CVGMT Preprint Server - http://cvgmt.sns.it/papers/del99/

GENERALIZED UNIT NORMAL BUNDLES

SILVANO DELLADIO

Department of Mathematics, University of Trento, ITALY

Abstract. We define and discuss a generalized notion of unit normal bundle in the context of rectifiable currents. In particular, we get results aimed at the application of direct methods to variational problems in a geometric measuretheoretic setting.

1. Introduction

Geometric measure theory plays a fundamental role in the process of development of theoretical machinery aimed to deal with geometric variational problems. A lot of work has been produced since the early seminal papers by De Giorgi’s and Federer’s schools and many open questions within the existing theory give life to the research on this subject.

The purpose of our paper is that of providing some tools to go into “unexplored territories along the boundary” between geometric measure theory and differential geometry, and carry out a process aimed to bridge the gap between the neighbouring regions. An example of application which we consider significant of how this approach can be fruitful, has been given recently in [14], where generalized Gauss graphs theory has been used to extend a compactness result by Langer [19], concerning sets of hypersurfaces subject to an uniform boundedness condition on the volumes and on the L^p norm of the second fundamental forms (if p is sufficiently large). Our interest in this subject is justified by the abundance of applications of unit normal bundles in the general literature and, in particular, along the “boundary” mentioned above. One can easily verify the substance of this assertion by giving a look at [6, 7, 8, 18, 24], just to cite a few main references.

This is not the first time that unit normal bundles have been considered in the context of geometric measure theory. Martina Zähle defined normal bundle currents for sets of positive reach and used them to represent curvature measures [25, 26] and to handle problems related to integral geometry. In particular, in a joined work with W. Rother [22], a simplified proof of a principal kinematic formula is provided. Unfortunately, the lack of compactness or closure results for the Zähle’s generalized unit normal bundles seems to make their application to many variational problems in a geometric measure-theoretic setting rather hard to realize.

Now let us briefly describe the plan of the paper. Most of the notation and terminology is collected in section §2. In §3 we compute explicitly the multivector orienting a smooth unit normal bundle. The results led naturally to Definition 4.1, where we introduce the set GUNB_n(R^N_x ) of “generalized unit normal bundles of order n”. It turns out immediately that such a set enjoys some nice properties as

1991 Mathematics Subject Classification. Primary 49Q20, 49J45, 49Q15, 55R65; Secondary 53C65, 53A07, 53C42, 49Q05.

Key words and phrases. Geometric measure theory, Geometric variational problems, Unit normal bundles, Generalized manifolds, Generalized curvatures, Functionals involving surfaces and curvatures, Differential geometry. 1

that of being closed with respect to weak convergence of currents and that of including any current carried by a measurable subset of the classical unit normal bundle over a smooth d-dimensional surface embedded in R^N_x , provided d does not exceed n. Then, after some preliminaries from linear algebra, we state a coarea formula (Proposition 4.3) and a structure theorem (Proposition 4.4), summarizing the main explicit geometric properties induced on a generalized unit normal bundle by the axioms of Definition 4.1. As a first consequence we show that in the codimension one case an integral current is a generalized unit normal bundle if and only if it is a generalized Gauss graph (Proposition 4.5). Another corollary asserts that if a sequence of generalized unit normal bundles converges weakly, then the measures associated to the respective surfaces in R^N_x converge in the weak^∗ sense (Proposition 5.1). be found in In section §6 we succeed in proving a non-cancellation result (Proposition 6.3), which could appear a little surprising in that it is well-known that cancellation phenomenons arise very frequently during a passage to the limit. Roughly, it asserts that if the surfaces corresponding to each member of a weakly convergent sequence in GUNB_n(R^N_x ) contain a given measurable set, then so do also the surface corresponding to the limit. A similar fact occurs also in the context of generalized Gauss graphs ([12, Proposition 5.1]), but in the present context we need a further result about slicing (Proposition 6.1 and Proposition 6.2) to overcome some complications related to coarea. In view of applications to variational problems and in order to get more general results, following a similar path to [14], we open §7 by defining special subclasses of GUNB_n(R^N_x ) (Definition 7.1). It follows a subsection about functionals, where we give examples of energies involving well-known curvature notions, e.g. the Chern-Lashof curvature (Remark 7.3). Then a couple of theorems about closure, semicontinuity and compactness are proved to hold for sets, in such special classes of generalized unit normal bundles, subject to a certain uniform boundedness condition on the energies (Proposition 7.3 and Proposition 7.4). Section §8 is devoted to a couple of applications. The first one concerns an existence result for a variational problem. In the second one we prove that the weak limit of unit normal bundle currents induced by regular surfaces has to be nice, provided areas and certain integral norms of Chern-Lashof curvature (of the appropriate order) and of Weingarten map remain bounded.

2. General notation

For the main notation about geometric measure theory, we refer the reader to the classical literature on this subject [16, 21, 23]. A H^h−measurable countably hrectifiable set is simply said to be a H^h-rectifiable set. Given an open subset U of an euclidean space, let D^h(U) denote the family of smooth h-forms with compact support in U. The set of integer multiplicity rectifiable h-currents in U is indicated with R_h(U). Recall that an element T ∈ R_h(U) is determined by a H^h-rectifiable subset R of U (carrier), a H^h R-measurable simple multivector field η (orientation) and a locally H^h R-integrable integer-valued function θ (multiplicity). We shall write T = [[R, η, θ]].

Throughout the paper, while dealing with generalized unit normal bundles of surfaces, we have to keep distinguished the N-dimensional euclidean space where the surfaces live from the one where the normals live. We shall denote them by R^N_x and R^N_y , where the subscripts x and y are the respective variable names. The standard orthonormal bases of R^N_x and R^N_y will be denoted by {e_1, . . . , e_N } and {ε_1, . . . , ε_N } while, according to the tradition, {dx^1, . . . , dx^N } and {dy^1, . . . , dy^N } will be the corresponding dual bases. Given a k-dimensional linear subspace E of R^N_x or of R^N_y , then the unit sphere in E and its volume will be indicated, respectively, with S^{k−1}(E) and s_{k−1}.

Our conventions about multi-indices and multivectors are standard. Given a couple of positive integers H and h such that H ≥ h ≥ 0, we set I(H, h) := {{ δ = (δ_1, . . . , δ_h) | 1 ≤ δ_1 < δ_2 < . . . < δ_h ≤ H } if h > 0 ∅ if h = 0.

If α ∈ I(H, h), then σ(α, ᾱ) is the sign of the permutation of (1, 2, . . . , H) into (α, ᾱ). The short notation for products will be often used. For example: e_α := e_{α1} ∧ · · · ∧ e_{αd} , dx^β := dx^{β1} ∧ · · · ∧ dx^{βk} , κ_γ := κ_{γ1} · · · κ_{γn} . Given a non zero simple multivector τ, then E_τ will be the linear subspace associated to τ (i.e. the enveloping subspace of τ, according to [20]).

As usual, * is the Hodge star isomorphism in R^N_x : ∗e_α = σ(α, ᾱ)e_α, α ∈ I(N, h). We will indicate every usual inner product and dual pairing with the same notation ⟨· | · ⟩. The corresponding length function will be | · | := √ ⟨ · | | · ⟩. The d−th stratum (d = 0, 1, . . . , h) of

ζ ∈ ∧_h(R^N_x × R^N_y ) ( ω ∈ D^h(R^N_x × R^N_y ) ) is given by

ζ_{(d)} := ∑ γ∈I(N,d) δ∈I(N,h−d) ⟨ ζ | | e_γ ∧ ε_δ ⟩ e_γ ∧ ε_δ ( ω_{(d)} := ∑ γ∈I(N,d) δ∈I(N,h−d) ⟨ ω | | dx^γ ∧ dy^δ⟩ dx^γ ∧ dy^δ )

and hence also the d-th stratum of T = [[R, η, θ]] ∈ R_h(R^N_x × R^N_y ) can be defined as follows

T_{(d)}(ω) := ∫ R ⟨ η_{(d)} | | ω⟩θdH^h = ∫ R ⟨ η | | ω_{(d)}⟩θdH^h = T (ω_{(d)}) (2.1)

for all ω ∈ D^h(R^N_x × R^N_y ). Regarding T and the strata T_{(h)} as vector measures, we get |T_{(h)}| = |η_{(h)}|θ H^h R = |η_{(h)}| |T | where | · | denotes, in this case, the total variation.

