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Chapter 1

Introduction

In this Ph.D. Thesis we shall be concerned with some aspects of the central problem of the Calculus
of Variations which is to find the minimum points of functionals. In our study we will consider, in
particular, the integral functional

1069) = [ 1o (@), Vu(a))da, (1)
Q
and the supremal functional
S(u, Q) = esssup g(z, u(x), Vu(x)), (1.2)
e

where @ C R™ is an open set, f, g are two Borel functions from  x R x R™ with values in [0, o0
and u belongs to a suitable space of functions. In the following we will always denote by x, s and
& the three variables of f and g, called geometric, function and gradient variable respectively.

Some of the most powerful tools to prove the existence of minimum points for such functionals
are the so called Direct Methods. These methods move by the fact that, given a topological space
(X, 7), we have that a function F : X — [0, 00] admits a minimum point every time F is lower
semicontinuous (briefly l.s.c.)!, that is,

zph,x € X,xp mxintT = F(az)glihmian(:Ch),

and there exists a compact® minimizing sequence, that is a sequence {y,}72, € X which admits a
converging subsequence and such that

R = Fln).

Indeed, in these hypotheses, we have that every limit point yo of {yn}72 , satisfies the inequality

F(yo) < liminf F(yy) = inf F(z),
h—oo rzeX
so that yg is just a minimum point of F.
Clearly the two conditions considered above work in opposite directions: indeed, roughly speak-
ing, the lower semicontinuity of F' is simpler to prove when the topology 7 has many open sets,

1 Actually this definition is the one of sequential lower semicontinuity: however, since we will always deal with
this notion, which may be different from the topological notion of lower semicontinuity given by means of open
sets, we simplify our notations with this little abuse. Note also that when the space (X, T) is a metric space, as for
instance R™ endowed with the Euclidean distance, the two notions agree.

2Even in this case, since we will always deal with the notion of sequential compactness, we can simplify our
notations.
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while, on the contrary, we have more opportunities to prove the compactness of some minimizing
sequence when 7 has few open sets.

Now, if we consider the functionals I and S given by (1.1) and (1.2), in order to apply the
Direct Methods, we have to find a suitable topological space on which they can be defined and
such that it allows to prove the lower semicontinuity and the compactness. It is worth noting
that the notion of lower semicontinuity was introduced for the first time in the framework of the
Calculus of Variations by Tonelli in 1913 just to treat functionals like (1.1) (see the monographs
[70] and [71]; for further details see also [62]).

Since our aim is to find regular minimum points of I and S, certainly the first attempt to
try is to define them on C'(fQ), that is, the set of the derivable functions on €2 with continuous
first derivatives, endowed with its natural topology. However, it is easy to see that this space is
not suitable to apply the Direct Methods since its topology, even if it makes easy the proof of
the lower semicontinuity of the considered functionals, requires too much conditions to prove the
compactness of the minimizing sequences. Thus, since we want I and S to be defined at least on
C1(9), we need to find more proper larger functional spaces on which they can be defined and in
which, this time, some minimum points can be found by more powerful compactness theorems.

The Sobolev spaces, whose theory has been developed to solve this particular kind of problems,
provide a suitable domain of definition for I and .S, because, by the properties of their weak
(weak™®) topologies, the compactness of the minimizing sequences can be obtained by requiring
simple conditions on the functionals, even if the lower semicontinuity could be more difficult to
prove.

The lower semicontinuity of I and S defined on Sobolev spaces has been deeply studied and
necessary and sufficient conditions on f and g to obtain it have been found (see for instance De
Giorgi [35], Toffe [56] and Olech [65] for the integral setting and Barron and Jensen [14], Barron,
Jensen and Wang [15] and Barron and Liu [16] for the supremal setting). In particular, the
fundamental role of the convexity of f and of the level convexity of ¢ in the gradient variable has
been understood?®.

Assuming now that f and g guarantee the lower semicontinuity of I : I/Vlicp () — [0,00] (with
1 <p<oo)and S : T/Vﬁ):o(ﬂ) — [0, 00], we can simply prove the existence of a minimum by
letting, for instance,

[, s,8) = c(|s|” + [€]7), (1.3)
where ¢ > 0, and
9(@,5,€) = 00 (|| + [€]), (1.4)

where 0 : [0,00) — [0,00) and lim; o 00 (t) = 00. Indeed, (1.3) and (1.4) guarantee that every
minimizing sequence of I and S is locally bounded in W'lif (Q) and Wli’COO(Q) respectively and then
compact with respect to their weak (weak*) topologies.

Obviously, the minimum points found in this way can be considered only as generalized min-
imum points of the starting problem; the question of knowing if they really belong to C*(€) is
proper to the so called regularity theory?.

Nevertheless a large class of remarkable functionals, as the class of integral functionals in which
the integrand grows only linearly, does not satisfy the coercivity conditions (1.3) and (1.4) so that

3As far as possible, from now on, f will denote a convex (in the gradient variable) function and g will denote
a level convex (in the gradient variable) one. However, we will always state all the properties of every function
considered in the statements and proofs.
4We point out that, at least in the integral setting, it may happen that not only such a generalized minimum
point does not belong to C''(€2) but also
n o
inf I(u,Q):u€ Wli’Cp(Q) <inf I(u,Q):ueCHQ) .

