CONVERGENCE OF EQUILIBRIA OF THIN ELASTIC RODS
UNDER PHYSICAL GROWTH CONDITIONS
FOR THE ENERGY DENSITY

ELISA DAVOLI AND MARIA GIOVANNA MORA

ABSTRACT. The subject of this paper is the study of the asymptotic behaviour
of the equilibrium configurations of a nonlinearly elastic thin rod, as the di-
ameter of the cross-section tends to zero. Convergence results are established
assuming physical growth conditions for the elastic energy density and suitable
scalings of the applied loads, that correspond at the limit to different rod mod-
els: the constrained linear theory, the analogous of von Kérmén plate theory
for rods, and the linear theory.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

A classical question in nonlinear elasticity is the derivation of lower dimensional
models for thin structures (such as plates, shells, or beams) starting from the three-
dimensional theory. In recent years this problem has been approached by means
of I'-convergence. This method guarantees, roughly speaking, the convergence of
minimizers of the three-dimensional energy to minimizers of the deduced models.
In this paper we discuss the convergence of three-dimensional stationary points,
which are not necessarily minimizers, assuming physical growth conditions on the
stored-energy density. In particular, we extend the recent results of [16] to the case
of a three-dimensional thin beam with a cross-section of diameter A and subject
to an applied normal body force of order A%, o > 2. These scalings correspond at
the limit to the constrained linear rod theory (2 < a < 3), the analogous of von
Kérmén plate theory for rods (o = 3), and the linear rod theory (a > 3).

We first review the main results of the variational approach. Let 5, = (0, L) xhS
be the reference configuration of a thin elastic beam, where L > 0, S C R? is a
bounded domain with Lipschitz boundary, and h > 0 is a small parameter. Without
loss of generality we shall assume that the two-dimensional Lebesgue measure of S
is equal to 1 and

/ T2 dl‘gdl‘g = / I3 d:Egd(Eg = / o3 d$2d$3 =0. (11)
S S S

Let f* € L2(Qx;R®) be an external body force applied to the beam. Given a
deformation v € W12(€,, R?) the total energy per unit cross-section associated to
v is defined as

1 1

B\ _ h
F(v) = 7 Jo, W (Vv)dz — W2 th ~vdz,
where the stored-energy density W : M?*3 — [0, 4+o00] is assumed to satisfy the

following natural conditions:
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H1) W is of class C! on M3*%;

H2) W(F) = oo if det F <0, W(F) — +oo if det F — 07;

H3) W(RF) = W (F) for every R € SO(3), F € M3*3 (frame indifference);
) W
)

H4 =0 on SO(3);
H5) 3C > 0 such that W (F) > C dist?(F, SO(3)) for every F e M?3*3;
6) W is of class C? in a neighbourhood of SO(3).

Here M3*® = {F € M®*® : det F > 0} and SO(3) = {R € M*® : RTR =
Id, det R = 1}. In particular, condition (H2) is related to non-interpenetration of
matter and ensures local invertibility of C'! deformations with finite energy.

The study of the asymptotic behaviour of global minimizers of F”, as h — 0, can
be performed through the analysis of the I'-limit of " (see [7] for an introduction
to I'-convergence). To do this, it is convenient to rescale €}, to the domain =
(0, L)x S and to rescale deformations according to this change of variables by setting

(
(
(
(
(
(H

y(x) == v(x1, haa, has)

for every € Q. Assuming for simplicity that f"(x) = f"(x1), the energy functional
can be written as

Fv) = T"(y) = /Q W (Viy) di — /Q "y de,

Where we ha\/e used lhe notation
a a

“h
Let now 3" be a global minimizer of J" subJect to the boundary condition
y"(0, 29, 23) = (0, hag, has) for every (o, 23) € S. (1.2)

The asymptotic behaviour of 4", as h — 0, depends on the scaling of the applied
load f" in terms of h. More precisely, if f” is of order h® with a > 0, then J"(y") =
O(hP), where 3 = a for 0 < a < 2 and 3 = 2a — 2 for a > 2, and y" converges in
a suitable sense to a minimizer of the T-limit of the rescaled functionals h=% 7 h, as
h — 0 (see [10, 3, 12, 13, 18, 19]). In particular, it has been proved in [13, 19] that,
if f* is a normal force of the form h®(foes+ f3es), with a > 2 and fo, f3 € L?(0, L),
then
y" — xpep  in WH2(Q,RY).

In other words, minimizers converge to the identity deformation on the mid-fiber of
the rod. This suggests to introduce the (averaged) tangential and normal displace-
ments, respectively given by

1
7_/ (v} — 1) dwadas if @ >3,
s

A ho—1
u(x1) := 1 . (1.3)
———— | (yf —x1)dradzs if2<a<3,
h2(a—2) /s 1
1
v (1) := =] / Yl drodrs  for k=2,3 (1.4)
for a.e. 1 € (0, L), and the (averaged) twist function, given by
1 1
wh(zy) = (5) o /S (zoyh — x3yh) dwodxs (1.5)

for a.e. z1 € (0,L), where u(S) := [q (23 + 23) drodrs. As h — 0, the sequence

(ul, vh v wh) converges strongly in W2 to a limit (u, v, vs,w), which is a global

minimizer of the functional 7, given by the I'-limit of h=2¢F2 7" If a = 3, the
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I'-limit J3 corresponds to the one-dimensional analogous of the von Karman plate
functional. For a > 3 the functional 7, coincides with the linear rod functional,
while for 2 < a < 3 the limiting energy is still linear but is subject to a nonlinear
isometric constraint (see Section 2 for the exact definition of the functionals J,).

In this paper we focus on the study of the asymptotic behaviour of (possibly non
minimizing) stationary points of J", as h — 0. The first convergence results for
stationary points have been proved in [14, 15, 17]. We also point out the recent re-
sults [1, 2] concerning the dynamical case. A crucial assumption in all these papers
is that the stored-energy function W is everywhere differentiable and its derivative
satisfies a linear growth condition. Unfortunately, this requirement is incompatible
with the physical assumption (H2). At the same time, if (H2) is satisfied, the con-
ventional form of the Euler-Lagrange equations of J" is not well defined and it is
not even clear to which extent minimizers of J" satisfy this condition (we refer to
[5] and [16] for a more detailed discussion).