To simplify the formulae, throughout the paper we will often omit to mention the obvious isometric immersions

R^N_x → R^N_x × R^N_y , R^N_y → R^N_x × R^N_y .

Finally, consider the obvious isometric isomorphism

Φ : R^N_x → R^N_y ( Φ(e_j ) := ε_j ) . Then, for the sake of simplicity, we set

[·]^• := Φ , [·]_• := Φ^{−1}.

and extend this convention to multivectors and multicovectors, e.g. [e_β ]^• = ε_β , [ε_β]_• = e_β and [dx^β ]^• = dy^β .

3. The current carried by a measurable subset of a smooth unit normal bundle Given a submanifold M of R^N_x , let us denote its unit normal bundle by B. Recall that B is canonically oriented and has dimension N − 1, whatever the dimension of M ([6, §6.7.21], [8, §7]). Then we can consider a H^{N−1}-measurable subset E of B and the current T := [[E, η_{|E} , 1]] (3.1) where η is the unit simple (N − 1)-vector orienting B.

Let us proceed to the computation of η at (x, y) ∈ B, in terms of principal directions {τ_i} and curvatures {κ_i} of M at x with respect to y. First of all, let d be the dimension of M and let h : U ⊂ R^d → R^N_x be a local parametrization of M around x, where U is an open set containing 0 which is mapped by h to x. Without loss of generality, we can also suppose ∂h ∂u^i (0) = τ_i.

Then, denoting the codimension of M with k (i.e. k := N − d) and choosing an orthonormal family {ν_1, . . . , ν_k} of smooth normal vector fields, defined in a neighbourhood of x, such that

ν_k(x) = y_• and ν_1(x) ∧ · · · ∧ ν_k(x) = ∗(τ_1 ∧ · · · ∧ τ_d), we can define the following local parametrization of B around (x, y) H(u, t) := h(u) + k−1∑ j=1 t^j [ ν_j ( h(u) )]_• + √ 1 − |t|^2 [ ν_k ( h(u) )]_• , (u, t) ∈ U × V where V is a neighbourhood of 0 in R^{k−1} (compare [6, (6.7.11)]). Hence, denoting the normal component by [ · ]^⊥, we find dH_{(0,0)} ( ∂ ∂u^i ) = τ_i + [dν_{k,x}(τ_i)]^• = τ_i − κ_iτ^•_i + { [dν_{k,x}(τ_i)]^⊥ }_•

i.e. dH_{(0,0)} ( ∂ ∂u^i ) = τ_i − κ_iτ^•_i + k−1∑ j=1 ⟨dν_{k,x}(τ_i)|ν_j (x)⟩[ν_j (x)]^• in that ⟨ν_k|ν_k⟩ ≡ 1. Since one has also dH_{(0,0)} (_∂ ∂t^i ) = [ν_i(x)]^•, we get easily

ζ := ∧_{N−1} dH_{(0,0)} ( ∂ ∂u^1 ∧ · · · ∧ ∂ ∂u^d ∧ ∂ ∂t^1 ∧ · · · ∧ ∂ ∂t^{k−1} )

=(τ_1 − κ_1τ^•_1 ) ∧ · · · ∧ (τ_d − κ_dτ^•_d ) ∧ [ν_1(x)]^• ∧ · · · ∧ [ν_{k−1}(x)]^•

=(−1)^{k−1}τ ∧ (ν^• y) + d−1∑ j=0 ∑ α∈I(d,j) (−1)^{N−1−j} σ(α, α)κ_α τ_α ∧ τ^•_α ∧ (ν^• y) where τ := τ_1 ∧ · · · ∧ τ_d and ν := ν_1(x) ∧ · · · ∧ ν_k(x). Hence we see that the j-th stratum of η(x, y) = ζ/|ζ| has to be zero provided j exceeds d, i.e. (omitting the argument (x, y)) η = η_{(0)} + η_{(1)} + η_{(2)} + · · · + η_{(d)} (3.2) while the expressions of the other strata are given by:

η_{(j)} = ζ_{(j)} |ζ| = (−1)^{N−1−j} ∑ α∈I(d,j) σ(α, α)κα τα ∧ τ • α ∧ (ν^• y) √ 1 + ∑_d i=1 ∑ α∈I(d,i) κ 2 α where j = 0, 1, . . . , d − 1, and η_{(d)} = ζ_{(d)} |ζ| = (−1)^{k−1}τ ∧ (ν^• y) √ 1 + ∑_d i=1 ∑ α∈I(d,i) κ 2 α . (3.3)

The following proposition provides, in particular, a rule to select the canonical orientation and motivates axiom (iii) in Definition 4.1 below.

Proposition 3.1. Let φ be the 1-form in R^N_x × R^N_y defined by φ(x, y) := N∑ i=1 y^i dy^i. Then, for all j ∈ {0, 1, . . . , d} and ω ∈ D^j (R^N_x ), one has ⟨ ζ | |ω ∧ [(∗ω)^• φ]⟩ = ⟨ζ_{(j)} | |ω ∧ [(∗ω)^• φ]⟩ = (−1)^{N+d+1} ∑ α∈I(d,j) κ_α⟨τ_α|ω⟩^2. In particular ⟨ ζ | ω ∧ [(∗ω)^• φ] ⟩ = ⟨ ζ_{(d)} | ω ∧ [(∗ω)^• φ] ⟩ = (−1)^{N+d+1}⟨τ|ω⟩^2 provided ω ∈ D^d(R^N_x ).

Proof. Since ∗τ_α = σ(α, α) τ_α ∧ ν for all α ∈ I(d, j), we obtain ⟨ τ_α ∧ τ^•_α ∧ (ν^• y) | |ω ∧ [(∗ω)^• y]⟩ = ⟨τ_α|ω⟩⟨τ^•_α ∧ (ν^• y) | |(∗ω)^• y⟩ = (−1)^{d+j} ⟨τ_α|ω⟩ ⟨ (τ_α ∧ ν) y_• | ∗ ω y_• ⟩ = (−1)^{d+j} ⟨τ_α|ω⟩⟨τ_α ∧ ν | ∗ ω⟩ = (−1)^{d+j} σ(α, α)⟨τ_α|ω⟩^2. Hence the statement follows immediately by recalling the expression of ζ computed above.

Remark 3.1. Let M be a countable union of pairwise disjoint (in measure) submanifolds M_j of R^N_x . Denote the unit normal bundle of M_j by B_j and set B := ∪_j B_j . The sets M and B will be referred to as a “regular agglomeration of surfaces” and the “unit normal bundle of M”, respectively. Then the definition of T can be obviously extended to the case when E is a H^{N−1}-measurable subset of B, even if the dimensions of the M_j are not homogeneous, provided E has locally finite measure. We will say that T is “induced by E” and the maximal dimension of the surfaces will be called “order” of T (or of the agglomeration M). Note that if T_j is the current induced by E ∩ B_j , then one has T = ∑ j T_j .

4. Generalized unit normal bundles

4.1. The definition. The discussion of Section §3 is quite illuminating about the definition we are going to state. Actually, as we shall see in the structure theorem, the main geometric properties characterizing the current (3.1) will continue to hold for the generalized items defined below.