When this particular situation occurs we say we have a Lavrentiev (or Gap) phenomenon (see [57], [60] and [73]).
Nevertheless the Sobolev spaces have such an important role that often a minimum point in these spaces is already
considered satisfactory.



the compactness theorems on the Sobolev spaces cannot be used anymore. Therefore, we would
like to extend again the domain of definition of our functionals on larger topological spaces as, for
instance, L _(Q), C(Q2) or BVioc(Q), endowed with their natural topologies, in order to look for
the minimum points in these new spaces: clearly this strategy requires to prove more difficult lower
semicontinuity theorems, but it allows to have better compactness theorems (we will consider in
particular the case of BVj.(€2) endowed with the w*-BVj,.(2) topology).

However, functions in the spaces quoted above don’t have a gradient representable as a function,
contrarily to the ones in Sobolev spaces. Thus, it is not clear what could be the meaning of I and
S when computed, for instance, on a function belonging to BVj,.(€2). As a consequence, it must
be understood how we can build up extensions of I and S on these spaces in such a way that they
are l.s.c. with respect to their own topologies.

Before presenting one of the possible answers to this question, let us give a short background
on the area of the nonparametric surfaces. We follow Serrin [68].

Let Q C R? be a bounded open set with Lipschitz boundary. If u € Aff(f), the set of the
piecewise affine functions on € (that is, the functions such that their graph is a polyhedral surface;
see Chapter 2) the notion of area is elementary:

A(u, Q) = Area(graph(u)) = Z area of the plane faces = / V14| Vu(x)]2de.
Q

However, it might be of interest a definition of the area that can be meaningful even for a continuous
curved surface. To this purpose, we could use the integral expression defined above but it is not so
clear which class of functions it can be really applied to. Then, as for the definition of the arc length,
we could define the area of a continuous surface as the supremum of the areas of the approximating
polyhedra, but, as Schwartz’s counterexample shows, this method leads to contradictions (see for
instance [27] page 540).

Lebesgue had the brilliant idea to define the area of a continuous surface obtained as the graph
of u e C(Q), as

A(u, Q) = inf {liminf Alup, Q) :up, € AfF(Q), up, — uin LOO(Q)} .
Subsequently Serrin proved that not only, as obvious, A is ls.c. on C(€) with respect to the
uniform convergence, but also that, for every u € Aff(Q2), A(u, Q) = A(u, ), that is A is really an
extension of A (see [68] Theorem 1): these ideas are the basis of the modern concept of relaxation.

For our purposes, since we focus our attention on the problem of the extension of functionals,
we introduce the notion of relaxation as follows®.

Let us consider a topological space (X,7), ¥ C X be a dense subset with respect to 7 and
F:Y — [0,00]. We can always define the following trivial extension of F' on X, given by

= | F(z) ifzey,
F<‘”>_{ o ifrg X\Y,

but in general this functional is not l.s.c. on X with respect to 7. Nevertheless, by means of F),
we can define the functional R[7](F) : X — [0, 0], called the relazed functional of F' on X with
respect to 7, as

R[7](F)(x) = sup {G(:c) :G < F,G is Ls.c. with respect to T};

note that the supremum of any family of ls.c. functionals is l.s.c. too. Clearly, R[7](F) is the
greatest functional less or equal to F' which is l.s.c. on X with respect to 7 and it can be easily

5As for the notion of lower semicontinuity, even in this case the definition that follows is the one of sequential
relaxation.
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proved that it can be characterized, for every x € X, as

R[T](F)(x) = inf {liminf F(zp): 2z, €Y,x), — xin T} . (1.5)
It also satisfies the equality
inf F = inf F 1.
Inf RI7)(F)(x) = Inf P(y), (1.6)

that provides important information on the original minimum problem on Y.

However, even if the lower semicontinuity is now satisfied, it may happen that the functional
R[7](F) just built up is not an extension of F on X since it could exist z € Y such that R[7](F)(z) <
F(z). In order to really have an extension we must have R[7](F) = F on Y and this happens if
and only if F' is l.s.c. on Y with respect to 7, that is

zh,x €Y,xp v inT = F(z) <liminf F(zp),
— 00

For these reasons, in order to obtain further extensions via relaxation of I and S on certain
topological spaces larger than the Sobolev ones, first of all we have to understand the lower semicon-
tinuity properties of these functionals defined on Sobolev spaces with respect to the new considered
topologies. This argument is developed in Chapters 4 and 5.

In Chapter 4 we look for conditions on f in order to obtain the lower semicontinuity of I on
Wli)cl () with respect to the L{. (£2) convergence. This is a classical problem in the Calculus of
Variations, first studied by Serrin in [69]. Here we propose slightly different versions of the results
contained in the papers of Gori and Marcellini [55], Gori, Maggi and Marcellini [54] and Gori and
Maggi [53], in which new and very mild conditions on f that guarantee the lower semicontinuity
of I are given.

The proofs of the main results of Chapter 4 are based on certain approximation theorems for
convex functions (depending continuously on a parameter), collected in Chapter 3. In particular,
we propose the proofs of two very recent theorems contained in [53] which provide new methods
of approximations by means of convex cones and of strictly convex functions.