Following [16], we consider an alternative first order stationarity condition, in-
troduced by Ball in [5]. To this aim we require the following additional assumption:

(H7) 3k > 0 such that [DW (F)FT| < k(W (F) + 1) for every F € M3
This growth condition is compatible with (H1)-(H6) (see [5]).

Definition 1.1. We say that a deformation y € W12(Q, R?) is a stationary point
of J" if it satisfies the boundary condition y(0,z,23) = (0, haa, has) for every
(z2,23) € S and the equation

/ DW (V) (Vaw)” : (V) 03] dix = / ! (oy)de (16)
Q Q

for every ¢ € C}(R3,R3) such that ¢(0, has, hxs) = 0 for all (za,z3) € S.

In the previous definition and in the sequel C} (R3,R3) denotes the space of C*
functions that are bounded in R3, with bounded first-order derivatives.

Assuming (H1)—(H7) and using external variations of the form y + epoy, one
can show that every local minimizer 3 of J”, subject to the boundary condition
y(0, 22, 23) = (0, hao, has) for every (z2,23) € S, is a stationary point of J" in the
sense of Definition 1.1 ([5, Theorem 2.4]). Moreover, when minimizers are invertible,
condition (1.6) corresponds to the equilibrium equation for the Cauchy stress tensor.

In [16] it has been proved that stationary points in the sense of Definition 1.1
converge to stationary points of the I'-limit 7, in the case of a thin plate and for
the scaling « > 3 (corresponding to von Kdrmén and to linear plate theory). In
this paper we extend this result to the range of scalings a > 2 in the case of a thin
beam. Our main result is the following.

Theorem 1.2. Assume that W satisfies (H1)-(H7). Let fa, f3 € L?(0,L), and
a > 2. For every h > 0 let y" be a stationary point of J" (according to Defini-
tion 1.1) with f := h®(faea + fze3). Assume there exists C > 0 such that

/ W (Viy")dz < Ch?*~2 (1.7)
Q

for every h > 0. Then,

Yyt — xiep  in WH2(Q,RY). (1.8)
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Moreover, let u", v, and w" be the scaled displacements and twist function, intro-
duced in (1.3)-(1.5). Then, up to subsequences, we have

ulh = in WH2(0, L),

v — vy, in WH(0,L)  for k= 2,3,

wh —w in W20, L),
where (u,vy,v3,w) € WH2(0, L)xW22(0, L)yx W?22(0, L)xW2(0, L) is a station-
ary point of Jy .-

The proof of Theorem 1.2 is closely related to [16] and uses as key tool the rigidity
estimate proved in [9]. The main new idea with respect to [16] is the construction
of a sequence of suitable “approximate inverse functions” of the deformations y"
(see Lemma 2.7), which allows us to extend the results of [16] to the range of
scalings « € (2,3). This construction is based on a careful study of the asymptotic

development of the deformations 3" in terms of approximate displacements and
uses in a crucial way the fact that the limit space dimension is equal to one.

2. PRELIMINARY RESULTS

In this section we recall the expression of the I'-limits 7, identified in [13] and
[19] and we prove some preliminary results.

We start by introducing some notation. Let Q3 : M?>*3 — [0, 4+00) be the qua-
dratic form of linearized elasticity:

Q3(F) := D*W(Id)F:F for every F' € M**3,

We will denote by £ the associated linear map on M3*3 given by £ := D?*W (Id).
Let

E := min Qs(e1|ald), (2.1)
a,beR3

and let ()1 be the quadratic form defined on the space Mi,ﬁu of skew-symmetric
matrices given by

Qi(F):=  min /S Qg(xQFeﬁngeg}aﬁ)agﬁ) dzodas (2.2)

BEW™2(S,R?)

for every F'€ M3 Tt is easy to deduce from the assumptions (H1)—(H6) that E

skew"
is a positive constant and () is a positive definite quadratic form.

The functionals J, are defined on the space
H := Wh2(0, L)xW?2(0, L)xW*2(0, L)x W"2(0, L)
and are finite on the class A, which can be described as follows:
Ag = {(u,v2,v3,w) € H: v + 3[(v})* + (v5)*] = 0 in (0, L) and
u(0) = vy (0) = v, (0) = w(0) =0 for k = 2,3}
for 2 < a < 3, and
Ao = {(u,v2,v3,w) € H: u(0) = v(0) = v},(0) = w(0) =0 for k = 2,3}

for av > 3.
For 2 < o < 3 the functional 7, is given by
L
0

L
j(x(uaUQa U3, U)) = % / QI(A/) dxl - / (f21/2 + f3U3) dxl (23)
0
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for every (u,va,v3,w) € Aq, Julu,vs,v3,w) = +00 otherwise in H. In (2.3) the
function A € WH2((0, L), M3*3) is defined by

0 —vy(z1) —vs(z1)
A(zy) == | vh(z1) 0 —w(z) (2.4)
vg(z1)  w(z) 0

for a.e. z1 € (0, L).
For a = 3 the I'-limit is given by

1 L
Filusvzcnw) = 5 [ B+ 3105 + (0)7) don

L L
+%/0 Q1(A") dxy —/0 (fova + favs)dxy  (2.5)

for every (u,v2,v3,w) € Au, J3(u,ve,v3, w) = +00 otherwise in H.
Finally, for a > 3 the I'-limit is given by

1 (L 1 [E
To(t,v2,v3,w) = 5/ E (u)?dx; + 5/ Q1(A") dxy
0 0
L

_/0 (fovz + favs) dxy (2.6)

for every (u,v2,v3,w) € An, Juo(u,v2,v3,w) = 400 otherwise in H.
We can now compute the Euler-Lagrange equations for the functionals 7, intro-
duced above. We first recall the following lemma.

