w)pe + 9] durdt = — / et f)s — gl pdedir (1.12)

V_

[ Gt ) o= [t fu)) e

where v = (¢!, %) is the unit normal to the curve C, pointing from V_ into

V.. Similarly, we obtain by (1.10)

/v [upr + f(u)p, + gl de dt = /C (u+1/1 + f(u+)y2) odl. (1.13)

Adding (1.12) and (1.13) and recalling (1.11), we have (1.12) and (1.13) and
recalling (1.11), we have

[ e = () = Fw i =0 e e CHV)
and then
(uy —u )t + (flug) — f(u))v* =0  alongC (1.14)
Let us take v = (', 1%) = (14 %) 72(—$,1). (1.14) implies
flug) = flu) = 5(us —u-)
in V, along the curve C. We obtain so the thesis. 0

The Rankine-Hugoniot relation expresses the fact that the component of
the vector field (u, f) in the direction normal to the line of discontinuity is
continuous across the line of discontinuity. There are some generalizations
of this condition, let us recall the following in the case g = 0.
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Theorem 1.1.4. Letu : w — R be a measurable, bounded and Lipschitz func-
tion with a line of discontinuity C = {(t,s(t))}. Then w is a distributional
solution of (1.3) if and only if the equation holds at almost every point of
w and across the line of discontinuity the Rankine-Hugoniot condition (1.7)
holds for almost every t € (0,T).

Proof. See [21], chapter 4. O
Example 1.1.5. Let us consider the Cauchy problem

U2
up + (—) =0 in(0,7)xR

2 ) (1.15)
u(0,x) = —5\/320 in R
It is easy to verify that
2
_z 2\ 2
wlt, ) = 3(t+\/3x+t> if 32 42 > 0 (1.16)
0 if 3x +1*<0

is a classical solution in the regions {3z + t* > 0} and {3z + ¢* < 0}, but it
is not a distributional solution of (1.15) on (0,7") x R. Indeed let us notice
that the Rankine-Hugoniot condition (1.7) does not hold: along the line of

discontinuity = = —§t2 we have
2 2
uy(t) = _§t’ u_(t) =0, $(t) = —gt
2t
flus() ==~ flu-(1))=0.

Then condition (1.7) becomes

202 At?

9 9

that’s false for t > 0. Let us observe that a distributional solution of (1.15)
on (0,7) x R is

2
_ 2 : 2
u(t,a:):{ 3(t+\/3x+t) if 4z +12 >0

(1.17)
0 if 4z +t2<0

Indeed the Rankine-Hugoniot condition (1.7) holds: along the line of discon-
tinuity © = —1¢* we have
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flug(t) =5 f(u-(t)) = 0.

and the condition (1.7) becomes

O

1.2 Entropy Solutions of Conservation Laws

Definition 1.1.2 of distributional solution to the problem (1.5) is not stringent
enough to single out a unique solution.

Example 1.2.1. Let us consider the Burgers’ equation

U2
wet (3);0

(z) = 1 ifz>0
Y=Y 0 ifzr <0

with initial data

For every a € (0,1) let us define the piecewise constant function u, : [0, 7] X
R — R as
0 ife <4
us(t,r) =< « if%tgxgw

1 ifg > el

Then each wu, is a solution to the Cauchy problem, because it satisfies the
equation a.e. and the Rankine-Hugoniot condition (1.7) holds along the two
ot (a+1)t

lines of discontinuity 71(t) = § and ,(t) = 5= O

In order to achieve the uniqueness and continuous dependence of the ini-
tial data, the notion of distributional solution must be supplemented with
further admissibility conditions, possibly motivated by physical considera-
tions, see [21]. This conditions are usually called entropy conditions because
they are motivated by the second law of thermodynamics for gas dynamics.

Definition 1.2.2. Let f € Lip,.(R). Two smooth functions e,d : R — R
comprise an entropy/entropy-fluz for the conservation law uy+ f(u), = g(t, )
provided

1 e is convex



1.2. ENTROPY SOLUTIONS OF CONSERVATION LAWS 7

iie-fl=d

Remark 1.2.3. Any convex function e : R — R provides an entropy. Indeed
the condition ii of definition 1.2.2 reduces to the ODE d'(u) = €/(u) f'(u). As
entropy flux one can take

The lower limit of the integral is an arbitrary constant.

Definition 1.2.4. Let f € Lipio.(R), g € LY (w), ug € L>*(I). We call
u e C°[0,T); LY(I)) N L>®(w) an entropy solution of

u + f(u), = g(t,x) inw
{ U = g ’ on{0} x I (1.18)

provided that u satisfies
iVpeCXw) withe >0

/nk00¢r+d00¢x+-€009¢]dt&EZ(L

for each smooth entropy/entropy flux pairs e,d : R — R of the conser-
vation law u, + f(u), = g(t, x)

ii limg o+ || u(t,-) —uo ||pn= 0.

Remark 1.2.5. Suppose that u is a smooth solution of w; + f(u), — g = 0.
Then, multiplying the equation by €'(u)

0=wu+ f(u), — g =€ (w)u, + €' (u) f'(u)u, — €' (u)g = e(u); + d(u), —€'(u)g

(1.19)

In general distributional solution of (1.1) will not be smooth enough,

owing to shocks and other irregularities, to justify the foregoing computation.
The idea is instead to replace (1.19) with an inequality

e(u); +d(u), —€'(u)g <0 in w. (1.20)

In the case g = 0, equation (1.19) says that the quantity e(u) satisfies a
scalar conservation law. In applications e(u) will sometimes be the negative
of physical entropy and d(u) the entropy flux. The inequality (1.20) therefore
asserts entropy evolves according to its flux, but may also undergo sharp
increases, for instance along shocks.
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Remark 1.2.6. Condition i of definition 1.2.4 imposes a restriction only on
lines of discontinuity. Indeed, let u be a Lipschitz function with a line of
discontinuity C' parametrizated by s(t). Then u is an entropy solution if and
only if

$le(uy) —e(u)] = d(uy) — d(u-). (1.21)

The statement is right for a function u € BV (w), for the proof in case g = 0
see [21] chapter 4, the generalization to case g # 0 is given in [41], Theorem
1.8.2 and section 4.3.

Volpert [95] introduce an equivalent definition of entropy solution for
scalar conservation laws, as we say in the following lemma:

Lemma 1.2.7. Let f € Lip,.(R), g € L*(w), ug € L=(I). uw € C°([0,T]; L*(I))N
L>®(w) is an entropy solution of (1.18) if and only if

|u—k!t—|—%[sign(u—k)(f(u)—l—f(k:))] < gsign(u—k) VkeR inD'(w)
(1.22)
and limy_o+ || u(t,-) —uo ||L1(n= 0.

Remark 1.2.8. Notice that for each k € R

e(u) = |u — kI, d(u) = sgn(u — k)(f(u) — f(k))
are Lipschitz entropy/entropy flux pairs for the conservation law (1.18).

We will see in Theorem 1.5.9 that a continuous distributional solution of
(1.18) is an entropy solution too. At the moment let us recall that a well-
known method to construct an entropy solution w of the problem (1.18) is
the approximation of u by suitable regular solutions, (see for instance [21]
section 4.4 and [51] section 11.4.2, Theorem 2). For our purpose the following
result will be crucial.

Proposition 1.2.9. Let (u€). C Lip([0,T] X [=ro,70]), (9% C L*([0,T] x
[—r0,70]), f € Lipioc(R) such that

u§ + f’(ue)u; =g° L% —ae.in (O,T) X (—To,T’o) (1-23)
Let us assume that

u¢ — u  uniformlyin [0, 7] x [—7¢, 7] (1.24)

g —g inLY[0,T] x [~ro,70]) (1.25)
Then u is an entropy solution of (1.18) with ug(x) = u(0,x).
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Proof. Let e,d : R — R be two smooth function comprising an entropy /entropy
flux for the conservation law u; + f(u), = g(t,z). Then by (1.23)

9 O e ey e 2 :
E(e(u ))—i-%(d(u ) =€ (u)g L —a.e inw. (1.26)

Therefore multiplying both sides of (1.26) for a given v € C}(0,7T) x
(—ro,70)), integrating by parts and taking the limit as e — 07, by (1.24)
and (1.25) we get Definition 1.2.4 i (actually with an equality, so with no en-
tropy production). On the other hand by (1.24) u € C°([0,T] x [—rg,70]) C
Co([0,T); L*(—rg,79)) N L>®(w), then also Definition 1.2.4 ii follows. O

Remark 1.2.10. By Remark 1.4.10 and Proposition 1.2.9 it follows that
each Lipschitz continuous broad solution of (1.18) is an entropy solution too.

In the spirit of proposition 1.2.9, let us study that an other physical
admissibility condition. We will approximate the problem (1.5) with a small
viscosity effect, through the so called ”vanishing viscosity method”.

Definition 1.2.11. (Vanishing viscosity) A distributional solution u of
(1.18) is admissible with vanishing viscosity if there exists a sequence of
smooth functions {u}. C C*(w) such that

uf + f(u), —eus, =g inw
{ u(0, ) = ug(z) in {0} x I (1.27)

and u¢ — u in L} ([0,T] x [—rg,0]) as e — 0F.

loc

Remark 1.2.12. Physically we regard the term euf, as imposing an arti-
ficial viscosity effect, which we are now sending to 0. We expect that this
vanishing viscosity technique should allow us to recover the correct entropy
solution, which may have discontinuities across shock waves, as the limit
of the solutions u¢, which are smooth. Mathematically the term euf, makes
equation (1.27) similar to the heat equation, in fact the solution u€ is smooth,
in spite of the nonlinearity. On the other hand an obvious guess is that the
solution u¢ should converge as € — 0 to a solution of the conservation laws.

Remark 1.2.13. (Hopf-Cole transform) Let us give a generalization of
the Hopf-Cole transform [33, 51, 67], which linearizes the viscous Burgers’
equation

up +uuy, = g+ euy, (1.28)

where g € C°(w). Let us apply the substitution u¢ = v, in (1.28), we obtain

Vgt + UpVps = G + €Ugns. (1.29)
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Let us integrate (1.29) with respect to z, finding

1
vy + 5 (vx)2 =G + €Uy (1.30)

T

where G(z,t) = / g(z,t) dx. If we apply a second substitution v = —3elog ¢
0
in (1.30) we obtain

1 x 2 xx - x 2
et L (_2€£> — G- 23%) (1.31)
v 2 @ ©
therefore ) 5
R T (1.32)
' ¥ 2 2
and finally
G (1.33)
= € rr T T .
Pt 2 26@

[51, 67] show that, in the case g = 0, the solution u of equation (1.28) ob-
tained using the Hopf-Cole transform is such that u®(¢,x2) — u(t,z) V (t,x) €
w, where u is the entropy solution of the equation u; + uu, = 0. ([l

Let us now study the relationship between solutions admissible with van-
ishing viscosity and entropy solutions.

Theorem 1.2.14. Let us assume that {u‘}. is uniformly bounded in L>([0, T x
[—70,70]), w is a distributional solution of (1.18) admissible with vanishing
viscosity and that u® — uwL? -a.e. (t,z) € [0,T] X [~ro,70] as ¢ — 0. Then
u is an entropy solution of (1.18).

Proof. Let us choose any smooth entropy/entropy flux pair (e, d). Left mul-
tiplying (1.1) by €/(u®) and recalling ii of Definition 1.2.2, we compute

e(u); + d(u), = e’ (u)ug, + ge'(u) = ee(u)op — € (" (u)(ug,)?) + ge' (u).
(1.34)

As e is convex
e"(u) (ug,)* > 0 (1.35)

Let us multiply (1.34) by ¢ € C®(w), ¢ > 0 and let us integrate by parts.
We have

/ () s -+ d(u)on + g6 (4] dr dt =

= / e (" (u) (uS,)?) o — ee(u)ppn] dudt > — / ee(u) @y de dt,

w
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the last inequality holding in view of (1.35) and the non negativity of .
Now let € — 0. Since u¢ — u L%a.e. (t,z) € [0,T] X [~70,70] and by the
dominated convergence Theorem, we obtain

/ e(u)p + d(u)p, + ge'v > 0.

Thus u verifies the condition i of Definition 1.2.4. If e and d are not smooth,
we obtain the same conclusion after an approximation.

Finally let us consider (1.27), multiplying for ¢ € C2°(w) and integrating by
parts we obtain

ro

/[ue% + f(u) s + eupy,]de dt + /

—-7ro

UgP|i—odT = — / gpdxdt.

We send € — 0 and we deduce that u is a distributional solution of (1.18). [

Remark 1.2.15. By the proof of Theorem 5 in [6] we see that an entropy
solution is a distributional solution admissible with vanishing viscosity.

1.3 Existence and Uniqueness Theorems

In this section we will expone existence and uniqueness results and a maxi-
mum principle for the entropy solution of equation (1.18), see [6, 12, 13, 14,
50, 51, 70].

Theorem 1.3.1. For any uy € L>®(—rg,10), g € L®(w), there ezists an
entropy solution of (1.18).

Remark 1.3.2. For the proof see [13]. The statement of Theorem is true
for ug € L'(—rg,10), g € L'(w) too, see [12].

We will now prove a refinement of a well-known uniqueness result due to
Kruzhkov in order to get a local uniqueness result for entropy solutions of
(1.18), see [13] too.

Theorem 1.3.3. Let g € LY (w) and let u,u € C°([0,T); L*(I)) N L*(w) be
two entropy solutions of the problem (1.18). Let M, L be constant such that

lu(t,r)| < M, |a(t,z)| <M (t2) €w (1.36)

|f(u1) — f(u2)| < Lluy — uy| Vuy,ug € [—M, M] (1.37)
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Then ¥r € (0,19), if r + LT < 1o then V0 < 190 <7 < T we get

|z|<r+L(t—70)

/ lu(r, z) — (7, )| do < / u(r,2) — a(r2)| de (1.39)
||<r
In particular when 19 = 0 and u(0,-) = u(0,-) a.e. in I then

u(t,x) = u(t, r) a.e. (t,x) € (0,T) x (—r,7).

The classical proof of Theorem 3.1 is contained in Kruzhkov [70], section
3 Theorem 1, when 1y = +oo, f € C1(R?) g € C*(R?). A simpler proof with
g = 0 can be found in Evans [51], section 11.4.3. A statement similar to ours
is proved in Bressan [21], Theorem 6.2, when rq = +00, f € Lip,,.(R), g = 0.
We will adapt the techniques contained in these two last references in order
to get the proof.

Proof. We are going to divide the proof in 4 steps.
1. step: Let u be an entropy solution of (1.18). Then by Definition 1.2.4 i

/ / w)vy + d(u)v, + €' (u)gv] dtdz >0 (1.39)

Vo e C®(w), v > 0 where e is smooth, convex and

for any zp € R. Fix a € R and take ex(z) = 0 (¢ — ) where z € R and for
each k =1,... 8; : R — R is smooth, convex and

Br(z) — |7 uniformly
B (2) — sgn(z) boundedly a.e

Consequently V 2
z) = /OZ sgn(w — ) f'(w)dw = sgn(z — @) (f(2) - f(a)).
Putting e, dy in (1.39) and sending k — 0o we deduce
/OT /_ [t — afor + sgn(u — ) (F(w) — F(@))ve + gv)] dtdz >0 (1.40)

Va € R, and v € C2°(w), v > 0.
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2. step: Let 4 be an another entropy solution. Then by (1.40)

A /%“a_&WV+%M@—@KUﬁD—f@D%+g®]@dyzo (1.41)

VaeR, v e CX(w), v >0. Now let w € C°((—ro,ro) X (—7r9,70) x (0,T) X
0,7)), w >0, w = w(x,y,t,s). Fixing (s,y) € (0,T) x (—rg,79) we take
a=u(s,y), v(t,x) = w(z,y,t,s) in (1.40). Integrating with respect to y, s
we produce the inequality

/’/“/; ) = s )+ s e, ) = i)

([(f (u(t, 2)) = f(a(s,y))we + g(t, x)w)]pdz dy dt ds > 0 (1.42)

Likewise for each fixed (¢, z) € (0,T) we take & = u(t, x), 0(s,y) = w(z,y,t,s)
n (1.41). Integrating with respect to (¢, z) gives

/OT /OT /_: _:{”&(573/) — u(t, z)|ws + sgn (s, y) — u(t,x)) -

((f(als, y) = f(ult, 2)))wy + g(s, y)w)|}dw dy dt ds > 0 (1.43)
Add (1.42) and (1.43)

/oT /oT /—Do _:00{‘”(’5’ x) = (s, )| (we +ws)+

+sgn (u(t, ) —als,y)) (f(u(t, z)) = f(als,y))(we +wy)+
+sgn (u(t,z) —a(s,y)) (g(t,z) — g(s,y))w)}dx dy dtds > 0 (1.44)
Vw e CP((—=rp,7m0) X (—ro,r0) X (0,T) x (0,7)), w > 0.

3. step: Let § : R — [0, 1] be a continuous function such that

+o0o
/ S(z)dz =1, §(z)=0 if |z|>1

and define .
5n(2) = ho(hz),  an(z) = / 51 (s) ds

Let ¢ = ¢(t,7) € C=((0,T) x (—rgp,70)), ¢ > 0 and let us define

t+s T+ t— -
w(‘rayat78) —¢( ° x2y> 5h< 28>'5h <x2y) ($7y7t75>€]R4.
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Since we can assume that

spt(¢) C [p, T — p] X [=r0 + p, 70 — p] (1.45)

for a suitable 0 < p < min{7/2,70}, if h is large enough we have that
w € CX((—rg,m0) X (—70,70) % (0,7)x(0,T)). Moreover a direct computation

yields
t+s x+ t—s x—
(wx+wy><x7y,t,s>=¢x< — Qy)-ah( )m( 29)
t+s o+ t—s T —
(wt—i—ws)(x,y,t,s) (bt( ) 2y>5h< 9 >6h< 2y)
We insert this choice of w in (1.44) and we get

/ / / / dxdydtds>0 VheN (1.46)

where

1= [luten) — (s, (52 5 )+
+sgn(u(t, z)—u(s,y))(f(ult,z))—f(a(s,y))) Pz <HTS’ L J2F y) ]5h <t ; 8> 5 (x ; y> ’

1 = senlu(ta)-a(s, )Mot o) -atnke (51 250 ) 0, (50) 0 (252)).

Now let us perform the change of variables in R*

_ x+vy 7 t+s
Tr = =
2 2
_ Ty _ t—s
= S =
Y= 2

and we get that, for h large enough,

/// / dxdydtds_/_Z/_ZG1(§>Z)5h(§)5h@)d§d37 (1.47)

where

G1(5,7) ::/ p/rop {lut+35.Z+7) —a(t — 35,7 — 7)o, 2)+
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+sgn(u(t+3, T+y) —u(t—3,7-9)) (f (u(t+5,7+7))— f (a(t—5,7-7))) 6z(t, T) } dt dT
if —p<s<p, —p <7y <p. On the other hand

/_p/_pelgydh 5)0n(7 dsdy—/ /_ ( ).5(5)5@)dgdg

(1.48)
and since the mappings [—M, M]? 3 (a,b) + |a —b|, sgn(a — b)(f(a) — f(b))
are Lipschitz continuous, then

el (%%) —>/OT (. 7) — 30,76, 7)+

—Ry
+sgn(u(®, ) — a(t, 7)) - (f(u(E, 7)) - f(a(t, 7)) - ¢5(t,7) } dEdT = L1(9)
By (1.47) and (1.48) we get

JLIEO///_T /_ Yz dydt ds = Ly(8). (1.49)

Analogously by performing the same change of variables in the second term
of (1.46) we get

///_/_ Q)dﬂﬂd?/dtdS—//_szM on(y)dsy  (1.50)

where

if —p<s<p —p<7y<p But

[ [ s [ [ (38 somo

(1.51)
Let us prove now that
AN <~ 2
}}1_}1{.10 G (h h) =0 vV (5,7) € R” (1.52)

Indeed fixed (5,7) € R? and let h large enough then

3y T=p [ro—p 3 " 3 7

s Y - S _ Y - S _ Y

Z 2| < Z A i z )
‘Gg (h’h)‘ < sgp|¢]/p /—m+p g(t+h,x+h) g(t h,:v h)‘ dt dx
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On the other hand Ve > 0 there exists g* € C%(w) such that

lg—g" ||L1w)—// g*(t,7)|dt dT < € (1.54)

By (1.53) and (1.54) we get

G <C 2€+/Tp/ T+g o (i-2z- 9 @taz
R i )Y T h

Taking the limit as h — oo in the previous inequality we get, since g* is
lim sup

continuous o
m su Gg(h h)’<2e Ve>0.

Then (1.52) follows. By (1.51) and (1.52) we get

hlim/ / / / 2 dz dy dt ds = 0. (1.55)

Combining (1.46), (1.49) and (1.55) we get the inequality

blcm

/ {lu(t, z) —a(t, z)|¢e + sgn(u(t, x) — at, ©))[f (u(t, ©)) — f(al(t, )]s} dtdz =0
’ (1.56)
for every ¢ € C(w), ¢ > 0.

4. step: Now let 0 < 79 < 7 < T and 0 < r < ry be given such that
r+ LT <ry. For (t,z) € w=(0,T) x (=79, 70), let

ott.) = lon(t = m) — ante =7+ [1 = e (Jal = r = L=+ )| =

= ap(t — 10)ap(t — 1) - xx(t, )
where

)= [ ) ds.

o0

It is easy to see that for h, k large ¢ € Lipo(w) and ¢ > 0. Using (1.56) with
this particular test function ¢; we obtain

[ttt ==t |1~ (Jal = = L =)+ 3 )| e =

>/ {mmu(t, 2)) — f(ai(t, o)) sn(u(t, 2) — i(t,2)) + Llu(t, z) - a(m)!} ~
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1
Jan(t —70) — an(t — 7)) - O (|a:| —r—L(t—1t)+ E) dt dx.
By (1.36) and (1.37) we have
Hence V h, k
/ |u(t, x) — a(t, z)|(0n(t — 70) — 0n(t — 7)) xx(t, z) dt dx >0 (1.57)
Let us denote
C:={(t,x) ew: |z|<r+ L(r—1t)}
S(t) :={zx € (—ro,70): (t,z) € C}.
Let us observe that x; — ¢ a.e. (f,x) € w. Thus passing to the limit as

k — oo in (1.57) we get

/ lu(t, z) — a(t, z)|(0n(t — 70) — On(t — 7)) xc(t,z)dt dz >0 (1.58)

for every h. Let

Y(t) = /S(t) lu(t,z) —a(t,z)| de = / xo(t, ©)|u(t, z) — a(t, z)| dx

w

because u,u € CY([0,T]; L*(I)) ¢ € C°([0,T]). Thus by (1.58)

/OT Su(t — T)b(t) di < /OT 5u(t — 7o) (1) dt

and taking the limit as h — 400 we get (1) < 1(79). Thus we obtain (1.38)
when 0 < 79 < 7 < T. By continuity (1.38) still holds when 7 = 7 or if
To = 0. ]

By Theorem 1.3.3 we get the following local uniqueness result for Burgers’
entropy solutions that will be crucial in the next chapters.

Corollary 1.3.4. Let g € L*((0,T) x (—=70,70)), ug € L>®(=rg,70), M > 0.
Let us denote by Ex(T, o) the class of functions u € C°([0,T]; L*(—rg, 70))
such that

lu(t,z)] < M L* —a.e.(t,z) € (0,T) x (ro,70) -

Let u, u € Ey(T,10) be entropy solutions of the initial value problem
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2

g + (%) —g n(0,T) x (—ro,70)

u(0,x) = ug(:v) Va e (—ro, 7o)
Then, if r+ MT < 7,

u(t,z) = a(t, x) L£?—ae. (t,x) € (0,T) x (=r,7).
2
Proof. Applying Theorem 1.3.3 with f(u) = %, (1.37) holds with L = M
and the thesis follows. O]

Finally, let us recall the following maximum result obtained by Theorem
1 in [6] and corollary 2.1 of [14]

Theorem 1.3.5. Let g € C°(w), up € C°([0,T]) and w = (0,T) x (—ro, 7o)
and let u entropy solution of the problem

up + uu, = g(t,r) inw
{ u(0,z) = uogéa:) V€ (—ro,10) (1.59)

then
t t
inf ua@+/ inf gy, @)y < ult,z) < su>umw+/ sup g(y,a)dy
IE[_TOJ‘O} 0 IE[_TOJ‘O} wE[fT'(),T'(ﬂ 0 wE[*T’o,To}

Corollary 1.3.6. Let g € C°(©), up € C°([0,T]) and w = (0,T) x (=709, 70)
and let w entropy solution of the problem (1.59). Then

u(t, )] < Juoloo + |glsero. (1.60)
Proof. By Theorem 1.3.5

t t
inf }uo(x)—i—/ inf gy, x)dy <wu(t,z) < sup uo(x)—l—/ sup  ¢(y,z)dy
0 0

TE[—T0,T0 xE€[—70,70] z€[~r0,70] 2€[=ro,ro]
(1.61)
Therefore
t
uto) < s ju) s [ sw lgwoldy (162
ZEE[fTo,To] 0 me[*TQ,To]

Let us notice that, since g € C%(w),

t t
/ wpmmmws/fwmmmwsmwswhm<mw
0 0

x€[—70,T0] Y,r) €W

Therefore, by (1.62) and (1.63) we obtain

lu(t,z)| < Juoloo + |g]ooro-
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1.4 Broad Solutions of Conservation Laws

Scalar semilinear equation

Let us consider the scalar semilinear equation
ug + a(t, x)u, = g(t, z,u) (1.64)

with initial condition (1.2). Let us assume that

a : R* — Rislocally Lipschitz continuous, (1.65)
g : R* — Rislocally Lipschitz continuous, (1.66)
ug : [—70,70] — R continuous. (1.67)

Observe that (1.64) describes the directional derivative of u : R* — R at
each point (¢, ) in the direction V (¢, z) := (1, a(t, z)). Let us recall that the
integral curve of V' are called characteristic curves, i.e. the function x = z(t)

d
where & = d_j: = a(t,x), see [51] chapter 3.2 and [21], chapter 3.

For any point (7,y) € R? let us denote by I(;,) > t — x(¢;7,y) the
maximal solution of the Cauchy problem

(t) = a(t,z(t)), x(r)=uy. (1.68)

If x = z(t) is a solution of (1.68) then

d

et a(t) = u +ued = g(t, 2(t), ult, 2(t)).

Therefore, provided that

0e I(T,y) (169)

the value of a C' solution at a point (7,y) coincides the value at time 7 of
the solution to the Cauchy problem for the ODE

%u =g(t,z(t;7y)u)  u(0,2) = uo(z(0;7,y)).

Remark 1.4.1. Notice that the value of uy at a point xg determines the
value of the solution u along the entire characteristic line ¢ +— x(¢;0, x¢).
The ”information” contained in the initial data is transported along the
characteristic lines. In the semilinear case the characteristics are entirely
determined by the equation (1.68) and don’t depend on the initial condition
Ugp.
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Remark 1.4.2. Notice that (1.69) can be not true. Indeed, for instance, let
a(t,r) =2* h =0, ug =0, then V (7,y) € [0,00) x R

. . Y
z(t;T,y) = m

0 ify=0
Ly = (—OO,T + i) ify#0
thus if 7+ <0 then 0 ¢ I,,.

Definition 1.4.3. (Domain of determinacy): A closed region D C [0, 00) X
R is called a domain of determinacy for the initial problem (1.64,1.2) if
YV (7,y) € D (1.69) holds, the characteristic line

{(t,z(t;7,y)): 0<t<7}C D

and z(0;7,y) € [—70,70]-

The largest domain of determinacy is Dyyae = {(7,y) : 7 >0, 2(0;7,y) € [—r0, 70] } -

Remark 1.4.4. We have the representation D,,., = {(t,z) : t >0, x € I(t,—ro,70)}
where

I, - )= [x(t;0,—rg), x(t;0,10)] if x(£;0, —rg) < x(t;0,r0)
TIOTO T (w(8,0,70), (850, —19)] if (80, —r0) > a(t; 0,70)

Using the characteristic’s method, let us introduce a notion of weak so-
lution: the broad solution.

Definition 1.4.5. (Broad solution): Let D C [0,00) x R a domain of de-
terminacy of initial value problem (1.64,1.2). Then a locally integrable func-
tion u : D — R is called broad solution of initial value problem (1.64,1.2) if

L? a.e. (1,y) € D

i L, 2>t— u(t,x(t;7,y)) is of class C*,

.o d

ii %u(t,x(t;r, y)) =g(t,x(t;7,y), u(t,x(t;7,y))) Vte L,

The following local existence and continuous dependence on the data
result hold for scalar semilinear case, see [21], Theorem 3.3.
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Theorem 1.4.6. (local existence) Let us assume (1.65) holds. For any
ug : [—ro,r0] — R bounded and measurable there exist C,e > 0 such that the
semilinear initial value problem (1.64), (1.2) has a unique broad solution u
on the domain

D = D¢, :={(t,x): t€0,¢], —ro+Ct <z <ry—Ct} (1.70)

If the functions a,g,ug are continuously differentiable then u actually is a
classical solution.