In Chapter 5 we consider the functional S defined on W'licoo (©2) and we study its lower semicon-
tinuity with respect to the L%, (€2) topology. Some conditions on g in this contest have been found
first by Gori and Maggi [52]: in this chapter we improve these results, considering the problem of
the necessary conditions too.

As already stated, the theorems of Chapters 4 and 5 can be read as results that provide
hypotheses on f and g, that guarantee the equalities R [Ll ] (I) =1 and R[LS](S) = S on

loc loc

I/Vlicl () and VVlifc (Q) respectively. Nevertheless these results give no information about the

possibility to represent (and to easily compute) R [L{, | (I) on L (€2) \ WL(Q) as an integral

loc loc loc

either R[L{2](S) on C(Q)\ WL () as a supremal®.

Moving from these remarks, in Chapter 7 we consider I and S defined on VVIEC1 (©2) and we
approach the particular problem to understand if it is possible to find one of their extensions on
BV () that is 1.s.c. with respect to the w*-BV,.(92) topology and such that could be explicitly
represented on this space as an integral and as a supremal respectively.

We stress that the relaxation is not the unique strategy to extend the functionals I and S
on BVj.(€) in a lower semicontinuous way: indeed, another appropriate way to extend I and S,
different from the relaxation, is suggested by Serrin in [68] and [69] and described below.

First of all let us consider the following notion of convergence: given an open set 2 and a
function u € BVjoc(Q2), we say that a sequence {up}52; converges to u in w*-BVi, (] Q) if there
exists a sequence {€2;,}7° ; of open sets such that uj, € BVio.(2;,) and, for every open set ' CC Q,

6For what concerns the integral setting, the problem of the representation of R LllOc (I) has been deeply studied,

and several general integral formulas to represent R LllOC (I) at least on BVj.(92) have been found (see for instance
Dal Maso [30]).



we have Q' CC Qp, if h is large enough and up, — w in w*-BV (') as h — oo. Then, for every
u € BVioc(2), we define

I*(u,Q) = inf {limian(uh, Qp) s up € VVli)Cl(Qh), up — win w*-BVec(] Q)} , (1.7)

h—o0

and
S*(u, Q) = inf {lim inf S(up, Qn) = up € Wi (Qn), up — uin w*-BVige(] Q)} . (1.8)

h—o0
The analogy between I* and S* and the functionals R [w*-BWy.] (I) and R [w*-BVie] (S) is clear.
Moreover, for every u € BVio.(£2), it holds

I"(u, Q) < R[w"-BViec] (I)(u,2) and S*(u,Q) < R[w*-BVie] (5)(u, ),

and, as we will see, in some cases even the equality holds.

In Chapter 7 we present the main results of the theory involving I*, developed by Serrin in
[69] and by Goffman and Serrin in [49], and of the one about S*, developed by Gori in [51]. In
particular, when f and g depend only on the gradient variable (and of course they are convex and
level convex respectively), we prove not only that I* and S* extend I and S on BVj..(€2) and
that they are l.s.c. with respect to the w*-BVj.(€2) convergence, but also, that they can be also
represented on BVi,(f2) as an integral and a supremal given by ”

[ rvutands+ [ 5 (%(m)) aiD*ul(z),

and

- . [ dD%u )}
[esjrs:gpg(w(fﬂ))} v [ID ul essSup g (stu|(x) -
In the same chapter, by means of the representation formula found for S* and following the
analogous theory developed for the integral functionals by Anzellotti, Buttazzo and Dal Maso [§],
we define also a generalized Dirichlet problem for supremal functionals defined on BV (2) and we
prove the existence of a minimum on BV (2) even if g is not coercive (that is, (1.4) does not hold):
in some sense, this existence result justifies the extension of S on BV (Q).

It is worth noting that the lower semicontinuity theorems and the representations formulas on
BV () about the functionals (1.7) and (1.8), presented in Chapter 7, are obtained as corollaries
of more general results proved for analogous functionals defined on Radon measures: in fact in
Chapter 6 the well known theory for the integral functional (see [49], [69]) is presented together
with several new results about the supremal setting, which generalize the paper of Gori [51].

We stress that, even if these results about the integral functionals are classical, we present their
proofs together with the ones for the supremal functionals just to show the complete analogy that
there exists, even under a technical point of view, between integral and supremal settings.

Moreover in the same chapter, starting by the lower semicontinuity results obtained by Bou-
chitté and Buttazzo for non convex integral functionals defined on Radon measures (see [18]), we
approach the analogous problem for the non level convex supremal ones, finding necessary and
sufficient conditions. When these results are applied to the setting of the functions of bounded
variation, they lead to the existence of a minimum point for a particular non level convex and one
dimensional problem, stated and solved in Chapter 7, which presents some similar aspects to the
celebrated Mumford-Shah image segmentation problem (see also Alicandro, Braides and Cicalese

[31)-

We conclude saying that Chapter 2 contains some brief notes on measure theory, functions of
bounded variation and convex analysis, in which the main definitions and theorems on these topics

7See Chapter 2 for notations.
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are recalled. However, in this chapter, we prove also a certain number of new propositions, most
of them about the fine properties of level convex functions, that are fundamental for the proofs of
the remaining chapters.