Lemma 2.1. Let F € M23 and let Gr : W12(S,R3) — [0, +00) be the functional

skew
Gr(B) := / Qs (332F€2 +a3Fe3 ‘ 023 ‘ 5’35) dradxs
s

for every B € WH2(S,R3). Then Gr is conver and has a unique minimizer in the
class

B = {/6 S I/V1’2(S7 Rg) : / ﬁd(EQd(Eg = / 82ﬁd:r2dx3 = / 8gﬁdx2dx3 = 0}
S S S

Furthermore, a function 8 € B is the minimizer of Gp if and only if the map
E: S — M3**3 defined by

E = c(szeQ + 23 Fes \ 8 \ 335) (2.7)
satisfies in a weak sense the following problem:
divg, 2, (Feza|Ees) =0  in S,
{(E62|E63)u95 =0 on 08,
where vyg is the unit normal to S. Finally, the minimizer depends linearly on F'.
Proof. See [14, Lemma 2.1] and [12, Remark 3.4]. O

We shall use the following notation: for each F' € L'(Q,M3*3) we define the
zeroth order moment of F' as the function F : (0,L) — M?>*3 given by

F(x1) ::/SF(:E) dxodxs

for a.e. z1 € (0, L). We also introduce the first order moments of F' as the functions
F,F:(0,L) — M3*3 given by

~

F(xy) := /SargF(x) dxodxs, F(xy) = /ngF(a:) drodxs
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for a.e. 1 € (0, L).
The following proposition follows now from straightforward computations.

Proposition 2.2. Let (u,vy,vs,w) € Ay. For a.e. x1 € (0, L) let B(xq,-,-) € B be
the minimizer of Gar(z,), where A" is the derivative of the function A introduced in

(2.4). Let also E : Q — M>*3 be defined by
E = ,C(JZQA/eQ +x3A’es ‘ 0a3 ‘ 83ﬂ>,

and let E and E be its first order moments. Then

(1) (u,v2,v3,w) is a stationary point of Js if and only if the following equations
are satisfied:

1

u' + 5[(v’2)2 + (W53 =0 in(0,L), (2.8)

{%{’1 +f=0 in(0,L), 29
En(L) = By (L) =0,

{?1’1 +fs=0 in(0.L), (2.10)
En(L) = Ef;(L) =0,
Eiz = Ei;s in (0, L),

{Em(L) = Ei3(L); @10)

(2) if a >3, (u,ve,vs3,w) is a stationary point of T if and only if
W' =0 in(0,L) (2.12)

and (2.9)-(2.11) are satisfied;
(3) if2 < a < 3, (u,v2,v3,w) is a stationary point of J, if and only if (2.9)—(2.11)
are satisfied.

Remark 2.3. If (u,vq,vs,w) € A, and 2 < a < 3, then w is uniquely determined
in terms of vo and wvs. Indeed by the constraint

o 0+ ()2
2

and the boundary condition «(0) = 0, we have

=0a.e. in (0,L)

T 1\2 /1\2

u(zr) = —/ w for a.e. z1 in (0, L), (2.13)
0

For o > 3 the same conclusion holds when (u, ve,v3, w) € A, is a stationary point

of Jy. Indeed, if o = 3, (2.8) yields (2.13), while, if o > 3, (2.12) gives

u=0a.e. in (0,L).

Using the previous observations and the strict convexity of @1, it is easy to show
that for every a > 2, 7, has a unique stationary point that is a minimum point.

Remark 2.4. For what concerns the three-dimensional functionals J", under ad-
ditional hypotheses on W (such as polyconvexity, see [4]) it is possible to show
existence of global minimizers, and therefore of stationary points. Furthermore,
they automatically satisfy the energy estimate (1.7) (see [10, proof of Theorem 2]).
For general W the existence of stationary points (according to Definition 1.6 or
to the classical formulation) is a subtle issue. We refer to [5, Section 2.7] for a
discussion of results in this direction.
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From now on we shall work with sequences of deformations y" € Wh2(Q,R3),
satisfying the boundary condition (1.2) and the uniform energy estimate (1.7) with
a > 2. This bound, combined with the coercivity condition (H5), provides us with a
control on the distance of V3" from SO(3). This fact, together with the geometric
rigidity estimate by Friesecke, James and Miiller [9, Theorem 3.1], allows us to
construct an approximating sequence of rotations (R"), whose L2-distance from
Viy" is of the same order in terms of h of the L2-norm of dist(V,y", SO(3)). More
precisely, the following result holds true.

Theorem 2.5. Assume that W : M3*3 — [0, +00] is continuous and satisfies
(H3)-(HG6). Let o > 2 and let (y*) be a sequence in W12(Q,R3) satisfying (1.2)
and (1.7) for every h > 0. Then there exists a sequence (R") in C>((0, L), M3*3)
such that

RM'z1) € SO(3)  for every z1 € (0, L), (2.14)
IViy" — R"|| L2 < Cho, (2.15)
[(R")[|z> < Ch*~2, (2.16)

|RM — Id|| = < Ch~2. (2.17)

We omit the proof as it follows closely the proof of [15, Proposition 4.1]. Owing
to the previous approximation result, one can deduce the following compactness
properties.

Theorem 2.6. Under the assumptions of Theorem 2.5, let u", vk, vh wh be the
scaled displacements and twist function introduced in (1.3)-(1.5). Then

y" — z1e1  strongly in WH2(Q,R3) (2.18)

and there exists (u,ve,v3, w) € A, such that, up to subsequences, we have

u — u  strongly in WY2(0,L) if2 < a <3,

(2.19)
u —~u  weakly in WH2(0,L) if a > 3, (2.20)
vp — vy, strongly in WH2(0,L), k=2,3, (2.21)
w' —w  weakly in WH2(0, L). (2.22)

Moreover, let A € W12((0,L),M3*3) be the function defined in (2.4). Then, if
R" is the approximating sequence of rotations given by Theorem 2.5, the following
convergence properties hold true:

h_1d
VhZT — A strongly in L*(, M3*3), (2.23)
R —Id
Al = T — A weakly in WH2((0, L), M3*3), (2.24)
h—Id A?
% - uniformly in (0, L). (2.25)

For the proof we refer to [19, Theorem 3.3].