Definition 4.1. A current T ∈ R_{N−1}(R^N_x × R^N_y ) is said to be a “generalized unit normal bundle (of order n with base space R^N_x )” if it is carried by a subset of R^N_x × S^{N−1}(R^N_y ) and the following conditions are satisfied:

(i) T_{(n+1)} = T_{(n+2)} = . . . = T_{(N−1)} = 0;

(ii) T φ_• = 0, where φ is defined as in Proposition 3.1;

(iii) for all ω ∈ D^n(R^N_x ) and for all nonnegative functions g ∈ C_c(R^N_x × R^N_y ),

(−1)^{N+n+1}T (g ω ∧ [(∗ω)^• φ]) ≥ 0.

The set of generalized unit normal bundles (of order n with base space R^N_x ) will be denoted by GUNB_n(R^N_x ).

Remark 4.1. Let M, B, E and T be as in Remark 3.1. Then, recalling the formulas obtained in Section §3, it is easy to see that T belongs to GUNB_n(R^N_x ), provided the order d of M does not exceed n. This point is worth some more details with reference to axiom (iii). First of all, note that if d < n then the condition is trivially verified (the first member in the inequality is identically zero!), even if the bundle is equipped with a noncanonical orientation. In the more interesting case d = n, the axiom could result not satisfied if the orientation is chosen arbitrarily. More precisely, if B^∗ denotes the unit normal bundle of the agglomeration formed by the n-dimensional surfaces of M, then Proposition 3.1 shows that axiom (iii) is satisfied if and only B^∗ is oriented canonically, while we are free again to choose any orientation B\B^∗. As we shall see below, the same consideration continue to hold in the generalized setting (compare Remark 4.4).

Remark 4.2. If m < n, then GUNB_m(R^N_x ) is a proper subset of

T := {T ∈ GUNB_n(R^N_x )|T_{(m+1)} = . . . = T_{(n)} = 0}.

For example any current carried by the unit normal bundle of a m-dimensional smooth surface M and equipped with the noncanonical orientation belongs to the residual set T \ GUNB_m(R^N_x ).

Remark 4.3. The definition is closed with respect to weak convergence of currents, i.e. if {T_j } ⊂ GUNB_n(R^N_x ) converges weakly to T ∈ R_{N−1}(R^N_x × R^N_y ), then T ∈ GUNB_n(R^N_x ). In particular the closure of axiom (i) follows from (2.1). Observe that, passing to the limit, phenomenons of “dimension dropping” (roughly speaking!) occur frequently, even in the special case when the T_j are induced by measurable subsets of smooth unit normal bundles. For example, given the cylindric surfaces in R^3_x

M_j := { x ∈ R^3_x | (x^1)^2 + (x^2)^2 = 1/j^2, x^3 ∈]0, 1[ } let T_j be the generalized unit normal bundle induced by the graph of the outward Gauss map of M_j . Then {T_j } converges weakly to the current induced by the unit normal bundle of the segment {(0, 0)}×]0, 1[ in R^3_x. Similarly the generalized unit normal bundles induced by the graphs of the outward Gauss maps of shrinking spherical surfaces centered in a point P ∈ R^3_x converge weakly to the normal bundle current induced by the unit normal bundle of {P }. When dimension dropping occurs, apparently, we have no more explicit orientation conditions on the limit. However we are inclined to believe that nice orientation qualities could be inherited from the limit. Note that the closure property conjectured in Remark 4.4 below, would represent a result in favour of this argument.

4.2. Projection and coarea. In preparation for the structure theorem, we state some preliminary results. Let V be a vector subspace or R^N_x × R^N_y of dimension h and consider the standard orthogonal projection operator

π : R^N_x × R^N_y → R^N_x .

Moreover let η be an orientation of V , i.e. η = u_1 ∧ · · · ∧ u_h where {u_j } is an orthonormal basis of V . In the following couple of propositions we show, in particular, how to deduce the rank and the coarea factor of π_{|V} from the orientation η.

Lemma 4.1. Assume dim(πV ) = d. Then one can choose the orthonormal basis {u_j } in such a way that

1. {u_{d+1}, . . . , u_h} is an orthonormal basis of ker(π_{|V} ), while {πu_1, . . . , πu_d} is a basis of πV ;

2. one has { η_{(d)} = ∧_dπ(u_1 ∧ · · · ∧ u_d) ∧ u_{d+1} ∧ · · · ∧ u_h η_{(d+1)} = · · · η_{(h)} = 0.

Moreover |η_{(d)}| coincides with the d dimensional Jacobian of π_{|V} , i.e. |η_{(d)}| = √ det [ π_{|V} ∘ (π_{|V} )^t ] . (4.1)

Proof. Statement (1) is an easy consequence of dim [ ker(π_{|V} ) ] = dim V − dim(πV ) = h − d.

It follows that

η = (πu_1 + v_1) ∧ · · · ∧ (πu_d + v_d) ∧ u_{d+1} ∧ · · · ∧ u_h

where v_i := u_i − πu_i ∈ R^N_y , which implies (2). Hence we get (4.1): |η_{(d)}| = | ∧_dπ (u_1 ∧ . . . ∧ u_d)| = √ ∑ α∈I(h,d) | ∧_dπ (u_α)|^2 = √ det [ π_{|V} ∘ (π_{|V} )^t ] .

Lemma 4.2. The conditions

η_{(d)} ≠ 0 and η_{(d+1)} = · · · = η_{(h)} = 0 (4.2)

are satisfied if and only if dim(πV ) = d.

Proof. Lemma 4.1 yields the “if ” implication. To get the converse, let us assume condition (4.2) and denote dim(πV ) by d^′. Then

η_{(d}′_) ≠ 0 and η_{(d}′_{+1)} = · · · = η_{(h)} = 0

whence, comparing with (4.2), we obtain d^′ = d.

Now we can apply the previous results to study the coarea of π_{|R}, where R is a H^hrectifiable subset of R^N_x × R^N_y oriented by a H^h-measurable field η of unit simple h-vectors. Define

R^{(d)} := { (x, y) ∈ R | | η_{(d)}(x, y) ≠ 0, η_{(d+1)}(x, y) = · · · = η_{(h)}(x, y) = 0} for d = 0, 1, . . . , h.

Proposition 4.3 (coarea). The following facts hold:

1. The R^{(d)} are pairwise disjoint H^d-rectifiable sets and R = R^{(0)} ∪ R^{(1)} ∪ · · · ∪ R^{(h)};

2. Denoting with ap J_d(π_{|R}(d) ) the approximate d dimensional Jacobian of π_{|R}(d) (see [16, Theorem 3.2.22]), one has ap J_d(π_{|R}(d) ) = |η_{(d)}| ≠ 0

H^h R^{(d)}−a.e.;

3. The projection πR^{(d)} is a H^d-rectifiable subset of R^N_x ;

4. For H^d (πR^{(d)}) almost all x, the set π^{−1}(x) ∩ R^{(d)} is H^{h−d}-rectifiable and the coarea formula ∫ R^{(d)} g dH^h = ∫ πR^{(d)} (∫ π^{−1}(x)∩R^{(d)} g |η_{(d)}| dH^{h−d} ) dH^d(x) holds, where g is any R valued function such that g/|η_{(d)}| is H^d R^{(d)}−integrable.

Proof. The first assertion is obvious, while the second one follows readily from Lemma 4.1. If we denote by V (x, y) the tangent space for R at (x, y), then Lemma 4.2 yields dim (πV (x, y)) = d for H^h R^{(d)} almost all (x, y). Hence we get assertion (3). Finally (4) follows from (2), (3) and [16, Theorem 3.2.22].