Chapter 2

Preliminary results

In this chapter we introduce most of the definitions and notations we will need, and we collect
several propositions and theorems that will be useful tools to prove the main results presented in
this thesis. In the following we will implicitly refer to this chapter for every (non trivial) symbol
used.

2.1 Notes on measure theory

Let us consider the measurable space (2, B(€2)) where @ C R™ is an open set and B(f2) is the
o-algebra of the Borel subsets of 2.

We say that K is well contained in Q (briefly K cC Q) if cl(K) C , that is, the closure of K
is a subset of £2. Moreover, for every x € R™ and p > 0, we set

B(x,p) ={y € R": |z —y| <p} and B(z,p)=cl(B(z,p)).

We set also S"7 1 = {z € R : |z| = 1}.

If u: B(Q) — [0,00] is a positive measure then it is called a positive Borel measure on €.
Moreover p is called a positive Radon measure (resp. finite positive Radon measure) on €, if, for
every K € B(), K CC Q, it is also u(K) < oo (resp. u(2) < 00): the set of the positive Radon
measures on {2 is denoted by MT(2). Obviously the Lebesgue measure on R", denoted with £™,
belongs to M™(R™) so as the standard Dirac measure centered on x € R™ denoted with 4.

Let us fix m € N: if A : B(©) — R™ is a vector measure then it is called a finite Radon measure
on Q while if A : {K € B(Q2) : K CC Q} — R™ and, for every K € B(2), K CC , A is a vector
measure on B(K) then it is called a Radon measure on ). We denote the set of Radon measures
(resp. finite Radon measures) with Mo.(Q, R™) (resp. M (2, R™))L.

Let us consider now A € Mjoc(Q, R™) U M™F(Q). For every B € B(Q) the total variation® of A
on B is defined by?

IA(B) =sup{ Y " |N(B;)|: B € BQ),B; cc Q| JB; CB,B,NB; =0,Vi£jp. (21)
j=1

j=1

It can be proved that || € MT (), that A € M (2, R™) implies |\|(2) < oo and that if \ € MT(Q)
then [A| = A

ICIearly M+(Q) c MIDC(Q’ R): ne M+(Q) : “(Q) <oo C M(Qv R) and M(Qv Rm) - MIOC(Q7 Rm)

2We present here the definition of total variation directly for Radon measures: it is simple to verify that, when
A is a finite Radon measure, it is equivalent to the usual one (see for instance [7] page 3).

3When z € R, |z| means ||z||rn the standard Euclidean norm on R”.

7
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Given now A € Mjoc(,R™) U MT(Q) we say that X is concentrated on a set B € B(Q) if
IA[(2\ B) = 0. If A1, A2 € Mioc(Q,R™) UMT(Q) we say that A\; is singular with respect to Ao
(briefly A1 L A2) if there exist By, Ba € B(€2) such that A\; is concentrated in By, Ag is concentrated
in BQ and Bl ﬂBQ = @

If now we consider A € Mjoc(Q,R™) U MT(Q2) and p € MT(Q) we say that X is absolutely
continuous with respect to p (briefly A << p) if u(B) = 0 implies |\|(B) = 0. Moreover, fixed
E € B(Q), we denote with ALFE the restriction of A to E, that is, the element of Mi.(2, R™) U
MT(Q) defined, for every B € B(Q2) (when A\ ¢ M(Q,R™) U M+ (Q), we need B CC  too), as
(ALE) (B) = A(EN B). For every E € B(R™) we will always denote with £™ the measure £ E.

We write for short A(x) instead of A({z}) and we denote

Ay ={z € Q: \x) £ 0},

the set of the atoms of . Finally, if 4 € M™(Q), we define the support of u as the set

spt(p) = cl ({m €Q:Vp>0,u(B(z,p)) > 0}) ,

while, if A € Mjoe(Q,R™), we set spt(\) = spt(|\]): note that A is concentrated on spt(\).

Let us consider now a Borel function u : 2 — R, that is a function which is measurable with
respect to the o-algebra B(f2) (the same definition holds even if u : & — R™), and p € MT(Q). It
is surely well known the notion of integral on B € B(Q)) of u with respect to u. We prefer instead
to remember that the essential supremum on B € B(2) of u with respect to u is defined as

inf< sup u(z): A€ B(Q),AC B,u(A) =0, if u(B)#0,
p-esssup u(z) = z€B\A
reB
—00 if u(B) =0,

pointing out that, if u << £", then*

p-esssup u(z) < esssup u(x). (2.2)
reB zeB

We set also, for every a,b € R, the notations a V b = sup{a, b} and a A b = inf{a, b}.

Let p € MT(), m > 1 and u : @ — R™ be a Borel function: we say u € L}, (Q,R™) (resp.
L2 (Q,R™)) if it is

/ lu(x)|du(x) < oo, (resp. pesssup |u(z)| < oo) )
Q z€Q

and, in this case, we set

/Q w(@)dp(z) = ( /Q w (2)dp(), . /Q um(:r)d,u(x)> cR™,

where u = (u1,...,u;). When, for every K € B(Q), K cC Q and u(K) > 0°, u € L,(K,R™)
(vesp. Li°(K,R™)), we say u € Ly, ,(Q,R™) (resp. Lis. ,(Q,R™))°.
Fixed A € Moc(2, R™), we say that a scalar valued (resp. R™-valued) Borel function u belongs

to L1 (Q) (resp. Li(Q,R™)) if
[ @) < .