We conclude this section by proving a lemma, which will be crucial to extend
the convergence of equilibria result to the scalings « € (2, 3).
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Lemma 2.7. Under the assumptions of Theorem 2.5, there exist two sequences
(€M), k = 2,3, such that for every h >0

& €G(R), € (0) =0, (2.26)
v 1

Zk - Ef,i’ oyt — xyp  strongly in L*(S2), (2.27)
€k 1| zoe + () Nl < Cho~2. (2.28)

Remark 2.8. The sequences (5,’;) of the previous lemma can be interpreted as
follows: the functions defined by

wh(a:) _ (xl L2 53(331) x3 gi};(xl))
" h h " h h
represent a sort of “approximate inverse functions” of the deformations y”, in the

sense that the compositions w” oy converge to the identity strongly in L?(£2, R?)
by (2.18) and (2.27).

Proof of Lemma 2.7. In order to construct the functions 5,’;, we first study the
asymptotic behaviour of the sequences (3y}), k = 2,3. By Poincaré inequality we
obtain the estimate

L2)’

h h h
oo [ (3 ain], <%
Hh T /S(h x’“)d”dx?’ Lz—C( nol

where k,j € {2,3}, k # j. Therefore, by (1.4) and (2.23) we have

Ay ‘
h

]
L2

h
Y% .. 1a-3 hH < Oho—2 29
H ) gk — h* Cup I Che==. (2.29)

In particular, for v > 3 it follows that y? — xj, strongly in L?, so that, if @ > 3,
we can simply take &8 = 0 for k = 2,3 and every h > 0. If 2 < a < 3, we need to
construct a suitable approximation of v,};. Let (R") be the approximating sequence
of rotations associated with (y") (see Theorems 2.5 and 2.6). By (2.17) and (2.25)
we deduce the following estimates:

IR} ||z < ChO™2 for k = 2,3,
IRy = 1z < CRH72),
Let r?',r? € C(R) be continuous extensions of the functions R, and R, — 1 to R
such that for every h > 0
supp 7., supp ri C (=1, L +1), (2.:30)
=Ry in (0,L) for k=23, (2.31)
" = Rh —1in (0,L), (2.32)
|ril|pe < ChO™2  for k = 2,3, (2.33)
| < CRE2), (2.34)

We introduce the functions 97, 9 € C}(R) defined by
T1
o(zy) = / ri(s)ds, (2.35)
0
T1
h(zy) = / r(s) ds. (2.36)
0

Using the boundary condition (1.2), the Poincaré inequality, (2.15), and (2.23), we
obtain

Z/Z I, -2
oot sen @
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and analogously,
Iyt — 21 — 0|2 < CROT (2.38)
This last inequality, together with (2.34), implies that
lyh — 212 < CRHO™D for a < 3. (2.39)

We are now in a position to construct the maps §,’§ when a < 3. If @ = 3, we
define ¢! = 5. Properties (2.26) and (2.28) follow immediately. To verify (2.27) it
is enough to remark that by (2.33) and (2.37) we have

h ~h _h
‘yl_ _Ukoyl‘

1, . -
h k A Ch+ﬁ||vigoy:}f_”2||w

2

1.
< Ch+ Ell(vz’i)'llmlly? — 12 < Ch.

If 2 < a < 3, we first fix ng € N such that

a>24+ oo+ 3 (2.40)
and we introduce a sequence of maps (), n = 1,...,ng, recursively defined as
o (21) = x1 = 0 (21), (2.41)
M(wy) = 21— oCuri(z1) form=1,...,n9— 1.
For k = 2,3 and every h > 0 we define
e =ohoch. (2.42)

Since ¢! (0) = 0, we have by induction that ¢/*(0) = 0 for each n =1,2,...,ng, so
that £8(0) = 0. From the regularity of o and o} it follows that (2.26) is satisfied.
By (2.33) we deduce

€011 < 13l pee < (L4 2)|lrll~ < ChO2. (2.43)

To estimate [|(£8)'||r=, we first deduce a recursive bound for ||(¢?)/||r=. If R is
small enough, we have

@) [l < 1.

By (2.41) the following inequalities hold true:

1(Ghe) e < 1+ (1(@1) [z~ < 2, (2.44)
1Y o <1411 o forn=1,...,m0—1, (2.45)
1<) [z < 14 no. (2.46)

Now by (2.46) and (2.33) we have
1(6R) Iz < 1@) Iz (¢ Npee < (1 +no)lIrkllze < ChO2. (2.47)

Combining (2.43) and (2.47) we obtain (2.28). To conclude the proof it remains to
verify (2.27). By (2.34), (2.38), and (2.39) we have

Hy? - 5?0% - leLZ
ly — 08 — @2 + |07 — 0 o yf|| 2
Cr™ (157 [l o ly — 21|22

Cho™l 4+ 2Ol | oo < CROTH 4+ CRAOTD. (2.48)

¢ oyt — 21|

ININ A
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Arguing analogously for ¢/ _; and using (2.48), we obtain

G —rouyt —aille < Iy} — @1 — 032 + |0 — 0} 0 ¢, oyt |2
ChO™ +[|(81) || L ICl, oyt — @1l 2

IN

< Che™t 4 op2e=2) (pomt 4 pila=2)
< Che™t 4 opSle=2), (2.49)
By induction we deduce
¢k oyt — @1llp2 < CRO™! 4 ORIt 2)le=2), (2.50)
In particular, we have
It oyt —@1llze < CROT! 4 CRPo¥D@=2), (2.51)
We can now prove (2.27). By (2.42), (2.33) and (2.51) we obtain
letot — e = ik oc ot — aflze
< TN e~k o vt — il

1
< EHTZHLOO (Ch“fl + C’hQ(”0+1)(a72))

< Chaf?:(Chafl + Oh2(ng+1)(a72))
< thmin{2ocf4,(2n0+3)047(4ng+7)}7

where the last term converges to zero because of (2.40). Combining this with (2.37),
we deduce (2.27). O

3. PROOF OF THE MAIN RESULT

This section is entirely devoted to the proof of Theorem 1.2. The proof strategy is
similar to [16]. The major difference is in the analysis of the asymptotic behaviour of
the first-order stress moments (Steps 6 and 7), where the approximating sequences
constructed in Lemma 2.7 are needed to define suitable test functions in the scalings
2<a<i.