Proof: [21], section 3.4, using a fixed point’s method.

Theorem 1.4.7. (continuous dependence) Consider a sequence (ac, ge, Uo ¢ )e>0,
with a. : R? = R, g : R = R, ug, : [~r0,70] — R that satisfy the condition
(1.65,1.66,1.67). Let D C [0,400) x R be a common domain of determinacy

for the problem (1.64,1.2) with data a., ge, uo and let u. the solution of this
problem. If a., — a uniformly on D, ug. — g uniformly on [—ro,ro] and

ge — § uniformly on every compact set K C R?, then u, — @ uniformly on

D, where u is the solutions of the problem (1.64,1.2) with data bara, g, tg..

Proof: [21], section 3.5.

Scalar quasilinear equation

Let us consider the equation
ur + alt, v, u)u, = g(t, z,u) (1.71)

with initial condition (1.2). Let us recall that a classical solution of (1.71)
is a function u : w € R? — R continuously differentiable (i.e. v € C*(w))
satisfying (1.71) where w is an open set. To find classical solutions, let us
apply the characteristics’ method to the problem (1.71,1.2), following [21].
At the moment let us assume w = R? a,g € C*(R?), uyp € C'(R3) and
consider the vector field V' = (1,a(t,x), g(t,xz,u)). His integral curves are
the characteristic curves of the equation, obtained by solving for y € R the
system of ODEs

dt dt

{ WY _ o1, w(t: ), ult, 2t ) { Bl oG9 o ot y),ult 2t )
o(0) =y u(0) 2 ao((0: )

(1.72)
where I, 3 t — z(t;y) denote the maximal solution of the first problem
in (1.72) and I, > t — (2(t;y),u(t,z(t;y))) the maximal solution of the
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system (1.72). As y varies, the graph of all these solutions generates a two-
dimensional surface S C R?, parametrized by (¢,y). We are going to see that

S is the graph of a function u = u(t, x), which provides a classical solution
to (1.71).

Indeed, by classical Theorems on ODEs, the map (t,y) — (¢, z(t;y), u(t, x(t;y)))
defining S in parametric form is continuously differentiable. Let ¥ € R be
fixed, then we have

dt dt dx dx
- — _— = O _— = O U U —_— = 1

dt ) dy ) dt CL( 71/7U0(y))7 dy

By the Implicit Function Theorem, the map (¢,y) — (¢, z(t;y)) is locally
invertible in a neighbourhood I of (0,y). Therefore S is locally the graph of
a C! function v = u(t,x). By (1.72) the initial data clearly holds. Now let
(t,x) be any point in I, say with x = z(t¢;y) for some y. Then

d
u +alt, 2, u)u, = Sult, 2t y) = gt 2(ty), ult 2(ty)),
proving that u is a solution of (1.71).

Let us notice, in the following example, that the invertibility of the map
(t,y) — (t,z(t;y)) is necessary to ensure the existence of the classical solu-
tion of the problem (1.71). Where this map is not invertible, the character-
istic lines can intersect and the classical solution doesn’t exist.

Example 1.4.8. Consider the problem

a <u72> - (1.73)

1

Let us apply the characteristics’ method. The system (1.72) is, Yy € R,
du

dx — =0
— =
{ dat dat 1
) du e
Since i 0, u must be constant along the characteristic lines

s (6 y + tuo(y) = [ty + —
u
Y oly Y 1 y2
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and the surface S is parametrized by

t 1
(t;?J)'_’ Lyt ——,—— |-
1+y2 1_|_y2

The function y — x(t,y) =y + has a smooth inverse, say y = y(t, x),

1+y?

8
for t < —=. Indeed the solution of (1.73) can be written as

V27

1 8
u(t,r) = ———— for t < —.

142 o) V21

Figure 1.1: The intersection of the characteristic lines

8 , t .
For ¢ > —— the function y — z(t,y) = y + 5 is not one-to-one,
27 I+y
the characteristic lines start to intersect and no classical solution exists, see
figure 1.1, by [21]. O

Similarly to the semilinear case, we can introduce the concept of broad
solution for the equation (1.71,1.2). Let us assume that (1.66) and

a:R> — R is locally Lipschitz continuous. (1.74)

Definition 1.4.9. Let D C R? be a closed region, then u : D — R is called
a broad solution of the quasilinear problem (1.71) with initial datum (1.2)
provided that the following conditions hold:

i Let a(t,z) := a(t,x,u(t,z)) then a : D — R is locally Lipschitz continu-
ous.

ii D is a domain of determinacy for the initial value problem

A o
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iii u is a broad solution of the semilinear problem (1.75).

Proposition 1.4.10. Let us suppose that w : D — R s a broad solution
of the quasilinear problem (1.71) with initial condition (1.2) and that it is
locally Lipschitz continuous. Then

w(t, ) + a(t, z,u(t, z))u. (t,x) = g(t, z,u(t, x)) L2 —ae. (t,z) € D
(1.76)

Proof. By definition £?—a.e. (1,y) € D, if z(; 7,y) denotes the characteristic
curve of the semilinear equation

up + a(t, v)u, = g(t, x,u),

N i(t;m,y) = a(t, 2(t: 7, ) = alt, 2(t: 7, y), ult, 2(t: 7))

and z(7;7,y) = vy, then

i1.,3t— u(t,z(t;7,y)) is of class C!

d
ii Eu(t,x(tn‘, y) =gt x(t;m,y), ult,x(t;7,y))) VE € L.

Since u is locally Lipschitz continuous, by the chain rule for Lipschitz func-
tions

d
iii 3 EU(t v(t;7,y) = w(t, x(t; 7,y)) +ua(t, 2(t; 7, y))2(; 7, y) =

= (u + a(t, x,u)u,) (t; x(t; 7,9)) ae.t € I,
Let us prove now that (1.76) holds. Indeed let

D, :={(t,x) € D: uis differentiable at (¢,z)}

and denote by Dy the points (7,y) € D for which there exists the character-
istic curve x(+;T,y).

Then £2(D\ (D; N Dy)) =0 and V(7,y) € D1 N Dy

du

9(7—7 Y, U’(T? y)) = a(ﬂ y) = ut<7—7 y) + CL(T, Y u<7—7 y))ufﬂ(Ta y)

The following local existence result hold for scalar quasilinear case.
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Theorem 1.4.11. Let us assume (1.74) and (1.66) hold and uy € Lip([—ro, 70]).
Then there exist C.e > 0 and a Lipschitz continuous function u : D — R

which 1s the unique broad solution of the quasilinear initial value problem
(1.71,1.2) on the domain

D = D¢, :={(t,x): t €0,¢], —ro+Ct <z <ry—Ct} (1.77)

If the functions a,g,ug are continuously differentiable then u actually is a
classical solution.

Proof: see [21], Theorem 3.8.

Remark 1.4.12. We remark that, in contrast with semilinear case, the char-
acteristic lines and hence the domains of determinacy depend on the solution
u. In the semilinear case the broad solution were defined within the set of
locally integrable functions, in quasilinear case the study of broad solutions
is restricted within the class of Lipschitz-continuous functions. It depends to
the fact that a depends on v and that the lipschitz continuity of a is essential
in order to define uniquely the characteristic lines.

Looking at the proof of Theorem 1.4.11 we can extract the following
approximation result:

Corollary 1.4.13. Let u be the function in Theorem 1.4.11 and let D be the
set in (1.77). Then there exists a sequence of C'-functions

u® D —R
such that

i u® — w uniformly in D

(k) is the solution of the semilinear problem

i u
W™+ a(t, 2, u* D Nl = gt z,u®)  in D
u™(0, ) = ug(z) x € [—To, 7]

If (1.66) doesn’t hold or ug ¢ Lip([—7r9,70]) we can find a discontinuous
solution through the characteristics’” method, this solution is not a broad

solution. Indeed in this case the existence of broad solution is not guaranteed
by Theorem 1.4.11.
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Example 1.4.14. Let us consider the problem

(1.78)

u+uu, =0  inw=(0,T) X% (—=7r9,70)
u(O,m) = uo(x) in (—To, T’(])

i <
with ug(z) = { 1 _JF ii > 8 . Let us solve the problem

{i%zzwmm (1.79)

d
Since %u(t, z(t)) = u + u& = uy + uu, = 0 we have

u(t, (2(t)) = u(0,y) = uo(y). (1.80)
Then (1.79) becomes @(t) = u(0,y) and so we obtain
z(t) = uo(y)t + y-
In our case, by the definition of uy in (1.78)

{x t+y if y <0 (1.81)

r=1-yt+y ify>0

By (1.81) we obtain

t+4/t2+4(z—t)

Vi = YD e — > 0

Then, by (1.80), the solution of (1.78) is

{y:x—t ifz—t<0

fx—t<0

1
u(t,r) = { 1 t+r/t2+4(z—t) fr—t>0 (1.82)
2

This solution is discontinuous on the line {x — ¢ = 0}, indeed for ¢ > 0 fixed

lim wu(t,z) =1

T—t—
lim u(t,z) =1—1
r—t

It is easy to verify that u is a classical solution on the two regions {(¢,x) €
w:x—1t<0}and {(t,z) € w: x —t > 0}, but it is not a broad solu-
tion on the entire region w. It is not a distributional solution too, indeed
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let us show that the solution found in example 1.4.14 does not satisfy the
Rankine-Hugoniot condition (1.7), therefore it is not a distributional solution
on (0,7) x (—rg,ro). Indeed along the discontinuity’s line x =t we have

wu)=1-t,  w(®)=1,  t)=1
)=S0 paw =)
Then condition (1.7) becomes
1(1—t—1)= <1_2t)2 -5

t2
that’s false, because 0 # B fort > 0. A distributional solution of the problem

of example 1.4.14 is of the type

1 if x < s(t)
u(t, z) = 1t t2+44(z—t) if 2 > s(t)
2

where s(t), which parametrizes the line of discontinuity, is such that the
Rankine-Hugoniot condition (1.7) hold and s(0) = 0. O

In examples 1.4.14 we have seen that if ug ¢ Lip([—7¢,70]) we can not find
a broad solution of the conservation laws but a discontinuous distributional
solution. Otherwise if u is a continuous distributional solution of the equation
(1.3), then u has good regularity properties along the characteristic lines.
Indeed let us indicate the characteristic line associated with the continuous
distributional solution u of the equation (1.3)

up + (f(u), = g(t,z),

d
as the solution z = £(¢) of the ODE d—f = f'(u(t,x)), defined on (0,7T"). Then
the following regularity results hold.

Theorem 1.4.15. Let g : w — R be bounded and measurable such that g(t, )
is continuous on (—rg,ro) for anyt € [0,T). Let x = &(+) be a characteristic
associated with a continuous distributional solution w of (1.3) where f is
strictly convex. Set v(t) = u(t,&(t)) fort € [0,T). Then (&(t),v(t)) satisfies
the system of ODFEs _
{ §(t) = f'(v(1))
p(t) = g(t,£(t))
on [0,T). In particular v(t) and £(t) are Lipschitz on [0,T).
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Proof. (Cfr. [42] Theorem 3, [40] Theorem 3.3.)

Equation £(t) = f'(v(t)) holds directly by definition of £(¢). Let us show
v(t) = g(t,&(t)). Let o,7 be fixed such that 0 < o0 < 7 < T and let ¢ > 0.
Let us consider the functions ¢ (¢, ) and h(t) defined for small § > 0 by

¢

0 0<t<T, —ro<z<E&({t)—e—9
Sa =€)+ et D) 0<E<T, £(1) —e—d <z <E(H) -
P(t,r) = 1 0<t<T, £(t)—e<az<E1t)
%(—x+§(t)+6) 0<t<T, &t)<a<E(t)+0
\ 0 0<t<T, &t)+0<z<m
(1.83)
( 0 0<t<o—9o
%(t—a+5) c—d<t<o
h(t) = 1 o<t<rT (1.84)
%(—t—l—7‘+§) T<t<T46
\ 0 TH+O<t<T
and write the distributional equation (1.4)
T pro
/O/T [upy + f(u)pe + gp] drdt =0 (1.85)

for the test function (¢, z) = (¢, x)h(t) and compute the limit § — 07:

lim, ( /0 ' / :u(t,m)gbt(t,x)h(t) dvdt + /0 ' / u(t, ) (t, 2)h(t) d dt +

/f (t, ) (t, x)h // (t, ) t:vh(t)d;vdt):lim([1+12+1'3+[4)

0—0+
(1.86)
Using the Integral Average Theorem we obtain that

o £(t)—e ¢
lim [; = lim / dt / uﬂ(t — 0o+ 0)dx+
6—0Tt 6—0t o5 1) E(t)—e—6 1)
)45 T Et)y—e £(t)+6
+/ RO AN / dt (/ W0 g, +/ 5()dt>
£(t) 0 o s O £(t) 0

46 (- _¢ §0+s ¢
+/ dt / Uﬂ(—t—FT—Fé)dl’-i-/ uit)(—t—i-T—l—&dx)] =
0 \Jew-es 0 (1) 0
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=0+ / [—é(t)u(t, £(t) — €) + E(t)ult, g(t))] dt +0 (1.87)

7 dt §(t)—e £(1) 0+
lim I, = lim / = / uwdij/ udx+/ u x+§§(t)+5d$ n
50+ 5—0t | J,_s O €(t)—e—5 £(t)—c £
T+ ¢ (t)—e £(t) £(t)+6
—/ / u%dazjt/ udx+/ u—_m+%(t)+5dx>] —
- 0 \Je—es £(t)—e £(t)

:/5(0) u(x,a)dx—/g(f) u(z, 7)dz (1.88)

§(o)—e £(r)—e

o E(t)—e &(t)+0
lim I3 = lim / ﬁ / de—/ de +
6—0+ 6—0+ o5 1) E(t)—e—0 5 £(t) (5
T E(t)—e E(t)+46 T+0 —€ E(t)+8
o[ m)/ @(/ Lo | m)]
o tt)—e—s O (w0 0 \Jew-es 0 ey O
0+ [ (u(te®) - ) - St +0 (18)
4 s £(t)—e s §(t)—e 5
lim [, = lim / W / g%dw—l—/ gd:p+/ +E+ dr+ | dt +
6—07F 60+ o—0 E(t)—e—6 £(t)—e— 5
T E(t)—e s &(t) £(t)—e s
+/ / g%daﬁ/ gd:U—l—/ LU gy | dt+
o &(t)—e—0 &(t)—e 5(75)—6—
o £(t)—e £(t) £(t)—e
+/ (_tf++5)</ gwdzx%—/ gd:)H—/ g#dm)dt]:
o—0 E(t)—e E(t)—e E(t)—e—46
- o+/ / ) dadt + 0 (1.90)

Replacing (1.87), (1.88), (1.89) and (1.90) in (1.85) we obtain

&(7) £(o) T @)
/ u(z, 7)dr — / u(z,o)dr — / / g(t,x) dedt = (1.91)
£(r)—e £(0)—e o JEt)—e
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— [ {#tute.e0 - ) - sttt €0 — 0 .60 — ) — ule. €N} de > 0

In the same way we obtain

£(m+e) §(o)+e
/ u(x, T)dx —/ u(z,o)dx —/ / ) dedt = (1.92)
&(7) £(o)

— [ {#tut.e0) + ) - slalt. 60) — €0 e, €0 + 9 u(t. )]} e <0

Notice that since £(t) = f(u(t,£(t))) and f is convex, the right-hand side of
(1.91) is nonnegative and the right-hand side of (1.92) is nonpositive.

Upon dividing (1.91) and (1.92) by € and then letting ¢ — 0, we obtain by
the Integral Mean Theorem that

v(r) — (o) - / Cg(t£() di =,

and so we have the thesis. O

Remark 1.4.16. let u € C'(w) be a classical solution of (1.4), let 0,7 €
(0,7) and € > 0. If we integrate (1.4) over the two domains Dy := {(¢,x) €
wro<t<T,&t)—e<ax<i(t)}and Dy :={(t,z) cw: o<t <1 &)<
x < £(t)+ €}, we obtain respectively (1.91) and (1.92) by an easy application
of the Green’s formula. Let us show (1.91). By (1.4) we have

£(t)

By Green’s formula it is

]{C[u(t,x)dx— ult, ))df] // Jdedi=0  (1.93)

where C' is the boundary of the domain D;.
Let us calculate

T ) £(7)
]{Cu(t,x)dx :/U u(t,&(t) —e)&(t) dt + /5 u(r, z)dx + (1.94)

(T)—e¢

o ' ()=
—i—/T u(t, £(t))E(t)dt + /5 u(o, x)dx and

(o)
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. R,

5 o i ¢
D;
1%
o T =t

jéf(u(t,x))dt _ /Tf(u(t,g(t)—e))dt o+ /Uf(u(t,g(t)))dt 40 (1.95)
By (1.93), (1.94) and (1.95) we obtain

£(7) £(o) T ré@)
/ u(T, x)dx —/ u(o, z)dx —/ / g(t,x) do dt+
£(r)—e £(o)—e o JE(t)—e

+ [ [ute 60 = 96 — (e, €I — St &) — ) + Sulr. )] =0
and finally (1.91). O

In the case of Theorem 1.4.15, if ¢ = 0 the solution u is constant along
the characteristic lines.

Corollary 1.4.17. Let x = £(t) be any characteristic line associated with
the continuous distributional solution of us + f(u), = 0. Then u(t,&(t)) =u
constant, ¥t € (0,T). In particular, a unique characteristic emanates from
each point (t,7) € w.

Proof. Directly by Theorem 1.4.15, see [41], Theorem 1. O

1.5 Hamilton Jacobi equations and applica-
tions to Conservation Laws

Let us consider the inizial value problem for the Hamilton-Jacobi equation

{ w4+ H(t,z,u,u,) =0 inw=(0,T) x (—rgp,ro) (1.96)

u(0,z) = ug(x) Vo e (—rg,mo)
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where H : (0,7) X (—rgp,r9) x Rx R — R is a continuous function, called the
Hamiltonian. It is not possible to consider distributional solutions of (1.96)
defined as usual by integration by parts. Lions and Crandall introduced in
[37], see [39, 38, 74, 51] too, a concept of generalized solutions, the viscosity
solutions, a class of generalized solutions that play the role of weak solutions
for Hamilton-Jacobi equation (1.96).

Definition 1.5.1. A function u € BUC(w) is called a viscosity solution of
(1.96) if

iV € Clw), Vk € R, if ¢ - (u— k) has a local positive maximum at
(to, o) € w then

0 8] )+ (1020l 20) ~ 2 )~ 1)) <0,

¢(to, o) ©(to, o)

and if ¢ - (u — k) has a local negative minimum at (ty,x¢) € w then
oi(to, o) @z (to, o)

— t k)+H |t t ———(u(t —k)] >0
ot 70) ————(u(to, xo)—k)+ 0; o, u(to, o), 2(fo. 7o) (u(to, zo) — k) | =0,

ii u(0,2) =up(z) Yo € (—ro,10).

Remark 1.5.2. The notion of viscosity solution is a notion of "weak” solu-
tion, since u is assumed to be only continuous and Vu could not exist. Defi-
nition 1.5.1 show that, in some sense, at a point of maximum of ¢ - (u — k) a

\Y
good candidate for the definition of Vu is ShAA (u— k). Indeed there exists

some analogy between this notion of solutions and the standard distribution
theory: integration by parts is replaced here by differentiation by parts and
”is done inside the nonlinearity”. There is some parallel between this notion
and the notion of entropy solution for scalar conservation laws, see [74].

The notion of viscosity solution is consistent with the classical concept of
solution, indeed

Proposition 1.5.3. i Let u € C*(w) a classical solution of (1.96). Then u
1S a viscosty solution too.

ii Let u € C%w) a viscosity solution of (1.96) and suppose u is differentiable
at (to, z0) € w. Then

uy(to, o) + H(to, 20, u(to, o), us(to, o)) = 0.



1.5. HJ EQUATIONS AND APPLICATIONS 33

Proof. cfr. [39] Theorem 1.2 O

Remark 1.5.4. The name " viscosity solutions” refers to the ”vanishing vis-
cosity” method, i.e. the viscosity solution u as the limit of the sequence {u‘}.
of solutions of the parabolic problem

u(0,z) = up(x) Va e (—rpo)
as we will see in the next Theorem.

Theorem 1.5.5. Let u¢ € C?*(w) be a solution of (1.97) and assume that
there exist u € C°(w) and a subsequence {u}, C {u}. such that u" — u
in C%(w). Then u is a viscosity solution of (1.96).

Proof. cfr. [37] Proposition IV.1 O

By Theorem 1.5.5 and using the vanishing viscosity method, we infers the
following existence and uniqueness theorems.

Theorem 1.5.6. (Existence) Assume H(t,z,z,p) € C®(wxRxR) satisfies

i for each R > 0 there exists a nondecreasing og : [0,2R] — [0, 400) such
that limg_o+ or(s) =0 and

|H(t,z,2,p)|=|H(t,z,2,9)| <or(lp—ql)  V(t,2) €Ew, z € R, p,qg€ B(0,R)

ii there exists v € R for which

|H(t,z,z,p)| — |H(t,z,2',p)| > 7]z — 7| V(t,z) Ew, 2,2 ,peR

iii there exists a nondecreasing 6 : [0, +00) — [0, +00) such that limg o+ 0(s) =
0 andVtel[0,T], z,y € (—ro,70),2,p €ER

|H(t,z,2z,p)| = |[H(t,y, z,p)] < 0(lz —y|(1+[p])).

Then there exists u € C°(w) unique viscosity solution of (1.96).

Idea of Proof: see [71], Theorem 4.2: We prove that (1.97) is solvable,
then we conclude by precompactness of {uf}. using estimates on u¢ and u
in L*>°(w) and Theorem 1.5.5. O
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Theorem 1.5.7. (Local uniqueness) Let u,v € C%(w) be viscosity solution
of (1.96) such that m = max (|u]eo, [|[V]e), C = max (|us]oos [Vzloo) - Let
H(t,x, z,p) be nondecreasing in r for (t,z,p) € w X R and such that

|H(t,l’,Z,p)—H<t,I72,Q)| S L|p_Q| f07” |p|7 |Q| S Ca |Z| S m, |.T| S R—Lt.
Then u=wv on |x| < R — Lt.
Proof. see [37] Theorem V.3 O

Let us now notice a very interesting link between Hamilton-Jacobi equa-
tion and Conservation laws:

Theorem 1.5.8. Let f € CYR), wy € Wh>®((=rg, 1)) and G(t,z) =
Iy 9t y)dy, g € COw). If w € Whe((—ro, o)) is the unique viscosity
solution of

w(0, ) = wp(x) Va € [—ro, 7o
then u := w, 1is the unique entropy solution of (1.18).

Proof. Following the proof of Theorem 2.2 in [36], by the proof of Theorem
1.5.6, see [71] Theorem 4.2, w is the limit as € — 07 in C°(w) of the regular
solution w* of

{ wi + f(w) =G+ ewS, nw (1.99)

we(0,z) = wo(z) V€ [—ro,

Let us notice that for any ¢ € C}(w)

lim [ wip drdt=—lim [ w, dvdt =— / wp, drdt = / Wy dx dt.

e—0t e—0t+

(1.100)
On the other hand, by Theorems 1.3.1 and 1.3.3 there exists u unique entropy
solution of (1.18) and let us observe that u = w, solves the problem

u; + f(ue)a: =g+ eujm in w
{ we(()’q;) = wo(&?) Ve [_T07T0] (1.101)

According to the proof of Theorem 5 in [6] u¢ — w in L>®(w) as e — 0.
Then

lim [ up dxdt = /ugp dx dt (1.102)

e—0t

Consequently, by (1.100) and by the uniqueness of the weak limit w, = u
a.e. in w. O
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Let us show finally an interesting regularity result of continuous distribu-
tional solution of a conservation laws. By this Theorem we conclude that the
discontinuities of distributional solutions are the reasons of the non unique-
ness of these solutions. This result was obtained with the help of S. Bianchini

[16].

Theorem 1.5.9. Let u,g € C°(W) such that u is a distributional solution of
(1.18). Then u is the entropy solution of (1.18).

Proof. Equation (1.18) is equivalent to the problem

curl( f(u)“_ C > =0 (1.103)

where G(t,z) = / g(t,y)dy. Then there exists w € C''(w) such that
0

W, =u wy=—f(u)+G (1.104)
By (1.104) we obtain the Hamilton-Jacobi equation associated with (1.18)
w + f(w,) =G (1.105)

By Theorems 1.3.1, 1.3.3 there exists 4 unique entropy solution of (1.18) and
by Theorem 1.5.8 w, = @ a.e. in w, therefore we conclude by (1.104). O]
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Chapter 2

The Heisenberg Group

In this chapter we introduce and describe the Heisenberg Group H". The
Heisenberg Group is the simplest example of subriemannian Carnot-Carathe-
odory space, endowed with a not euclidean metric. The Heisenberg Group
has a rich differential structure and is in particular a Carnot Group, i.e. his
Lie Algebra is simply connected and nilpotent.

In sections 2.1 and 2.2 we recall the most important definitions and prelim-
inary results about H", see [64, 83, 1, 2, 55, 82, 56, 57, 60, 81, 80, 76, 44,
25, 94, 32, 22, 23] too. In section 2.3 we speak about multilinear algebra in
H", in particular we recall some definitions and results by [8, 52, 58, 59, 90].
In the last section 2.4 we discuss about the Rumin complex, a complex of
intrinsic differential forms that fits the structure if H"” in the same way as
De Rham complex does in Euclidean spaces. In this section we establish the
explicit compatibility’s conditions of F € D'(H", R?") for the existence of
¢ € D'(H") such that V¢ = F (see Theorem 2.4.16), giving a generaliza-
tion of proposition 2.6 in [59].

2.1 Definition and preliminary results

We indicate by H" the n-dimensional Heisenberg group H" ~ C" x R ~
R?"+1 We shall denote the points of H" by P = (2,t) = (x + 1y, t), z € C",
z,y € R", t € R, let us write (21, ...Tn, Y1, .oy Yn, t) = (Z1, ..., Tap, ) tooO.

Definition 2.1.1. If P = (z,t), Q@ = ((,7) € H" let us define the group
operation

P-Q:= (z—k(,t—i-T—l—%%m(C-Z)). (2.1)

We denote as P~ := (—z, —t) the inverse of P and as e the origin of H".

37



38 CHAPTER 2. THE HEISENBERG GROUP

Definition 2.1.2. Let us introduce the group of left- translations defined by
7p : H* — H" as
Q—1p(Q):=P-Q
for any fired P € H" and the family of non isotropic dilations
5.(P) = (rz,r’t), forr > 0. (2.2)

H" is the simplest example of subriemannian Carnot-Caratheodory space.

Definition 2.1.3. We define on H" the family of left invariant vector fields,

forj=1,...,n
0 y; O
X, =— 2= _W.
J (91’]- 2 Ot I
g x; 0
YVii=—+2 - =W.., 2.
! 8yj+28t Wisn, (23)
0
T::§:W2n+1

and their commutator
(W;, Wi = W;W; — W;Wj.
Remark 2.1.4. Let us notice that fori,5 =1,...,n
[Xi, X5] = [¥3, Y] =0

and
[XZ‘, 3/]] = (SZ‘J‘T for Z,] = ]_, cee, N (24)

Remark 2.1.5. The family of left invariant vector fields X, Y}, T introduced

in Definition 2.1.3 generates a Lie algebra, that we indicate with . b is
nilpotent of step 2, i.e. there exists two subalgebra of h

b1 := span{ X}, Y}, b2 := span{T'}
such that h = by @ by and

(b1, b1] = b2, (b1, b2] =0, [h2, b2] = 0.

Remark 2.1.6. The family of vector fields X4, ..., Y, satisfies the Horman-
der’s condition: the rank of the Lie algebra b, is maximal, i.e.

rank h; = 2n. (2.5)
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Let us now define the Carnot-Caratheodory metric associated with the
vector fields X1, ..., Y,,.

Definition 2.1.7. We say that an absolutely continuous curve ~y : [0,T] —
H" is a subunit curve with respect to Xy, ..., X, Y1,...,Y, if there exist real
measurable functions a,(s), ..., az(s), s € [0,T] such that 37, a7 <1 and

$(s) =D a;($)X;(v(s) + Y ajea(s)Y;(1(s)),  fora.e.s€0,T).
=1 =1

If P, Py € H", their Carnot—Carathéodory distance do (P, Py) is

de(Py, Py) =inf {T'>0:3y:[0,7] = H" subunit, v(0) = P, y(T) = P} .