4.3. The structure of a generalized unit normal bundle. In the following theorem, some main properties of smooth unit normal bundles are extended to the generalized items. In particular, a formula similar to (3.3) is proved. Consider T = [[R, η, θ]] ∈ GUNB_n(R^N_x ) and let d ∈ {0, 1, . . . , n}. By Proposition 4.3 there exists a H^d-measurable field τ of unit simple d−vectors in R^N_x orienting πR^{(d)}.

Proposition 4.4 (structure). We have the following results:

1. At H^{N−1} almost every point of R, one has η = η_{(0)} + η_{(1)} + · · · + η_{(n)}, just as in the smooth case, compare (3.2). Hence also the decomposition R = R^{(0)} ∪ R^{(1)} ∪ · · · ∪ R^{(n)} holds;

2. For H^{N−1} R^{(d)} almost all (x, y), the vector y_• is orthogonal to E_{τ (x)}; 3. For H^d (πR^{(d)}) almost all x, π^{−1}(x) ∩ R^{(d)} is a H^{N−d−1}-rectifiable subset of S_T (x) := {x} × [ S^{N−d−1} ( E^⊥_{τ (x)} )]_• oriented by the field (x, y) → (∗τ(x)^• ) y; 4. There exists a H^{N−1}-measurable function σ_d : R^{(d)} → {±1} such that the equality η_{(d)}(x, y) = σ_d(x, y)|η_{(d)}(x, y)| τ(x) ∧ [( ∗ τ(x)^• ) y ] holds at H^{N−1} R^{(d)} almost all (x, y). In the special case d = n, one has σ_n ≡ (−1)^{N+n+1}.

Proof. (1) It is an immediate consequence of Definition 4.1(i), formula (2.1) and Proposition 4.3(1).

(2) Recalling Lemma 4.1 and Lemma 4.2, we find that, for H^{N−1} R^{(d)} almost all (x, y), there exists an orthonormal basis {u_j } of E_{η(x,y)} such that the set {u_{d+1}, . . . , u_{N−1}} is an orthonormal basis for the kernel of π_{|Eη(x,y)} , {πu_1, . . . , πu_d} is a basis of π(E_{η(x,y)}) = E_{τ (x)} and η_{(d)}(x, y) = ∧_dπ(u_1 ∧ · · · ∧ u_d) ∧ u_{d+1} ∧ · · · ∧ u_{N−1}. It follows that (omitting the arguments x and y) η_{(d)} = ±|η_{(d)}| τ ∧ u_{d+1} ∧ · · · ∧ u_{N−1}. (4.3) On the other hand, by axiom (ii) of Definition 4.1, we have also ⟨η|φ_• ∧ ω⟩ = 0 almost everywhere with respect to H^{N−1} R, for all ω ∈ D^{N−2}(R^N_x × R^N_y ). Thus we find ⟨τ|y_• ∧ A⟩⟨u_{d+1} ∧ · · · ∧ u_{N−1}|B⟩ = ⟨τ ∧ u_{d+1} ∧ · · · ∧ u_{N−1}|y_• ∧ A ∧ B⟩ = 0 for all A ∈ ∧_{d−1}(R^N_x ) and B ∈ ∧_{N−d−1}(R^N_y ), at H^{N−1} R^{(d)} almost all (x, y). We get immediately that τ(x) y_• = 0, for H^{N−1} R^{(d)} almost all (x, y). (3) It derives easily from (2) and Proposition 4.3(4). (4) First of all, let us prove that ζ(x, y) := (∗τ(x)^•) y = ±u_{d+1} ∧ · · · ∧ u_{N−1} (4.4) for H^{N−1} R^{(d)} almost all (x, y), where the u_j are chosen like above. Indeed E_{ζ(x,y)} ⊂ ker ( π_{|Eη(x,y)} ) . (4.5) for H^{N−1} R^{(d)} almost all (x, y), by (3). Since E_{ζ(x,y)} and ker(π_{|Eη(x,y)} ) have the same dimension, the equality has to hold in (4.5). Hence (4.4) follows readily, by recalling that {u_{d+1}, . . . , u_{N−1}} is an orthonormal basis of ker(π_{|Eη(x,y)} ). Now the formulas (4.3) and (4.4) yield η_{(d)} = σ_d |η_{(d)}| τ ∧ ζ (4.6) where σ_d is a H^{N−1} R^{(d)}-measurable function which takes values in {±1}. In order to compute σ_n, let us recall axiom (iii) of Definition 4.1. We find (−1)^{N+n+1} ⟨ η | | A ∧ ((∗A)^• y)⟩ ≥ 0 for all A ∈ ∧_n(R^N_x ) and H^{N−1} R^{(n)} almost everywhere, whence 0 ≤ (−1)^{N+n+1}σ_n|η_{(n)}| ⟨ τ ∧ ζ | |A ∧ ((∗A)^• y)⟩ = (−1)^{N+n+1}σ_n|η_{(n)}| ⟨τ|A⟩ ⟨ ζ | (∗A)^• y ⟩ = (−1)^{N+n+1}σ_n|η_{(n)}| ⟨τ|A⟩ ⟨ y_• ∧ ((∗τ) y_•) | | ∗ A⟩ for all A ∈ ∧_n(R^N_x ) and H^{N−1} R^{(n)} almost everywhere, by (4.6). Since y_• ∧ ((∗τ) y_•) = ∗τ by (2), we get 0 ≤ (−1)^{N+n+1}σ_n|η_{(n)}| ⟨τ|A⟩^2 for all A ∈ ∧_n(R^N_x ) and H^{N−1} R^{(n)} almost everywhere, which concludes the proof.

Remark 4.4. Assertion (4) in Proposition 4.4 shows that axiom (iii) of Definition 4.1 induces “orientation properties” only on R^{(n)}, i.e. the part of carrier where the projection has maximal rank. In fact T will continue to be a generalized unit normal bundle of order n even after that a new, arbitrary, orientation for R\R^{(n)} has been chosen in place of the old one (compare Remark 4.1). Obviously one can get a “richer” definition by equipping every R^{(d)} with the canonical orientation, i.e. by replacing axiom (iii) with the following stronger one that is surely satisfied by every current T such as that defined in Remark 3.1: (iii*) The inequality

(−1)^{N+d+1} ( T R^{(d)} ) (g ω ∧ [(∗ω)^• φ]) ≥ 0

holds for all nonnegative functions g ∈ C_c(R^N_x × R^N_y ) and ω ∈ D^d(R^N_x ), with d = 0, 1, . . . , n. In particular, if we assume (iii*) insted of (iii) and proceed just as in the computation of σ_n, then we can derive the expression of σ_d for all d, i.e. σ_d ≡ (−1)^{N+d+1}. Moreover, under such an assumption, one can easily verify that the “residual set” of Remark 4.2 is empty.

Unfortunately we do not know if such a modified definition enjoys the property (desirable, in the variational context) of being closed with respect to weak convergence of currents, even if we are in favour. That is the reason why we prefer to leave Definition 4.1 unchanged.

Now we can prove that, in codimension one, the notions of generalized unit normal bundle and generalized Gauss graph coincide. For basic facts and notation about generalized Gauss graphs, we refer to [5, 11] (further details and applications can be found in [1, 2, 3, 4, 10, 12, 13, 14, 15]).

Proposition 4.5. Let the codimension be one, i.e. N = n + 1. Then an integral current is a generalized Gauss graph if and only if it is a generalized unit normal bundle.

Proof. We have to prove that Definition 4.1 is equivalent to [11, Definition 3.1].

First of all, recall from [17] that (in codimension one) the boundary condition (iii) of [11, Definition 3.1] can be dropped because it follows from the other axioms. Moreover, note that the orthogonality conditions (ii) of the same definition and (ii) of Definition 4.1 coincide trivially.