Proof of Theorem 1.2. Let (y") be a sequence of deformations in W12(Q, R3) satis-
fying the energy bound (1.7), the boundary condition (1.2), and the Euler-Lagrange
equations

/Q DW (Vi) (V™) < (V) 0] dx = /Q K a(daoy™) + faldsoy™)]de (3.1)

for every ¢ € C}(R3,R3) such that ¢(0, has, hxs) = 0 for all (zg,z3) € S.
Convergence of the sequences (y"), (u”), (v}), and (w") follows from Theo-
rem 2.6, together with the fact that (u,vq,vs, w) € A,. To conclude the proof we
need to show that (u,ve,vs,w) is a stationary point of 7.
The proof is split into seven steps.

Step 1. Decomposition of the deformation gradients in rotation and strain

Let (R") be the approximating sequence of rotations constructed in Theorem 2.5
and let A € W12((0, L),M3*3) be the function defined in (2.4). We introduce the
strain G" : Q — M3*3 as

Viy" = RM(Id + ho1GM). (3.2)

By (2.15) the sequence (G") is bounded in L?(£2, M3*3), so that there exists G €
L?(9,M3*3) such that G" — G weakly in L?(Q, M?*3). Moreover, by Lemma 3.1
(see the end of this section) the symmetric part of G can be characterized as follows:
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there exists 3 € L?(Q2,R?), with zero average on S and 9y 3 € L?(Q2,R?) for k = 2,3,
such that, if we set

M(ﬂ) = (I'QA/GQ + 1’3AI63 ' 825 ' a;;ﬂ),
we have
symM(B) + (u' + 5[(v5)* + ()’ ])er @ er  if =3,
symG = ¢ sym M () +u'e; ® eq if >3, (3.3)
sym M (3) + ge1 ® e; if2<a<3
for some g € L?(0, L). In particular, by the normalization hypotheses (1.1) on S we
deduce
W AW + @] fora=3,
G =qu for o > 3, (3.4)
g for 2 < a < 3.

Step 2. Stress tensor estimate

We define the stress E" : Q — M3%3 ag
1

ha—l

From the frame indifference of W it follows that

DW(F)FT = F(DW (F))" for every F € M3*®.

Eh = DW (Id + h*~'G™)(Id + h*~1GM)T. (3.5)

This implies that E® is symmetric for every h > 0. Moreover, the following pointwise

estimate holds:
W(Id+ h*—tGH
BN < c( ( e ) 4 |Gh|>. (3.6)

Indeed, let 6 be the width of the neighbourhood of SO(3) where W is of class
C?. Suppose first that h*~1|G"| < %. Then, a first order Taylor expansion of DW
around the identity, together with (H4) and (H5), yields

DW (Id + h*~'G") = he 1 D?*W (M™)Gh

for some M" € M>*3 satisfying |[M" — Id| < % Since D?W is bounded on the set
{F e M>*3 : dist(F, SO(3)) < §}, we deduce

|DW (Id + h*~1Gh)| < Che~tGM.
Therefore, by (3.5) we obtain
|E"| < C|G" + Che7 G2 < (1 +6)|G™)|.

If instead h*~ G| > g, we first observe that W (V,y") is finite a.e. in Q by (1.7).
By (H2) and by frame indifference we deduce

det(Vyy") = det(Id + h*"'G") > 0 a.e. in Q.

Therefore, we can use (H7), which yields

W(Id+h*—'Gh) 2k
|E"| < E(W(Id+h*"'G") +1) <k ( ;L:H ) + ?|Gh|.

ha—l
This completes the proof of (3.6).
Step 3. Convergence properties of the scaled stress

Arguing as in [16], some convergence properties of the stresses £ can be deduced
from (3.6). Indeed, using (1.7) and the fact that the G" are bounded in L?(£2, M?*3),
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we obtain from (3.6) that for each measurable set A the following estimate holds
true:

/ |EMde < Ch1 4 CJAJ}, (3.7)
A
where |A| denotes the Lebesgue measure of A. Let now
By :={zeQ: o 177|G"=z)| < 1}, (3.8)
where v € (0, — 2), and let y;, be the characteristic function of Bj. By (3.7) and
by Chebyshev inequality we have
/ |E*|dz < Cho17, (3.9)
Q\Bp,

so that
(1—xn)E" =0 strongly in L'(Q, M>*?). (3.10)

Moreover, one can show that the remainder in the first order Taylor expansion of
DW (Id + h*~'G") around the identity is uniformly controlled on the sets B", so
that

xhE" = LG =1 E in L*(Q,M3*3) (3.11)
(see Step 3 in the proof of [16, Theorem 3.1] for details).
Step 4. Consequences of the Euler-Lagrange equations
By the frame indifference of W and by (3.2) we have

DW (Vay")(Vay")T = b~ RIBM (BT,

Therefore, the Euler-Lagrange equations (3.1) can be written as
| RENEN (V)0 do = b [ [(0no9") + flaoyldn (312

for every ¢ € C}(R3?,R?) satisfying the boundary condition ¢(0, hxa, hzs) = 0 for
all (x9,z3) € S.

Let now ¢ be a function in C}(R3? R3) such that ¢(0,zq,23) = 0 for every
(x2,23) € S. For each h > 0 we define

() = (1, 72 — b (), 22— b)),

where &2, f!{ are the functions constructed in Lemma 2.7. By (2.26) the maps ¢"
are admissible test functions in (3.12).
To simplify computations we introduce the following notation:

h h
Y ys 1
2= (y?,%—&?oy?,f—gfgoy?). (3.13)
From (1.8) and (2.27) it follows that
M in L3(Q,R3). (3.14)

Choosing ¢" as test function in (3.12) we obtain

3
| BB e [10n6 05 = 3 (@ubo ) () out)| da

k=2

3
+ | > RMEMRM) ey (Okpo2") du + / h?[fa(p202") + fa(¢s02")] dz = 0.