4When the Lebesgue’s measure is considered, we write for short esssup instead of £™-ess sup.

5This last condition on K is clearly relevant only to define L. L, R™).

6When m = 1 we write for short LL(Q), Lie (%), Llloc,p,(ﬂ) and Liy.  (Q2) and when p = L™, ;i is omitted.
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and, in this case, we set

/Qu(x)d)\(:c) = </Q u(x)d/\i(ac),...,/Qu(x)d)\m(x)) eR™,
<resp. /Q w(@)dA(z) = Zin: /Q wi ()N (2) ER),

where A = (A1, ..., Ap) and, for every i € {1,...,m},

/Q w(@)di(z) = /Q w(@)dr (z) — / w(@)dA; (x),

Q

(reslp- /Qui(w)d&'(l”) Z/Qui(iﬂ)d)\f(x)—/ﬂui(fﬂ)d)\i(33))>

where A = % and \; = % belong to M™(Q2). When, for every K € B(Q), K CC Q,
u € Ly(K) (resp. L} (K,R™)), we say u € Lj,. ,(Q) (resp. Ly . (2, R™)).

If we consider now u € M*(Q) and a function u € L,(Q,R™) (resp. Lj,. ,(2,R™)) we denote
with u - 4 the element of M(Q,R™) (resp. Mioc(Q2,R™)) defined, for every B € B(Q) (resp.
B e B(), BCcc9), as

(- (B) = [ ula)dua);
it is well known that |u - p| = |u| - p and v - p << p. A quite standard result of measure theory is
that, given p € MT(£2), we can decompose in a unique way’ a measure A\ € Mio.(Q, R™) as

A=A+ N (2.3)

where A\ € L (Q,R™) and A\* € Mioe(,R™) with A\* L p: we call A\* - u the absolutely

loc,p
continuous part of A while \® its singular part. With the notation quoted above, we can also write

A= A%+ X+ N (2.4)

where \¢ = \*L(Q\ A,) is said the Cantor part of A while \# = \*_A, is said its atomic part.
These decompositions of A obviously depend on g even if in the notations A%, A*, A and A\# the
measure f is not expressly named: however, every time one of these decompositions is used, the
measure p will be clear by the context. Finally note that, if A € M(Q,R™), then \* € L}L(Q, R™)
and A%, \¢, A% € M(Q,R™).

The linear space M (€2, R™), endowed with the norm ||A||a¢ = |A|(£2), is a Banach space iden-
tifiable with the dual of the linear space Cp(£2,R™), (that is, the set of the continuous functions
@ defined on 2 with values on R™ with the property that, for every € > 0, there exists K. CC
such that, for every z € Q\ K., |¢(z)| < €), by the duality

M) = / POEEDS / pil@)dNi(2),

while the linear space M. (£2, R™) can be identified with the dual of the locally convex linear space
C.(Q,R™), (that is, the set of the continuous functions on Q with values on R™ such that every
component has compact support), with the same duality. We remember that, given a function

"This is the Radon-Nikodym Theorem (see for instance [7] Theorem 1.28). The uniqueness of the decomposition
has to be interpreted in this way: if A = A - u+ A = Ag - pn+ A3, then, for p-a.e. z € Q, Af(z) = A(z) and, for
every B € B(2), B CC Q, A\j(B) = A5(B).
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¢ € C(Q,R™) (that is, the set of the continuous functions on 2 with values on R™)8, its support
is defined as

spt(p) = cl({z € Q: p(z) # 0}).

For this, given Ap, A € Mjoc(Q,R™) (resp. M(Q,R™)), we say A\, — A in w*-Mjoc (2, R™) (resp.
w*-M(Q,R™)) if, for every ¢ € C.(Q) (resp. Cp(£2)), we have

lim [ o(@)dan(z) = / o(2)dN(z).
h—o0 9] (9}

Let us note that, for technical reasons, in the previous definition we have considered scalar valued

test functions ¢: however, the definitions given agree with the ones obtained considering vector

value test functions and the duality before described.

It is suitable at this point to introduce also the following notion of convergence. Let {Q5}7°
be a family of open sets and let A\, € Mioe(Qn, R™), A € Mjoc(2,R™): we say A\, — A in
w*-Mioe(] Q,R™) if, for every K CC 2, we have K C Qy if h is large enough and, for every
v € C.(2),

lim o(x)dAp(z) = / o(x)d\(z).
h—oo Qh 9]

The following compactness theorem for Radon measures holds (see for instance [7] Theorem

1.59 and Corollary 1.60).

Theorem 2.1. Let {A\p}52; € Mioc(Q,R™) (resp. M(Q,R™)) be a sequence such that, for every
KccQ,

sup{|/\h|(K) che N} < oo (resp. sup{|)\h\(Q) che N} < oo) .

Then there exists a subsequence {Ap, 152, and X € Mipe(Q,R™) (resp. M(Q,R™)) such that
Anp, — A in w*-Miee (Q,R™) (resp. w*-M(,R™)).