Let T = [[R, η, θ]] be a generalized Gauss graph and show that it has to be a generalized unit normal bundle. Indeed we already know that T verifies axioms (i) and (ii) of Definition 4.1. Moreover [11, Proposition 4.1(2)] yields the equality

η_{(n)} = (−1)^n|η_{(n)}| ∗ y_•

almost everywhere with respect to H^n R, whence ⟨η|ω ∧ [(∗ω)^• φ]⟩ = (−1)^n|η_{(n)}| ( (∗ω)^• φ ) ⟨∗y_•|ω⟩ = |η_{(n)}|⟨∗y_•|ω⟩^2 almost everywhere with respect to H^n R and for all ω ∈ D^n(R^N_x ). This shows that T satisfies also (iii) of Definition 4.1.

To prove the converse assertion, consider a generalized unit normal bundle T = [[R, η, θ]]. Assertions (2) and (4) of Proposition 4.4 imply η_{(n)} = |η_{(n)}| ⟨∗τ^•|y⟩τ = (−1)^n|η_{(n)}| ⟨τ| ∗ y_•⟩τ = (−1)^n|η_{(n)}| ∗ y almost everywhere with respect to H^n R. Then T satisfies axiom (iv) of [11, Definition 3.1], by [11, Proposition 4.1(2)]. Recalling the remarks at the beginning of this proof, wa can conclude that T is a generalized Gauss graph.

5. A convergence result An essential role is played in the sequel by the total variation of the highest order stratum of a generalized unit normal bundle. In particular, the following proposition will prove to be very useful.

Proposition 5.1. Let {T_j } ∈ GUNB_n(R^N_x ) be such that T_j ⇀ T ∈ R_{N−1}(R^N_x × R^N_y ) (hence T ∈ GUNB_n(R^N_x )). Then |T_{j (n)}| → |T_{(n)}| in the weak^∗ sense of measures.

Remark 5.1 (rough interpretation of the result). Given T = [[R, η, θ]] ∈ GUNB_n(R^N_x ), the geometric interpretation of the measure |T_{(n)}| can be easily derived from coarea formula. In fact Proposition 4.3(4) implies ∫ g d|T_{(n)}| = ∫ πR ( ∫ π^{−1} (x)∩R^{(n)} g(x, y)θ(x, y) dH^{N−n−1}(y) ) dH^n(x) for all g ∈ C_c(R^N_x × R^N_y ). Recalling that y lives on a compact set, the unit sphere, we get ∫ g d|T_{(n)}| = ∫ πR gθ̃ dH^n (5.1)

for all g ∈ C_c(R^N_x ), i.e.

π_#|T_{(n)}| = θ̃ H^n (πR) = θ̃ H^n (πR^{(n)}) where θ̃ is the H^n (πR)-measurable function defined as follows

θ̃(x) := ∫ π^{−1}(x)∩R^{(n)} θ(x, y) dH^{N−n−1}(y). In particular, if T is induced by the unit normal bundle of a regular agglomeration M (i.e. it is defined as in Remark 3.1 with E = B) then one has θ̃(x) = s_{N−n−1} for H^n (πR) almost all x. Hence we get π_#|T_{(n)}| = s_{N−n−1}H^n M = s_{N−n−1}H^n M^∗ where M^∗ denotes the subagglomeration of n−dimensional surfaces. Now, on the basis of these considerations, we can give the following rough interpretion of our convergence result: if T_j ⇀ T then the measures carried by the highest dimension agglomerations of surfaces corresponding to the T_j converge in the weak^∗ sense to the measure carried by the highest dimension agglomeration of surfaces corresponding to T .

Remark 5.2. By virtue of Proposition 4.5, if the codimension is one, Proposition 5.1 coincides with [5, Proposition 2.8] (or with [11, Proposition 4.2]).

The proof of Proposition 5.1 is a trivial consequence of the following lemma. Consider the (N − 1)-form in R^N_x × R^N_y

Ω_{d,N} := (−1)^{Nd+N+1} ∑ β∈I(N,N−d−1) [ (∗φ_•) dx^β ] ∧ dy^β where φ is the 1-form defined in Proposition 3.1, i.e. φ(x, y) := ∑_N i=1 y^i dy^i. Then

Lemma 5.2. Given T = [[R, η, θ]] ∈ GUNB_n(R^N_x ) and d ∈ {0, 1, . . . , n}, the following formula holds

⟨η|Ω_{d,N} ⟩ = (−1)^{N+d+1}σ_d|η_{(d)}|, H^{N−1} R^{(d)}-a.e. (5.2)

i.e. ( T R^{(d)} ) (g Ω_{d,N} ) = (−1)^{N+d+1} ∫ gσ_d d ( |T_{(d)}| R^{(d)} ) for all g ∈ C_c(R^N_x × R^N_y ). In the special case d = n one has

T (gΩ_{n,N} ) = ∫ g d|T_{(n)}| (5.3)

for all g ∈ C_c(R^N_x × R^N_y ).

Proof. By Proposition 4.4(4) we get (−1)^{Nd+N+1}σ_d⟨η|Ω_{d,N} ⟩ = (−1)^{Nd+N+1}σ_d⟨η_{(d)}|Ω_{d,N} ⟩ = |η_{(d)}| ∑ β∈I(N,N−d−1) ⟨τ ∧ ((∗τ)^• y) | [(∗y_•) e_β] ∧ ε_β⟩ = |η_{(d)}| ∑ β∈I(N,N−d−1) ⟨τ|(∗y_•) e_β⟩⟨(∗τ)^• y|ε_β⟩ = (−1)^{Nd}|η_{(d)}| ∑ β∈I(N,N−d−1) ⟨(∗y_•) τ|e_β ⟩⟨(∗τ)^• y|ε_β⟩ = (−1)^{Nd}|η_{(d)}|⟨(∗y_•) τ|(∗τ) y_•⟩ H^{N−1} R^{(d)} almost everywhere. Then (5.2) follows readily from the equality τ ∧ ( (∗τ) y_• ) = (−1)^d [ τ ∧ (∗τ) ] y_• = (−1)^d(e_1 ∧ · · · ∧ e_N ) y_•

= (−1)^d ∗ y_•.

which holds H^{N−1} R^{(d)} almost everywhere, by Proposition 4.4(2). In order to prove (5.3), note that ( T R^{(j)} ) (g Ω_{n,N} ) = ∫ g d ( |T_{(n)}| R^{(j)} ) = 0 whenever j < n and for all g ∈ C_c(R^N_x ×R^N_y ), by definition of R^{(j)}. Hence, recalling also Proposition 4.4(1), we obtain

T (gΩ_{n,N} ) = ( T R^{(n)} ) (g Ω_{n,N} ) and ∫ g d|T_{(n)}| = ∫ g d ( |T_{(n)}| R^{(n)} ) for all g ∈ C_c(R^N_x × R^N_y ). The conclusion follows immediately from (5.2) and Proposition 4.4(4).

6. A non-cancellation result for weakly convergent sequences of generalized unit normal bundles

Cancellation phenomenons arise very frequently during a passage to the limit, whereby Proposition 6.3 below could appear a little surprising. Indeed it states, roughly, that if the agglomerations of surfaces corresponding to each member of a weakly convergent sequence in GUNB_n(R^N_x ) contain a H^n-measurable set, then so do also the agglomeration of surfaces corresponding to the limit. In the case of codimension one, such a result follows immediately from Proposition 4.5 and [12, Proposition 5.1], while, in the general case, the simple argument used in [12] to deal with generalized Gauss graphs is not sufficient to get the proof in this context. What we should need is a slicing theorem for mappings taking values in a rectifiable set but, unfortunately, we do not know if the usual slicing theory [16, §4.3] can be extended to such mappings (we expect it can!). However we succeed in overcoming this obstacle by obtaining a couple of results, Proposition 6.1 and Proposition 6.2, which apply successfully to the proof of Proposition 6.3. Before to state them, let us introduce some notation.