Q k=2 Q
(3.15)
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By (3.7) and (2.28) we have

3

‘/QRhEh(Rh)Tey [horg ozt =3 (Droo ) ((€h) out) | do

k=2

3
< CIE" s ([hongl~ + D 10ulln< (€L 1= ) < Clh+h7),
k=2

therefore the first integral in (3.15) converges to zero. Analogously, since fr €
L%*(0,L) for k = 2,3 and ¢, € C}(R), the last integral in (3.15) tends to zero. We
deduce that the second integral in (3.15) must also converge to zero. On the other
hand, this term can be written as

/QZRhEh (R ey, - (Oppo2") da

k=2

/QZXthEh (R")Tey,- (D¢ oz")dx

k=2
/Z (1 — xn)RME"(RM) ey, - (9o 2") da (3.16)
Q=2

By (3.14) and by the dominated convergence theorem we have
ooz — dpé in L2(Q). (3.17)
Thus, by (3.11) and by the fact that R" — Id in L>°(0, L) we deduce

/ZXthEh RMTep - (Oppoz") dxa/ZEek O de,
Q

k=2 Q=2
while by (3.10) we have that the last term in (3.16) tends to zero. We conclude that

3
/ > Eey-Oppdr =0 (3.18)

Qp—2

for every ¢ € C}(R3,R3) such that ¢(0,z2,23) = 0 for all (x2,z3) € S. Therefore,
the following equations hold true a.e. in (0, L):

divy, ., (Fes|FEez) =0 in S,
2, 3( 2| 3) (319)
(Eeg|Ees)vgs =0 on 05,
where vgg is the unit normal to 9S. Moreover, for a.e. 21 € (0, L)
/ Eep drodrs =0 for k=2,3. (3.20)
s

We conclude that Ee; = Fez = 0 a.e. in (0, L) and since E is symmetric,

E = Ellel X eq.

Step 5. Zeroth moment of the Fuler-Lagrange equations

We now identify the zeroth order moment of the limit stress E. Let 1 be a function
in C}(R) such that ¥(0) = 0. We define

P(x) = P(z1)es.
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Using ¢ as a test function in the Euler-Lagrange equations (3.12) we have
/ (RPEM(RMTY 11 (¢ o yl) daz = 0. (3.21)
Q

To pass to the limit in the previous equation, we split {2 into the sets By, and Q\ By,
so that we obtain

/Q Xn(RVEM(RMT) 1 (4 0yl di + /2 (1= xi) (R"E"(R)T)yy (¢ oyl dir = 0.
(3.22)

By (1.8) and by the continuity of ¢’ it follows that 1’ o y? converges to ¢ in L2(Q2).
Therefore, by (3.10) and (3.11) we can pass to the limit in (3.22) and we deduce

L
/ Eny'dzy = / Eny'dz =0
0 Q

for every 1 € C}(R) such that (0) = 0. This implies that E = Ej1e1 ® e; = 0 a.e.
in (0,L).

Since by frame indifference LH = 0 for every skew-symmetric H € M>?*3, we
obtain that Lsym G = LG = E = 0. The invertibility of £ on the space of sym-
metric matrices yields that sym G = 0. Together with (3.4), this implies (2.8) for
a =3, (2.12) for @ > 3, and g = 0 a.e. in (0, L) for 2 < a < 3. Moreover, by (3.3)
we deduce that

sym(O ’ / 826dx2d:v3 ’ / 836 d.’EQd.’Eg) = 07

s s
so that, if we introduce 3 : Q — R3 defined by

B = (51752 - 333/ 0332 dxadxs, B3 — 1’2/ Do 33 dwadas),
s s
we have that 3(z1,-,-) € B for a.e. 2; € (0,L) and
symG = sym(xQA’eg + 234 eq ‘ 9s3 ‘ 83@).
In particular, we have the following characterization of E:
E=LsymG = E(xQA'e2 + 234 es ‘ 053 ‘ 63&).

Since F satisfies (3.19), we deduce from Lemma 2.1 that 3 is a minimizer of the
functional

Ga(B) = / Q3 <$2A'€2 + a3A’es ‘ 0203 ‘ 335) dradrs.
S
In other words, B satisfies
Ql(Al) = / Q3 (.13214’62 + 1‘314/63 ’ 82B ’ 83B> d.rgdxg (323)
s

for all o > 2.

Step 6. First-order moments of the Euler-Lagrange equations

In this step we prove that the limiting Euler-Lagrange equations (2.9) and (2.10)
are satisfied. Let @2, p3 be two functions in C}(R) with ¢(0) = ¢3(0) = 0. We
define

q/)h(x) _ (0’ pa(1) 903(331))

h 7 h



CONVERGENCE OF EQUILIBRIA OF THIN ELASTIC RODS 15

and we use ¢" as test function in (3.12). By (1.8) the force term can be treated as
follows:

%ig})/ﬂh[fz(cbéoyh)+f3(¢’§oyh)} dx = }LILI}J Q[f2(9020y?)+f3(903 oy)] da
L
Z/ (fap2 + f3ps) dx;y. (3.24)
0

Therefore, we have

! h
4 (RhEh(Rh)T)gl ¥3°Y1 dx

/ h
lim I:(RhEh(Rh)T)Ql P2 00U ;

h—0 Q h

L
:/o (fopa + faps) dwy. (3.25)

We shall characterize the limit on the left-handside of (3.25) in terms of the first-
order moments of the stress E. To this aim, we go back to the Euler-Lagrange
equations (3.12) and we construct some ad-hoc test functions with a linear be-
haviour in the variables xo, x3. Let (wp) be a sequence of positive numbers such
that

hwp, — 400, (3.26)

ey, — 0, (3.27)

where v € (0, — 2) is the same exponent introduced in (3.8). For each h > 0 we

consider a function §" € C}(R) which coincides with the identity in a large enough
neighbourhood of the origin, that is,

0"(t) =t for [t| < wp (3.28)

and, in addition, satisfies the following properties:

") <t VteR, (3.29)
16" < 2wp, (3.30)
o

<2 3.31
I . < 331

Let n be a function in C'(R) with compact support and such that 1(0) = 0, and
let £, k = 2,3, be the functions constructed in Lemma 2.7. We consider the map

6 (@) = 0" (2 — 2eh(en) ) nta)en.