Given a measure A\ € Mi,.(©2,R™) and p > 0, we define the convolution of A with step p as

A(z) = /B@;,p) Pk (”“" ; y) dA(y) : Q, — R™. (2.5)

In the previous definition k : R™ — [0, 1] is a convolution kernel, that is k € C°(R™), for every
z € R", k(z) = k(—=z), spt(k) € B(0,1) and [, k(z)dz = 1 (we require also that k(0) # 0), and

Q, ={z € Q:d(z,00) > p},

where d(x,00Q) = inf{|x — y| : y € 9N} and IO is the topological boundary of €.

It is well known that A\, € C*°(Q,,R™) and it can be simply proved using Fubini’s Theorem
that A\, - L" — X in w*-Mee(] Q,R™) as p — 0 (see [7] Theorem 2.2). In the following, referring
to a convolution kernel k, we will set k,(z) = p~"k (p_lx).

Now we propose a theorem on measures that describes the point-wise behavior of the convolu-
tions of a measure and that will be fundamental in proving some results of the following chapters.
The principal tools used in its proof are the Besicovich’s Derivation Theorem for Radon measures
and the Lebesgue’s points Theorem (see for instance [7] Theorem 2.22 and Corollary 2.23). This
theorem generalizes Theorem 3 in [51].

Theorem 2.2. Let A € Moc(Q2,R™). Then, referring to the decomposition (2.3) with respect to
L™, we have

(i) for L™-a.e. x €, lin%) Ap(z) = X%(x)| = 0;
p—

8When m = 1 we write for short C(Q), Co(Q) and C.(9).
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(i1) for |A\°|-a.e. x € spt(A\?®), there exists a sequence of positive numbers {pn}3>,, depending on
x and decreasing to zero, such that’

.| Apn ()
lim |——(x) — L ,
BT T T (o - AN )

—0. (2.6)

For simplicity we prove Theorem 2.2 by means of two lemmas that, in our opinion, are inter-
esting on their own. The first lemma is a simple fact from the measure theory and, in this form,
can be found in [6], Theorem 2.3.

Lemma 2.3. Let p € M*(Q) such that uLL™. Then, for p-a.e. x € spt(n) and, for every
€ (0,1), we have
B
o™ < lim sup B 2P)
p—0 Bz, p))

Proof. Let us set

Qp) = {x € spt(p) : lim wBw p) = oo} : (2.7)

p—0 pn

since p(Q2\ Q(r)) = 0 and L™(Q2(n)) = 0 (see [7] Theorem 2.22), we achieve the proof showing the
wanted relation for every z € Q(u). Let us suppose, by contradiction, there exist zo € Q(u) and
oo € (0,1) such that
B
og > limsup (B0, 70)) (mo,aop))'
p—0 #(B(z0,p))
Then there exists pg such that, for every 0 < p < pg, u(B(xo,00p)) < ogu(B(zo,p)). If we call

w(p) = pn(B(xo, p)) we have that, for every 0 < p < pg, w(ogp) < ojw(p). Then, for every h € N,
55 "l po) < w(po), thus

u(B(xo, 08 po))

(ohpo)” po < w(po) = w(B(zo, po)) < oo

If now h — oo, then of'py — 0 and the left hand side of the previous inequality tends to infinity:
thus the contradiction is found. O

In particular, fixed o € (0,1), for p-a.e. = € spt(u), there exists a sequence {p;,}72 ;, depending
on z and decreasing to zero, such that, for every h € N,

p(B(x,opp)) > 0" u(B(x, pn)). (2.8)

Lemma 2.4. Let \° € Moc(Q,R™), p € MT(Q) such that N LL™ and p << L™. Then, for
[A*]-a.e. x € spt(A®), there exists a sequence of positive numbers {pp}52, depending on = and
decreasing to zero, such that

ooy K —y)du(y
lim fB( 0n) on (T )dp(y) _0 2.9)
h—oo fB (z,pn) kﬂh( y)d|As|(y)

and

I Fon ’ ater () — dfae (@) dN| ()
lim =0. (2.10)
h—o0 fB(z Ph) ( )d|Aa ( )

s R
9We point out that, for |A\%|-a.e. € spt(\®), d(‘lis‘ () € S™~! and B(a.pp) Fon (z — y)d|A%|(y) # 0.




12 CHAPTER 2. PRELIMINARY RESULTS

Proof. Obviously A*_Ly. Thus, let us consider 2(JA°]) defined as in (2.7), and the set
w(B(z,p)) ar® }

Qo = Q(|X°]) N {x € spt(A\°) : hin m =0, zis a Lebesgue’s point for —— ]

Clearly |A%|(2\ Qo) = 0: then the proof is achieved if, for every x € Qg, (2.9) and (2.10) hold.
By the properties of the convolution kernel &, we can find o € (0,1) and ¢, M > 0 such that, for
every x € R", k(x) < M and, for every x € B(0,0), k(z) > ¢ (remember that k(0) # 0). Thus, let
us fix € Qy and, since Qo C Q(|A\*|), let us consider, with respect to |[X*|, the sequence {pp}7°
(pn < o) given by (2.8). Then we have

fB(z ph) kph( - y)d,u’(y) T fB(x’ph) ( ) . %M
0 < lim = lim < lim
W= [in oy Fon (@ = 9)dIN*|(y)  h—oo J5teom * (“" ) dxs|(y) ~ hoe © [As[(B(x,0pn))

Tt ¢ IBla,pn)  INI(Blw,opn)) — nmee com N[(Bla,pn)