Let T = [[R, η, θ]] ∈ GUNB_n(R^N_x ). Then, by recalling Proposition 4.3 and Proposition 4.4, we can define the “fiber current at x”

T^{(n)}_x := [[π^{−1}(x) ∩ R^{(n)}, (−1)^{N+n+1} (∗τ(x)^•) y, θ_x]] ∈ R_{N−n−1}(R^N_x × R^N_y ) for H^n (πR) almost all x, where θ_x(y) := θ(x, y) and τ is defined as in Proposition 4.4 (with d = n). Recall that, with respect to the measure H^n, the set πR is equivalent to πR^{(n)}.

Lemma 6.1. The following formulas hold:

1. For all μ = μ(x) ∈ D^n(R^N_x ) and λ = λ(x, y) ∈ D^{N−n−1}(R^N_x × R^N_y ), T (μ ∧ λ) = ∫ πR ⟨τ(x)|μ(x)⟩T^{(n)}_x (λ) dH^n(x); 2. For all μ = μ(x) ∈ D^n(R^N_x ) and γ = γ(x, y) ∈ D^{N−n−2}(R^N_x × R^N_y ),

(−1)^n ∂T (μ ∧ γ) = ∫ πR ⟨τ(x)|μ(x)⟩∂T^{(n)}_x (γ) dH^n(x). Proof. By Proposition 4.3 and Proposition 4.4 we get T (μ ∧ λ)= ∫ R ⟨η|μ ∧ λ rangleθ dH^{N−1} = ∫ R^{(n)} ⟨η_{(n)}|μ ∧ λ⟩θ dH^{N−1} = ∫ πR (∫ π^{−1}(x)∩R^{(n)} ⟨ η_{(n)} |η_{(n)}| | | |μ ∧ λ ⟩ θ_xdH^{N−n−1} ) dH^n(x)

= ∫ πR ⟨τ|μ⟩ (∫ π^{−1}(x)∩R^{(n)} ⟨ (−1)^{N+n+1} (∗τ(x)^•) y|λ ⟩ θ_xdH^{N−n−1} ) dH^n(x) i.e. just the first formula. As for the second one, it can be obtained from (1) by taking λ = dγ. We find ∫ πR ⟨τ(x)|μ(x)⟩T^{(n)}_x (dγ) dH^n(x) = T (μ ∧ dγ) = (−1)^n [T (d(μ ∧ γ)) − T (dμ ∧ γ)] . and hence we conclude observing that the equality ⟨η|dμ ∧ γ⟩ = 0 has to hold |T |−a.e., by Proposition 4.4(1).

Now we are ready to prove the following result. Lemma 6.2. Let ∂T (μ ∧ γ) = 0 for all μ ∈ D^n(R^N_x ), γ ∈ D^{N−n−2}(R^N_x × R^N_y ) (note that this condition is verified, for example, whenever ∂T = 0). Then, for H^n (πR) almost all x, the multiplicity function θ_x assumes a constant value c_x and T_x = [[S_T (x), (−1)^{N+n+1} (∗τ(x)^•) y, c_x]] where S_T (x) and τ are defined as in Proposition 4.4 (with d = n). Proof. First of all, Lemma 6.1(2) implies that ∂T_x = 0 at H^n (πR) almost all x. Then the assertion follows from a standard constancy argument, by recalling Proposition 4.4.

Now we are ready to prove the announced result.

Proposition 6.3. Let

T_j = [[R_j , η_j , θ_j ]] ∈ GUNB_n(R^N_x ), T = [[R, η, θ]] ∈ R_{N−1}(R^N_x × R^N_y ) be such that

(i) ∂T_j = 0;

(ii) T_j ⇀ T (hence T ∈ GUNB_n(R^N_x ) and ∂T = 0);

(iii) E is a H^n-measurable subset of R^N_x such that E ⊂ πR_j , for all j. Then one has also E ⊂ πR.

Proof. Proposition 5.1 and assumption (ii) yield ∫ g d|T_{(n)}| = lim_j ∫ g d|T_{j (n)}| for all g ∈ C_c(R^N_x × R^N_y ). Hence, by recalling (5.1), we get ∫ πR gθ̃ dH^n = lim_j ∫ πR_j gθ̃_j dH^n (6.1)

for all g ∈ C_c(R^N_x × R^N_y ). But assumption (i) and Lemma 6.2 imply

θ̃_j (x) = ∫ π^{−1}(x)∩R^{(n)}_j θ_j (x, y) dH^{N−n−1}(y) ≥ H^{N−n−1} ( π^{−1}(x) ∩ R^{(n)}_j )

= H^{N−n−1}(S_{Tj} (x)) = s_{N−n−1} at H^n (πR_j ) almost all x, for all j. Then, by (6.1) and hypothesis (iii), we obtain ∫ πR gθ̃dH^n ≥ s_{N−n−1} ∫ E g dH^n for all nonnegative functions g ∈ C_c(R^N_x ). The conclusion follows immediately from the arbitrariness of g.

7. Special classes of generalized unit normal bundles. Functionals. Semicontinuity and compactness results We shall follow the same path as in [13] and [14].

7.1. λ-special generalized unit normal bundles. In order to get more general results, it is convenient to grade the set of generalized unit normal bundles into suitable subclasses. Let us recall some notation. First of all, for m ≤ n + 1, we set J(n, m) := { λ = (λ_1, . . . , λ_m) | | 0 ≤ λ_1 ≤ · · · ≤ λ_m ≤ n}. Then, given T = [[R, η, θ]] ∈ GUNB_n(R^N_x ) and λ ∈ J(n, m), let

η^λ := m∑ j=1 η_{(λj )}, T^λ := η^λ|T |. Definition 7.1. When the condition |T^λ| << |T_{(n)}| occurs, we say that T is a “λ-special generalized unit normal bundle”. The set of λ-special generalized unit normal bundles is denoted with SGUNB^λ_n(R^N_x ). If λ = (0, 1, 2, . . . , n) then the symbol λ is dropped, i.e. T is simply called “special generalized unit normal bundle” and SGUNB_n(R^N_x ) is the set of special generalized unit normal bundles.

In the following couple of remarks and in the subsequent proposition, we state some facts which help us to interpret the absolute continuity condition characterizing a λ-special generalized unit normal bundle.

Remark 7.1. ¿From the formulas obtained in section §3, it follows immediately that if M is a regular agglomeration of n-dimensional surfaces then the current T defined in Remark 3.1 belongs to SGUNB_n(R^N_x ).

Remark 7.2. Assertion (1) of Proposition 4.4 shows that T R^{(n)} ∈ SGUNB_n(R^N_x ), while the lack of canonical orientation for T R^{(d)} (with d < n, compare Remark 4.4) does not allow, in general, to have T R^{(d)} ∈ SGUNB_d(R^N_x ), for all d.

Note that such a fact occurs under the strongest definition of generalized unit normal bundle, i.e. once axiom (iii) in Definition 4.1 has been replaced by axiom (iii*).

Proposition 7.1. For all λ ∈ J(n, m) one has

SGUNB^λ_n(R^N_x ) = {T = [[R, η, θ]] ∈ GUNB_n(R^N_x ) | T^λ = T^λ R^{(n)}}. In particular

SGUNB_n(R^N_x ) = {T = [[R, η, θ]] ∈ GUNB_n(R^N_x ) | T = T R^{(n)}}. Proof. Consider T = [[R, η, θ]] ∈ GUNB_n(R^N_x ). Then from |T^λ| << |T_{(n)}| we get |T^λ|(R^{(i)}) = 0, for all i < n. Hence, recalling also Proposition 4.4(1), the equality T^λ = T^λ R^{(n)} follows.

On the other hand, if T satisfies T^λ = T^λ R^{(n)} , then one has also |T^λ| = |T^λ R^{(n)}| = |T^λ| R^{(n)} ≤ |T | R^{(n)} << |T_{(n)}| which concludes the proof.