Choosing ¢" as test function in (3.12) and using the notation introduced in (3.13),
we obtain

/Q (RPEM(RM)T)11(6" 0 28)(1 o) d

h oh ( ph\T h
- /Q(RE(zf))u(CftOZQ)[(£§>’oy?}(noy?>dx

h h
oy iy 0Y1 (dO R _
+ /Q(R B (R )15 (th oz3)da:—0. (3.32)
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The first integral in (3.32) can be decomposed into the sum of two terms
| BB E 0" 0 B o0l do
Q
= [l (R ERENus (8 0 2) o 090 da

4 [ )[R B R (0" o )0 o0l do. (339
Q
By (1.8), (3.14), (3.29), and by the dominated convergence theorem we deduce that
(0" 0 25) (0 oyy') — wan' in L2(9).
Therefore, by (3.11) we have

L

}llin%) xn(RPEM(BRMTY 11 (1 o y) (0" 0 28 dx = / 3B dx = / E11n dxy.
—0Jq Q 0

The second term in (3.33) can be estimated using (3.9), as follows:

/Q(l = xu)|(B*E"(R") )11 (n oyy) (0" 0 25)| da < 2wh\|77’||Lc>o<o,L>/Q |E"|

By,
< Chaili’ywhv

and this latter is infinitesimal owing to (3.27). We conclude that

L
[ e o otydo — [ Bu'dn. (330
Q 0

As for the second integral in (3.32), we consider the following decomposition:

h
[ B (G o) (€ ot mont da

do" 1
= [ @B R (G ooh) —1] 7€) eutlmont) da
1
+ [ BB R g (&) outlmont) do (335)
To study the first term in (3.35) we introduce the sets
Dy ={z e Q:|2x)| > wn}. (3.36)
Since (z#) is uniformly bounded in L2(£2), by Chebyshev inequality we deduce that
|Dp| < Cw; 2. (3.37)
Thus, by (2.28) and (3.7) we have
do" 1
R"E"(RMT ——oz) — 1| Z[(EMY oy (noyh) da
| [ B R [(Gr o2t) 1] Y o st mout) dof
do" 1
< h oh( phT [ A N Y VY AV h
< [ JerEranmn[(G o) - 1) Gy outionest)

a—2

< Cha—S/ |Eh| < Cha—S(ha—l + |Dh|%) < C(h2a—4 + };L
Dh

), (3.38)

Wh

where the latter term tends to zero owing to (3.26). Furthermore, we can prove that
the second term in (3.35) is equal to zero. Indeed, let

P (xy) = /01’1 %(fg)'(s)n(s)ds.
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It is easy to verify that ¢ € C}(R) and ¢"(0) = 0 for every h > 0. Therefore, by
(3.21) we obtain

[ BB EDT (€ outlnont) da o
By (3.35) and (3.38) we conclude that
do"
[ BB R (G o)) eutliont de — 0. (339

It remains to study the third integral in (3.32), which can be written as

h h
Q

h dt
_ (Rh,Eh(Rh)T) on?[(@o h)_l}d
~ Jo B e 778 o
h
+ /(RhEh(Rh)T)lg%dm. (3.40)
Q
We claim that
h h
. h b phTy. 1YL @ Y _ _
Jim [ (RME (RN TR [( - oz3) 1} dz = 0. (3.41)

To prove it, we consider again the sets D), defined in (3.36). From (3.7), (3.31),
(3.37), and from the boundedness of 1 we obtain

/Q’(RhEh(Rh)T)lgnoy? {(deh ozg) - 1} ‘ dz

ho L\ at
_/Dh

C C 1 1
~ Eh <7ha—1 D.12)< C ha—Z -
h Dh' < 7T+ D) < ( +hwh)

(RhEh(Rh)T)B% [(% ozé‘) — 1} ‘

IN

and the latter is infinitesimal owing to (3.26), so that (3.41) follows. In conclusion,
combining (3.32), (3.34), and (3.39)—(3.41) we deduce that

h ~
lim [ (RMEM(RM)T)15 120 gy = f/ B da (3.42)
h—0 Jo h Q

for every n € C'(R) with compact support and such that 1(0) = 0. Choosing a test
function of the form

x 1
¢"(@) = 0" (T2 = & (@) )n(ar)er,
one can prove analogously that
lim [ (R"E"(R")T) LR I
12 T = 117 azx. (3.43)

Let now ¢, € C?*(R) with compact support be such that ¢ (0) = ¢}, (0) = 0
for k = 2,3. We choose n = ¢} in (3.42) and n = ¢4 in (3.43) and we add the
two equations. Comparing with (3.25) and using the fact that E* (and therefore,
RME™(RMT) is symmetric, we conclude that

L
/ Evigh + E1195 + fapa + fapsdry =0
0

for every o), € C%*(R) with compact support and such that ¢5(0) = ¢, (0) = 0,
k = 2,3. By approximation we obtain (2.9) and (2.10) for all o > 2.