Remark 2.1.8. Notice that the set of curves joining P, and P, is not empty
for Chow’s Theorem, since the Hérmander’s condition (2.5) is satisfied and
hence d¢ is a distance on H".

Definition 2.1.9. Let us denote the open balls for de by Uc(Py, 1) := {P €
H" : do(P, PRy) < r} and the closed balls for de by Beo(FPo,r) = {P € H" :
dc(P, Py) <r}.

Let us define an other distance d,, equivalent to d¢, which is more easy
to compute.

Definition 2.1.10. On H" we can define the homogeneous norm
| Pllso := max{|z|, [t|'/?} for P = (z,t) € H" (2.6)
and the distance (see proposition 2.1.11)
de(P,Q) = | P Q|- (2.7)

We shall denote by Uy, (Fy, ) and Be(Py, 1) respectly the open and closed
balls with centre Py € H" and radius » > 0 with respect to the distance d.,
in H".

Proposition 2.1.11. The function d., defined by (2.7) is a distance in H".

Theorem 2.1.12. The Carnot-Carathéodory distance d¢ is (globally) equi-
valent to the distance do, defined in (2.7).

Proof: see [93].
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Proposition 2.1.13. The following properties of do, hold: ¥ P,Q, Q" € H"
and ¥Yr >0

dC’(TPQ7 TPQ/) = dC(Qu QI) dC(6TQ7 67"(2/) =T dC(Q> Q/> (28>
The metrics de and ds, are not equivalent to the euclidean:

Theorem 2.1.14. For any bounded subset ) € H" there exist positive con-
stants c1(Q2), c2(2) such that

1(Q)|P = Qlrenir < de(P,Q) < c2(Q)|P — QYo (2.9)
for P,Q € ).

Remark 2.1.15. The topologies defined by d¢ and by the Euclidean distance
coincide on H", therefore the topological dimension of H" is 2n + 1. On the
contrary the Hausdorff dimension of (H",d¢) is @ = 2n + 2, see Theorem
2.1.19. Indeed it was proved in [91] that there are no bi-Lipschitz maps from
H" to any Fuclidean space.

Remark 2.1.16. U, (P,r) is an Euclidean Lipschitz domain in R***!.

There is a natural measure dh on H" which is given by the Lebesgue
measure dL?"™ = dzdt on C" x R. The measure dh is left (and right)
invariant and it is the Haar measure of the group. If E C H" then |E|
denotes its Lebesgue measure.

Notation 2.1.17. (see [52]) We shall denote by H™ the m-dimensional
Hausdorff measure obtained from the FEuclidean distance in R**"*1 ~ H",
and by HZ the m-dimensional Hausdorff measure obtained from the distance
doo tn H". Analogously, 8™ and ST will denote the corresponding spherical
measures.

Translation invariance and homogeneity under dilations of Hausdorff mea-
sures follow as usual from (2.8), more precisely we have

Proposition 2.1.18. Let Q C H", P € H" and m,r € [0,00). Then
HD (1pQ2) = HZ(QY)  and H(6,(2)) = r™HZ (). (2.10)

As we said in remark 2.1.15, the Hausdorff dimension of H" as a metric
space is @ = 2n + 2 (see [79, 84]). Q is called homogeneous dimension too.
For this purpose, let us recall that the Eulero’s I' function is defined as

400
[(t) = / ri=te " dr
0
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and let us define for s > 0

Nl

ws 1= m (2.11)

Theorem 2.1.19. Let w; defined as in (2.11). Then

2w 2w
h = £2n+1 _ 2n 82n+2 — 2n HQ )
Wan+2 > Hgg—i_Q(BOO((L 1)) >

In the following we shall identify the vector fields and the associated first-
order differential operators.

Definition 2.1.20. Let W € h, K € H" a compact set and p € K. Let us
consider the Cauchy problem

'.Yp(‘g) =W ('Yp(s))
{ 7(0) = p (2.12)

Let us denote as the exponential map exp(sW)(p) := v,(s) the solution of the
problem (2.12).

Theorem 2.1.21. (Campbell-Hausdorff formula)
Let VW € b, then exp(V') exp(W) = exp(P(V, W)) where

1
P(V,W) = V+W+§[V,W].

Let us now introduce the concept of tangent bundle and horizontal bundle
in H".

Definition 2.1.22. Let us indicate by TH" the tangent vector bundle of H™,
generated by the vector fields X1, ..., Y,,T.

Definition 2.1.23. Let us indicate by HH™ the horizontal vector bundle of
H", generated by the vector fields X, ..., Y,.

Remark 2.1.24. HH" can be canonically identified with a vector subbundle
of TH". Let us indicate as HH the horizontal fiber at each point p € H".
Each fiber can be endowed with the scalar product (-, -), and the norm | - |,
that make the vector fields X1, ..., Y,, orthonormal.

Hence we shall identify a section of HH" with its canonical coordinates with
respect to this moving frame.

Remark 2.1.25. Since remark 2.1.24 we will identified each section F' of
HH" with a function F' = (F}, ..., Fy,) : H* — R?",
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Finally let us define the projection of a point [z,¢] € H" on a horizontal
fiber HE" .

Definition 2.1.26. Let (z,t),po € H" be given. We set
o ((2:1)) == Y 2 X;(po) + Y 4;Y;(po).
o j=1
The map po — mp,((2,1)) is a smooth section of HH".

2.2 Some recalls of Functional Analysis

Following [55] let us give now some definitions and results concerning intrinsic
differentiability in H", see [83, 84] too.

Notation 2.2.1. If €2 is an open subset of H" and £ > 0 is a non negative
integer, let us indicate by C*(Q), C*°(Q) the usual (Euclidean) spaces of
real valued continuously differentiable functions. We will denote by Lip(£2)
and Lip,.(S2) respectively the set of Lipschitz and locally Lipschitz contin-
uous in Q. Let us denote by C*(Q; HH") the set of all C*-sections of HH"
where the C* regularity is understood as regularity between smooth mani-
folds. The notions of C*(Q; HH"), C*(£2; HH") and C°(); HH") are defined
analogously.

Definition 2.2.2. A map L : H* — R is H-linear if and only if it is a
homomorphism and if ¥ p € H" and YA >0 L(dx(p)) = AL(p).

Proposition 2.2.3. A map L : H" — R s H-linear if and only if there
exists (a,b) € R* such that L(p) = {(a,b), (z,y))gen for p = (v + iy, t).

Definition 2.2.4. Let 2 C H" be an open set and f : Q0 — R. We say that
f is P-differentiable at py € Q2 if there is a unique H-linear map L : H* — R

such that
o S P) = fpo) — L (p' - p)
im
p—po dss (P, o)

or equivalently there exists a homomorphism L : H" — R such that

L (T (0) = £(9)

A—0t A

=0 (2.13)

= L(v) (2.14)

uniformly with respect to v belonging to a compact set in H"™. We shall write

L =dufp,.
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Definition 2.2.5. Let 2 C H" be an open set and f : Q@ — R. We say
that f is differentiable along X; orY; at py € Q if the map A — f(7,,(dx€;))
or respectively X — f(Tp,(dxej1n)) is differentiable at X = 0, where ey, is the
k-th vector of the canonical basis of R*"F1,

Remark 2.2.6. If f € C*(Q), then f is differentiable along X; and Y; at all
points of (2.

We can introduce now the notions of gradient for functions H” — R and
divergence for sections of HH".

Definition 2.2.7. Let Q C H" be an open set and let f : Q@ — R be
differentiable along X; andY; at po € H" for j =1,...,n. We define

n

Vil =Y (XNHX; + (V)Y

Jj=1

Remark 2.2.8. Vg f is a section of HH", whose canonical coordinates are
(Xaf, ..., Xof.Yaf, ..., Yof). Therefore Vi f can be defined alternatively in
the following way: if f € C1(Q)

Vaf = (Xifso o Xnf Yafso o Yo f) (2.15)

Remark 2.2.9. Let us notice that Vg = CV, where V is the Euclidean
gradient and C'is the 2n x (2n + 1) matrix whose rows are the components
of the vectors X, ..., Y,:

X)) ] [ 000 e 0 —hy T
C(p) := Yip) | |0 .- 001 --- 0 %g;l
_Yn(p> _ _O 00 - 1 %ajn |
Definition 2.2.10. If F = (Fy,..., Fy,) € CY(Q; HH),
divyF = X;F; +Y;Fj.,. (2.16)
j=1

The definitions above can be understood in distributional sense too.

Proposition 2.2.11. Let Q0 C H" be an open set and let f : Q@ — R be
P-differentiable at py € 2, then f is differentiable along X; and Y; at py for
j=1,...n and

dif (po)(v) = (VS 7p (0)) po-



44 CHAPTER 2. THE HEISENBERG GROUP

Lemma 2.2.12. Let Q C H" be a connected open set and let f € Li ()
such that
Vuf =0.

in distributional sense. Then f = cost in 2.

Definition 2.2.13. If Q € H" let us denote by CE() the set of continuous
real function in Q0 such that Vyf in distributional sense is continuous in
Q. Moreover let us denote by Cy(Q2, HH") the set of all sections F' of HH"
whose canonical coordinates F; € Cy(Q) for j € 1,...,2n.

Example 2.2.14. Let us notice that C'(Q) C C§(Q) and the inclusion is
strict; consider the following example ( see [55], Remark 5.9.): let n = 1 and
F(2.1]) = 2 — gy 22y + 1), where

pl“q .
q) = f (p, 0,0 d ¢(0,0) = 0.
9(p, q) i (p,q) # (0,0) and ¢(0,0)

Then f € C5(Q) if 3 < a < 4, but f is not locally Lipschitz continuous with
respect to the euclidean metric of R3. O

Let us recall also the following characterizations of the functions in CE(Q)
(see [55], section 5)

Proposition 2.2.15. Let Q C H" be an open set and let f € C°(Q). Then
the following conditions are equivalent:

i feCr);

ii there exist g; € C°(Q) (j = 1,...,2n) such that f is differentiable along
X, in Q with derivative gj. Namely for each p € Q) there exists 6, >
0 such that (—6,,0,) — exp(sX;)(p) = p- se; € Q, (—0p,0,) —
Fexp(s X,)(p)) is O and

L F(expl(s X,)(p)) = g5(expls X))(p) V5 € (6.5,

Proposition 2.2.16. Let Q2 € H" an open set and f : 2 — R a continuous
function. f € C{(Q) if and only if its distributional derivatives X; f,Y;f are
continuous i ) for j =1,....n.

Theorem 2.2.17. Let Q C H" be an open set. If f € CL(Q) then f is
P-differentiable at any point py € ).

Similarly to Definition 2.2.13, let us give the following
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Definition 2.2.18. We shall denote by CE(Q) the set of continuous real
functions f in Q such that Vyf is of class C*~' in Q. Moreover, we shall
denote by Ck(; HH™) the set of all sections ¢ of HH™ whose canonical co-
ordinates p; belong to CE(Q) for j=1,...,2n.

Definition 2.2.19. Let Q C H" we will denote by Lipu(Q2) the set of func-
tions f : © — R such that there exists L > 0 for which

lf(P)— f(Q) < Ldo(P,Q) VP, Q€. (2.17)
Remark 2.2.20. By (2.9) Lipu(Q2) C C%(Q).

The following characterization of Lipg(€2) holds (see, for instance, [81],
Theorem 2.21).

Theorem 2.2.21. Let Q) C H" be a connected open set then the following
are equivalent

ii f€LX(Q) and there exists Vi f € (L®(Q))* in distributional sense.
Moreover the constant L in (2.17) can be chosen as L = ||V f|| (1o @))2n-

Remark 2.2.22. Let Q@ C H" be an open set. Then Cg(2) C Lipg ;,.(9).

Let us report the classic technique of intrinsic convolution in H" ~ R?"+1
see [53]. Let p € C°°(H") be such that p is a standard mollifier, i.e. 0 < p <1,

pdL?" T =1, sptp C Bo(0,1) and p(p~!) = p(p) for all p € H". Let us
H"L
denote for f : H" — R measurable and p € H"

pe(p) =€ %p (51 (p)>

€

0 = D)= [ plafta 9 ae o) = [ plra i@ o)
The following results hold:

Lemma 2.2.23. i sptf. C Boo(0,¢€) - sptf;

ii If f e LP(R*), 1 <p < oo, then fo — f in LP(R*) ase — 0;

iii Wj(pe * ) = pe x Wi for any ¢ € C°(H") and each j =1, ...,2n;

iv [ fgdCm = / gef ALY for every f € L®(H"), g € L'(H")

Hn»
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v If f € L®(H") N C%RN) for a suitable open set @ C H" then f. — f
uniformly on compact subsets of 2 as € — 0.

In H"” there is a natural definition of bounded variation functions and of
finite perimeter sets (see [60] ).

Definition 2.2.24. We say that f : Q — R is of bounded H-variation in an
open set Q C H", (f € BVu(Q)), if f € L*(Q) and if

/d\VHﬂ i= sup { / fdivge dh : @ € CHQ;HH"), |o(P)|p < 1} < +o00.
Q Q

(2.18)
Analogously the space BVio.(2) is defined in the usual way.

Definition 2.2.25. We say that E C H" is a locally finite H-perimeter set
(or a H-Caccioppoli set) if 15 € BVioc(H"), where we indicate as 1 the
characteristic function of the set E. In this case, the measure |Vylg| will be
called H-perimeter of E and will be denoted by |OF|g.

Theorem 2.2.26. There exists a |OE|g-measurable section vy of HH™ such

that
—/ divgp dh = / (VvE, ) dOFE|g Vo € C°(2; HH");
E n
lvg(P)lp=1  for|0E|g — a.e. P € H".
The measurability of vg is meant in the sense that its coordinates vy, . .., oy,

are |OE|g-measurable functions.

The function vg can be interpreted |0F|g-almost everywhere as a gene-
ralized inward “horizontal” normal to the set E.

Finally let s recall the following definition, see [8].

Definition 2.2.27. Let Q C H" be a bounded open set, 1 < p < oo and m €
N. Let us denote by Wi (Q) the space of all w € LP(Q) such that W'u €
LP(Q) for any mliti-index I with d(I) < m, endowed with the natural norm
lulwmr ). Let us denote by Wy'y’(Q2) the completion of D(S2) in W™ ().

2.3 Multilinear algebra in H"

Following [8, 52, 58, 59], let us study some definitions and results of multi-
linear algebra in the Heisenberg group H".
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Definition 2.3.1. Let us denote by /\1 b the dual space of b := span{ Xy, ..., Y,,, T'}.

The basis of /\1f) is the family of covectors {dxy, ..., dx,, dy, ..., dy,, 0},

where
n

1
0:=dt -3 > (wjdy; — y;duy)

Jj=1

is the contact form in H”. Let us indicate as (-,-) the inner product in A' b
that makes dxq, ..., dx,, dy, ..., dy,, 0 an orthonormal basis.

Definition 2.3.2. If we set fori=1,...,n
W; = X, Witn =Y Wopgr =T,

0; := dx;, Oin = dy;, Oong1 =0,
weput/\of);:/\oh =Rand for1 <k<2n+1

/\k[’) =span {W;, A .. AW, 1< <...<ip<2n+1},

k
/\ ho=span{f, A .. A0 : 1 <i3 <..<ip<2n+1}.

The elements of A, h and /\kh are called k-vectors and k-covectors. By
Definition 2.3.2 we obtain the graded algebras

2n+1 2n+1

Ai=@NAs md Av-D Ao

Remark 2.3.3. The dual space A'(A, ) of A\, b can be naturally identified
with A" h. The action of a k-covector ¢ on a k-vector v is denoted by (p|v).
The inner product (-, -) extends canonically to A, b and to A" h making the
bases {W;, A... AW, } and {6;, A ... A0;_} orthonormal. Let us finally notice

that
dim/\kl‘) = dim/\kh = ( 2”2_ 1 >

Definition 2.3.4. An element v € A\, b is called simple (or decomposable) if
and only if it equals the exterior product of k elements of §, i.e. there exists
V1, ..., U € b such that

v=v1 N ...\ V.

An element ¢ € /\k b is called simple (or decomposable) if and only if it equals
the alternating product of k elements of /\1 b, i.e. there exists p1,...,0r € b
such that

Y =p1 N ...\
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The same algebraic construction can be performed starting from the vec-
tor subspace by C b, obtaining the horizontal k-vectors and horizontal k-
covectors

/\kbl =span{W;, A .. AW, 1 <i; <. <i,<2n},

k
/\ hr:=span{f, A ... A0, : 1 <iy3 <..<ip<2n}

and the graded algebra

2n 2n
X k
A=A ad Ab=BAn
k=0 k=0
Let us observe that HH" = /\1 b1, where HH" is the bundle generated by
X, .., XY, ... Y,.

Definition 2.3.5. Let us define the horizontal differential dy - /\k[jl —
A0y by linearity by

2n
dig(f0i, Ao AO3) = (Wif)0; AO;y AN,

j=1
for f H" =R, 1 <1q,...,0 < 2n.

Remark 2.3.6. The symplectic 2-form df € N> b is

d == dyd = = dx; Ady;.

j=1

Let us indicate I = {iy,...,5x} with 1 < iy < ... < i < 2n+1, W; =
Wil N o AW, 0 = 0, N N0y T =i < o <5, b = {1, 2n+1}\ 1
and o(I) the number of couples (ip, ;) with i, > if. Following [52, 58] let us
define the Hodge operator

Definition 2.3.7. For 1 < k < 2n + 1 we define the linear isomorphisms

k 2n+1-k
SAD A e N AT

putting forv=">,v/Wr and p =, p10;
XU 1= Zv[(*WI) and k(= Z or(x0r)
I I

where
Wi = (=1)°DWr and  x6; = (=1)7Dh,..
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Remark 2.3.8. Notice that, if v = vy A ... A vy is a simple k-vector, the *v
is a simple (2n 4+ 1 — k)-vector. Moreover, notice that if v € A, by, then
v =EANT with £ € A\,,,_,. b

Proposition 2.3.9. The following properties of the x-operator hold ¥ v, w €
k
Aib and Vo, € A™b

kU = (_1>k(2n+17k)v =, % (p = (_1)k(2n+17k)g0 = o,
v A xw = (v, WYW1 A ... A Wopiq, @ N xth = ()01 N ... A\ Oy
{xp]* v) = (plv).
Definition 2.3.10. Ifv € A\, b let us define v € A" b by the identity

(W |lw) == (v, w) Vw e /\kf)

Analogously we define o* € N, b for ¢ € N b by the identity

(W) = (o) Yoe N\b

Remark 2.3.11. A simple non-zero k-vector v = v A ... Ay, € A\, b is
naturally associated with a left invariant distribution of k-dimensional planes
in R?"*1 ~ H". v is said to be integrable if the distribution of k-planes
span{vy, ..., v} is integrable. In general, if & > 1, this distribution is not
integrable because not necessarily [v;,v;] € span{vy,...,v;} (by Frobenius
Theorem), for example the 2-vector X; AY; € A, b.

Let us define the vector spaces of integrable k-vectors and k-covectors as
follows.

Definition 2.3.12. We set gy \; =R and for 1 <k <n

H/\k = span {v € /\kf)l : v simple and mtegmble}

H/\2n+1—k = <H/\k>

Integrable covectors are defined for 0 < k <2n+1 by

H/\k = {%0 € /\kb Lt ey /\k}
and H/\k turn to be isomorphic to /\1 (H/\k>
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Remark 2.3.13. Notice that y A\; = A; b1 = bhi1. On the contrary, for
1<k<n,0# g A, S A,bi. Finally we have for 1 <k <n

H/\k - (H/\2n+1—k> '

Proposition 2.3.14. If 1 < k < 2n + 1, then the following diagram 1is

commutative
A
—_—
H /\ L AV

ﬂT TU
k *
H/\ H/\2n+17k

Proof. (see [8]) By proposition 2.3.9, if ¢ €5 A" is given and v € A
is arbitrarily taken, then

(al * (¢7)) = (xalg™) = (al x ¢) = (a] (x¢)).

2n+1-k h

m
Proposition 2.3.15. We have for i = 1,....2n W! =6, and T = 0. In

2

particular if o, 3 €y N with 1 < k < 2n+ 1, then (o, B) = (af, ).
The following characterization holds, see [58].

Theorem 2.3.16. Assume 2 <k <n andv=v A...ANvy € \, b1, v #0.
The following three statements are equivalent:

ii [v,v;] =0 for1<i,j<k

iii (yAdOlv) =0Vye AN"2h

Proof. i = ii. Because [v;,v;] is always a multiple of T and v;,v; € by, the
necessity of ii for the integrability of the distribution associated with v is
just Frobenius Theorem.

ii = i. follows from Frobenius Theorem.

ii & iii. A direct computation yields [v;, v;] = (df|v; A vj) = —(v;, vj)pen. If
v=u,..,0p € b and if v € A2 by then

(y AdBlo) = (@) (|on() A oo A Vr-2))(d0]0n(h-1) A Urr)
where the sum is extended to all the permutations 7 of {1,...,k} and o(7) is
+1 accordingly with the parity of the permutations 7. Hence, Vv € /\k_2 b1,
(y AN dBlvy A ... ANvg) = 0 is equivalent with [v;,v;] = (df|v; A v;) = 0 for
1<i<j<k O
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Remark 2.3.17. In general let us set N, := dim 5 A\, = dim p /\k Let us

show now that
dimH/\2=(22”)—1

and that a vectorial basis of y A\, is

1
B = {W; A W/J}linjﬂffn U {E(Wh AWhin — Wiyt A Wh+1+n)}

We know by Remark 2.3.13 that 4 A, € A,b1 Vrn € N and that {W; A
W;}ij=1,. 20 is an orthonormal basis of A,bh;. Let us notice that g A, is
a vectorial subspace of A, b, since 0 €y A, and z /A, is closed respect
the sum and the scalar product. Therefore a vectorial basis of 5 /\, can be

composed by vectors of the basis of /\, h; or by their linear combinations and

dim g A, < < 22n ) — 1. Let us observe that

{VVZ VAN Wj}1§i<]‘§2n - H/\2 (2.20)

J#i4n
By Theorem 2.3.16 we know that if v € g A,
k=2
(yAdOl) =0  vye N\ b (2.21)

Since k = 2, «y is a constant. To verify (2.20), let us notice that (df|v) = 0
for v = W; AW, with j # ¢ + n. Indeed

<2ﬁw&m

k=1

Wi/\Wj>:o if i+ n.

Let us considerate {W; AW, }i=1.. ., and notice that these vectors do not
belong to z /\,. Indeed let us verify (2.21) does not hold for v = W; A Wi ,,.
Indedd Vi=1,...,n

<§:@A0Hn

k=1

Wi A VVi+n> = (0; AN Wi AWign) = Wi AW = 1.

But there are linear combinations of {W; AW, }i—1
Indeed let us consider the n — 1 vectors

» that belong to i A,.

.....

v = {Wi AWiin — Whit AWihiagnth=1,.n—1 (2.22)
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They belong to g A,, indeed

(dBlvy,) = <Z O A Opn

k=1

Wi AWhin — Whit A Wh+1+n> =

= (On A Ohgn Wi A Whin) = (Ons1 A Opirgn Wi AWhiiqn) =
= Wi AWhin| = [Whit AWhiagn| =0
It is easy to verify that they are linearly independent and by an easy combi-

natory calculation we have that the cardinality of B is ( 2271 > —1=d

Therefore B is a vectorial basis of i A, and dimy A, = d. Finally we

1
normalize some vectors of the basis with the coefficient —, because

V2
(Wi A Wi — Wigt A Wigian| = V2.

O

Our previous algebraic construction yields, by left translation, several
bundles over H". These are the bundles of k-vector and k-covector, that
thanks to the left invariance of the structure we can still indicate as /\, h and
A"h. Analogously we have the bundles A, b1 and A" b, of the horizontal
k-vectors and k-covectors and the bundles y A, and z A" of the simple and
integrable k-vectors and k-covectors. The fiber of A, h over p € H" is denoted
by /\k,p b, analogously the other ones.

More formally, h can be identified with TH, the tangent space to H" at the
origin. Thus g Ay ~x /\; . is a subspace of A, TH.

Definition 2.3.18. Let us introduce for q,q" € H" and for any linear map
J: THy — THY, the linear map

Af = N\, THy — )\ TH;
defined by
(Apf)(r Ao Avg) = f(or) Ao A f(og).
Let us define, for any p € H",

H/\k = (Adep) (H/\k,e>

P
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The inner product (-,-) on A, b induces an inner product on each fiber
i\, by the identity
(Apdry(v), Apdry(w)),, == (v, w).

Definition 2.3.19. Let us introduce for q,q" € H" and for any linear map
f:THy — THY, the linear map

N g N — AT
defined by
<(Akf)(a)\vl AN Uk> = (o|(Arf)(vr Ao Aug))

forany a €g /\l;, and any simple k-vector vi A...\v, €g /\k,q‘ Let us define,

for any p € H",
H/\p (AFdr, (H/\>

The inner product (-,-) on A" b induces an inner product on each fiber
k . .
m /\, by the identity

(A*dry-1(v), A dry (w)>p = (v, w).

Lemma 2.3.20. If p,q € H", then

k k
Adeq ‘H /\ —H /\ and Adeq—l ‘H /\ —H /\
k,p k,qp D qp

are isometries.
Proof. see [8] By the identity 7, - 7, = 7,,, we obtain
Aydr, - Aydry = Apdryy, and  AFdr,-o - Ardr o = Nodrg, -
and so the thesis. O

We give now some definitions of spaces of k-differential forms and k-vector
fields in H".

Definition 2.3.21. Let K C H" be a compact set. If 0 < m < oo and
1 <k <2n+1, let us denote by D™ (K) the space of all C™-sections of
" /\k over K, i.e. the Heisenberg k-differential forms of class C™ in K. Let

us denote by
D" (K) = D" (K) & ... ® Dy "™ (K)

the graded algebra of all Heisenberg differential forms in K of class C™, where
DY™M(K) = C™(K).
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Definition 2.3.22. Analogously to definition 2.3.21 , let us denote by Dy, (K)
the space of all C™-sections of uy J\, over K, i.e. the Heisenberg k-vector
fields of class C™ in K and by

Dﬁ*(K) = Dﬁl,o(K) .0 D}}nﬁan(K)
their graded algebra.

Let us set also Df(K) := D™ (K) and Dy (K) := D, (K).

Let U C H" be an open set, we define DE™(U) and Dyt (U) as the spaces of
all C™-sections of g A" and 5 A* over the compact sets K € U. Finally we
give the definition of £ (U) and &k (U) in the same way, as the spaces of
all C™-sections of g A" and g N, over U.

Repeating the procedure when replacing g A" with A" b; and 5 A, with
A, b1, we obtain the definitions of the horizontal k-differential forms Djj (U),
ELm(U) and k-vector fields D (U), Efup(U).

Remark 2.3.23. Let {&,...,&y, } be an orthonormal basis of g /\f Then
we can define N, smooth sections of g /\k, that we still denote by &, ..., &N,
by taking &;, := AFdr,-1(&;), for p € H" and j = 1, ..., Nj.

{&1ps -, &N, p ) 1s an orthonormal basis of g /\'; Let us also refer to {&1, ..., &, }

as to a left invariant moving frame in y A\".

Remark 2.3.24. Given a left invariant moving frame {&,...,&n, } of g /\k,
and hence a dual moving frame {éf,...,fjn\,k} of i A\, both DE™(K) and
D (K) can be identified with (Cfj(K))™, and endowed with the induced
norms || - |-

The family of norms || - |, m = 0,1, ... induces as usual a structure of
Fréchet space in Df;(K) and Dy x(K)

Let us recall a well-know result of algebraic geometry, see [90, 96].

Lemma 2.3.25. Let us consider the algebraic operator L on horizontal k-
differential forms

L= ’DJIEIHHDI;{J]%?
' a— diNa

L s injective if k < n — 1 and L s surjective if k > n — 1.

Remark 2.3.26. If k =n — 1 L is an isomorphism.
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2.4 Rumin Complex

Let us expose now the results of Rumin [90]. Following [8, 58], we can obtain
from 5 A" a complex of intrinsic differential forms that fits the structure of
H" in the same way as De Rham complex does for usual differential forms in
Euclidean spaces in [90].

Let us show now that the spaces of integrable covectors are canonically
isomorphic to the spaces defined by Rumin.

Definition 2.4.1. Let us define Z* as the graded ideal of differential forms
generated by 0, i.e.

T = {6A6+7Ad9: B~ € /\*b}
and let us define J* as the annihilator of Z*, i.e.
Jr = {ae/\*f): aNf=0and a/\d@zO}.