M p(B(z,pn))  IN[(B(@,pn) _ M u(B(z,pn))

and
e b = ) |5 0) — B (@)] X )
0 < lim
h—oo fB(x,p;L ( )d|)\s|( )
ot () |B70) — BN g S| 7 0) — 7] V1)
= um im —
h—o0 s = hloo \s|(B ’
S F (52) dNl0) ¢ NI(B (. apn)
i M Jpepn) i (¥) ddiﬂ(x)‘dp\sl(y) IN|(B(z, pn))
= Imm — .
h—oo € |A*[(B(z, pn)) X[ (B(x,0pn))
< i Mo |70 - Br@[ Al
im =0,
h—oo co™tl |)‘§|( (xvph))
that prove (2.9) and (2.10). 0

Proof of Theorem 2.2. (i). Let us fix A € Mioc(Q2,R™) and M > 0 such that, for every x € R,
k(x) < M, then

[Ap(@) = A% ()| =

/ ko(x —y)dA(y) — A (x)
B(z,p)
< /B(w)p) kp(x —y)| A (y) — A\(x)|dy + L(Lm kp(.’E —)d|>N|(v)

< Mp / IN(y) — Xo(a)|dy + Mp" / A (y)
B(z,p) B(x,p)

n a a A|(B(x,
=g [ ety - a(olay + rPUEER),
B(z,p) P

that, for L™-a.e. z € 2, goes to zero when p — 0.

(ii). Let us fix A € Mjoc(2,R™) and consider A* and p = |A%(x)| - L™: since A LL" and
# << L™ we can apply Lemma 2.4 to A* and p. Thus, we can find M C Q with [A*|(M) =0
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such that, for every o € Q\ M, there exists a sequence {p; }7° ; satisfying the conditions (2.9) and
(2.10) of Lemma 2.4. Then we simply end since, for every x € Q\ M,

>\Ph (1’) N ( )
- x
fB(w,ph) ko, (x —y)d|As|(y)  d|A%]
a dX\*® s
fB(aﬁ,ph) kph (I - y)|>\ (y)|dy fB(fL’,Ph,) kph ’ dI\s dl)‘s ( )‘ d|A |( )
B fB(z,ph) kph (1' - y)d‘)\s“y) fB (z,0n) ( )d|AS ( ) ’
that goes to zero as h — oo by the conditions (2.9) and (2.10). O

We end this section with two useful propositions.

Proposition 2.5. Let A1, 2 € Mioc(2,R™) such that Ay L Aa. Then, for |\|-a.e. = € Q,

d\ _ d(/\ +A )
a1 (8) = Ty (@)-

Proof. Let A € B(Q) such that |A1](Q\ A) = |A2|(4) = 0: clearly we can prove the wanted equality
only for |A1]-a.e. x € A. Since |A1 4+ Aa| = |A1] + |A2| (see for instance Lemma 6.10), A\; << |\{]
and A1, Ao << |A1 4+ A2|, we have that, for every B € B(A),

n(B) = [ L@l

A1l
and
M) = [ @+ @) = [ e @dl@)
= xT T = €T x).
! d|A1 + Ao ! 2 5 d|A1 + Az !
Thus, for [A|-a.e. z € A, dd‘i |( x) = mu‘)m. We end noting that, with a similar argument,
for ‘)\1|ae .TEA, m(l‘)zo O

Proposition 2.6. Let A1, A2 € Moc(Q,R™) such that Ay L Ao and let ¢ : Q@ — [0, 00] be a Borel
function. Then

Aﬂ@WH%ﬁ@ZLMWWM@+AﬂWWﬂ%

and
[A1 + Az|-esssup (x) = [|)\1|—ess sup cp(m)} \Y [|/\2|—ess sup @(x)] .
FASY) €N e

Proof. Let A € B(2) such that [A\|(2\ 4A) = |\2|(A) = 0. Since | A1 + A2| = || + | A2, we have

/ﬂmwﬁmﬂmz/@WMM+M@H/’wwwh+&m>
Q A O\A

=Awmmmm+4mwmmmm=Aﬂmwmm+4wmmmm

|A1 + Azf-ess sup 90(33)]
z€Q\A

and

[A1 + Az|-esssup p(z) = {|)\1 + Ag|-esssup w(m)] v
€N €A
zeQ\A

= [|)\1|—esssup<p($)} v [|)\2|—esssupcp(x)1 = [|)\1|—esssup ap(x)] \Y [|)\2|—esssup<p(a:)] .
T€EA IS z€eQ

O

R
10Note that if 4 € MT(Q), ¢ : @ — R™ is a Borel function such that, for every B € B(Q), g ¢(z)du = 0 then,
for p-a.e. x € Q, p(x) = 0.
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2.2 Notes on BV, Sobolev and Lipschitz functions

Let us introduce now the notion of function of (locally) bounded variation (for more details see
[7] Chapter 3 or [40] Chapter 5). A Borel function u :  — R is said to have bounded variation
on Q, or briefly u € BV(Q), if u € L'(Q) and there exists Du € M(Q,R") such that, for every
p € O (),
[ #@ipute) = - [ u@)Ve()iz,
Q Q
or, in other words, if u has a distributional gradient belonging to M(Q,R™).
Since Du € M(,R"), following (2.3), it can be decomposed with respect to L™ as

Du=Vu-L" 4+ Dfu,

where Vu € L(,R"), D%u € M(2,R") and D*u L £". When D%u = 0 we say u € WH(Q) and
if u € L>(Q) and Vu € L>®(,R") too, we say u € Wh>(Q).