Step 7. Euler-Lagrange equation for the twist function
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To conclude the proof of the theorem, it remains to verify the limiting Euler-
Lagrange equation (2.11). We define

iy (00 (2~ LD (22 o))

where n € C*(R) with compact support, 7(0) = 0, and 6" is as in Step 6. Using ¢"
as test function in the Euler-Lagrange equations (3.12), we obtain

= [ [ B R0 02 = (BB R 0" 0 )] 1 o) do

h

[ RER (B o) (€ ooty ™M
— [ R E on ( o ) () o) o
[ (% o) = (M (G 08)] 25

h/[fz( oz3) f3(0 oz2)](noy1)dz:0. (3.44)
Q

Arguing as in the proof of (3.34), we can show that the first integral in (3.44)
satisfies

lim [ [(R"E" (R )2 (8" 0 24) = (R"E"(R") )1 (0" 0 24)| (0 0y} d
—YvJQ

L
:/ (—E12 —|—E13)7]/ dl’l.
0

The proof of (2.11) is concluded if we show that all other terms in (3.44) converge
to zero, as h — 0. The last integral in (3.44) is infinitesimal owing to the estimate

I /\

Ch(lIf2llz2ll28 |2 + I fsll 2|25 ]| =)
Ch,

’h/g[ 2(0" 025) — fs(0 032)](77°yl)dx’

IA

which follows from (3.29) and (3.14).
As for the term

/Q[(RhEh(Rh)T)g, (Czi:ozz) (RPE" (RT3 (djthozg)}nohy? de,

we remark that by the symmetry of R"E"(R")T it can be written as

[, S [ o) < ]+ [1- (% o))

Arguing as in the proof of (3.41), we obtain that the above expression tends to zero,
as h — 0.
It remains to prove that

h

timy [ & (REEa (Gro02h)(€) outlmont do =0
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for k,j € {2,3}, k # j. To this aim, we fix k = 2,j = 3 and we write the previous
integral as the sum of two terms

h
[ R E D (G o) (€Y outlont) da

- /Q %(RhEh(Rh)T)m[(%on) - 1} [(€8) oyl (noyt) do

RhEh Rh T Y ol
+/Q ( h(l_é) )21 (53 )hé Y1 (noy{a) dr. (345)

where 0 < € < a — 2. Arguing as in the proof of (3.41), we obtain that the first
term is infinitesimal. To study the second term, we notice that, if (") C CL(R) is
a sequence of functions such that 1" (0) = 0 and [|)"|| e (r) < C for all h > 0, then
the map 1" (x1)e; can be used as test function in the Euler-Lagrange equations
(3.12) for every h > 0, and we have

(RPE"(RMT
| [ gy ot an] = | [ b0 ouf) do] < OBz — 0
(3.46)

If we now choose

then by (2.28) we obtain
[4"]| Loe < CR*™2=¢Inl| L1 < C for all h >0,

so that by (3.46) also the last term in (3.44) is infinitesimal as h — 0. This concludes
the proof of (2.11) and of the theorem. O

We conclude the section with a lemma, which provides us with a characterization
of the limiting strain. This result is contained in the proof of [19, Theorems 4.3
and 4.4]. We present here a concise proof for the reader’s convenience.

Lemma 3.1. Let all the assumptions of Theorem 2.6 be satisfied and let (R") be
the sequence of rotations of Theorem 2.5. For every h > 0 let G? : Q — M3*3 pe
defined by

Gh _ (RMTV,yh — Id

- ha—1 :

and let G be the weak limit of (G") in L?(2,M®*3) (which exists, up to subse-
quences, by (2.15)). Then, there exist g € L*(0,L) and 3 € L*(2,R?), with zero
average on S and O3 € L*(,R3) for k = 2,3, such that, if we define

M(B) = (96214/62 + 134’3 ’ 028 ’ 835>7

we have
symM(B) + (' + 3[(u)? + (0§ er @ er if o =3,
symG = { sym M (8) + uv'e; ® eq if a > 3, (3.47)
sym M (B) + ge1 ® e1 if2 <a<3,

where u, v, and A are the functions introduced in Theorem 2.6.

Proof. For every h > 0 we consider the function 7" : Q — R? defined by
1
Vi (z) = h—a[yh(cc) — hayRM(x1)es — has R (x1)es]
for every z € Q. By (2.17) we have that
A" — Gey,  for every k= 2,3. (3.48)
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Therefore, if we define 3" := v* —3" where 7" is the average of 4" on S, we deduce
by Poincaré-Wirtinger inequality that 3" is uniformly bounded in L?(Q,R?). It
follows that there exists B € L?(Q,R3), with zero average on S, such that, up to
subsequences, 3" — 3 in L? (2, R?). Furthermore, by (3.48) we have that LB = Gey,
for all k = 2,3.

As for the first column of G, we remark that by (1.1) we can write

1 1
RhGhel = h@wh + ho—2 (Z‘Q(Rh)/(ig + $3(Rh)/63) — ho—1 Rhel
1 Rhey — O1y"
= hr " + oy (wa(R" e + (R e) / % dwadzs.
S
(3.49)

By (2.17) we have that R"G"e; — Ge; weakly in L?(Q, M3*3). Moreover, by (2.15)
there exists a function g € L?((0, L), R?) such that

Rh6 — a yh e 1 0 L R
/ % d$2dx3 —_ g W akl) mn L (( ? )’ )’

1
ha72

Finally, by the weak convergence of (5") in L?(2,R?) we have that hd; 8" — 0 in
W=12(Q, R3); thus, passing to the limit in (3.49) we conclude that

G = (wQAIGQ + :L‘3A/63 +g ’ 826 ’ (935)
To obtain (3.47) it is now enough to define
B =B+ x2(g-ez)er +x3(g-e3)er,

zo(RM ey + x3(R") e3 — woA'ey + x3A’es  weakly in L2((0, L), M3*3).

so that

symG = sym(ng'eg +a3A’es + (g-e1)e ‘ 023 ‘ 83,8).
This concludes the proof for 2 < a < 3. For o > 3 a characterization of g can be
given. Indeed, one can observe that

oy — R oy —1 1— R
/ 1y7761 €1 d$2d$3 = / ( 19 ) _E ( 11) dl‘gdl‘g,
ho—1 ho—1
s s
= (u") — h*Bsym(R" — Id)1,
where (u") is the sequence introduced in (1.3). By (2.20) and (2.25) we obtain the
thesis for a > 3. O
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