The next result follows at once from Proposition 4.5. For the definition of λ-special generalized Gauss graph, the rader can refer to [14].

Proposition 7.2. Let N = n + 1. Then an integral current is a λ-special generalized Gauss graph if and only if it is a λ-special generalized unit normal bundle. 7.2. Functionals. Let a continuous function F (x, y; q) : R^N_x × R^N_y × ∧_{N−1}(R^N_x × R^N_y ) → [0, +∞] be given and let λ ∈ J(n, m). Then we can define a functional G^λ_F : GUNB_n(R^N_x ) → [0, +∞] as follows (T = [[R, η, θ]])

G^λ_F (T ) := ∫ F ( x, y; η^λ(x, y) |η_{(n)}(x, y)| ) d|T_{(n)}|(x, y). Note that

G^λ_F (T ) = ∫ πR^{(n)} [∫ π^{−1}(x)∩R^{(n)} F ( x, y; η^λ(x, y) |η_{(n)}(x, y)| ) θ(x, y) dH^{N−n−1}(y) ] dH^n(x)

= ∫ πR [∫ π^{−1} (x)∩R^{(n)} F ( x, y; η^λ(x, y) |η_{(n)}(x, y)| ) θ(x, y) dH^{N−n−1}(y) ] dH^n(x) by (3) and (4) of Proposition 4.3 and Proposition 4.4(1). Note that if T is induced by a measurable subset of the unit normal bundle of a regular agglomeration of surfaces then the formulas obtained in §3 yield the expression of G^λ_F (T ) in terms of principal curvatures.

Example 7.1. Given λ ∈ J(n, m) and p ≥ 0, let

F (x, y; q) := F^λ_p (x, y; q) := m∑ j=1 |q_{(λj )}|^p and denote the correspondent functional simply by F^λ_p , where the symbol λ will be omitted if λ = (0, 1, 2, . . . , n). Since

F^λ_p = m∑ j=1 F^{(λj )}_p (7.1)

we can conveniently restrict our discussion to the functionals F^{(i)}p for which the formula obtained above becomes

F^{(i)}_p (T ) = ∫ πR [ ∫ π^{−1} (x)∩R^{(n)} ( |η_{(i)}| |η_{(n)}| )_p θ dH^{N−n−1} ] dH^n(x). (7.2)

Note that if p ≥ 1 then a constant c(m, p) has to exist such that F^λ_p (x, y; q) ≥ c|q^λ|^p. It follows that F_p(T ) ≥ c ∫ | | η |η_{(n)}| | | |^p d|T_{(n)}| ≥ c |T |(R^{(n)}) whence, recalling Proposition 7.1, we get in particular F_p(T ) ≥ c M(T ) (7.3) for all T ∈ SGUNB_n(R^N_x ).

Remark 7.3. Let M and B be respectilvely a n-dimensional submanifold of R^n_x and its unit normal bundle. Then denote with T_M the generalized unit normal bundle induced by B and consider the fibre over x in B, i.e. the set S_x := S_{TM} (x) = {x} × [ S^{N−n−1}(N_xM) ]_• . Invoking (7.2) and the formulas of §3, we get

F^{(i)}_p (T_M ) = ∫ M [ ∫ S_x ( ∑ α∈I(n,n−i) κ^2_α

)^p_2 dH^{N−n−1} ] dH^n(x) for i = 0, 1, 2, . . . , n−1, while F^{(n)}p (T_M ) = s_{N−n−1}H^n(M). In view of next section, it is convenient to define the following couple of functionals:

B_p(M) := [ F^{(n−1)} p (T_M ) ] 1_p , C_p(M) := 1 s_{N−n−1} F^{(0)}_p (T_M ).

Note that

B_p(M) = [ ∫ M ( ∫ S_x l^p_M dH^{N−n−1} ) dH^n(x) ] 1_p , C_p(M) = ∫ M K^{(p)}_M dH^n. where

l_M (x, y) := n∑ j=1 κ_j (x, y)^2

denotes the usual norm of the Weingarten map and

K^{(p)}_M (x) := 1 s_{N−n−1} ∫ S_x | |κ_1(x, y)κ_2(x, y) · · · κ_n(x, y) | |^pdH^{N−n−1}(y), is the Chern-Lashof curvature of order p, which coincides with the usual Chern- Lashof curvature, provided p = 1. A great deal of work around the problems related to such kind of functionals has been produced by differential geometers since the Chern-Lashof curvature has been defined in [9] (e.g. [7, Chapter 5], [8, 24]).

Before stating the results about closure, compactness and semicontinuity, we need to introduce a special class of integrands (compare [13, 14]). Definition 7.2. A function F (x, y; q) : R^N_x × R^N_y × ∧_{N−1}(R^N_x × R^N_y ) → [0, +∞] will be said to be a “λ-standard integrand” if

(i) It is continuous;

(ii) It is convex with respect to q^λ;

(iii) There exists a continuous function g(x, y; t) : R^N_x × R^N_y × [0, +∞) → [0, +∞), nondecreasing in t, with g(x, y; t) → +∞ locally uniformly in (x, y) as t → +∞, and such that F (x, y; q^λ) ≥ g(x, y; |q^λ|)|q^λ| for all (x, y; q).

Note that F^λ_p of Example 7.1 is a λ-standard integrand, provided p > 1 (with g(x, y; t) = ct^{p−1}). We are ready to enunciate the first theorem about closure and semicontinuity.

Proposition 7.3 (closure and semicontinuity). Let F be a λ-standard integrand (e.g. F = F^λ_p with p > 1) and consider {T_j } ⊂ SGUNB^λ_n(R^N_x ) such that 1. T_j ⇀ T ∈ R_{N−1}(R^N_x × R^N_y ); 2. sup_j G^λ_F (T_j ) < +∞.

Then one has T ∈ SGUNB^λ_n(R^N_x ) and G^λ_F (T ) ≤ lim inf_j G^λ_F (T_j ).

Proof. Set

μ_j := |T_{j (n)}|, μ := |T_{(n)}|, f_j := η^λ_j |η_{j (n)}| and proceed just as in the proof of [13, Theorem 4.1] (compare also [14, Theorem 4.2]). Note that here Proposition 5.1 plays the fundamental role played by Proposition 3.2 in [13].

We get immediately the following corollary about compactness. Proposition 7.4 (compactness). If F is a λ-standard integrand (e.g. F = F^λ_p with p > 1) and {T_j } is a sequence in SGUNB^λ_n(R^N_x ) satisfying sup_j G^λ_F (T_j ) + sup_j ( M(T_j ) + M(∂T_j ) ) < +∞ (7.4)

then there exist a subsequence {T_j′ } and T ∈ SGUNB^λ_n(R^N_x ) such that T_j′ ⇀ T, G^λ_F (T ) ≤ lim_{j′} G^λ_F (T_j′ ) = lim inf_j G^λ_F (T_j ).

Remark 7.4. In the special case λ = (0, 1, 2, . . . , n), the previous proposition gives a compactness result for SGUNB_n(R^N_x ), by Definition 7.1. Moreover, if the integrand F is chosen such that F ≥ cF^λ_p , where c is a positive constant (e.g. F = F^λ_p with p > 1), then the condition (7.4) can be replaced with sup_j G^λ_F (T_j ) + sup_j M(∂T_j ) < +∞

by estimate (7.3).

8. Two applications

This section is devoted to give a couple of applications. In the first one we prove an existence result for a variational problem. The second application shows that the weak limit of currents induced by unit normal bundles of submanifolds has to be nice, provided areas and certain integral norms of Chern-Lashof curvature (of the appropriate order) and of Weingarten map remain bounded.