Remark 2.4.2. 7% and J* are graded, that is

2n+1 2n+1
T = @I’f and J* = @j’“
k=1 k=1

where - -
Th — {ﬂ/\¢9+7/\d0: ge /N bye f)}
k
Tk = {ae/\ bh: aA@zO&ndaAd@zO}.
For 1 < k < n we have Z2t1-F = A®""1"Fp and 7% = 0.
Let us define

ker 7% := {v € /\kb : {plv) =0 Vp e Ik}

and let us define analogously ker J2"*1=% The following identities, or natural
isomorphisms, hold.

Theorem 2.4.3. For 1 <k <n

_ k - Nans1-ib
af\,=kerZtand g f\ RS (229)
£ A 1=k 2nt1—k
H/\ ~ far IF and H/\ =J (2.24)
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Proof. (see [58]) Let us prove the first equality in (2.23). If v € A, b the
condition (y A d|v) = 0 for all B € A"' b implies v € A, b1, hence we get

ko ) . k—2 }
ker 7' —{vE/\khl. <7/\d9\v>—0‘v’7€/\ he.
We conclude by the equivalence of i and iii in Theorem 2.3.16.

To prove the second one in (2.23) recall that, by definition 2.3.12,

k
I = *H/\ = xker Z".
/\2n+1—k k

Moreover,
kerIk:{ve/\ b (oh o —OV@EIk}

Hence

s(ker I%) = {v e\, b (o) =0V e Ik} . (2.25)
Now notice that

e I* = %t € ker JH IR, (2.26)
Indeed *¢! € ker J72"H17F «—
= @lxe) =0, e T = (wplf) =0, vp e g

hence
— (alp®) = 0,Va € (TR = (TN = (a,p) =0,Va € (TN — ¢ e I”

Finally, from (2.25) and (2.26) it follows
<H/\ ) ~ % (ker I%) = {v € /\2 +1fkb C (Y, 0) =0V € keer"“*k} =
/\2n+17kh

~ ker J2n+1-k"

This concludes the proof of the second part of (2.23).

Let us prove (2.24). Recall that for 1 < k < 2n+1, g A" = A" (x A,).
Given that for any two finite dimensional vector spaces V and W with V'
subspace of W, it holds that

A (g) ~ker(V) and V= k/e\:<VVV>’

_ (ker j2n+1—k) 1
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we have for k=1,...,n

! N A Aib - A" b
/\ (ker Z%) =~ ker (kefI’f) ~ kerZF’

and for k=n+1,...2n+1

/\1 (ké\rk;k) ~ ker (ker Jk) =7J"

]

Remark 2.4.4. Let us write explicitly an isomorphism realizing (2.24). For
1 < k < n denote by

k )
R:H/\ —>/\I—k

the map defined by Ra := |a], where [a] is the equivalence class of . Then
denote by

kb k
Pl/é_k —>H/\

the map [o] — 7(«) that associates with a class [ the orthogonal projection
7(c) in A" b of a representative of [a] on the orthogonal complement Z;- of
the linear space

To={Bn0+yndo: ﬁe/\k_lh,fye/\k_2h}.

Note that this definition does not depend on the representative chosen.
k
Let us note that PRa = o for any o €5 A", Moreover, if [a] € /\Ikb then
a —m(a) € I, so that (o] = [r(a)] = [P[a]], and hence RP[a] = « for any
k
o] € A0,

Let us now show that Z;- =5 A" If & = (13 A ... Avp)? €5 A" is a simple

-----

have, recalling the notation 6 = 605,14

(BAO. ) =" B0, A N, AOonia|or Ao Avg) =
J

=" 8y det ((8;,u)) =0

for (fani1]vy) = 0 for I =1, ..., k. Moreover for any v € A" 2,

(yANdO, ) = (yNdBlvy A ... Nvg) =0,
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by Theorem 2.3.16. Thus a € Z;- and hence g /\k is a linear subspace of Z;-.
On the other hand, by (2.24), both 5 A" and Z} have the same dimension
dim /\k h — dim Z;, and hence they coincide. O

Remark 2.4.5. Let us finally observe that

if k<n J* = {0},

k
ifk>n+1 /\Ikh—{()}.

Let us study the Rumin complex, cfr. [8, 58, 90].

Theorem 2.4.6. There exists a second order operator D /\;h — T such
that the contact-complex

1 n
O%R%Cm(Hn)ﬁ%&...ﬁ%L

de

_)O

D jn—i-l de jn+2 dc de j2n+1

has the same cohomology as De Rham complex, where d. is a first-order
operator that depends only by horizontal derivatives.

Remark 2.4.7. If n +1 <k <2n+1 d. is the usual exterior differential.
k

If 1 <k <n-—14d,.is the operator on the quotient spaces b such that, if

o e A0

Ik

d.[a] = [da].
k
By Theorem 2.4.3 /\Ikb

tial operator d., := Pd.R that make the following diagram to be commutative:

k d. k+1
AN 7A

Ab _d_ N
_’Z’k Ik—l—l

is isomorphic to g /\k, let us also define the differen-

Let us write an explicit form of the operator d., with respect to a left invariant
orthonormal moving frame {¢i,...,&n, } of u /\k, obviously in the case 1 <
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k < n — 1. By linearity, let for instance f be a smooth function, and let
i €{1,..., Ny} be fixed. We have

d(f&) = Pd.R(f&) = Pld(f&)] = P(df N&) + fP(d&;).

& €l /\k b1 and hence it is a linear combination (with constant coefficients
determined by left translation at the origin) of dpy, ..., dps,. Thus d§; = 0.
Thus, because df = dyf + (T'f)6, we get

2n

d,(f&)(p) = Pldsf A&](p) = D (Wi f(p))Pldp; A E](p) =

j=1

N

=) (W f(p)A" ' dr,-1 (P [N dr,(dp; A &)] (e)) =

1

Z Ak+1d7p (P [dpj A &-76] (6))) .

If {m, ..., 0N, } is a left invariant orthonormal moving frame of y A" then
there exist real constants Cé,j,k such that

Pldp; A&cl(e) = chs e
[

and hence
do(f&:)(p) = Z (Z Wi f(p > M- (2.27)

Remark 2.4.8. We give an explicit representation of the operator D.
Let [8] € /\ h . There exists an unique lifting 3 such that d3 € J", i.e.

dﬂ ANO =10 and dﬁ A df = 0. Indeed in the class [] there exists always a
purely horizontal element, that we can still denote by [, because any form
B € A"b can be written as § = By + 6 A fr, with Sy, Br € Djyy purely
horizontal. Let us choose

B:=B8-0AL"(duf),

where L is the operator defined in Lemma 2.3.25. Then (cfr. [8, 90]) the
operator D :g N\" —u A" "+ s defined setting D3 := dﬂ, and so

DB =0A (LrB+duL™" (dup))

where Lr is the Lie derivative along T'.
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Remark 2.4.9. Thanks to Theorem 2.4.3 and remark 2.4.7 and 2.4.8, re-
calling definition 2.3.21 we can rewrite the Rumin complex as

0 — DY(H") — DL(H?) % .. % prmry 2,

L D) s L DEFLHHD) 0

see [8, 58].

We can give the definitions of Vg f and divgF in an alternative way
respect to definition 2.2.8, using the differential forms’ language, recalling
that y A\, = b = HH".

Definition 2.4.10. Let Q € H" be an open set and f € CL(Q); let us define
Vuf as the horizontal vector field

Vaf = (d.f)" (2.28)

Definition 2.4.11. Let Q € H" be an open set and let F € C(Q), HH"); let
us define

dive F = (sd(+F?))" (2.29)

Remark 2.4.12. Because {W7, ..., Wy, } is a left invariant orthonormal mov-

ing frame of 5 A, and a horizontal vector field F' can be written in the
2n

form F := ZFjo, F' can be identified with the vector-valued function

j=1
(Fl, ceey an) Thus
2n
divyF =Y W;F;
j=1

Definition 2.4.13. Let F' be a smooth section of g J\,, let us define
curlg F' := (DF”)h ifn=1 (2.30)

curlyF := (dth)h ifn>2 (2.31)

Remark 2.4.14. Let us give an explicit representation of curlyF'.
If n = 1, an orthonormal left invariant moving frame of g /\2 is given by
{02 N O3, —01 N 03}, see remark 2.3.17. By definition we have that

d]HIITn = (W2F1)92 A 91 + (W1F2)91 VAN 92 = (WlFQ — W2F1)91 A 02.
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Since df; := —0; A 05, it follows that
L (dgF?) = —(Wi Fy — WaFY).
On the other hand
LoF* = (WiWy — WoW)Fi0y + (Wi Wy — Wo W) Fyf,
and so
DFE* = Os\LpFitdg L™ (dgF?) = Os A[(WiWo—WoW1 ) FL 01+ (W Wo— W Wy ) Fafy+
—Wi(W1Fy — Wo )0, — Wo(W1 Fy — WaFy)0s) =
= Os N[(2WI Wo Fy = WoW By —WEFy) 01+ (Wi Wo Fy —2Wo Wy Fy — W3 Fy )] =
= QW Wy Fy—WoW, FL—WE2Fy) (=0, N03) (Wi Wo Fy—2Wo W1 Fo— W32 FL ) (62705).
Thus curlgF' can be identified with the second order vector-valued operator

(FL, Fy) — QWIWoFL — WoWL Fy — WEEy, , WiWoFy — 2WoW, Fy — WEFY).

(2.32)
If n > 2, let us denote by 7y the orthogonal projection in /\2 b, along the
linear space © spanned by dfy, ;. Then by remark 2.4.7

d.F* = mto(dg F?).
We compute

2n 2n  2n

j=1 j=1 i=1

= Y (WE-W;F)0;n0;= Y Fi0;\0;

1<i<j<2n 1<i<5<2n

Recalling that dfy, .1 = — Z Ox N Or, and that

1
{9 VAN 9 }1<1<]<2n U _(eh VAN 9h+n - 9h+1 A 9h+1+n)}

Rt

is an orthonormal basis of A”h; N O+ =5 A? (see remark 2.3.17)

n—1

1
(dHFu F; j0;N0j+—= Fh htntEFnt 1 pr14n) (OnAOhin—0n1\Ony140).
V2 &

1<i<j<2n
JFitn
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Thus curlgF' can be identified with the first order vector valued operator

1
... ) — ..., F . —=(Fhpen — F I
(Fov.... Fa) ( s Funen = Fisansion )

withl <i<j<2n,7#it+nand h=1,...,n—1.

Remark 2.4.15. Let us notice that curly :g /\1 —pg /\2, then curlgF €
# \°. Tt follows by Rumin Theorem 2.4.6 that curly is a second order oper-
ator if n = 1 and a first order operator if n > 2.

The Rumin Theorem 2.4.6 yields an exactitudes’ result of the 1-differential
forms in H". Similarly to the classical Poincare Lemma in Euclidean setting,
we have that if F' = (F,..., Fy,) with F; € D'(Q2), where Q C H" is open
and simply connected, there exists f € D'({2) such that

Vuf =F if and only if curlgF = 0, (2.33)

where the equalities have to be understood in distributional sense.

We can give an alternative proof of this result, that does not use the differen-
tial forms’ language and that is obtained by the commutation of the vector
fields W; = X;,Y;,T. If n =1 this equivalence is proved in [59].

Theorem 2.4.16. Let Q C H" be a simply connected open set and let F' =
(Fy, ..., Fyy,) with F; € D'(Q) j = 1,...,n. Then the following conditions are
equivalent

i there exists f € D'(Q2) such that
Vaf=F inQ (2.34)
in distributional sense.
ii Ifn=1
TF = XiFh—-X\1Fy, and TF=YX\F,-Y’F,  (2.35)

i distributional sense.
Ifn>2, foreachi,7=1,....,n

XiF; = X F, XiFjn = YjF, YiFjin=Y;Fiy, withi#j
(2.36)
XjFjn = YiF = XiFipn — YiF; (2.37)

in distributional sense.
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Proof. i=ii: If n = 1 we have TX,f = XiTf and TY,f = Yi/Tf. Since
T = XY — Y1X; we have

T(le) = Xl(le — 5/1X1)f and T(Y1f> = YI(XI}/I — Y1X1)f
If 3f distributional solution of (2.34) we have therefore
TF = X?F— X\YiFy and TF, =Y X\F, - Y?F,.

If n > 2 let us consider the vector fields X;, X;, Y; and Y; with ¢ # j. This
fields are commutative, i.e. X; X, = X;X;, X;Y; =Y, X; and V;Y,; = Y;Y,. Let
f be a distributional solution of (2.34), by X, X, f = X; X, f, X;Y;f =Y, X, f
and Y;Y; f =YY, f in distributional sense, we obtain (2.36).

We obtain the condition (2.37) from the commutation of X; and Y; Vj =
1,...,n. In fact we have X;Y; — Y, X, = T. But, for ¢ # j we have X}V, —
Y; X, = T too. Therefore we have in distributional sense

XY, f =Y X;f =Tf = XiYif - YiXif,
if f is a distributional solution of (2.34) we obtain (2.37).

ii=-i: In the following the derivatives must be understood in distributional
sense.
Step 1. Let us show that the problem (2.34) is equivalent to an Euclidean
type problem. Let us define for fixed ¢ Vj = 1,...,n the vector field F €
1)/((27 R2n+1)
Fy = Fy + 32X Fiy — YiF)
Fiin = Fipn — 505(XiFipn — YiF}) (2.38)
Fons1 = X;Fiyn — YiF,

If f € D'() is a distributional solution of (2.34) we have

1 of

.F.j = Xjf + §$j+an = a_x]

of

B axj—&-n
of

f2n+1 = XzY;f - Y;le = Tf = E

We obtain that f satisfies
Vi=F (2.39)

On the other side, let F be defined as in (2.38) and let f such that (2.39)
holds. By definition
of

i Font1 = XiFipn — il
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and .
Fj = Fj+ 32j4nFomi
1
Fitn = Fjtn — 532;Fonp1

Because f solves (2.39) by assumption, we have

Caf 1 af
i = g, T gty =Xl
of 1 of
) o Tl Y A Vg
R L )

and so we obtain that (2.34) and (2.39) are equivalent.

By classical Poincaré lemma the existence of distributional solution f for
the problem (2.39) is equivalent to ask, for 7,5 = 1,..., 2n,

a-f.] af?n—i—l
= 24
OF; OF
= 2.41

In the following we are going to prove that the condition (2.35) when n = 1
and the conditions (2.36),(2.37) when n > 2 infer (2.40),(2.41).

Step 2. If n =1 let us consider the first condition (2.35)
X2F) - X\Y1\Fy =TF,

That is

OF
X(X0Fy - Vi) = 5 =0,
therefore
0 0 OF
5o (0B = Vi) = Sy= (XiF, - W F) — 8—; =0
Q(XF —YF)—2 F —i—l (X1F, —Y1F1)) =0
o 142 141 ot 1 23/ 142 141 =
and so we have the conditions (2.40)
0Fs  0F1 _
ox ot

Analogously, from
ViIX\F - YR =TF
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we obtain
0Fs 0F» _
oy ot

By the conditions (2.40) we obtain immediately (2.41) by Schwarz Theorem.

Step 3. If n > 2 let us prove that conditions (2.36),(2.37) imply
XjXiFin — X;YiF; =TF; and Y; X;Fiy,, —Y;YiF; =TF;, Vi, j=1,...n
(2.42)

Let us consider the identity of (2.36) in distributional sense

X, Fypn = Vi,
X;Fi = X F}

with 7,7 =1,...,n, i # j, i.e.

/E+anwd£2n+1 :/Fv]}/;wdEQn—i-l
Q

]Eij dLZn—&-l — / F}sz d£2n+1
Q Q

Vi € C2(R2). Let us choose ¢ = X in the first equation and ¢ = Y;¢ in
the second one, with ¢ € C°(Q2), we find

[ FenxpXioarms = [ BYixg e
Q (2.43)
QFinm ALt = /Q F; X Yipdl* !

Therefore V¢ € C°(£2)

[ FanXiXso - FYiXyo) AL = [ (FXYip — FYiXig) de
Q Q

that is in distributional sense

X;XiFipn — X;YF, = TF;. (2.44)
By (2.37) we have by (2.44)

X,(X,Fyn — Y;F) = TF, (2.45)
(2.44) and (2.45) infer a part of the conditions (2.42)

X;X;Fipn — X;Y;F,=TF, Vi j=1..n
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If we consider the identities of (2.36)

Y}'E-{-n - Y;Fj—i-n
Y,F, = X.Fyi,

we obtain in the same way the remaining conditions (2.42).
Step 4. Let us consider the conditions (2.42): for j = 1,...,n and i fixed
we have
X XiFi, — X;YF, =TF;

That is OF
X;(XiFipn = YiF) = =2 =0,
ot
therefore
0 1 0 OF;
8xj( + ) — o itngy = (XiFip ) ot 0
0 0 1
S (XiFion = Vi) = o ( By + 32540(XiFin = Vi) ) = 0
j

and so we have the conditions (2.40)

0Fon+1 B 0F;

8xj 875 =0

Analogously, from
Y;XiFipn — Y;YiF; = TFy,,

we obtain

aon-{-l . aﬂ-f—n

Step 5. Now let us consider the conditions (2.36)

=0.

We have

8Fj_1x, %_lx T 0Fons1 OF; 1 8F+1x ) OF apin
axi 2 v ot 4 vtntytn ot a 2 Ljtn ot j+nditn —875

=0
Therefore

oF; 1 0 1 oF; 1 0 1
+ SLi+n7a; <F + xz—i—nFQn—‘rl) ____:EH—TL (F + sz +nf2n+1) =0
ox; ot 2 Oz, ot 27
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oF, 1 0F 0F 1 0F
dr; 277 ot  ox; 27" ot
For the conditions (2.40), that we have proved in step 3, we get

OF; 1 0Fsuis OF 1 0Fsmn

oz T2 om on, 20 on,
Then, if 4,j = 1,..,n i # 7,
% (FJ + %xj+nf2n+1> - aixj (Fz + %xi+nf2n+l> =0
and so we have the conditions (2.41) Vi,j =1,....,m, i # j
0F; _ 0% = 0.
Ox; Oz,
By using the remaining identities of (2.36)
XiFj, —Y;F; =0, YiFjn—Y;Fin=0
we find &;—"; jn — aiin =0 and ?92:: — ZZ:: =0

Step 6. Let us consider the conditions (2.37) Vj = 1,...,n and i fixed as
in (2.38)
XiFjin = Y;F; = XiFipy — YiFi = Fonya.

Therefore

OFjn 1 OFpn 1 0Fwp OF 1 0F 1 0Fun _ o
or; 27M" ot 4T ot Bry, 2709t 47T o 2

0Fj, 1 0 1 oF; 1 0 1
—— (FJ + —xj+n~7:2n+1> _—]__'%.j+na <Fj+n - —xjfznﬂ) = Fon+1

ox; 270t 2 0z 2 2
OF; 1 1 0F; OF; 1 1 OF;+
I Fp — kit — — L i — =iy = ()
0x; 27T 9N T 9ny,, 27T 2t Ty
By identities (2.40) already proved at the step 3, we obtain
OFj, 1 1 0Fomi OF; 1 1 0Foni1
el KU SN _ — —Fonil — ~Tirn -0
83:]- 2 antl 233] 8.’13']‘ 3xj+n 2 2+l 237]-1- 8xj+n
Therefore

0 1 0 1
2. (Fj+n - §$j5’:2n+1) . (Fj + §$j+n7:2n+1> =0
J

Ljtn
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from which (2.41) in the last case

OFjin  OF;
- = 0.
8xj aijrn




Chapter 3

Intrinsic Regular Hypersurfaces
in the Heisenberg group

In this chapter we introduce the main object of the thesis: the H-regular hy-
persurfaces. Let us recall that in the Euclidean setting R, a Cl-hypersurface
can be equivalently viewed as the (local) set of zeros of a function f : R — R
with non-vanishing gradient. Such a notion was easily transposed in [55] to
the Heisenberg group. We shall say that S C H" is an intrinsic H-reqular hy-
persurface if it is locally defined as the zero level set of f € Cf(H™), provided
that Vg f # 0 on S (see Definition 3.1.1). These hypersurfaces can have an
extremely bad behavior from the Euclidean viewpoint (see [69]), nevertheless
they turn out to be regular with respect to the intrinsic geometry.
This definition of H-regularity yields an Implicit Function Theorem, proved
in [55] for the Heisenberg group and in [56] for a general Carnot group (see
also [32] for an extension to a CC metric space). By this Theorem an H-
regular hypersurfaces could be seen as a X;j-graph, namely there exists a
continuous parametrization ® : w C R*® — H" of S, see definition 3.1.12
and Theorem 3.1.13.
In section 3.2, 3.3 we recall the main results of [4, 94] and some improve-
ments of these contained in [18]: the V?-differentiability and the description
of the normal of an H-regular hypersurface through a non linear partial dif-
ferential equation: the Burgers’ equation. We study in particular the role of
the V?-exponential maps and the concept of broad* solution of the system
V?p = w. Let us underline the characterization given in Theorems 3.2.12
and 3.3.9: S = ®(w) = Gy 4(w) is an H-regular surface if and only if the dis-
tribution V%¢ is represented by a function w = (ws, ..., wa,) € C%(w; R*" 1)
and there exists a family (¢.).~o C C'(w) such that, for any open set w’, we
have

be — ¢ and V% ¢, — w uniformly in o'

69
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We give finally in Theorem 3.3.12 an important original improvement of the
compactness Theorem 5.9 of [4], with an Holder continuous regularity result
for broad* solutions.

The last section 3.4 is devoted to the exposition of the results obtained
in [20] in collaboration with Davide Vittone. We give negative answers
to some questions about the parametrization ® of H-regular hypersurface.
U : (R% p) — (H!,dy) cannot be bi-Lipschitz where p = ((z, 2), (2/,2')) :=
|z — 2’| + |2 — 2|'/? (result obtained with the help of G. Citti and Z. Balogh)
and @ : (R*",d) — (H",d.,) cannot belong to any Sobolev class of metric-
space valued functions when d = | - | and d = do ...

3.1 Intrinsic Regular Hypersurfaces and
Implicit Functions Theorem

In this section we study some fundamental definitions and results following

(4, 55.

Definition 3.1.1. We shall say that S C H" is an H-regular hypersurface
if for every P € S there exist an open ball Uy (P,r) and a function f €
Cy(Us(P, 1)) such that

i SNUL(Pr)={Q € Ux(P,r): f(Q) =0};
ii Vif(P)#0.

We will denote with vs(P) the horizontal normal to S at a point P € S, i.e.
the unit vector
Vuf(P)

| Vaf(P)|p

and with TES(P) the tangent group to S at P, i.e. the proper subgroup of
H" defined by

TgS(P) :=A{Q : (Va(f o 7p)(0), m0(Q)) )o = 0}.

V5<P) =

Finally, we use the notation TyS(P) for the tangent plane to S at P, i.e. the
lateral P - T{S(P).

Definition 3.1.2. Let S C H" be an hypersurface, i.e. a submanifold of
topological codimension 1. A point P € S is said to be characteristic for S
if the Fuclidean tangent plane to S at P coincides with the horizontal fiber
HHP.
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Remark 3.1.3. From an intrinsic viewpoint the characteristic points are
singular points for S. If S is an H-regular hypersurfaces, every P € S is not
characteristic because Vg f(P) # 0.

The classes of euclidean regular hypersurfaces and of H-regular hypersur-
faces are disjoint, in the sense that there are H-regular surfaces in H! ~ R3
that are (Euclidean) fractal sets (see [69]), and conversely there are contin-
uously differentiable 2-submanifolds in R? that are not H-regular hypersur-
faces (see [55], Remark 6.2). An euclidean regular hypersurfaces is H-regular
provided it has no characteristic points.

Example 3.1.4. In R? ~ H! the Euclidean plane O := {(z,y,t) € H' : t =
0} is Euclidean regular while it is not H-regular at the origin: it is enough to

<y7 —SC)
NGRS

cannot be extended at the origin. Let us notice that regular Euclidean hy-
persurfaces whose points never are characteristic are H-regular.

Example 3.1.5. S := {(x,y,t) € H' : f(z,y,t) =2 — /2* +y*+2 =0}

is H-regular in a neighborhood of 0 but not C! regular at the origin.

observe that O\{0} is H-regular and its horizontal normal vo\ f0y =

Remark 3.1.6. H-regular hypersurfaces could be extremely bad from an
Euclidean point of view: indeed, there are examples (see [69]) of H-regular
surfaces in H' which look as Euclidean fractal sets of Hausdorff dimension
5/2 in R3:

Theorem 3.1.7. There exists an H-reqular surface S C H' such that

5—¢

H=2(S)>0 Vee (0,1)

In particular, S is not 2-Euclidean rectifiable.

Let us recall two fundamental results about intrinsic regular hypersur-
faces: their proofs can be found in [55].

Theorem 3.1.8. [Blow-up Theorem]| Let Q2 be an open set in H" and
let E C H" be such that OE N Q = S NQ where S C H” is an H-regular
hypersurface. If Py € S and r > 0 put

Epyy:=061p(Py' - E)={PeH":6,(F"-P)eE}.
Then there is a c¢(n) > 0 such that
L OBls(Un(Py 1)

r—0 r2n+1

i im [0Ep, ;1(Use(0, 1))

c(n);

=H>"(T5S(Po)NUx (0, 1)) =



72 CHAPTER 3. INTRINSIC REGULAR HYPERSURFACES

ii [0EgLQ=c(n)SL1L(SNQ).
Theorem 3.1.9. [Whitney Extension Theorem]| Let F' C H" be a closed
set, and let f : FF — R, k: F'— HH" be two continuous functions. We set
f@Q) = f(P) = (k(P), mp(P~" - Q))p

d(P,Q) ’

R(Q,P) :=
and, if K C F is a compact set,
px(0) = sup{|R(Q, P)| : P,Q € K, 0 < dw(P,Q) < d}.

If pr(0) — 0 as & — 0 for every compact set K C F, then there exist
fH" - R, f € CLH") such that fir = f and Vufir = k.

Let us introduce some useful subspaces of b, (here )?j means that in an
enumeration we omit X;):

0 :=span{Xy,..., Xon};

v; := span{ Xy, .. )? X, T (1 <5< 2n);
0; :=span{ X, ... ,)? L Xon}t (1 <5< 2n);

[; :=span{X;} (1< § 2n);

3 :=span{T'}

and let m,, Ty, To,, T, T; be the projections of b, onto o0,v;,0;,[; and 3 re-
spectively. Define the following subsets of H":

0:=exp(0) = {P € H" : pant1 = O};

Vj = exp(v;) = {P € H" : p; = 0};
0; := exp(o J) ONV; ={PcH": p; = panp1 = 0};
_eXp([) {PEH” pz—OVZ%j}

T _eXp(ﬁ) {PEan1::p2n:0}

and let g, my,, To,, 7L, and 7y be the maps defined by exp oma0exp L, exp OTy, 0
exp~! and so on; we will refer to them as orthogonal projections of H" on
@, Vj, @j, ]Lj and T.

The following properties of these projections are straightforward:
Proposition 3.1.10. For any P, € H" we have

7o, (P) = mg o my, (P) = 1y, o mo(P)

o, (P ) Q) = T, (ﬂ-@l (P) " T, (Q))

(P - Q) = mr(P) - m1(Q) - mr(mo(P) - mo(Q))
[T (P)loc < [[Plloc VM € {Q, 01, V4, Ly, T}
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Remark 3.1.11. Let us observe that T is the center of the group, and that
only T,LL; and V; are subgroups; Q; is a subgroup only if n = 1 (because
in this case it coincides with IL;), while @ is never a subgroup. We agree to
indicate with ae; the point exp(aX;) € L;; then for each P € H" there is a
unique way to write P in the form Py, - [, for points Py, € V;, P, € L;: it
is sufficient to take P, =pjej and Py, = P - Pﬂ;l € V;.

There is a natural identification between V; and R*" given by a diffeo-
morphism
LR — V; CH? (3.1)

Without loss of generality we can assume j = 1 and define when n =1 as

un,7) = (0,m,7), (3.2)

while for n > 2 and (n,v,7) € R* =R, x R*2 x R, ¢ is defined as

t((m,v,7)) = (0,02, ..., Vpy My Ungay - - vy Vo, T), (3.3)

where v = (vg, ..., Upn, Unsa, ..., V2,). In this way we can introduce the notion
of intrinsic graph in H".

Definition 3.1.12. A set S C H" is an Xi-graph if there is a function
¢:w CR* — R such that S = G 4(w) = {t(A) - p(A)e; : A € w}.

More generally, after fixing an identification ¢; : R*" — V;, for j =
2,...,2n we can define Xj-graphs as those subsets S of H" for which there
exists a function ¢ : w C R* — R such that S = {¢;(A) - ¢(A)e; : A € w}.
Moreover the notion of X;- graph is not a pointless generalization. For
instance there are H-regular X- graphs in H! which are not Euclidean graphs
(see [58], Example 3.9).

Let us recall the following results proved in [55].

Theorem 3.1.13. [Implicit Function Theorem] Let Q2 be an open set in
H", 0 € Q, and let f € CH(Q) be such that X, f(0) >0, f(0) =0. Let

{(z,t) € Q: f(z,t) <0}
={(2,t) € Q: f(2,t) =0}

then there exist a connected open neighborhood U of 0 such that

E has finite H-perimeter in U;
OENU=SNU,
ve(P) = —Vuf(P)/|Vuf(P)|p =vs(P)  forall P€SNU.
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Moreover there exists a unique continuous function ¢ w = [0, 8] x
[—0,0]?"72 x [-42,8%] € R®*™ — [—h,h] such that SNU = P(w), where
d,h > 0 and ® is the map defined as ®(n,v,7) = v(n,v,7) - d(n,v,T)ey,

(n,v,7) € w; given explicitly by

O(n,v,7) = <¢(77, Uy T)y V9 e vy Upy 1)y Ut 2y v oy Vo, T — ﬂ(b(n, v, 7')) if n>2

2
d(n,7) = (eb(nﬁ),n,f - gcb(?w)) ifn=1.
(3.4)
The H-perimeter has the integral representation
Vuf "
OB |u(U) = ’XHf‘( (A)) dL>(A). (3.5)

Remark 3.1.14. We can rewrite Theorem 3.1.13 as follow: Let S = {f = 0}
be the level set of a Cf; function f such that X;f > 0. Then, locally on S,
there exists a unique continuous map ¢ : w C R?*"® ~ V; — R such that
S = ®(w), where ® is defined by

D(A) := exp(p(A)X1)(c(A)) (3.6)

with A € w. Moreover, ® turns out to be an homeomorphism.

Notice the formal analogy of Theorem 3.1.13 with classical Implicit Func-
tion Theorem in R™: in that setting, in fact, a C! surface was seen as graph of
a function g : R"~! — R. The construction of the graph of g works on these
terms: start from a point A on R"™! (R"~! plays the role of V; - again, a
maximal subgroup of R") and follow the orthogonal direction (the analogous
of our X direction) for a length g(A). The point you reach is the graph of
g over A: exactly what done in (3.6). Compare also figure 3.1

Let us recall by [69] a regularity result for the parametrization ® of an
H-regular surfaces in H*.

Theorem 3.1.15. Let S C H' be an H-reqular surface. Let ® : w C R? —
H' be the locally parametrization of S in (3.4), then for each Py € S there
exist 0, L > 0 and an open neighborhood U of Py such that

®([—6,0] x [=6%,6%]) = S NU

doo (P(u), ®(v)) < Llu — v|% Yu,v € [-6,8] x [-6%, 8% (3.7)

Moreover the H-reqular surface S = {(x,y,t) € H' : x = 0} cannot be locally
parametrized by means of any Holder continuous map of order % <a<l.
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wCV;

Figure 3.1: Intrinsic graphs.

Since V7 is a subgroup of H" closed with respect to the dilations in (2.2),
R2" can be endowed through the identification ¢ by a structure of homoge-
neous group in the sense of Folland and Stein (see [53]), i.e. we can define a
group law in R??

A% B:=1""u(A)-«(B)) A,BecR>™ (3.8)
and a family of intrinsic dilations 6% : R** — R?" (A > 0)
SX(A) =17 10r(1(A)) €R™ (3.9)

such that (R*" %, d%) turns out to be a homogeneous group.
Explicitly, if n > 1 and A = (n,v,7), B= (1/,v',7') € R*" we have

AxB=m+n, v+, 7+7 +c(,0)) (3.10)
where
1 n
C(’U/’ U) = +§ Z(’U”+J’U; - 'Uj’U;LJrj) (311)
=2
with v = (v, ..., Up, Upga, ... V), V' = (U5, ..., U0, U yo,...05,). Ifn =1

and A= (n,7), B = (1,7") € R? we have
AxB=n+7,7+7). (3.12)
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The dilations become explicitly

ox(n,v,7) = (A, Ao, \?7) forn >2
ox(n, ) = (A, \?71) for n = 1.

Notice that in both cases the induced group structure is the one aris-
ing from direct product R x R if n = 1, and R x H*™! if n > 1, via the
identification R?" =R, x (R ? x R,) =R x H" ',

We define a -linear functional L : R*” — R as a homomorphism which
is also positively homogeneous of degree 1 with respect to the dilations, i.e.
L o 65 = AL. The following Proposition comes from Proposition 5.4 in [55]:

Proposition 3.1.16. Let L : R*® — R be a x-linear functional; then there is
a unique vector wy, € R*"~! such that L(A) = (A, wr), where we intend that

2n
(A wr) = nwpp —i—Zvijj ifn>2wy = (wra,...,Wrey,) and A = (n,v,7)

Jj=2
j#n+1

(A,wr) = nwps ifn=1,w, =wry and A= (n,7).

Conversely, through the previous formulas we can associate to each w € R?"!
a unique *-linear functional L,,.

Observe that the choice of the enumeration of the components of wy, has
been made in order to be coherent with the one made for the components of
v and with the fact that 5 is the (n + 1)-th coordinate of ¢t(A).

For n > 2 the tangent space of V; is linearly generated by the restric-
tions of Xy,....V;,....Y,, T to V; and so we can define the vector fields
Xo,..,Y1,...,Y,, T on R*" given by

Xj= (X, Y=Y, Ti= (T

where (171), is the usual push forward of vector fields after the diffeomor-
phism ¢~!. In coordinates, for j = 2, ....n,

~ 0 Vign O
X 0,7) = 5= = = F o, (3.13)
J
~ 0
Yi = 8_77’
V(o) = 0 40
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0
T —
or’
If n = 1 the tangent space to Vi is generated by the restriction of Y; and T

to Vi, we can so define

0
Y, = ()Y = —,
1(777 ) (L ) 1 an
~ 0
T = (T = =—.
(1.7) = ()T =5
It follows from definition that X;. Y:.T are %-left-invariant.

VERSE
Let us introduce the nonlinear differential operator
C'(w) > ¢ — Bo, (3.14)

where B¢ is a Burgers’ type operator which can be represented in distribu-
tional form as

Bo=—+ -—. (3.15)
n
With this notations let us provide an improvement of Theorem 3.1.13:

Theorem 3.1.17. Under the same assumption of Theorem 3.1.13, let Xj, }7]
be the vector fields defined in (3.13) and let B¢ the distribution in (3.15) on
w, where ¢ and w are given by Theorem 3.1.13. Then if n =1

Yif
B X F P,
ifn>2
= Xif ~ Yif “if |
M= mxget BT x et BTy pe?

where the equalities must be understood in distributional sense on w.
Moreover, the H-perimeter has the integral representation

OF15(0) =c(m)S2 (S 1U) = | \/ 1B | Ko Trol ) ac™

(3.16)
If n =1 we have simply

0E|u(U) = c(1)SE'L(SNU) /\/1+|%¢|2 dn dr.
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In agreement with (3.13) and Theorem 3.1.17 let ¢ : w — R be a
given function; we will indicate with V¢ the family of first-order operators
(VS,..., V%) defined for n > 2 by

( ~ 0 Visy O
X, =— -2~ jf2<j<
T ou, 2 ar o=t =T
. d
V9= I+ ¢T = +é-— ifj=n+1 (3.17)
] o 0
=~ Vi
Yip=-+-"21"— ifn+2<;5<2
| 1 8vj+2871n+ <7 < 2n,

while for n = 1 we put V¢ = V¢ ::2+¢T:2+¢£.
an or

We will denote V¢+1 = W% and Vg = ()22, ...,)~(n,1~/2, e Y.

n

3.2 V¢-differentiability

In this section we will recall the main results of [4, 94]: the V?¢-differentiability
and its relation with H-regular hypersurfaces. For the proof see [4, 94].

Let w be an open, connected and bounded subset of R*" = R, xR 2 xR,
ifn>1of R®=R, xR, ifn=1andlet ¢ : w— R be a given function.
Moreover let us define if n > 2 and Ay = (1o, vo, tp) € R* = R, x R ? xR,

]T(AO) = {<T]7U7T) € R2n : |T] - 770' <, |U _U0| <, ‘T _TO| < T} -

= (o —r,mo+7) x U(ve,7) X (10 — 7,70 +7)

where U(vg,r) denotes the Euclidean open ball centered at vy with radius
r>0in R* 2 and if n =1 and 4y = (n0,70) € R* =R, x R,

L(Ao) == {(n,7) € R*: |g—no| <7, |[T—70| <1} = (mo—r,mo+7) X (To—7, To+7)
Definition 3.2.1. For A, B € w we define the graph distance
po(A, B) := |0, (®(A) ™" ®(B))|o + [Imr(®(A) ™" - ®(B))[l (318
Explicitly, if n > 2 and A = (n,v,7), B = (¢/,v',7") € w we have

1/2

T -7 - %(925(3) +o(A) (" —n) + (v, )

pe(A, B) = |(n,v") = (n,v)|+

I

ifn=1and A= (n,7),B = (1,7') € w we have

1/2

S %(gzﬁ(B) +o(A) (0" —n)

pe(A,B) =|n"—n| +
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Proposition 3.2.2. [f there is an L > 0 such that

[6(A) — ¢(B)| < L py(A, B) (3.19)
for all A, B € w, then the quantity py in (3.18) is a quasimetric on w, id est
ips(A,B)=0<= A=B;
ii ps(A, B) = ps(B, A);
iii there exists ¢ > 1 such that py(A, B) < q[ps(A,C) + ps(C, B) |
forall A,B,C € w.

Remark 3.2.3. The distance p, is equivalent to the metric do, restricted to
the graph S, i.e. there exists a constant C' > 0 such that

1

= 0ol A, B) < ot (B(4), &(B)) < Cpy(4,B) VA Bew
Definition 3.2.4. Let ¢ : w C R?*™ — R be a fized continuous function, and
let A€ w and vy :w — R be given.

i We say that ¢ is V?-differentiable at A if there is a %-linear functional
L :R* — R such that

L [(B) — ¥(A) —~ LA™+ B)
B—A qu(A,B)

= 0. (3.20)

ii We say that v is uniformly V?-differentiable at A if there is a x-linear
functional L : R*® — R such that, if we define

[V(B) ~ (B) - L(B~ + B)
U e

My, A, L,r) == sup
B,B’elr(A)
B#B'

then hmrlo ng(@b, A, L, ’I") =0.

Remark 3.2.5. If ¢ is V?-differentiable at A, then it is continuous at A.
Indeed, if L : R*™ — R is such that (3.20) holds and wy, is as in Proposition
3.1.16, then for any B € w

U(B) —¥(A) — (wy, A * B)
p¢(A, B)

and we deduce the continuity of ) at A from the V?-differentiability at A
together with the fact that p,(A, B) is bounded near A.

W(B) —¢(A) = - po(A, B) + (wr, A™' % B)
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Remark 3.2.6. We stress the fact that if ¢ : w — R is uniformly V¢-
differentiable at A € w, then v is Lipschitz continuous (between the spaces
(w, pgy) and (R, deyq)) in a neighborhood of A; in fact there exist C,r > 0
such that

[¥(B) —¥(A) — L(A™" x B)|

<C
pe(A, B) -

for all B € I,.(A), whence
[(B) = (A) < [{w, A % B)| + Cpy(A, B) < (Jwr| + C)ps(A, B)

We will indicate the %-linear functional L such that (3.20) holds by
dget)(A); we will call the vector wy, the V?-differential of ¢ at A, and we
will indicate it by V#(A), writing V?w(A) for wr;, j = 2,...,2n. These
definitions are well posed because of the following

Lemma 3.2.7. Let ¢, : w — R be such that v is V?-differentiable at
A € w, and let L be a *-linear functional such that (3.20) holds; then L is
unique.

Uniformly V?-differentiable functions have continuous V?-differentials:

Proposition 3.2.8. Let ¢,v : w — R be two continuous functions; suppose
that there exists an A € w such that ¥ in uniformly V?-differentiable at
A and that v is V?-differentiable in an open neighborhood U of A. Then
Ve : U — R? 1 is continuous at A.

Remark 3.2.9. The inverse proposition could be false: V¢ € C°(w), does
not infer that v is V?-differentiable, as we can see this counterexample done
with V. Magnani.

Let w :=(—6,d) X (=8,0) $ =0 on w and ¢ = n + g(7) with g ¢ C°(-4,0),
then V9¢ = W) =9, + 0 =1 € C°w), but ¢ ¢ C°(w) and therefore 9 is
not V?-differentiable.

Proposition 3.2.10. Let ¢, v : w — R be continuous functions such that ¥
is V?-differentiable at a point A = (n,v,7) € w (respectively A = (n,7) if
n=1). Forj=2,...,2n let v : [-0,0] — w be a C'-integral curve of the
vector field V? with v;(0) = A and such that the map

[=0,0] 3 s — ¢(7;(s)) € R

is of class C'. Then we have

L B(5(s)) = $(3(0)

s—0 S

— vjw(A). (3.22)
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Theorem 3.2.11. Let ¢,v € CY(w); then 1 is uniformly V?-differentiable
at A for all A € w and

_ ~ 9 o ~ -
Vo) = (Rt o 5 4 050 Ta T ) (4)

or all A € w. In particular, V) : w — R?*™! is continuous.
f p ,

Let us recall now the main Theorem of [4] and [94], that characterize the
relations between H-regular graphs and V?-differentiability:

Theorem 3.2.12. Let ¢ : w — R be a continuous function and let ® : w —
H" be the function defined by ®(A) := 1(A) - p(A)ey. Let S := ®(w). Then

the following conditions are equivalent:

i S is an H-reqular surface and ug)(P) < 0 for all P € S, where vg(P) =
(Vg)(P)7 e z/ézn)(P)) is the horizontal normal to S at a point P € S;

ii ¢ is uniformly V?-differentiable at any A € w and the vector function
Ve :w — R? 1 is continuous.

Moreover, for every P € S

(1 Voo -
”S(P)_< ¢1+N%\2’¢1+N%\2>@ )

and

SLY(S) /\/1+|V¢>¢\2d£2“ (3.24)

where L*" denotes the Lebesque 2n-dimensional measure on R*" and c¢(n) a
positive constant depending only on n.

Remark 3.2.13. The parametrization ¢ of an H-regular hypersurface S
is regular in the sense of uniform V¢-differentiability along the directions
X , Y1+ ¢T Y These vector fields possess a precise relationship with the
structure of S, since they corresponds to the horizontal directions of S. Sup-
pose for a moment ¢ to be C'; then the intersection of the tangent space to
S with the horizontal layer is a 2n — 1 dimensional space, since the construc-
tion in (3.6) prevents the occurrence of characteristic points. The images on
the surface of this family of vector fields form a basis of the intersection of
tangent and horizontal space.
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3.3 V%-exponential maps and characterization
of the uniform V¢-differentiability

Let us recall some results of [4, 18, 94], that will be crucial in our work:

Definition 3.3.1. Let ¢ : w C R*™ — R and w = (wa, ..., Way,) : w C R —

R2"=1 be continuous functions. We call ¢ a broad* solution of the system
V% = w in w (3.25)

if for every A € w, Vj =2, ...,2n there exists a map, we will call exponential
map,

exp(-V9) (") 1 [=02,05] x I,(A) — I,(A) € w
where 0 < 0y < 01, such that if v} (s) = exp(sz)(B),
(E].) ")/]B < Cl([—dg,dg])

WP =V§onf

(E:2) { 15(0) = B

J

(£:3) 6 (:2()) ~0 (02(0) = [ “wy (4E() dr
VBeE I5(A), Vi=2,..2n.

Remark 3.3.2. When n = 1, then V¢ = B¢ = ? + qb% and this defini-
tion extends the notion of broad solution for the Bgrgers equation B¢ = w
given in [21] (see Definition 2.3) provided ¢,w : w — R are (locally) Lips-
chitz continuous. In our case ¢ and w are supposed to be only continuous,
then the classical theory of solutions for ODEs breaks down and the notion
of broad solution does not apply (see [49] for an interesting account of this

subject and its recent developments).

Remark 3.3.3. Notice that if the exponential maps of V¢ at A exist, then
the map

[~02,85] 35— 0 (exp, (sV7) (B))

is of class C! for each j € {2,...,2n} and each B € Is,(A).
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Remark 3.3.4. Observe that, because of the left invariance of the fields X s
for j # n + 1 one must have

expy (SV?)(B) =Bx. "(exp s)?j) = Bx1 !(se;). (3.26)

Moreover, if there are the exponential maps of V¢ at A (in particular there
are w; as in (E.3)), then for any A = (Mo, ..., A, Angay ..oy Agp) € RZ72
there exists also an exponential map for the field ijvj’, i.e. there are

two continuous maps 7y : [—02,d2] X I5,(A) — I5,(A) € w (with, possibly, a
dy > 0 smaller than the one in (£.2), depending on ) and wy : w — R such
that

(s, B) =Y AV (1a(s, B))
f)/)\(ov B) =B

605, B)) = 90n(0.B) = [ unr(r.B)dr
0
In fact, it is sufficient to take yx(s, B) := B % (0, s, 0) and w) := Y A\jw;.

The following Lemma provides sufficient conditions to guarantee the ex-
istence of exponential maps of V.

Lemma 3.3.5. Let ¢ : w — R be continuous, and suppose that

i there erists w € C°(w) such that, in distributional sense,

w = (w27 s )w2n> = (‘522¢7’ . 7)271@257 %¢7 Xn+2¢,- e 7)’22n¢> an Z 2
w = Bo ifn=1

ii there is a family of functions {pc}eso C CHw) such that for each W' € w
we have

be — ¢, V0. — w  uniformly on o'

Then for each A € w there are 0 < dy < 01 such that, for each j =2,...,2n,
there exists eXpA(sV?)(B) € Is5,(A) € w for all (s,B) € [—0q,02] X I5,(A);
moreover,

w)(B) = -6 (expa(s79)(B))

|s=0

for each B € I5,(A).
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Remark 3.3.6. Let us explicitly stress that both the uniqueness and the
global continuity of the exponential maps

exp(Vf)() : [_52’52] X 152(14) — s, (A)

are not guaranteed provided only ¢, w are continuous. Indeed notice that
Definition 3.3.1 is not asking the exponential maps to be continuous in the
parameter B, see for instance the following example of [94], Remark 4.34.
Example 3.3.7. Let us consider the function R? — R

(%

T .
o(n,7) =4 1-a ifr 20 (3.27)
0 if 7 <0

For % < a < 1 the Xj-graph of ¢ is an H-regular surfaces (see Corollary
3.3.10) and

e 72l >0
VOo(n, 1) =Wo(n,7)=1¢ (1—a) -
0 ifr<0

Figure 3.2: The intrinsic graph of the map ¢ in (3.27).
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S is the union of two C! surfaces
Sp={(z,y,t) EH" 1z = -7 (t+ Lay)"} and S_:={(0,y,t) eH': t <0}

glued together along the line L := {(0,y,0) : y € R}. The surface S is not
C! since the tangent planes to S,,S_ at a point (0,y,0) are different (see
figure 3.2).

Let us notice that the only possible definition of exponential maps is

l-a %a . >
expo(al¥)(0,2) — § (B0 =00 ) ez 0 and 2 >0
(z,2) ifz>0 and 2 <0

which is not continuous since

1iI(I)1+ expy (zW?)(0, 2) = <a:, \x!ﬁ) # (2,0) = lim expy(zW?)(0, 2)

z—0~
for any x < 0. U

As in Euclidean spaces the gradient of a function is the vector composed
by the derivatives along the exponentials of the vectors of the canonical
basis, the V?-differential is the vector made by the derivatives along the
exponentials of V¢, for the proof see [4, 94].

Theorem 3.3.8. Let ¢ : w — R be a continuous function such that, for a
certain A € w, the following conditions are fulfilled:

i there are 0 < 09 < &1 such that, for each j = 2,...,2n there exist a family
of exponential maps

€XPy (SV?) . [—52,52] X 152 (A) — ]51 (A)

ii for each W' € w

[¢(B') — ¢(B)|
|B' — B|1/2

lim sup {

r—0+t

:B',BEJ,O<\B’—B[§T}—O.

Then ¢ is uniformly V®-differentiable at A and

(VE0)(4) = 6 (expa(sF9)(A) .y

Let us now recall one of the main result of [4, 94|, that is fundamental in
our work and that give the characterization of the uniform V#-differentiability.
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Theorem 3.3.9. Let ¢ : w — R be a continuous function. Then the following
conditions are equivalent:

i ¢ is uniformly V®-differentiable at A for each A € w;

ii the distribution V¢ is represented by a function w = (wy,...,wa,) €
C%w;R?" 1Y and there exists a family (¢c)eso C CH(w) such that, for
any open set W' € w, we have

b — ¢ and V¢, — w uniformly in ' (3.28)

Moreover, for every open set w' € w

A) — ¢(B
lim sup M:A,BEQ)',O<|A—B|<T = 0. (3.29)
r—0+ V/|A— B|

An interesting application of Theorem 3.3.9 provides a simple way to
exhibit H-regular surfaces in H' which are not Euclidean regular, see [94].

Corollary 3.3.10. Let ¢ : w C R? — R be a continuous function which
depends only on T, i.e. ¢ = ¢(t) : I — R for a certain open interval
I C R, and suppose that ¢* : I — R is of class C'. Then ¢ is uniformly
Ve-differentiable at A for every A € w and

V(4) = S(6)(A)

In particular V¢ is continuous and ¢ parametrizes an H-reqular surface in
H*.
The condition (3.29) is named in the literature little Hélder continuity of

order % Due to the fact it will be needed in the sequel, let us introduce the
associated spaces (see, for instance, [75]).

Definition 3.3.11. Let Q C R"™ be a bounded open set open set.

i If o € (0,1) then let us denote by h*(Q) the set of functions f € C°(Q)
such that
lim Lo (Q, f,7) =0

r—0

where

Lo(f,Q,r) = sup{—|f(x) — Sl iy e 0<|z—yl<r

|z =yl
_ (3.30)
We will denote by Lo(f,Q,7) the modulus of continuity of a function
feC%0), i.e the quantity in (3.30) with a = 0.
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ii Let us denote by he (Q) the set of function f € C°(Q) such that f €

loc

he (V) for each open set ' € €.
iii If f € Lip(Q) let us denote

|f(z) = fy)]

Li(f,Q):= Sup{ o

Yy €Q, x# y} (3.31)

Let us show the following fundamental Holder continuous regularity result
for broad* solutions which extends a previous one given in Theorem 5.8 of
[4] for C! regular solution ¢ of (3.25).

Theorem 3.3.12. Let us assume that ¢ : w C R*" — R and w = (wy, ..., Wa,) :

w C R — R*! gre continuous functions and that ¢ is a broad* solution of
the system V?¢p = w inw. Then for each Ay € w there exist 0 < ry < 11 and
a function a: (0, +00) — [0, +00), which depends only on Ag, [|¢|| L1, (A0));
||| Los (1, (40)) and on the modulus of continuity of wpy1 on I, (Ag), such that
lim, o a(r) =0 and

- A) — &(B -
Ly (¢, [TQ(AO),T> = sup {% A, Bel,(A),0<|A-B| < 7"}

(3.32)
for allr € (0,79).

Before the proof of Theorem 3.3.12 let us introduce a key preliminary
result.

Lemma 3.3.13. Let Ql = [—52,(52] X [7'0 — (51,7’0 +51] and QQ = [—(52,(52] X
[To — 82,70 + 0] with 0 < §y < 81, Let f; € C°(Q1) (i=1,2) and x : Qy —
[T — 01,70 + 01] be given such that

i ZE(',T) < 02([—(52,52]) V7 € [7’0 — 52,7’0 +52],’
ii |
dt .
?ZE(S,T) = fi<87x(877—)) (Z = 172>
gt
z(0,7) =T
VS - [—52,52], T € [7_0 — 52,7’0 -+ 62]

Then

L

1
2

(9, [T0—02, To+ 2], 7) < max {7‘1/4, 2 \/2 Lo(fa, Q1,7+ 2o 7“1/4)} (3.33)

<a(r)
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for each r € (0, rg), where g(7) := f1(0,7), co := 2| fi|lLee(Qu), 0 <70 <
4

f—é. Moreover if fo € Lip(Q1) and Ly = Li(f2, Q1) then

Li(g, [T0 — 02,70 + &2]) < (3.34)

2
02
Proof. First let us prove (3.33). Let us denote

B(r) = Lo(f2, @, ), a(r) := max {7“1/4, 2 \/25(1“ +2¢ 7’1/4)}
if » > 0. Let us observe that
2¢co /T
ﬂ<r+ = > 3 1
a(r)? 8

Indeed since a(r) > r/* then % < 7174, Therefore

Vr>0. (3.35)

al(r)”
S

ﬁ(r+260\/;) < ﬁ(r—|—2007“1/4) <
a(r)

Let us introduce the curves
V- (8) = (8,2(s,7))

if s € [—0q,05]. By assumptions i and ii we can represent each z(-,7) for
each 7 € [rg — 2,70 + 9] as

(s, 7) =T+ /OS fi(y-(0)) do

= 7+ f1(0,7) s+ /075 —0)f2(1:(0))do Vs € [=62, 6]

(3.36)
By the first equality in (3.36) we get

(s, 7) —x(s,7)| < |7 —T'| + co|s| Vs € [=0,0a], 7,7 € [10 — b2, 70 + 02
(3.37)
and then

|/2(1+(0)) = f2(7 ()] < B(|=(0) = 3= (0)]) < BT — 7| + cols]) (3.38)

for each |o| < |s| and 7, 7" € [19 — 02, 7o + J2].
In particular by the second equality in (3.36) and (3.38), for 0 < s < s,

(s, 7) —a(s,7) <1 =+ (g(7) — g(7)s + BT — T+ eolsl) * (3.39)
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for each 7, 7" € [19 — 02, 7o + J2).
By contradiction, let us assume there exist 79 —ds < 7 < 7 < 79 + 09,
0 < 7 < rg such that

0< |7'1 — 7'2| <r (340)
l9(11) — g(72)] _
— > o(r). 3.41
\VT1 — T2 ( ) ( )
By (3.41) we get
g(Tl) — g(TQ) < —05(77> VT1 — T2 (342)
or
9(m) — g(r2) > a(F) V71 — 7o (3.43)
Let us prove now that if (3.42) holds then there exists 0 < s* < d5 such that
(s, 1) = x(s", 7). (3.44)
Let 5 :=2 —'leTQ then
a(r)
5€[0,0s], x(5,71)—x(5,7)<0. (3.45)
Indeed by (3.40) and the definition of «, 5 < 2 a(v\;l::;) < 2(m — )Vt <

2714 < 21"3/4 < 5. On the other hand by (3.39) (with s = 5, 7 = 7,

7' =1), (3.42) and (3.35)

ﬁ(‘Tl — ’7'2| -+ Co 5)

x(5,1)—x(5,1) <m—To—2(n—"1)+ 4 NGE (11 — T2)
(o B(F + 2co VT a(F))
_(11 2)( 1+ 4 ()2 )
S —5(7'1 —’7'2) < 0.
Then (3.45) follows. Let
s* :=sup{s € [0,05] : z(s,71) > z(s,72)} (3.46)

then by (3.44) 0 < s* < § < §9 and it satisfies (3.44).
If (3.43) holds let us consider

f1*<7]77') - _fl(_n77—>7 f2*(7777—> - f2(—7777') (T]?T) S Ql

(s, 7) = x(—s,7),(s,7) € Qa,
g* (1) = —f1(0,7) 7€ [ — 61,70+ 1.
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Then since in this case
Tx*<577—): fz (S,LE (577—)) 1f‘5| S(S%TE [70_51770+51]7 (7'2172)
SZ
g (1) —g"(r) < —a(f) V11 — 72

we can repeat the argument above, getting that there exist —dy < sx < 0
such that (3.44) still holds. Let us prove now that

S (5%)) # f1(m(s%)), (3.47)

then a contradiction and (3.33) will follow. Indeed, for instance, let us assume

(3.42). Then by (3.36) and (3.38)

ﬁhﬁ@ﬂ%—ﬁh@@ﬂ)=gﬁd—ﬁw)+AMUX%A®>—ﬁh@WDMMS

< g(m)—g(n)+B(m — 72|+ cosx) sx < g(m1) —g(2) + B(|71 — 2| + ¢ 5) §

< —a()vamn+2 A0 0 rm

(r+2 CO\/%/O[(H)WZ
a(F) b

—2a(F) V1 =7 _% Gk 2:Eff/a(f))

< —aF)Vm — T2+ 2 p

By (3.35) we get that

filrm (5%)) = fi(ym (s%))) <0

and (3.47) follows.
Let us prove now (3.34). The proof’s scheme partially follows the previous
one. By contradiction, let us assume there exist 790 — 9y < 7 < 71 < 79+ I

such that
‘9(71) —9(72)| 2
_ iz = > N
T — T2 P

For instance let us assume that

g9z 2 (3.48)

T — T2 52

otherwise we can argue as before to reduce to this case. Then we have only
to prove there exists 0 < s* < 02 such that (3.44) holds. Indeed we can
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apply now the classical uniqueness result for ODEs’ solutions with Lipschitz
continuous data to the Cauchy problem

L (s) = holsy()

Y57 =7, () = A7)

where 7% = z(s*, 1) = z(s*,7») and we get a contradiction.
Let s* be as in (3.46), then 0 < s* < . Because fo € Lip(Q1), by the
second equality in (3.36) and (ii), for 0 < s < ds,

z(s,m) —x(s, ) <71 —T2+ (9(11) — g(12))s + Lys /OS |z(o, 1) — x(0, 72)|do.