Proposition 8.1 (first application). Consider a H^n-rectifiable set E in R^N_x and let G : GUNB_n(R^N_x ) → [0, +∞] be a functional defined through a (0, 1, . . . , n)-standard integrand. Assume that G is coercive in

I := { T = [[R, η, θ]] ∈ SGUNB_n(R^N_x ) | ∂T = 0, πR ⊃ E } i.e. every subset S of I such that G(S) is bounded, has a subsequence converging weakly in GUNB_n(R^N_x ). Then G_{|I} has a minimizer.

Remark 8.1. If p > 1, the functional F_p satisfies the hypotheses of Proposition 8.1. In particular, the coerciveness is a consequence of (7.3) and compactness for integral currents ([16, Theorem 4.2.17], [21, Theorem 5.5], [23, Theorem 32.2]).

Proof. We can suppose inf G_{|I} < +∞ otherwise the statement is trivially true. Since G is coercive in I, every minimizing sequence must have a subsequence converging weakly to some element T in GUNB_n(R^N_x ). By the closure result proved in Proposition 7.3 and recalling Proposition 6.3, we obtain T ∈ I. Then the minimality of T follows from the semicontinuity of G asserted in Proposition 7.3.

Before to consider the second application, in which we will prove the good qualities of functionals B_q and C_q (recall the notation of Remark 7.3) with respect to coerciveness, we need a lemma.

Lemma 8.2. The following statements hold for every n-dimensional regular surface M in R^N_x :

1. For i = 1, . . . , n − 1 and p ≥ 0, F^{(i)}_p (T_M ) ≤ c(n, p)B_{p(n−i)}(M)^{p(n−i)}; 2. If q > p > 0, then B_p(M) ≤ c(N, p, q)H^n(M)^{1p − 1q} B_q (M); 3. If n ≥ p(n − 1) > 0, then B_{p(n−1)}(M) ≤ c(N, p)H^n(M)^{1p(n−1) − 1n} ||L_M ||_Ln_{(M)} where L_M denotes the length of the second fundamental form of M (compare [7, §29.4]).

Proof. Assertion (1) follows readily from the inequality ∑ α∈I(n,n−i) κ^2_α ≤ ∑ α∈I(n,n−i) ( κ^2_1 + · · · + κ^2_n )_{n−i} ≤ c(n) ( κ^2_1 + · · · + κ^2_n )_{n−i}

by recalling Remark 7.3. As for assertion (2), it can be derived by applying Hölder inequality twice. Finally, (2) and [7, Lemma 29.4.3] yield easily statement (3).

Proposition 8.3 (second application). Let p ≥ 1 and consider a sequence {M_j } of n-dimensional surfaces in R^N_x such that

sup_j M ( ∂T_{Mj} ) < +∞, sup_j H^n(M_j ) < +∞, sup_j C_p(M_j ) < +∞ and sup_j B_{p(n−1)}(M_j ) < +∞ or sup_j ||L_{Mj} ||_Ln_{(Mj )} < +∞.

Then there exists a subsequence {M_j′ } and T = [[G, η, θ]] ∈ GUNB_n(R^N_x ) such that T_{Mj′} ⇀ T. The generalized unit normal bundle T is special, provided p > 1. If ∂T_{Mj′} = 0 and a H^n-rectifiable set E is contained in M_j′ , for all j^′, one has also E ⊂ πG.

Proof. ¿From Lemma 8.2 and Remark 7.3, recalling (7.1), we get

sup_j F_p ( T_{Mj} ) < +∞. Since the T_{Mj} are special generalized Gauss graphs, by Remark 7.1, we can invoke (7.3) and get the first assertion by the compactness theorem for integral currents ([16, Theorem 4.2.17], [21, Theorem 5.5], [23, Theorem 32.2]). Proposition 7.3, as well as Proposition 7.4 or Remark 7.4, shows that T is special whenever p > 1. The last statement is a trivial consequence of Proposition 6.3.

References

[1] G. Anzellotti: Functionals depending on curvatures. Rend. Sem. Mat. Univ. Politec. Torino.

Fascicolo speciale 1989: P.D.E. and Geometry, 47-62 (1988).

[2] G. Anzellotti, S. Delladio: Minimization of Functionals of Curvatures and the Willmore Problem. In: Advances in Geometric Analysis and Continuum Mechanics, International Press, 33-43 (1995).

[3] G. Anzellotti, E. Ossanna: Singular sets of surfaces with generalized curvatures. Manuscripta Math. 86, 417-433 (1995).

[4] G. Anzellotti, R. Serapioni: C^k−rectifiable sets. J. reine angew. Math. 453, 1-20 (1994). [5] G. Anzellotti, R. Serapioni and I. Tamanini: Curvatures, Functionals, Currents. Indiana Univ.

Math. J. 39, 617-669 (1990). (1993).

[6] M. Berger, B. Gostiaux: Differential Geometry: Manifolds, Curves, and Surfaces. Springer- Verlag 1988.

[7] Yu.D. Burago, V.A. Zalgaller: Geometric Inequalities. (Grundlehren der mathematischen Wissenschaften 285) Springer-Verlag 1988.

[8] B.-Y. Chen: Total Mean Curvature and Submanifolds of Finite Type. World Scientific 1984. [9] S.S. Chern, R.K. Lashof: On the total curvature of immersed manifolds. Amer. J. Math. 79, 306-318 (1957).

[10] S. Delladio: Slicing of Generalized Surfaces with Curvatures Measures and Diameter’s Estimate. Ann. Polon. Math. LXIV.3, 267-283 (1996).

[11] S. Delladio: Do Generalized Gauss Graphs Induce Curvature Varifolds?. Boll. Un. Mat. Ital.

10 − B, 991-1017 (1996).

[12] S. Delladio: Minimizing functionals on surfaces and their curvatures: a class of variational problems in the setting of generalized Gauss graphs. Pacific J. Math. 179, n. 2, 301-323 (1997).

[13] S. Delladio: Special Generalized Gauss Graphs and their Application to Minimization of Functionals Involving Curvatures. J. reine angew. Math. 486, 17-43 (1997).

[14] S. Delladio: On hypersurfaces in R^{n+1} with integral bounds on curvature. to appear on J.

Geom. Anal.

[15] S. Delladio: Differential Geometry on Generalized Submanifolds of R^N and Variational Applications. to appear on Pacific J. Math. and Fine [16] H. Federer: Geometric Measure Theory. Springer-Verlag 1969.

[17] J.H.G. Fu: Some Remarks On Legendrian Rectifiable Currents. Preprint University of Georgia.

[18] A. Gray: Tubes. Addison-Wesley Publishing Company 1990.

[19] J. Langer: A Compactness Theorem for Surfaces with L_p-Bounded Second Fundamental Form. Mathematische Annalen 270, 223-234 (1985).

[20] M. Marcus: Finite Dimensional Multilinear Algebra, Part II. Marcel Dekker, Inc. 1975. [21] F. Morgan: Geometric Measure Theory, a beginner’s guide. Academic Press Inc. 1988. [22] W. Rother and M. Zähle: A short proof of a principal kinematic formula and extensions.

Trans. Amer. math. Soc., 321, n. 2, 547-558 (1990).

[23] L. Simon: Lectures on Geometric Measure Theory. Proceedings of the Centre for Mathematical Analysis, Canberra, Australia, vol. 3, 1984.

[24] T.J. Willmore: Total curvature in riemannian geometry. John Wiley and Sons 1982. [25] M. Zähle: Integral and current representation of Federer’s curvature measures. Arch. Math., 46, 557-567 (1986).

[26] M. Zähle: Curvatures and currents for unions of sets with positive reach. Geom. Dedicata, 23, 155-171 (1987).

(Silvano Delladio) Dipartimento di Matematica, Università di Trento, 38050 Povo, Trento, Italy E-mail address, Silvano Delladio: delladio@science.unitn.it