(3.49)
Let us prove (3.44). Let

if 0 < s < s*, then by (3.49)

d

%MS) <a(s) +b(s)u(s) 0<s<s"

with a(s) := 1 — 7o + (9(11) — g(72))s, b(s) = L; s. By applying Gronwall’s
inequality (see, for instance, [51], appendices B.2 j) we get if 0 < s < s*

0< [ talom)=sto.myio = uts) < exp ([ #orio )-[ul0)+ [ ato)do] -

(3.50)
2 _ 2 K
=exp | L1 il (11 — T2)s + Ms2 =exp | Ly il (m—m)s {1+ —s| .
2 2 2 2
Let § := —2/K and notice that by (3.48) 0 < 5 < do. Then by (3.50) we
infer 0 < s* < 5 < &9 and (3.44) follows. O

Remark 3.3.14. Notice that in order to get (3.34) we have actually exploited
the weak assumption

‘f2(77,7) - f2(77,7/)’ < Iy |T _7/‘ Vn € [_527(52], T E [To — 01,70 +51]

instead of fy € Lip(Qy).
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Proof of Theorem 3.3.12. Let Ag = (10, 70) € wifn = 1and Ag = (19, vo, T0) €
w if n > 2. Then since ¢ is a broad* solution of (3.25) there exists family of
exponential maps at Ag

exp 4, (-V?)() : [=02,82] x I5,(Ag) — I5,(Ag) € w (3.51)

where 0 < dy < 07 and j = 2,...,2n satisfying (E.1), (F.2) and (E.3).

Let us denote I := I5(Ag), Ir = I5,(Ao), K = supyey, |A|, M =
Pl Loo(rys N = V9@ ro(ry); let B(r) := Lo(wyi1,I1, 7) be the modulus
of continuity of w, 1 on I;.

Let A = (n,7) € Lifn=1and A = (n,v,7) € I if n > 2 and
let us denote by ya(s) = i, (s) = eprO(sViH)(A) if s € [—d2,02]. Let
va(s) = (n+s,7a(s)) if n =1 and y4(s) = (n + s,v,7a(s)) if n > 2. Then
T4 satisfies

d? d
@TA(S) = %W(M(S))] = wnt1(74(8)) Vs € [0y, (3.52)
ra0) =7, ral0) = 0(A)
Let us observe also that
exp, (-VE ) () i [=ra,ma) X 1y (Ag) — I, (Ag) = I (3.53)
provided
0o
ro < M—|—2 (354)
Indeed if (s, A) € [—ra,re] X I,,(Ap) then by (3.51) and (E.2)
(n—mn0+s,7a(s) —m) ifn=1
— A = € I5,(0
Tl = A {m ot s v rals) —m) itnz2 <)

provided (3.54) holds.
First let us consider the case n = 1 and divide the proof in three steps.
Step 1. Let us prove that

up{% . A=(n,7),B=(n,7) € b,0<|A-B| < } §<Z5(5§

for every r € (0,r9) where
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4

85
ap(r) := max {r1/4, \/L0<wn+17 I, r+ 2MT1/4)} , 0<ry< E (3.56)

Let A = ( ) € [2 [7]0 —(52,770+(52] X {7'0 —52,T0+(52] and let I(S,T) =
T4(s) if |s] < 52 and T € [19— 02, To+ 02|, f1.,(5,7) == d(N+5,7), fou(s,T) =
we(n+8,7), gy(17) = P(n,7) if (s,7) € Q1 := [—d2, ] X [10 — 01,70 + J1] and
n € [Ny — d2, 1m0 + d2] is fixed. By (3.52) and since

| finlleee@ny £ M, Lo(fay, @i, 7) < Lo(we, I, v) V0 € [y — d2,m0 + 62

we can apply (3.33) of Lemma 3.3.13 and (3.55) follows.
Step 2. Let us prove that

ap { AL EEN 4~ (17,8 = () € T (A0 < |4 - B < 23};)%@)

for every r € (0,75) where

ay(r) == VMoy(M7r)+ Nyr, 0<ry< min{M,+ 5 M} (3.58)

and ;(r) and 7o are the quantities in (3.56). )
Suppose on the contrary there exist A = (7,7), B = (1,7) € I,,(Ao),
0 < 7 < rysuch that 0 < |A— B| < 7 and

\]

|¢‘(A) B|1(/2)\ > VM ay(MF) + NVF. (3.59)

Let C :=~y4(n—1') = (,7) and let us notice that C' € I, because (3.53)
and (3.54). Moreover

|7 — 7| = < M|q—1]. (3.60)

On the other hand by (3.59) and (E.3)

|6(B) — ¢(A)| — |p(A) — ¢(C)|
(VM ay(M7)+ NVF—=Nn—71]In—17]
\/M%(Mf) vV ‘77_77/‘

|6(B) — ¢(C))|

vV IV IV

(3.61)
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Let us notice that 7 # 7. If not C = (7,7) = (7,7) = B and since
aij(r) > 0Yr > 0 by (3.61) M = 0. Therefore ¢ = 0 in I; and then a
contradiction by (3.59).

By (3.61) and (3.60) we get B = (7,7), C = (,7) € I, and

|6(B) — ¢(C)|

1B -]

Z al(M 77)

with 0 < |[B—C| =7 —7| < M7 < Mry < ry and then a contradiction
for step 1.
Step 3. Let A= (n,7), B=(n/,7") € I,,(Ap) with 0 < |A— B| < r then

6(4) — 6(B)| _ [éln.7) — 67/, 7)

’¢(77I> T) - ¢(7I> T,)‘
A=BI? = -l |

+ ’7_ _ 7_/|1/2

(3.62)
By steps 1, 2 and (3.62) we get the thesis by choosing r = 1, o as

in (3.58) and «a(r) = a1(r) + as(r) where a;(r) and ay(r) are respectively
defined in (3.56) and (3.58).

Let us consider now the case n > 2. Let ~: R = R, x R ? xR, —

R? = R, x R, the projection defined as (n,v/?) = (n,7). Let us notice that

— ~ -

I.(A) = I.(A) for each A € R?". For fixed v € U(vg,d1) let us define

¢v(n77—> = (b(n?va)? wv(naT) = wn+1(777v77-) if (7777') € 151 (AO)

and notice that

—

exp 4, (sVi1)(A) = exp i, (sV5')(A) s € [6, 8]

for each A € I5,(Ay) where eXpAO(-VﬁH)(-) is the exponential map in (3.51)
with j = n + 1. In particular

epro(-V‘é’“)(-) t [=62,02) x I5,(Ag) — I, (Ao)

and it satisfies (£.1), (£.2) and (E.3) in the case n=1 with wy = w,. More-
over

M, = ||¢v||Loo(151(A”O)) < M, Ny = ||wU||L°°(151(AO)) < N,
Lo(wy, I5,(Ao), 7) < Lo(wny1, 15, (Ao), 7)

(3.63)
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for each v € U(vg,d1) and r > 0. Therefore we can apply the case n = 1
and by (3.63) we get

sup{w A= (n,u,7),B=,v"1)¢€l,(A),0<|A-B|< r}

|A— B|'/2
(3.64)
for each r € (0, 73) where a3(r) = ay (1) +as(r) and a4 (r) is defined in (3.56),
as(r) and 7o are defined in (3.58).
In order to achieve the proof we can follow the argument given in step 5 of
the proof of Theorem 5.8 in [4]. Indeed we can carry out the same estimates
and we get

[9(A) — o(B)]
|A— B[\/2

< N|A—-BY? + (% + 2) as(|A — B|)

for each A, B € I,,(Ap) and 0 < |A — B| < ry and we have done. O

3.4 Negative answers to questions of good
parametrization

A problem raised in [55], directly related to the theory of rectifiability in
the Heisenberg group (see also [1, 58, 85, 91]), is the following one: is it
possible to see H-regular hypersurfaces as bi-Lipschitz deformations of a given
“model” metric space? Here, by bi-Lipschitz we mean Lipschitz continuous
maps with Lipschitz continuous inverse map. In [34], D. R. Cole and S.
Pauls have proved that, in the setting of the first Heisenberg group H!,
any noncharacteristic C'-surface S can be locally parametrized by means
of a Lipschitz homeomorphism defined on an open subset of the plane R?E’Z
endowed with the “parabolic” distance o defined by

of(.2), (¢, 2) i= o — /| + |z = 2|/

this space can be naturally identified with the subgroup V; C H! endowed
with the restriction of d.,. We are able to show that Cole-Pauls homeomor-
phism is indeed bi-Lipschitz continuous, cfr. [20, 94].

Theorem 3.4.1. Let S be a C* surface; then for any non characteristic point
P € S there is a Lipschitz continuous mapping

V(A0 — U dw),

from an open set A C R? to a neighbourhood U of P in S, with Lipschitz
inverse map WL

< az(r)
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Proof. Tt is not restricting to suppose that P = 0 and that a neighbourhood
U C S of 0 is parametrized by a C'! function ¢ : w — R with ¢(0) = 0, where
w C (R?, py). Recalling that in H' V? = W?, let us introduce the map

v o A—-w
(z,2) — exp(zW?)(0, 2)

which is defined, possibly restricting w, on a proper open set A C R% It
is not difficult to notice that the Lipschitz homeomorphism ¥ : A — U
introduced by D. R. Cole and S. Pauls is such that ¥ = ® o ¢. Since ® is
a (pg-ds) bi-Lipschitz homeomorphism, it will be sufficient to show that the
inverse map ¢! is (pg-0)-Lipschitz continuous.

To this aim, for any A = (1, 7) € w let us introduce the curve z4 solution
to the ODE

za(n) =7, Zals) = ¢(s,2a(s)) -

It is immediate to see that ¢~'(A) = ¢ ~'(n,7) = (n,24(0)). The Lipschitz
estimate we need to prove is therefore

In" —n| + |28(0) — ZA(O)|1/2 < cpy(A, B) VA= (n7),B=0,7)ew.

If ' = n we have

125(0) — 24(0)] =

S / [6(5, 25(5)) — (s, 2a()))ds| <

0
<|r—7|+ cl/ |25(8) — za(s)|ds
U
and by Gronwall’s lemma one conclude that
o™ (A),¥71(B)) = |25(0) — 2a(0)|'* < ol — 7| = py(A, B).

If n # n we define C := exp((n — n)W?)(B) = (n,7"). We refer to [4,
Theorem 3.8] for the proof of the inequality |7 — 7|2 < c3p4(A, B); with
this in our hands we can conclude in a stroke since

(™' (A),v71(B)) i = nl + 125(0) — za(0)]"2
[ = nl + 12c(0) — 24 (0)"2
i = nl + eof " — 7['/2

cps(A, B).

IAINA
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Theorem 3.4.1 fails to hold for general H-regular surfaces: the counterex-
ample is provided exactly by the intrinsic graph S := ®(w) = S, U S_ of the
map ¢ in example 3.3.7. Notice that (R?, g) is not connected by curves of
finite length, while (S, UL, dy,) is. This happens because the upper halfplane
in V; ~ R? is connected by means of the exponential curves of W%, namely
by the curves {c} },er and ¢y in (3.65) and (3.66).

Theorem 3.4.2. There exists an H-reqular hypersurface S C H' and a point
P € S such that, for any open set A C R? and any neighborhood U of P on
S, there cannot exists a bi-Lipschitz map V : (A, 0) — (U, dw).

Theorem 3.4.2 follows immediately from the next result: in the latter,
however, we follow a slightly different path from the one outlined above,
thus proving a stronger statement.

Theorem 3.4.3. Let S be the H-reqular surface given by the Xi-graph of the
map ¢ in example 3.3.7 with % < a <1, and suppose that

U (A o) — (U doo)

is a Lipschitz continuous and surjective map from an open set A C R? to a
netghborhood U of 0 in S. Then ¥ is not an homeomorphism; in particular,
it cannot be bi-Lipschitz.

Proof. Step 1: horizontal curves on S. For any fixed z the curve v, :=
(-, z) : R — H' is Lipschitz continuous; in particular (see [83]) it must be
horizontal, i.e. absolutely continuous and such that 7, € g; almost every-
where. Since 7, lies on S, and the latter is the union of two C* surfaces, .
must be contained in (a piece of) an integral curve of the vector field

Yi+ (Wehod )X,

which is (up to a normalization) the unique vector field which is both hor-
izontal and tangent to S; thanks to proposition 3.1.17, ®~1(~.) must be (a
piece of) an integral curve of W in R2.

Let us investigate the behaviour of the integral curves of W, i.e. the
solutions of the Cauchy problem

d(s) = W?(c(s)) = 0y + (c(s))0- .

More precisely, if ¢(s) = (¢,(s), ¢+ (s)) we have

=1 and c. = —
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Lipschitz regularity of the coefficients of the ODE is violated at points (7, 0),
therefore we cannot expect uniqueness of solutions whenever ¢, = 0. By
standard considerations on this kind of problem we can divide the solutions
of the ODE into two families {c;}}wer and {c; }¢<o:

wo={Eh " s e

 (5) = (5,0) (3.66)
Notice that for a given curve ¢/ the parameter w denotes the point (w,0)
where it meets the horizontal axis 7, cfr. also figure 3.3. We will also write
¢t to denote the restriction of ¢ to (—oo,w], i.e. the part of ¢ lying in

the upper halfplane. The upper (closed) halfplane is connected by means of
¢, and of paths of type cf.

o

Figure 3.3: Exponential lines of W¢.

Step 2: a curve passing through 0. It will not be restrictive to suppose
U(0,0) =0€ S and U = @((—5, 5)2) for some 6 > 0. Let us denote by v
the (o-pg)-Lipschitz induced map ' oW : A — (—4,0)?, which is surjective
and such that 1(0,0) = (0,0); suppose by contradiction that it is also an
homeomorphism. Then the set

K =y {(0,7): 7 €10,§/2]}
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is a compact subset of A, and so for sufficiently small > 0

{(x+h,2): (z,2) e K,—r<h<r}CA. (3.67)
Let us set

ry :=sup{z > 0:9Y(z,0) € Rx {0}} >0

r_:=inf{x <0:¢(x,0) € R x {0} <0.
One cannot have r,. = r_ = 0; indeed, this would imply

{¢(z,0) : z > 0} C Im ¢ "\ {0} and {t(x,0) : x < 0} C Im g T\{0},
and by continuity (¢(0,0) = 0) we obtain

{(x,0) : x>0} N{Y(z,0): 2 <0} £

i.e. 1 is not injective, a contradiction.

Step 3: conclusion. Therefore, one between r, and r_ is nonzero: by
substituting ¢ with ¢/(z, z) := ¥(—=x, z) if necessary, we can suppose that
r. > 0. One has

{¢(2,0): 0 <z <r,} CR x {0},

otherwise the curve 9(-,0)|q,,] would "leave” the horizontal axis R x {0}
and then "return” on it after some time. This could be possible only by
covering forward and then backward a piece of some ¢;*, and contradicting

in particular the injectivity of ). We can choose r € (0,7, ) such that (3.67)
holds. Set A :=1)(r,0) = (7,0); by continuity one must have

0,7] x {0} C {(z,0):0<z<r} if7>0

0
[7,0] x {0} C {p(z,0):0<z<r} if7<0. (3.68)

Since A # 0 (i.e. 77 # 0) we easily find an € > 0 such that

VinV, =10,
where (cfr. figure 3.4)
V) = U Im ¢ " and Vy = U Im ¢*
O<w<e n—e<w<n+e

Notice that A € V,, since A € 0;7”. Now, it is not difficult to prove that, in
order join a point A; € V; with a point Ay € V; by following only exponential
lines of W*?, one must cover the whole segment I defined by

I:=1[e,1—¢ x{0} if 7>0, I'=[1+4¢€0] x{0} if 7<0.
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Vl VQ

++ ++
n—e Ciite

Figure 3.4: The sets V; and Vs, and the interval I.

Setting (z,, z;) := ¥ ~1(0,7), one can notice that
lim Y(x, +1,2) = Y(r,0) = A.

For sufficiently small 7 > 0 the curve (-, 2;) joins 4; := (0,7) € V; to
Ay = (x, + r, z;) following only exponentials of W¢; moreover, A, must
belong to V,. This implies that I C Im (-, z;); since (see (3.68)) we have
also I C Im #(+,0), this would contradict the injectivity of ¢ provided we are
able to choose a sufficiently small 7 such that 2z, # 0. Were this not possible,
there would exist A > 0 such that ¥=(0,7) = (z,,0) for any 7 € [0, \], i.e.

{0} x [0,A\] C Im (-, 0).

Therefore the image ({0} x [0, A]) would be a horizontal curve, while it can
be easily checked that this is not the case. A contradiction arises and the
proof is completed. O

Remark 3.4.4. Since @ : (w, py) — (U, dw) is bi-Lipschitz, see remark 3.2.3,
the problem of Theorems 3.4.1 and 3.4.2 is equivalent of finding a bi-Lipschitz

mapping 1 : (A, p) — (w, pg)-

Remark 3.4.5. In the spirit of Federer’s approach to rectifiability (see [52])
it would be interesting to understand if H-regular surfaces can be seen as
Lipschitz images of the parabolic plane. In this sense, Theorem 3.4.3 essen-
tially says that one cannot expect injectivity of the parametrization, since
the images on S of horizontal lines (-, 7) C (R?, p) are forced to meet.
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The surface S can be locally parametrized by means of Lipschitz images
of the parabolic plane. This clearly follows by Theorem 3.4.1 for neighbour-
hoods of points in Sy U.S_. For points P € L, it will be sufficient to observe
that P~! - S = S (thus reducing to the case P = 0) and to show that the
map

T (x) ifz>0

.
Y(z,2) = { c;(lx) if 2 <0,

is (o-py)-Lipschitz continuous from a neighbourhood of (0, 0) to a neighbour-
hood of (0,0) in V; ~ R?. Explicitely, we have

(,(z—1—2)"/17%) ifz>0andz <2z -1
Y(x,z) =< (x,0) ifz>0andzx>2—1
(z,z) if 2<0.

Clearly, v is not injective, as (0, z) = (0,0) for any z € [0, 1].
It is not difficult (see [4]) to show that exponential curves of W¢ are
(locally) Lipschitz continuous with respect to p,; in particular

P¢(¢($172)a¢($2, Z)) < C|I1 - $2|

for (x1, 2), (z2, 2) in a neighbourhood of (0,0). It will therefore be sufficient
to prove that

po(t(, 21), ¥(x, 2)) < Clag — 22

for some C' > 0 and any (z, 21), (2, 22) in a neighbourhood of (0,0). We have
several cases to take into account. If 21,20 > 0, x <z —land z < 25— 1
then

po(U(x, 21), (2, 20)) = |(z1 —1—2) 17— (2 — 1— ) /172 < Oz — 2|1/,

where we used that s ~— s/17® is locally Lipschitz continuous since 1/(1 —

a)>2. If z1,20 >0and 20 — 1 <z <2 — 1 then

po((m, 21), ¥(x, 22)) = (21 — 1= 2) 2070 < (2 — 29) V207 < Olzg — 202

If 21 >0, 20 <0 and x < z; — 1 we can restrict to z > —1 to get
po(U(@, 21), $(w, 22)) = ((21—1=2) /"= 2)1/2 < (5177 =) 2 < (C2a—(CV1)20) /2.

The remaining cases z; > 0, 20 < 0, > 23 — 1 and 21, 20 < 0 are easy to

handle.
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Remark 3.4.6. The problem of finding bi-Lipschitz (or even just Lipschitz)
parametrizations of H-regular surfaces in H", n > 2, is still open even for
smooth hypersurfaces. The model space should be R x H*~! ~ R?" endowed
with the product distance

0((x,A), (2, A) == |z — 2| + doo(A, A) (z,4),(z/,A) e R x H* !,

It can be easily seen that this distance is equivalent to the restriction of d.,
to R?" ~ V,, as both of them are homogeneous and left invariant on V.

Moreover, it is still not clear whether the statement of Theorem 3.4.2
extends to the higher dimensional case n > 2: namely, if there exist H-regular
hypersurfaces in H" that are not bi-Lipschitz equivalent to R x H"~!. Notice,
for istance, that R x H" ! is connected by means of finite length curves;
the same happens for any H-regular surface, the subgroup V; being always
connected by integral curves of span{ Xy, ..., X,,, W? Y, ..., Y, } whenn > 2
(see [4, 32]).

An other problem of regularity of the parametrization of H-regular hyper-
surfaces S is studied in [69]. They show that each H-regular surfaces S C H!
can be locally parameterized by means a Holder continuous map of order
%, see Theorem 3.1.15. At least in the H' case (see Remark 4.3 therein) it
was conjectured that the parametrization ® : (w,d) — (5, dw) should belong
to Whi((w,d), (H",d.)), where the distance on w is the Euclidean one on
V, ~ R2. Therefore it would be interesting to investigate the regularity of
® with respect to some “fixed” distance d on w; in this sense, the question
risen in [69] was to understand whether the map ® belongs to some Sobolev
class of maps between metric spaces.

To answer this question, let us recall the definition of Sobolev space
WhP(M,N) for (M,dy;) and (N,dy) metric space, see [5], that is equiva-
lent to the classical in the euclidean setting.

Definition 3.4.7. Let (M,dy), (N,dy) be metric spaces and let p a non-
negative Borel measure, finite on bounded subsets of M. For p € [1,400] let
us define WAP(M, i, N)as the space of all functions u : M — N (with the
identification u = v if u = v p-a.e.) with the following property:

dg e LP(M,du) 3E C M such that g >0, u(E) =0 and

dy (u(A), w(B)) < dy(A, B)(g(A) + g(B)) YA,Be M\ E.  (3.69)

Such a map g is called upper gradient of u. In the Heisenberg setting we
shall denote WP (w, H") = W P(w, £2", H"). We are able to show that the
intrinsic parametrization (3.4) of H-regular surfaces does not belong to any
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Sobolev class of metric-space valued functions between (R*", d) and (H", d,)
when d = || is the Euclidean metric and when d = d |, if ¢ is not identically
vanishing, where dy|,(A4, B) 1= dso(t(A),(B)) V A, B € w.

Theorem 3.4.8. The parametrization ® : w C R*™ — S of an H-reqular
hypersurface S does not belong to WiP((w,d), (H",ds)) for any 1 < p < +oo
when d = || - || is the Euclidean distance on w. The same result holds when
d = dso|w on w provided ® is not the inclusion map w — H" (i.e. if ¢ #Z0).

Theorem 3.4.8 follows by Theorem 3.4.9 in the case d = | - | and by
Theorem 3.4.11 in the case d = du|..

Theorem 3.4.9. Let ¢ : w C R*™ — R be a continuous function; then there

cannot exist a function g € L} (w) such that

doo(P(A), ®(B)) < (9(A) + 9(B))|A - B|.
Theorem 3.4.9 immediately follows from the following

Lemma 3.4.10. Under the same hypothesis on ¢ of Theorem 3.4.9; there
exists no measurable function g : w — R such that

i gis L-a.c. finite;
ii for any A= (n,v,7), A" = (n/,v',7") € w it holds
1/2

P SO+ SAN G —m) e 0)| < (oA ba(A))]A-AT.

- / 1 n / /
As usually, we use the notation ¢(v',v) == 53 7 o (Un4jV; — VjU45).

Proof. We reason by contradiction. Since £2"({|g| < +o0}) > 0 there exist
7, v such that

El({T eER:(7,0,7) Ew, |g(7,0,T)] < oo}) > 0.
In particular there is M € R with £'(Ey) > 0, where E); is defined by
Ey ={r€R:(n,0,7) €w, |g(7,0,T)] < M}.

Let us choose a Lebesgue point 7 € E)y; in particular |g(n,v,7)| < M and
there exists a sequence {7;};en C Ey with 7; — 7. Let us then exploit
condition ii for points A = (7,0,7) and A; = (7,0, 7;) to get
7 =772 < (g(A) + g(A))|A = Ay
S 2M|7‘j — 77'|
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and so

1
— < 2M.
|75 — 7|2

We then let j — oo to obtain a contradiction. Il

Similarly, we have the following

Theorem 3.4.11. Let ¢ : w C R*™ — R be a continuous, non identically

vanishing function; then there cannot exist a function g € L} (w) such that

doo(®(a), ®(B)) < (9(A) + 9(B))doc (A, B) .
Theorem 3.4.11 immediately follows from the following

Lemma 3.4.12. Under the same hypothesis on ¢ of Theorem 3.4.11; there
exists no measurable function g : w — R such that

i gisL*™-a.c. finite;

ii for any A= (n,v,7), A" = (0,0, 7") € w it holds

1/2

= L) 1 S AN — ) e 0)| < (9(A) L g(A))due (A, A).

Proof. Since L2 ({¢ # 0} N {|g| < +00}) > 0 there exist 7, 7 such that

L'{neR: (n,v,7) €w,é(n,v,7) #0,|g(n,v,7)| < o0}) > 0.

In particular there is M € R with £'(E);) > 0, where E); is defined by

Ey:={neR:n0,7) €w, d(n,0,7) #0,|g(n,v,7)| < M}.

Let us choose a Lebesgue point 7 € FEy; in particular, ¢(7,v,7) # 0,
lg(n,0,7)] < M and there exists a sequence {n;};en C Ey with n; — 7.
Let us then exploit condition ii for points A = (7,0, 7) and A; = (n;,0,7) to
get

1/2

IN

(9(A) + g(A4)))doo 10 (A, Aj)
2M|n; — 1|

5 (6(4) + 6(4,)) (n; — )

N

whence

[6(A) + ¢(A4;)] < 8M?|n; —q|'/2.
We then let 7 — oo to obtain ¢(A) = 0, a contradiction. O]
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Remark 3.4.13. Let us notice that, if ¢ : (w, dw ) — (H", ds) is identically
vanishing and w is bounded, then ¢ € W'?(w, H"). Indeed we have
S(n,v,7) = t(n,v,7) - 01 = (0,02, .oy Vpy My Vpt2y ooy V2, T)-
A A A

If g =1 then g € LP(w) because w is bounded and, for A = (n*,v*,7%), B =
(nB,vP,7P) € w we have

doo (P(A), ®(B)) = doo (L(nA,UA,TA),L(nB,UB,TB)) = doo (A, B).
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Chapter 4

Intrinsic regular graphs vs.
Weak Solution of non linear

first-order PDEs

In this chapter we expose the main results of [18, 19], written in collaboration
with F. Serra Cassano. We are going to study the links between H-regular
intrinsic graphs and suitable notions of weak-solution for a system of non
linear first-order PDEs.

In section 4.1 we establish the relationship between H-regular graphs and
the notion of broad* solution for

V% = w in w (4.1)

and we give an important characterization of the functions ¢ : w — R for
which S = ®(w) = Gy ,(w) is H-regular. More precisely we will prove that
G 4(w) is H-regular if and only if ¢ is a broad* solution of (4.1) (Theorem
4.1.1).

When n = 1 the notion of broad* solution extends the classical notion of
broad solution for Burgers’s equation through characteristic curves provided
¢ and w are locally Lipschitz continuous (see Definition 1.4.9 and Remark
3.3.2). In our case ¢ and w are supposed to be only continuous then the
classical theory of solutions for ODEs breaks down and the notion of broad
solution does not apply (see [49] for an interesting account of this subject
and its recent developments). On the other hand broad* solutions ¢ of (4.1)
can be constructed with a continuous datum w in such a way their intrinsic
graph S = G 4(w) looks as a fractal set from the Euclidean point of view
(see Remark 4.1.6).

In section 4.2 we prove an important relationship between weak solution of
(4.1) and H-regular graphs, which characterize them. In analogy to euclidean

107
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case, if ¢, w € C°(w), then ¢ is a distributional solution of (4.1) if and only if
Gy 4(w) is H-regular. Indeed we conclude that the notions of distributional,
entropy and broad* solution of (4.1) are the same in the case of ¢ continuous.

In section 4.3 we face the problem of existence and uniqueness of the
broad* solution of the system (4.1). By proposition 1.2.9, Theorem 3.3.9
and Kruzhkov’s global uniqueness result for entropy solutions of conservation
laws (see Theorem 1.3.3), we can infer a local uniqueness result for broad*
solution of (4.1) uniformly bounded in w provided initial value conditions (see
Theorem 4.3.1). Using the duality between H-regular graphs and the notion
of broad* solution of (4.1) proved in section 4.1, we can see this uniqueness
result by a geometrical point of view: in H' if two H-regular surfaces S;, S,
have a common vertical curve and the same horizontal normal, then S; = S5.
To obtain the same result in H" it is enough that the H-regular surfaces
have only a common point and the same horizontal normal. As far as the
existence of broad* solutions for (4.1) is concerned we will prove that there
doesn’t always exist for any assigned datum w, but only for suitable one.
If n > 2 we will give a characterization in order to be a regular solution of
(4.1) with regular datum w, indeed we write in Theorem 4.3.5 compatibility’s
conditions (among the regular components of the datum w) equivalent to the
existence of broad* solution of (4.1), as pointed out in Remark 4.3.6.

In section 4.4 we will study the Euclidean regularity of a H-regular graph
S = Gy 4(w) through the regularity of its intrinsic gradient V?p. In the
main result we will prove that ¢ is locally Lipschitz continuous whenever
S = Gy 4(w) is H-regular and the (n 4 1)-th component W@ of the intrinsic
gradient V?¢ is locally Lipschitz continuous (see Theorem 4.4.1). Moreover
a regularizing effect of the intrinsic gradient V¢¢ when n > 2 is stressed
by an higher regularity result which fails if n = 1 (see Corollary 4.4.6 and
Remark 4.4.7). More precisely if V®¢ = w € Lip(w, R*"1) a.e. in w, then
¢ € CY(w), see Theorem 4.4.8.

4.1 H-Regular Hypersurfaces and Weak So-
lutions of Non Linear First-Order PDEs

We can provide a characterization of H-regular hypersurfaces of H” in term
of broad* solutions of the system (4.1) (see also [32], Theorem 1.4).

Theorem 4.1.1. Let w C R?* be an open set and let ¢ : w — R and
w = (Wa, ..., Wan) : w — R¥1 be continuous functions. Then the following
conditions are equivalent:
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¢ is a broad* solution of the system V% =w in w; (4.2)

ii S = Gy,lw) is H-regular and Vél)(P) <0 for all P € S, where we denote
with vg(P) = (I/él)(P), Ce Vé?n)(P)) the horizontal normal to S at a
point P € S. Moreover

(1 Vi L
VS(P>< ¢1+|V%|2’¢1+|V%I2> (@~1(P))

VP € S where V?¢ denotes the intrinsic gradient of ®.

The proof of Theorem 4.1.1 relies on a preliminary result. The following
is given in [4] though not explicitly stated.

Lemma 4.1.2. Let ¢, w be as in Theorem 4.1.1. Then the thesis of Theorem
4.1.1 holds provided that the condition

6 € hi () (4.3)

loc

18 also required in the statement i.

Proof. i = 1ii The thesis follows at once by Theorems 3.2.12 and 3.3.8.
ii = i: By Theorems 3.2.12 and 3.3.9 we get (4.3) holds and there is a family
(¢e)e € C*(w) such that

b — O, Voo, — V% (4.4)

uniformly on the compact sets contained in w. Finally by (4.4) and Lemma
3.3.5, we get (4.2). O

Proof of Theorem 4.1.1. We have only to prove that the assumption (4.3)
can be omitted. It follows by the Holder continuous regularity result for
broad* solutions of Theorem 3.3.12. O]

Remark 4.1.3. Let us explicitly point out that the characterization of H-
regular intrinsic graphs in Theorem 4.1.1 is not contained in [4] (see Theorems
3.2.12 and 3.3.9). Indeed the results contained in [4] yield the thesis of
Theorem 4.1.1 provided the additional assumption that ¢ is little Holder
continuous of order 1/2 (see Lemma 4.1.2). Here the key step to the proof of
Theorem 4.1.1 will be to gain 1/2-little Holder continuity when ¢ is supposed
to be only a (continuous) broad* solution of the system (4.1) (see Theorem
3.3.12).
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By Theorem 4.1.1 we get that each (classical) Lipschitz continuous point-
wise solution of the system V?¢ = w with w continuous induces a H-regular
X1!-graph. More precisely

Corollary 4.1.4. Let ¢ € Lipe(w), w € COw; R*™) such that V9¢ = w
a.e. inw. Then Gy ,(w) is H-regular. In particular Gy 4(w) turns out to be
H-regular when ¢ € C'(w).

Proof. By Theorem 4.1.1 we have only to prove (4.2). Let us pick A € w,
then by classical basic ODE theory there exists 0 < dy < d; such that for
each B € I5,(A), Vj =2,...,n there is an unique classical solution

)+ [=02,02] = I5,(A) € w
of the Cauchy problem

{ %B(s) = Vf (’VJB(S)) Vs € [—0g, 0o

Thus (E£.1) and (F.2) of Definition 3.3.1 follow. On the other hand since
¢ € Lipoc(w) by the chain rule [=d2,82] 5 s — ¢ (vP(s)) is differentiable a.c.
and

d
%qb (7]]-3(5)) = w; (’yf(s)) a.e. s € [—dy, 0o] .
Therefore (E.3) follows too. O

Corollary 4.1.5. Let ¢ € C%(w) and w = (wy, ..., wq,) € C®(w; R 1), Let
us assume that ¢ is a broad™ solution of (4.1). Then ¢ is also a distributional
solution, i.e. for each ¢ € CX°(w)

/w@pdﬁ” = —/wigpdﬁ% Vitn+1 (4.5)

0 1,0

Proof. By Theorems 4.1.1 and 3.3.9 there exists a family (¢.). C C*(w) such
that for each open set W’ € w

and

b — ¢, V%P —w uniformly inw’.

Thus integrating by parts we get (4.5) and (4.6). O
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Remark 4.1.6. Corollary 4.1.4 yields that H-regular graphs could not be
C'! Euclidean regular. Actually in H' ~ R? there are examples of H-regular
graphs S = Gj 4(w) such that H**(S) > 0 V0 < e < § (see [69]), ie. S
looks as a fractal set in R? from Euclidean metric point of view. In particular
by Theorem 4.1.1 the defining function ¢ : w — R of the graph is a broad*
solution of the system V?¢ = w in w for a suitable continuous function
w : w — R. Let us stress that, since S is not a 2-rectifiable set from Euclidean
metric point of view, ¢ ¢ BV,.(w), where BV,.(w) denotes the set of the
functions of locally bounded variations in w (see also [4], Corollary 5.10).
Moreover arguing as in [69] a similar H-regular graph can be constructed in
H" with n > 2.

4.2 H-Regular Hypersurfaces and Continuous
Solutions of Non Linear First-Order PDEs

Now we are ready to state a new characterization of H-regular graphs ®(w),
see [19].

Theorem 4.2.1. Let w C R?" be an open set and let ¢ : w — R be a
continuous function. The following conditions are equivalent:

i The set S := ®(w) is an H-reqular hypersurface and v&(P) < 0 for all
P € S, where vg(P) = (V§(P),...,v2"(P)) is the horizontal normal to
S at P.

ii There exists w = (wa,. .., wa,) € CO(w;R?*™1) such that ¢ is a distribu-
tional solution of the system (4.1).

Remark 4.2.2. The characterization given in Theorem 4.2.1 is the exact
counterpart of the distributional one in the Euclidean setting. Namely a
function ¢ € C''(w) can be understood as a continuous distributional solution
of V¢ = w in w, provided w € C%(w;R™) and w C R™ open set.

Remark 4.2.3. Let us observe that the strong approximation assumption
V¢, — V¢ of Theorem 3.3.9 is not required in the statement of Theorem
4.2.1 ii. Its equivalence to the statement of Theorem 3.3.9 is not immediate.
Our strategy will be to prove the equivalence between Theorem 4.2.1 and
Theorem 4.1.1, i.e. to prove that each continuous distributional solution of
the system (4.1) is a broad™ solution.

On the other hand we do not know whether the approximation V%¢, —
V% can be directly obtained by recoursing to technical devices like molli-
fication or approximation by vanishing viscosity of the continuous distribu-
tional solutions of the system (4.1). A very deep study of vanishing viscosity
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solutions with bounded variation of nonlinear hyperbolic systems has been
carried out in [15] (see also the remark in [15], section 1.3). This study does
not seem to apply to our context where the solution is supposed to be only
continuous.

Proof of Theorem 4.2.1. i = ii: It follows at once by Theorems 3.2.12 and
3.3.9.

ii= i: Our strategy is to prove that each continuous distributional solu-
tions of (4.1) is a broad™® solution. Then the thesis will follow by Theorem
4.1.1. We will divide the proof in two steps.

Step 1. Let us assume n = 1. In this case ¢ is a distributional solution
of Burgers’ equation

0 10

8_77u+287( Y=g inw. (4.7)

Let us fix Ag = (0, 70) € w and let Ips, (Ao) € w. Let M = supy,; (4 [¢| and

d> = min {2, 21, then Peano’s Theorem yields that V A = (n,7) € I5,(Ao)
there exists a function ¢4 € C1([—6,, 6]) such that

’yA(s) =Mn+s 7+ fA(s)) € I5,(Ay) Vs € [—dq,09], (4.8)

and ¢4 is a solution of the Cauchy problem

£(s) = u(s.€(5))
{ £(0) = 0 (4.9)

where u : (=41, d1) X (—d1,91) — Ris the function u(n,7) :== ¢(n+1n, 7+7).
On the other hand u is a continuous distributional solution of (4.7) with
g(n,7) == we(n+1n, 7+ 7) inw = (—0d1,01) X (—d1,01). By Theorem 1.4.15,
we have that (£4(s),v*(s)) satisfies on [—ds, 05] the system of ODEs

{ £4(s) = v(s) (4.10)

where v(s) = u(s, £4(s)). In particular 4 and £* € C'([—8y,05]). There-
fore the curve ¥4 : [—8y, 8o] — I, (Ap) satisfies (E.1), (E.2) and (E.3) for
each A € I5,(Ap) and we are done.

Step 2. Let us assume n > 2. Let us notice that the 2n — 1 vector fields
XQ, .. Xn7 Yg, .. Yn, T is the canonical basis of the Lie algebra b, associ-
ated to H* 1 ~ R%n 2xR,. A point p € H"! can be denoted by means of the
usual identification with R**~! by p = (va, ..., Un, Unta, ..., V2n, 7). We will
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characterize the exponential maps of definition 3.3.1 as integral curves respec-
tively of the 2(n— 1) horizontal vector fields on H" ™', X5, ... X, Ys,..., Y,
and of the vector field on R?

0 0

3, T ¢(.’U2"'"Uﬂ?vn+27"'77~)2n7') E

on
Let Ay = (n°,0°,7%) € w and let us fix r > 0 such that
L(A) = (" —rn" +7r) xUQ7r) x (70 =%+ 1) ew (4.11)

where v = (v9,..., 00,00 5, ..., 05,) € R* 2 and U(v,r) denotes the open
ball in R?"~2 centered at v° with radius . Let us denote

I (0%, 7°) i = U@° 1) x (70 = 7,70 +7)

[]RQ,T<770; TO) = (770 —r,n + ) X (TO —r, 70+ T).

Let ¢ : I.(Ap) — R be a given function then, for fixed 7 € (n° —r,n°+r)
and v € U(v",r), let us denote the functions ¢ 5 : U0, r) x (1%—r, 70+7) C
H" ! >R, ¥og: (°1=rn"+7)x (7°=r,7+7r) CR* > R as

wl,ﬁO}?T) = ¢<T_]7U77—)7 w2,?7(7777—) = w(ﬁf’ﬂ') (412)

Let us observe now that, when j # n+ 1 and A = (n,v,7), a C* curve

v [=02,02] — Is, (Ap) satisfies (E.2) and (E.3) iff

v(s) = (n,exp(s X;)(v,7)) Vs € [—da, 8], (4.13)

[—02,02] 2 5 — ¢1.(exp(s )?j)(?),T)) is C! and

%gblm(exp(s Xj)(U,T)) = wj71’n(exp(s Xj)(U,T)) Vs € [—0q,00], (4.14)

Whereas, when j =n+1and A = (n,v,7), v : [—02,09] — Is (Ag) satisfies
(E.2) and (E.3) iff there exists a C! function & : [—dg, ds) — [70 — 1, 70 + 84]
such that

v(s) = (n+ s,v,7+&(9)), { ggg; z Cobzm(?? + 5,7+ &(s)) Vs € [~62, 0]
(4.15)

[—02,09] > 5 — gbgﬂ,(n + 5,7 +f(s)) is C'! and

%952,11 (77 +s,7+ 5(3)) = Wj2. (77 + 5,7+ {(s)) Vs € [—0q,00], (4.16)
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where ¢; ,, W; iy, ¢in and w;, ,, are the functions defined in (4.12) respectively
with ¢ = ¢ and ¥ = w;.

By (4.11) and selecting test functions in (4.5) and (4.6) respectively of
the type

(M, U2,y oo Vpy Ung2y o« oy Vo, T) = ©1(N) ©2(V2y -+« oy Uny Unt2y -+« oy Vo, T)
with supp(¢1) € (n° — 7, n° + 1), supp(p2) € Ign-1,(v°,7°) := U@’ r) x
(79 — 7,7+ r) and

90(777 Vo, ..., Un, Unt2,...,0V2n, 7—) = 901(777 7—) SOQ(U% co s Uny Untay - - 7U2n)

with supp(¢1) € gz, (n°, 7°) := (n° =7, n°+7) x (7% =7, 7% +71), supp(p2) €
U, r) we get

/ le,n )/ZJQO d£2n71 = —/ Wj1n (pdﬁmlil \V/j 7A n+1
IHn_lyr(vo,'rO) IHn_lm(UO,TO)
(4.17)
for each ¢ € C°(Iygn—1,(v°,1°)) and n € (n° —r,n" +r),
0 1 0
/ (g%_gp + —qbgvﬁ) ar? = — / Wpi190pdL? (4.18)
IRQ,T(n()’TO) 877 27901 I]R2,7‘(7707T0)

for each ¢ € C® (Ig2,.(n°,7°)) and v € U(v’,r). Let us notice now that
(4.17) means, by definition, that ¢, € Cf (Ign-1,(v°, 7°)) with respect to
the horizontal differentiable structure of H"™!, for each n € (n° —r,n° +
7). Meanwhile (4.18) and the previous step 1 yield that the intrinsic graph
P (Ig2,(n°, 7°)) C H' induced by the function ¢ = ¢», is H-regular for each
veU@r).

We have to prove to achieve the proof the existence, for every j =
2,...,2n, of an exponential map

expu, (-V7)(-) : [0, 82] x I5,(Ag) — I5,(A) € w.

Namely for fixed A € I5,(Ay) the existence of a curve v (s) := exp 4, (s Vf) (A)
satisfying (4.13) and (4.14) when j # n + 1, and (4.15) and (4.16) when
j=n+1

If j # n+ 1, by classical ODEs’ results, there exist 0 < d < d; such that

exp(-)?j)(-) t [=02, 62) X Tgn-15,(v9,70) — Ign—1 45, (00, 79).
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Let A = (n,v,7) € I;,(Ag). Then v4(s) = (n,exp(s)?j)(v,r)) satisfies

(4.13) by construction and (4.14) by proposition 2.2.15 applied with Q =
In-1,5,(0°,70), f = ¢1,y and gj = wj 1, since ¢, € Cf (Ign-15, (07, 77)).
If j =n+1 let Is(Ao) € w and let M = supy, (4|0 and &, =

min {%1, 25—]1\4} Then we can repeat verbatim the construction of the step 1

to the function ¢, : Igz95 (7% 7°) — R for each v € U(v°,d3). Indeed let
A = (n,v,7) € I,(Ap), then there exists a C' function £ : [—dy,d05] — R
such that the curve v4(s) 1= (n+ s,v,7 + £(s)) € I5,(Ay) Vs € [—53, 5] and
€ is a solution of the Cauchy problem (4.9) with u(7, 7) = ¢2,(n+17,7+7) if
(77,7) € (—01,01) X (—01,01), for each v € U(v°, 03). In particular v satisfies
(4.15). Moreover also (4.16) holds since the function v4(s) := u(s,£(s)) =
Ga0(n + 8,7+ &(s)) € Lip([—d2,02]) and satisfies the system (4.10) with

9(N.T) == Wyps12,(n+ 7,7+ T), for each v € U (v, dy). O
Let us stress the following link between H-regular hypersurfaces and en-

tropy solution of Burgers’ equation. This implication is automatically con-
tained in Theorem 4.2.1.

Proposition 4.2.4. Let w = (—rg,79) X (—70,70). Let us assume that S =
G p(w) C H' is H-regular and let w := V?¢ € C°(w). Then ¢ is an entropy
solution of the initial value problem

{ Uy + (%)T =w in(0,79) X (—=79,70)
u(0,7) = ¢(0,7) V7 € [—r0,70]

Proof. By Theorems 3.2.12 and 3.3.9 there exists a family (¢.) C C*(w) such
that, for any open set w’ € w, we have

b — ¢ V9% =W%p, —w  uniformlyinw’. (4.19)
Let us define (1, 7) := ¢c(1, 7), ge(n, 7) := W (n, 7) for (1, 7) € (0, 70) x
(—ro,70), then by (4.19) and Proposition 1.2.9 we have done. O

Remark 4.2.5. Theorem 4.2.1 yields that the notions of distributional, en-
tropy and broad* solution of (4.1) are the same in the case of ¢ continuous.
Indeed we have the following link:

i ¢ distributional solution <= &(w) H-regular <= ¢ broad* solution,
by Theorems 4.1.1 and 4.2.1.

ii ¢ distributional solution = ¢ broad* solution, by Theorem 1.4.17.
iili ¢ entropy solution = ¢ distributional solution, by defintion 1.2.4.

iv ¢ broad™ solution = ®(w) H-regular = ¢ entropy solution, by The-
orem 4.1.1 and proposition 4.2.4.
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4.3 V% = w: uniqueness and existence

1
We are going now to study the local uniqueness in h},(@) and existence in
C?(w) of broad* solution of the system V?¢ = w. Let us begin with the
problem of the uniqueness.

Theorem 4.3.1. Let M >0, Ag = (o, 70) ER* =R, xR, ifn =1, Ay =
(N0, v0,70) € R =R, x RV xR, ifn>2, 70> 0, w = (ws,..., ws,) €
CY (I,,(Ap); R*"1) be given. Let ¢; € C° (ITO(AO)) verifying

6:(A)| < M VYAeTl, (A) (i=12).

i Letn=1, ¢y € C[1o—7r0,To+T10]), let ¢; (i = 1,2) be two broad™ solutions
of the initial value problem

Wog =w in I, (Ao)
{ &(no, 7) = ¢o(1) VT E [10 — 70, T0 + T0) (4.20)
To

Then ¢y = ¢o in I.(Ag) if 0 < r < T

ii Letn > 2, a € R let ¢; (i = 1,2) be two broad™ solutions of the initial
value problem

Vo =w inl,(Ap)
4.21
{ P(Ao) = @ ( )
. . To
T = I.(A )
hen ¢1 = o in I.(Ag) if 0 < r < Y
Remark 4.3.2. It is well-known that the uniqueness fails for the problem
Wep=0 inl,((0,0))
{ 6(n,0) =0 Vr € [-ro,ro] (422
Indeed, for instance, the functions ¢; := 0 and ¢a(n, 7) := % with ¢ €

R\ {0} are broad* solutions of (4.22) for ry small enough.

Proof. i First let us observe without loss of generality we can assume that
Ay = (0,0). Otherwise let us consider ¢*(n,7) = ¢(n — ny, ™ — 79) and the
associated initial value problem.

{ W =w* il ((0,0))

6*(0,7) = ¢3(r) VT € [—ro.70] (4.23)
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where W*(UaT) = w(77 —MNo, T — 7-0)7 ¢3(T> = (ZSO(T - TO)7 (7777—) € [7"0((07 O))?
T € [—719,70]. Then it is easy to see by definition that ¢ is a broad* solution
of (4.20) if and only if ¢* is a broad* solution of (4.23).

Let ¢;, i = 1,2, be two broad™ solutions of the problem (4.20). Then by
Theorem 4.1.1 S; = Gy, (Iro((0,0))> are H-regular if w = 1,,((0,0)). On
the other hand by Proposition 4.2.4 ¢; are entropy solutions of the problem

u, +uu, =g in(0,7r9) X (—ro, 7o)
4.24
{ U(O,T):¢0(T) VTG [—To,'f’o] ( )
with ¢g(n,7) = w(n, 7). Thus Corollary 1.3.4 yields that for r < 1 _:OM
b1 = 9 L£* —a.e.in (0,7) x (—r,7)
and by the continuity of ¢; we get
O1 = O9 in (0,r) x (=r,r). (4.25)

On the other hand it is easy to see, arguing in the same way, that u;(n,7) =
—¢i(—n,T) (n,7) € [0,70] X [—70, 0] still turns out to be entropy solutions of
the problem (4.24) with g(n, 7) = w(—1,7) (1, 7) € (0, 70) X (—70, 7o), then
01 = o in(—r,0) x (=r,r). (4.26)
Thus by (4.25) and (4.26) we achieve the proof.
ii Arguing as before we can assume that Ay = (0,v0,0). Let ¢;, i = 1,2,

be broad* solutions of (4.21) with n > 2. Let us fix n € (=719, 1) and let us
define

fi(")(v,T) = ¢i(n,v,7)  (v,7) € U(vg,r9) X (—70,70)-

By Theorems 4.1.1, 3.2.12 and 3.3.9 there exist two families (¢;). € C* (I,.(Ap))
such that
bie — i, V%<p; —w uniformlyin I,(Ag) (4.27)

for every 0 < r < rg. In particular from (4.27), for a fixed n € (—r,7)
Vafi" = dnn(n, ) inUvo,r) x (=r,7) (4.28)
in distributional sense. By linearity, if f™(v,7) := £ (v, 7) — £ (v, 7)

Vaf? =0 inU(vg,r) x (—r,7) (4.29)
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in distributional sense. By (4.29) and Lemma 2.2.12 there exists a function
W =1(n): (—r,r) — R such that
G2(1,0,7) = () + d1(n,v,7) - V(n,0,7) € L (Ao). (4.30)
Since ¢;(Ap) = a, i = 1,2, by (4.30) we get that ¢(0) = 0. Then
O = 61(0,0,7) = ¢2(0,0,7) Y (v,7) € Ulvy,r) x (=1, 7). (4.31)

Let us fix now v € U(vp, r) and let us define

u; = uz(-”)(n,T) = ¢i(n,v,7)  (n,7) € (0,7) X (—r,7).

In order to achieve the proof it is enough to show that u;, 7+ = 1, 2, are entropy
solutions of the initial value problem

{ wy+uu, =g in(0,7) x (—rg, 7o) (4.32)

u(0,7) = ¢5(1) VT € [0, 70]
where ¢g(n,7) := wpy1(n,v, 7). Indeed by Corollary 1.3.4 and arguing as
before we can conclude that ¢; = ¢ in I,.(Ag). For fixed v € U(vg,r) let, for
i=1,2

ui,f(ﬁ? 7_) = ¢i,e(777 v, 7_) (na 7—) € [07 T] X [_Ta ’l”],
9ie(,7) = Vg (n,v, ) (0,7) €[0,7] X [=r,7].

By (4.27) and Proposition 1.2.9 we infer at once that u; are entropy solutions
of the problem (4.32) and we have done. O

Theorem 4.3.1 yields the following local uniqueness result for H-regular
graphs with a prescribed horizontal normal.

Corollary 4.3.3. Let M, ro > 0, Ag = (n0,70) € R? =R, xR, if n = 1,
Ao = (1m0, v0,70) € R*" =R, x R2(D R, ifn >2. Let w = (ws,...,way,) :
I, (Ag) — R 1 be continuous and let us denote

1 w(A)
v(A):= [ — , AeI,(A).
. ( N ¢1+|w<A>|2> € L)

Let 'y Cc H*, Py € H" be

Lo :={(0,m0,7) - ¢o(T) €1 : 7 € [10 — 70,70 +70]}, Fo= (0,70,70) ¢o(70)ex
if n =1 where ¢y € C°([10 — 10,70 + 10]) s given, and

Lo :={F}, Fo= (0,m0,v0,70) e
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if n > 2 where o € R is given. Let S; = Gy 4 (I;,(Ao)) C H" (1 = 1,2) be
two H-regular graphs such that

[oi(A) <M VA€ L, (Ao) (i =1,2),

;7 1(P)) VP € SiNUs(Py,m0), ToNUse(Po,70) C SiNUse(Py,70)
o (Ag) — H" is the parameterization in (3.4) with ¢ = ¢;. Then,
o

where ®; : I,
if0< r<

1+ M’ '
o1 =02 In Ir(Ao)

Now let us deal with the problem of the local existence of broad* solutions
for the system (4.1). We are going to prove there are broad* solution of the
problems (4.20) and (4.21) for arbitrary initial value conditions for suitable
data w.

Theorem 4.3.4. Let Ay = (no,70) € R? = R, xR, ifn = 1, Ay =
(7’]0,110,7'0) € R = Rﬂ X Ri(n_l) x R, if n > 2.

i Letn=1, ¢y € hl([To —10,To+70]), wo € CO([T —0—ro, 70+ 10]) be given.
Then there exist ¢, w € C° ( (A0)> such that ¢ is a broad* solution
of the initial value problem (4.20) for ro small enough and w = wy on
[T0 — 70, To + To]-

ii Letn>2, aeR, w’=(w),..,wd ) e R be given. Then the function

2n

$(n,v,7) =a+uwn . -(n—m)+ Y wl-(wi—v))  (nv,7) R
=2
i#En+1

is a broad* solution of the problem (4.21) with w = w°.

Proof. i Let us observe that, arguing as in the proof of Theorem 4.3.1 i we
can assume that Ag = (0,0). With the notation of Theorem 3.1.9 let

F = {(¢O(T)7O>T) ST E [_T07r0]}
F=0, k:F— HH ~R% k(z,y,t) = (1,—w0 (y,t—l— %)) if (z,y,1) € F.
Let Q = (¢o(7'),0,7"), P = (¢po(7),0,7) with 7 # 7/ € [—rg, 7], then
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_ 1= (60(7) = 60(r)) + w0(0,7) - 0] _ [en(r) — 6o(7)|
max {|o(r) — o(n)], V7 =71}~ V77

Since ¢ € hz([—ro, +10]), for compact set K C F, by (4.33) we get

513(% prc(9) = 0.
Then by Whitney’s extension Theorem 3.1.9 there exists f cH! — R, f €
C#(H') such that ) .
f=0 and Vgf=%k inkF. (4.34)
Let Py := (¢0(0,0),0,0) € F, g(P) := f(Py-P) for Pe H', S = {P € H' :
g(P) = 0}. Since g € Cj(H'), 0 € S, X19(0) = 1 by the Implicit Function
Theorem 3.1.13 and Proposition 3.1.17 there exists an open neighborhood

U C H' of 0 such that
S NUis H-regular. (4.35)

Moreover there exist 6 > 0 and an unique continuous function (Z ] =
[—0, 6] x [—02,6%] — R such that

o ('f) =Gl ('f) — SN (4.36)
if ®(77,7) = (0,7, 7) - (7}, 7)er with (7,7) € I and
Bp=1w inl (4.37)

7007 = (~5 0 ®) (1.7) = =% (R 36.7)).

Let us perform now the change of variable 1) : I — R2
and let [ := 1 (7) Let us define

é(n,7) = ¢0(0,0) + ¢(n, 7 — po(0))  (n,7) € I.

Then by (4.36)

So = 1p, (SNU) = 71, (Ggm(f)) = Gl (I). (4.38)
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Let ro > 0 so small such that 7,,(0,0) C I. By (4.34), (4.35) and (4.38) we
get that

#(0,7) = do(T) VT E [—10,70), (4.39)
Gﬁ7¢(]r0 (0,0)) is H-regular. (4.40)

On the other hand it is easy to see that by (4.37)
Bop=w inl,(0,0) (4.41)

in distributional sense, where

win,7) =@ (¥ (7)) (1.7) € Ly(0,0).
Thus by (4.40) and (4.41) and Theorem 3.3.9 we get

6 € hZ (L,(0,0)) (4.42)

loc
and
W =w inl,(0,0). (4.43)

Finally by (4.39), (4.40), (4.43) and Theorem 4.1.1 we get that ¢ is a broad*
solution of W?¢ = w in w.

ii It is an easy calculation. O

Now we are going to see that in the case n > 2 there are C%-regular
solutions of the system V¢ = w = (ws, ..., Wy, ) in w provided compatibility’s
conditions among the components w;.

Theorem 4.3.5. Let us denote w = (19 —170, M0 +70) X © where @ C R21 s

an open set and Py = (g, vo, 7o) and r > 0. Let w = (W, ..., Wpi1, .o, Wap) €
C?*(w;R?" 1), n > 2. Let us define

1/)(77’ v, T) = (5(:27“024-71 - %U@) (777 v, T)

E(n,v,7) = ¢ o V00 wm)dr

’an 1(77/7U>T)
I(U,v,f)z/ — Dy
n E,v,T)

Ey(n,v,7) = E(n,v,7)I(n,v,T)
X.E
a = (a27-.-7an7an+2,...7a2n> a; = -JE‘

— X;E
b= (b2, ..., bn, bpya, ..., ban) b; = %

where 9 € R is fivzed and W,y = (Wa, ..., Wy, Wpi2, ..., Way,). Then the fol-
lowing statements are equivalent:
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i There exists ¢ € C*(w) solution of (4.1).
ii There exists C € C*(w) such that
VaC(v,7) = Wps1(no,v,7)  V(0,7) €D (4.44)

and
a(n,v,7)C(v,7) =b(n,v,7) — b(no, v, 7). (4.45)

Vn € (no—r,mo+r), Y(v,7) € ©. Moreover ¢ and C are linked by the relation
¢(777U77') = El(n7v77—> + E(UaU,T)C(UaT)- (446>

Proof. 1t is not restrictive to assume 79 = 0.

i = ii Let us assume that there exists ¢ € C%(w) such that V¢¢ = w in
w. Let us observe that

%_~

- =To= [(X2Vs — YaXolop = Xowoy — Yaws =: 1. (4.47)
Thus we can linearize the system getting
%qu = W1 inw (4.48)
0
a—ﬁ + oY =wpy  inw (4.49)

For fixed (v, 7) € w, by the uniqueness of linear ODE (4.49), we can represent
¢ as
Cb(ﬁavﬂ') = El(T/?UuT) + E<777U77'>¢(07U77') (45())

Let us denote
C(v,7) = ¢(0,v,7) (v,7) €W

and let us prove (4.45). By (4.48) and (4.50) we get that
Wyt = V(B + EC) = VyE, + VyE - C + EVyC
and then V (n,v,7) € w
6]1.]10(1),7') +a(n,v,7)C(v,7) = b(n,v,7). (4.51)
By choosing n = 0, since b(0,v,7) = w,11(0,v,7) and a(0,v,7) = 0 we get

at once (4.44) and (4.45).

ii = i Let us assume that there exists C' € C?(w) such that (4.44) and
(4.45) hold. Let us define ¢ as in (4.50) with C'(n,7) = ¢(0,n,7), then it is
easy to verify that V%¢ = w in w. O
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Remark 4.3.6. Let us explicitly point out the system (4.1) differs from
system (2.34). For instance, let us assume that w € C?(R?*",R**~!) such
that

Wpy1(n,v,7) =0 in w:=R>" (4.52)
and
wn+1(777 v, T) = Wnp+1 (’U, T) (453)
with B
Vawni1 Z0 in w (4.54)

Then compatibility’s condition (4.44) is satisfied with C' = cost in @ =
R?"~! by Lemma 2.2.12. On the other hand since ¢y = 0 we have F = 1,

E1<TI7U7 T) - 1(7]»1)77') - (77 - nO)wn-‘rl(Uv T)) a= 07

b(n,v,7) = —(n— 1) Vaw,s1(v, 7). Then by (4.54)

1_7(777 v, 7—) - [_)(7707 v, 7-) = _€HE1(777 v, T) = _(77 - TIO)%Hwn+1<U7 7—) 7_é 0.

Therefore compatibility’s condition (4.45) is not satisfied and by Theorem
4.3.5 there are no C? solutions of the system (4.1).

We are going now to give some explicit regular solutions of the system
(4.1) in H? by means of Theorem 4.3.5. We will assume in the examples below
that ¢ € C?(w) is a solution of system (4.1), w = (9 — ro, Mo + 70) X @ =
(Mo — 10,M0 + 10) X Ulvo,70) X (T9 — 0,70 + 70), and we will use the same
notations of Theorem 4.3.5.

Remark 4.3.7. Let us assume that 3¢ € C?*(w) solution of (4.1). If C(v,T)
0 in w then b(n,v,7) =0 in w.

Indeed let us notice that by (4.45) we have
b(n,v,7) —b(0,v,7) = a(n,v,7)C(v,7) =0 V(n,v,7) €w, (4.55)
then by (4.44)
VaC(v,7) = ws(no, v, 7) =0 Y(n,v,7) € Ulvy,r0) X (7o — 70, To + 70)

and by (4.46)
é(n,v, 1) = Ei(n,v,7) in w.
Let us observe that by definition

E(no,v,7) =1 Ey(no,v,7) =0,

therefore b(no, v, 7) = 0 and by (4.55) we conclude b(n,v,7) =0 in w. O
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Remark 4.3.8. Let us assume that a(n,v,7) =0 in w and that 3¢ € C?*(w)
solution of (4.1), then it is of the type ¢p(n,v,7) = »(n)T + k(n,v).

Indeed by the definition of a

~ n ..
0= VHE(T]aUaT) = _E(T],U,T)/ VHQZ}(T}?U’T) dT//
70

Vn € (no — ro,mo + 1r0), V(v,7) € @. Since for fixed (v,7) € © %Hw(-,v,ﬂ c
C°((no — ro,mo + 10); R?) we can conclude that
Vip =0 inw (4.56)

By (4.56) and Lemma 2.2.12 we get that ©» = ¢(n) n € (9o — r0,M0 + T0)-
Therefore we can conclude by Theorem 4.3.5 and Theorem 2.4.16 there are
solution ¢ € C?*(w) of the system (4.1) of the type

¢(777v77-) = ¢(U)T+ k(777v) V(ﬂ,U,T) c w.
0

Example 4.3.9. Let us assume now w = w(n, v). Let us observe that in this
case ¢ - ¢(777U)7 E = E(nav)a El - E1<n7v)7 a = Q(T],U) and l_) - l_)(ThU)
By Theorem 4.3.5 each solution ¢ € C?(w) of the system (4.1) is of the type

o(n,v,7) = E1(n,v) + E(n,v)C(v,T) (4.57)

and
%HC(U, T) = w3(no, v) (4.58)
a(n,v)C(v,7) = b(n,v) — b(no,v) (4.59)

Vn € (no — ro,mo + 10), Yv € U(vg, o), V7 € (19 — 70, T0 + 70). By Theorem
2.4.16 the condition (4.58) is equivalent to

Pw, 0wy 9%w, 9% ws
0 ( dv3 81)4(91)2) (70, v) ((%281}4 ov? ) ) (4.60)

Let us assume now that a(n,v) # 0 in w. Then by (4.59) we get that
C(v,7) = C(v). Thus by (4.57) ¢(n,v, ) = ¢(n,v) provided (4.60) holds.
On the other hand let a(n,v) = 0 in w. In this case ¢ can depend on 7. For
instance, it is immediate to see that

o(n,v,7) = (n,v,7) € (—1,1) x U(0,1) x (—1,1)

-
n—+2

is a solution of the system (4.1) with

w(n,vr) == w(n,v) = (—2(77 i %)’ 0, 20 _21_ 2)> V(n,v,7) € w.
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Example 4.3.10. In the same assumption of example 4.3.9, if w = w(n)

0
then a solution ¢ of V¢¢ = w is such that a_qﬁ = 0.
7— o~ o~
Indeed let us observe that, since w = w(n), ¥ = Xowyy, — Yowy = 0. We

0
conclude so — =1 = 0.
or

Example 4.3.11. In the case w = w(v, ) we can find ¢(n, v, 7) solutions of
V?p = w such that ? # 0.
Ui

Let us assume in H?

w = <—%,7, %) . w=(-1,D%

Then ¢(n,v,7) = 7 + e~ is a solution of V®¢ = w in w.

Example 4.3.12. In the case w = w(n, 7) we can find ¢(n, v, ) solution of
0
V?¢ = w such that ¢ # 0 for some i € {2,...,2n}.

avi
Let us assume in H?

w=(1,217,0), w=(-1,D%

Then ¢(n,v,T) = vo + n? is a solution of V9¢ = w in w.

4.4 Euclidean Regularity of H-Regular Graphs

In this section we are going to prove that for a given H-regular graph G%HL ¢(w)
the Euclidean Lipschitz regularity of the (n + 1)-th component W?¢ of its
intrinsic gradient V?¢ yields its Euclidean Lipschitz regularity (see Theorem
4.4.1). Moreover when n > 2 more regularity holds provided each component

of the intrinsic gradient V¢¢ is locally Lipschitz continuous (see Theorem
4.4.8).

Theorem 4.4.1. Let w C R* be an open set, let Gy ,(w) be H-regular
in H" and let us assume the (n + 1)-th component of its intrinsic gradient

Wep € Lipioe(w). Then ¢ € Lipie(w).

Remark 4.4.2. i Let us point out that Theorem 4.4.1 is sharp. Indeed in
[11], Example 2.8, it was considered the function ¢ : w := (—1,1)* — R,

T

1
o(n.7) =4 TF
n—1

7>0

T<0
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We compute easily that

—T 1

09 ez T 09 PESEE
8_7’](7777—) = —T 0 E(TLT) = 1
URSIE 71 70

then ¢ € Lippe(w)\ C'(w) and its intrinsic gradient V¢ = W% = 0 €
Lip(w). Gy 4(w) is H-regular in H' by Theorem 4.2.1.

ii Weakening the assumption W%¢ € Lip(w) with W¢¢ € C%(w) the
thesis of Theorem 4.4.1 can fail. For instance, if n = 1 by [4] Corollary 5.11
(see also [94]) we can construct for each a € (3,1) a function ¢ € C%*(w)
such that Gy ,(w) is H-regular and V?¢ = W?¢p € C"?**!(w), see example
3.3.7, where ¢ is of the type ¢(n,7) := C|7|* and W?¢ = sgn(7) 2aC|7|?* 1,
C' constant.

Before the proof of Theorem 4.4.1 we will need some preliminary results.
The first key tool for the proof of Theorem 4.1 will be the following one.

Lemma 4.4.3. Let Ay = (no,70) € R? if n = 1, Ay = (10,v0,70) € R*™ if
n>2,1ry>0,let ¢ : I, (A) — R and w= (wy,...,way): I,(Ay) — R*"!
be given continuous functions. Let us assume

i ¢ is a broad* solution of V¢ = w in I, (Ao);

ii wyy € Lip (L,O(AO)>.
Then for some 0 < r <rg, ifn=1

sup{M A= (n,7),B=n1)e€l(Ay), A# B} < 00

|A— B
(4.61)
and, if n > 2

A)—o(B
sup{w cA=(n,v,7),B=(nuv71)¢eIl(A), A# B} .
(4.62)
Proof. We are going to follow here the same proof’s strategy of Theorem
3.3.12.

Since ¢ is a broad™® solution there exists a family of exponential maps at

Ao
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exp, (‘V7)() 1 [=62, 82] x T, (Ao) — T5,(Ao) € I, (Ao) (4.63)
where 0 < 0y < §; and j = 2,...,2n satisfying (E.1), (F.2) and (E.3).

Let us denote I := Is, (Ag), I := I5,(Ag). Let A= (n,7) € Lifn=1
and A = (n,v,7) € Iy if n > 2 and let us denote by ya(s) = i ,(s) =
expy, (SW?)(A) if s € [—02,05]. Let ya(s) = (n + s,74(s)) if n = 1 and

va(s) = (n+ s,v,7a(s)) if n > 2. Then 74 satisfies

L al8) = 16(1(3))] = waaa(14(5)).

ra(0) =7, ra(0) = 6(4)

First let us consider the case n = 1. Let A = (n,7) € Iy = [ng — 0, M0 +
da] X [T9—02, To+ 2] and let z(s, 7) := 7Ta(s) if |s| < dy and 7 € [19— 2, T0+ 2],
fl,n(577—) = ¢(77 + S,T), f2,17(877-> = w2(77 + 577—)7 gﬁ(T) = ¢(7777-) if (57T> S
Q1 1= [—02,02] X [To — 01,70 + 01] and 1 € [1g — 02,70 + J2] is fixed. By (4.64)
and since

Li(fan, [T0 = 61,70+ 61]) < Li(fo, ) <00 ¥ € [no — 9,10 + 02
we can apply (3.34) of Lemma 3.3.13 and (4.61) follows with r = d,.

Inthecasen > 2and A = (n,v,7) € Iy = [ng—02, no+d2] XU (v, d2) X [19—
02, To+02] let (s, 7) 1= 7a(s)if [s] < 0y and T € [19—02, To+02], f1,90(s,7) =
¢(77 + 87U7T>7 fQ,T),U(S?U?T) = wn+1(7l + 57U7T)7 gn,v(T) = ¢(777 U7T> 1f (577—) €

Q1 = [—02,02] X U(vy, 61) X [10 — 1,70 + 01] and 0 € [y — 62,10 + 62), v €

U(vy, 92) are fixed. By (4.64) and since
Ly (fopvs [T0—01, T0+01]) < L1(f2,f_1) < 00 V€ [ng—b2,mo+d2], v € U(uvp, 61)

(4.64)

we can argue as before to get (4.62). ]
Remark 4.4.4. Actually in order to get (4.61) and (4.62), by Remark 3.3.14

we can weaken the assumption wy,41 € Lip ( I,,(Ao) ) in

|A - B

if n =1 and,

sup { [wny1(A) — Wy i1 (B)] A= (n,7),B= (7)€ L,(A), A+# B} -

A) — B
sup{|wn+1(’21_g’z+l( )l : A= (n,v,7),B=(nv,1) € 1,(A), A#B} e

ifn> 2.
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Proof of Theorem 4.4.1. Let Ay € w and ry > 0 be such that [,,(Ay) € w
It is sufficient to prove that ¢ € Lip(I,(Ap)) for some 0 < r < 7.

Let Ag = (no,70) € R?if n =1, Ay = (1o, v0,70) € R*™ if n > 2. Let us
observe that by Theorem 4.1.1 ¢ is a broad* solution of the system

Ve =w inw:= I,,(4). (4.65)

Then we can apply Lemma 4.4.3 and, for some 0 < r < 1y, we get at
once that

o(n,7) — d(n, 7| < Lt =7'| Vpem—rn+r], 7,7 €[rg—r10+7]

ifn=1and

|¢(77; v, T)_¢(n7 v, T/>| S L |7—_7-/| V,r] S [770—7’7 770"‘7’]7 (S U(”Oa T)v T, 7—, € [TO_T7 7—0+T]

if n > 2. Notice also that in both cases there exists

09

= L™ 4.
e (1.66)
in distributional sense. Let us prove now that there exists
Op? 0
99 _ 2¢—¢ 1 (w) (4.67)

or

in distributional sense. Let us fix an open set ' € w and let 0 < € <
dist(w’, R? \ w). Then it is well-defined the convolution

¢ = (0xp)(xr) weW
where (pc). is a standard family of mollifiers. In particular by (4.67)

¢. € C'(w') and (?;j_e = % xp. €W (4.68)
Jo. 0
b % (4.69)

in L?(w') V1 < p < co. On the other hand, Yy € C!(w'), by (4.68)
/ p22F 20¢ £ L = —2/ 6.2
W’ 87-

and taking the limit as ¢ — 01 we get

/¢ agpdﬁ"z—?/ oo pdL"
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and we have done. Let us recall now that by Corollary 4.1.5 ¢ is a distribu-
tional solution of (4.65) too, i.e. (4.5) and (4.6) hold. By (4.6) and (4.67)
there exists

00) 1 9¢?

7 _ _ 2 I®(W).

o~ g, ST
Meanwhile by (4.67) and (4.5) we get there exist

96 040 09

Y — ws 2 e L™

an wj + 2 Or = loc(w)

8¢ . (] 8(}5

= Wi — 220 € [ ().
anJrn Wi+ 2 o7 loc(w)

and we have done.

]

Let us deal now only with the case n > 2. We will see there is a stronger
regularizing effect of the intrinsic gradient V%¢ on ¢.

Theorem 4.4.5. Let w C R?" be an open set with n > 2, let ¢ : w — R,
W= (Wa, ey Wpyg 15 oy Wap ) : w — RV Let us assume

i¢e LP(w), w € LS (w) Vi = 2,....n and, for some ig = 2,...,n, there

loc loc
exists

Xiowio-l-n - f/iowio S L;);)c(w> (470)
in distributional sense,
ii ¢ is a distributional solution of the system (4.1).

Then ¢ € Lipe(w).
Proof. By i
/ X0 dL = — / wiyp AL Vo € CHR™).
Let us prove there exists
% = X, Wigsn — Yigws, € Li2(w) (4.71)

in distributional sense. In fact

0 C
/qsa—f > = — / 6 (XigViy = Vi X, ) o =
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= _/ <_55i0¢2090 + ﬁo(ﬁ)?io(p) d‘CQn =

= —/ (—in}N/iogO—I—wioJrn 1080> AL = —/ (Y Wi, — )?Z-Owiﬁn) gpdﬁ%.

From (4.71) we have for j = 2,...,n there exist

9¢ Vjn 09
kS c L™
a,Uj Wj + 2 a loc( )
8¢ (] 3¢
T = 2 e
avj+n Wi+ ) (97' loc( )
in distributional sense. Arguing now as in (4.67) we get there exists
olon 0o
— =2¢0— €L 4.72
or ¢8T € loc( ) ( )
in distributional sense. Therefore
0¢ 19¢?

o =W — e €L
877 Wn+1 2 07 loc()

and we achieve the proof. m

Through the same techniques exploited in Theorem 4.4.5 we can get a C*
regularity result for distributional solutions of system (4.1).

Corollary 4.4.6. Under the same assumptions of Theorem 4.4.5 let us re-
place (4.70) with

w; € C*(w) (4.73)
forj=2,...,2n, and some k > 1. Then ¢ € C*(w).

Proof. By Theorem 4.4.5, (4.73) and (4.71) we get ¢ € Lipj.(w) and there
exists

0 ~
a—f = XioinJrn Y o Wiy S Ckil(CU) (474)
in distributional sense. Then arguing as in the proof of Theorem 4.4.5 we
get at once there exists for j =2,...,n
¢ Vjn 0 k—1
— =W, — el 4.75
0v; Wit 2 01 < ) ( )
dp v; 8gb

9% _ . k-1
s Witn = 5 5= e C"(w) (4.76)



4.4. EUCLIDEAN REGULARITY OF H-REGULAR GRAPHS 131

in distributional sense. In order to achieve the proof we have to show there
exists
9¢

o c C*"(w) (4.77)

in distributional sense. Indeed by (4.74), (4.75), (4.76) and (4.77), through a
standard approximation argument by convolution it follows that ¢ € C*(w).
Let us prove (4.77). As in (4.72) it is enough to prove there exists

0¢° 9¢ k-1
=9 4.
5 o) 5, € C" (w) (4.78)
in distributional sense. By induction on k, since ¢ € C°(w), (4.78) follows.

]

Remark 4.4.7. Example given in Remark 4.4.2 i infers that the thesis of
Corollary 4.4.6 fails if n = 1.

Finally let us stress an interesting regularity result for the solutions of
system (4.1) in the case n > 2.

Theorem 4.4.8. Let n > 2, w = (19 — 7o,Mm0 + 7o) X @ where @ C H"! ~
R?f;)l is a connected bounded open set and let ¢ € Lip(w) andw = (wa, . ..., way,) €
Lip(w; R*™1) such that

Ve =w a.e. in w.
Then ¢ € CY(w).
Proof. We have only to prove that

99 € C%w). (4.79)
or

Indeed by (4.79) arguing as in the proof of Corollary 4.4.6 we get ¢ € C*(w).
We will reduce to deal with the linear system 6H¢ = Wpy1 in w. Then,
without loss of generality, we can suppose that w = R?". Otherwise, for a
fixed open set W’ € w, let x € CX(w) a cut- off function such that x = 1
in w’. Then we can replace ¢ and w,,; with ¢* := x¢ € Lip(R*") and
Wy g = (W5, Wy, Wh g, W, ) Where w} = xw; + )N(jxqb € Lip(R*")
if j =2,...,n and wj := xw; + 17]-)((;5 € Lip(R?") otherwise. Moreover we
can suppose that Vgg(A) = th,41(A) for all A € R?" since w is continuous.
We divide the proof in four steps.

Step 1: We observe that there exist

_ 00~ 00\ (0w dwje N
(X@%E> = <577> € (L®(w))? (4.80)
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5 00 = 0¢ i Ow; Owjin 00 2
(B T5e) = (G222 e =) (4.81)

in distributional sense, for j = 2,...,n
0
Step 2: Fix n € R and define u,(v,7) := a—¢(77,v,7') for (v,7) € H"!, then
T
by (4.80) and Theorem 2.2.21 we obtain that Vn € R

u, € Lipg(H"™1) (4.82)

where Lipg(H"!) denotes the space of intrinsic locally Lipschitz functions
in H"~! with respect to the distance (2.7) dy in H* ™! ~ R?"~! and

(v,7)
|G T o = | (52 75
(4.83)

Let us observe also that g¢ (n,-,-) € CO(H" ) ¥ € R. In fact by (4.82) and

Remark 2.2.20 we have that u, € Lipy(H" ') C C°(H" ') and so we have
done.
d¢

Step 3: Let us prove that that for every fixed (v, 7) € H"! 8_<’ v,7) € CO(R).
T
It is enough to show that if 7, — 79 when h — oo, then V (v,7) € H"!

92 (v, 7) = 22 (0,0, 7)
8’7' Nh, U, T 87_ Mo, U, T).

< 0 Vn e R.

(Lo (H™))?

Since N

X]¢> (nfuva T) - wj(nh7v7 7—)

Y6) (1, v,7) = w1, v,7)
V(v,7) € H" ', Vh € Nand for j = 2, ...,n, then we have L*" ' —a.e. (v,7) €
Hn—l

¢ ~ =~ ~ ~ ~

g(nha v, 7—) = <X]Y3¢ - }/]ngb) (nhv v, 7—) = <X]w]+n<nha v, T)) - <Yng(77h7 v, T)) .
(4.84)

Let us denote, for (v,7) € H" ! and a fixed j € {2,...,n},

wn(0,7) = (K n) (v 7) = (Vi) O, v,7),
The sequence (wy), € L= (H""!) and sup [wp| oo @n-1) < 00, then for weak*-
heN

compactness there exists w* € L>®°(H"!) such that, up to a subsequence,

wy, — w* in L°°(H" 1) —weaksx. (4.85)
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We show now that £*"~! —a.e. (v,7) € H* !

w*(v,7) = <X*jwj> (10, v, T) — <}7}wj+n> (o, v, T) = %(UQ,U,T) (4.86)

By definition, V¢ € C}(H")

/ w* (v, 7)e(v, 7)dvdr = lim wy (v, T)p(v, T) dvdT =
Hnr—1

h—o0 Hnr—1

= Jim [ | (Kiwsen) o) = (Vi) G ,)] ol 7) o dr =

= — lim [wj+n(77h,v, ) Xj(v,7) — wj(nh,v,T)}N/jgo(v, 7')} dvdr =

h—o0 Hn—1

— _/ 1 [wﬁn(??o,v,T)XjSD(v,T) — Uh‘(?](),'U,T)%QO('U,T)} dvdr =
e

= /Hn1 [(f(jwﬁn) (N0, v, T) — (fﬂ-wj) (770,11,7)] (v, 7)dvdr =

- / %(no,vm)@(vﬁ) dvdr

Hnr—1 87—

and so we obtain (4.86).
Let us define

0
up(v,7) = uy, (v,7) = a—f(nh,v,T) (v,7) € H*!
by (4.84) and (4.86) we obtain
Up, — U, in L°°(H" 1) —weakx* (4.87)

Moreover by step 1 we obtain that the sequence (uy), C Lipg(H" 1) verifies
that

9¢
sup |up| < sup | — 4.88
Hnr—1 | h| R27 or ( )
AL >0: |up(v,7) —up(v',7)| < Lds ((v,7), (', 7)) V(v,7),(@,7) € H" ', Vh € N.
(4.89)

By Arzeld-Ascoli’s Theorem, up to a subsequence, there exists u* € Lipg(H"™!)
such that
up — u* uniformly on compact sets of H™ ! (4.90)
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By uniqueness, (4.87) and (4.90) we obtain that u,, = u* £** *-a.e. in H" .
Moreover, because u,,, u* € CO(H""'), we have that

%(no,v,f) = u*(v,7) Y (v,7) € H"! (4.91)
or

The thesis follows by (4.90) and (4.91).
Step 4: Let us show (4.79). Let us prove that for each sequence (1, v, 7)n C
R?" such that

(Mhs Vns ) — (Mo, Vo, To) in R?"
then ”
hhjgo E(Umvhﬁh) = E(Uo,voﬁo)-
Let us observe that
O ¢

_(nhnvha Th) - E(TIO?vO?TO) =

or
= (%(nhﬂ}hﬂ—h) - %(Um%ﬁo)) + (%(Umvoﬁo) - %(770,@0,70)) =

=1+ 1.
By step 2 the exists L > 0 such that V (v, 7), (v/,7') € H* 1, Vp € R

9 9

22 r) = 5207 < L ((007), (7).

Thus we have there exists hlim I ,(ll) = (0. For step 3 we have there exists
—00

hlim I}(LQ) = 0 too, and then we have done. Il

Remark 4.4.9. Theorem 4.4.8 does not hold in H'. As counterexample let
of remark 4.4.2. Indeed V%¢ =

us consider the function ¢(n, 1) = —

7]

0 € Lip(w) but ¢ ¢ C(w).

Corollary 4.4.10. Let w C R?" be an open set with n > 2, let ¢ € L (w)

loc
and w = (Wa, .., Wpy1, -, Wapn) € Lip(w; R27Y). Let us assume that ¢ is a

distributional solution of V¢ = w in w. Then Gy 4(w) is C'-regular.
Proof. Immediate by Theorems 4.4.8 and 4.4.5. ]

By the previous regularity results we can get of the following corollary.
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Corollary 4.4.11. Let w = (wq, ..., we,) : w C R*™ — R* 1 gnd let us
denote

1 w(A)
v(A) = | — , Aew
” ( NiERTIOE ¢1+|w<A>P) ©

Let S = GI}M(w) C H"™ be a H-reqular graph such that
Vs(P) = I/(q)_l(P)) VP e SN UOO(P(),T’()),
where ® : w — H" is the parameterization in (3.4) and Py = ®(Ay).

i If wyiq is Lipschitz continuous then S N U (Py, ) is a Lipschitz hypersur-
face for some r < 1o, i.e. SNUx(Fo,r)=P(w)NUsx(Po,7) and

@:wC (R ][) = (R, ] )
i1s Lipschitz continuous and one-to-one;

ii if n > 2 and w is Lipschitz continuous then S N Ux(Py,7) is a C' hyper-
surface in R*™ for some r < ry. Moreover if w € C*(w;R?*"71) for
some k > 1 then SNUy(Py,r) is a C* hypersurface in R* ! for some
r<Tp.

To conclude, let us rewrite some of our results about H-regular hyper-
surfaces in wiev of study characterizations and regularity of the solutions of
Burgers’ equation

0 Lo, 5, .
8_7)u+§§(u)_ g inw. (4.92)

Corollary 4.4.12. Let ¢, w € C°(w) and let us assume that ¢ is a distribu-
tional solution of Burgers’ equation (4.92) with g = w. Then

i there exists a family (¢c)eso C CH(w) such that as e — 0F

e — ¢ and W, —w in L (w).

ii ¢ is locally little Hélder continuous in w of order 1/2, i.e. for every open

set W € w
A) — ¢(B
lim sup [#(4) — & )|:A,B€w/,0<|A—B]<r =0.
r—0F |A — B|

iii ¢ is locally Lipschitz continuous in w provided w s Lipschitz continuous.
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Proof. Let us notice that ¢ is a continuous ditributional solution of (4.1)
in the case n = 1, then by Theorem 4.2.1 S = ®(w) C H' is an H-regular
surface, where ® is the parametrization induced by ¢ and given in Theorem
3.1.13.

Then thesis i follows by Theorem 3.3.9, equation (3.28).

Theorem 4.1.1 yields that ¢ is a broad* solution of (4.1) too, then by Theorem
3.3.13 we obtain thesis ii.

Finally thesis iii follows by Theorem 4.4.1. O]

Remark 4.4.13. The regularity results in Corollary 4.4.12 ii and iii are
sharp. For instance, there are examples of H-regular graphs ®(w) with ¢ no
better than little Holder continuous of order 1/2 and Lipschitz continuous
even if w = 0, see for instance Theorem 3.1.15 and example 3.3.7. (see [69],
[4] and [18] too).
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