When, for every open set ' CC Q, u € BV () (resp. u € WH1(Q), u € Wh>(Q)), we say
u € BVioe(Q) (resp. u € WLHQ), u € WL2°(Q)): in this case u € LL (Q) (resp. u € L (),
u € L () and Du € Moc(Q,R") (vesp. Du = Vu - L™ with Vu € L{ (Q,R"), Du = Vu - L"
with Vu € L2 (Q,R™)). Finally we will consider sometimes functions belonging to W1(Q,R™)

loc
or WHo°(Q,R™): the definitions of these spaces are clear and then omitted.

Given m € N and up,u € Ll (2, R™) (vesp. LS. (Q,R™)), we say up, — uin Li (Q,R™) (resp.

loc loc

L2 (Q,R™)) if, for every K € B(Q2), K CC Q and L"(K) > 0,

lim / lup(z) — u(x)|dz = 0, ( lim esssup |up(z) —u(z)| = 0) )

h—oo [ h—oo  4cK
while considering up,u € L{S.(Q,R™), we say up, — u in w*-L{S (Q,R™) if, for every K € B(Q),
K cc Qandve LYK),

lim v(z)up(z)de = / v(z)u(z)dz.
h—oo J g K
The definitions of convergence in L!(Q,R™), L>(£,R™) and w*-L>° (2, R™) are obvious.
It is well known the validity of the proposition below.

Proposition 2.7. Let {un}7°, C L2 (Q,R™) (resp. L>*(Q,R™)) be a sequence such that, for
every K € B(Q), K CcC Q,

sup {esssup |up(z)| : h € N} < 00 <resp. sup {esssup |lup(z)| : h € N} < oo> .
e K e

Then there exists a subsequence {up, }32, and u € LS (Q,R™) (resp. u € L>(Q,R™)) such that
Up,, — w in w*-L2 (Q,R™) (resp. w*-L>®(Q,R™)).

loc

If now up,u € BViee(Q) (resp. WUH(Q)), we say up, — u in w*-BViee(Q) (resp. Wh1(Q)) if

loc loc
up, — w in L _(Q) and Duj, — Du in w*-Mec(Q,R™) (resp. Vu, — Vu in L (Q,R")). Also in
this case it is clear what we mean for convergence in w*-BV (Q2) and WhH(Q).
The following compactness theorem for BVjo.(€2) functions holds (see [7] Theorem 3.23). For

the notion of set with Lipschitz boundary see [40] page 127.

Theorem 2.8. Let {up}72; € BVioc(2) be a sequence such that, for every K CC Q,

sup{/K |u(x)|dx + |Dup|(K) : h € N} < 0.
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Then there exists a subsequence {up, }52, and u € BVioc(Q) such that up, — u in w*-BVie(2).
Moreover if Q is a bounded open set with Lipschitz boundary and

sup {/Q |u(z)|dz + |Dup|(Q) : h € N} < 00,

then {up}2, € BV(Q), v € BV(Q) and up, — u in w*-BV ().

When Q = (a,b) C R and u € BV (a,b) it is meaningful, following (2.4), to decompose Du €
M (a,b) with respect to L' as Du = - L' 4+ Du+ D#u where the notations are clear. If Du = 0
we say u € SBV(a,b). For this space the following simple compactness theorem holds (see [7]
Theorem 4.8: here we present a very special case).

Theorem 2.9. Let (a,b) C R be an open bounded interval and let {up}3>, € SBV (a,b)NL>(a,b)
be a sequence such that'!

sup 4 esssup |uy (z)| + esssup |uj, ()| + # (Apu) ¢ < 0.
heN | z€(a,b) z€(a,b)

Then there exists a subsequence {un, }7>, and v € SBV(a,b) N L>(a,b) such that up, — u in
w*-BV (a,b) and up, — u in w*-L>(a,b).

As for Radon measures, let {Q;,}72; be a family of open sets and let uj€ L, (2, R™), u €
L (4, R™): we say up, — u in Ll (] Q,R™) if, for every K CC Q, we have K C Q, if h is large
enough and

h—o0

lim /K lun () — u(z)|dz = 0.

If instead wup, € BVipc(Q) (resp. Wlf)’cl(ﬂh)), u € BVioe(€2) (resp. Wlf)cl(ﬂ)), we say up, — u in

w*-BViee(] Q) (vesp. W21 (1 Q) if up, — w in L{ (] Q) and Duy, — Du in w*-Moe(] Q,R™)
(resp. Vup, — Vu in L (] Q,R™)).

loc

Also in this case we suppose known the fundamental properties of the convolutions of a function
u belonging to LL (Q), BViee(2) or W1 (Q), and in particular the fact that, using the same

loc loc
notations than for the measures,

up(z) = / p "k (m—y) u(y)dy : Q, — R,
B(x,p) P
belongs to C>(Q,) and u, — u in L{, (] Q).

loc
Moreover, when u € BVioo(Q2), Vu, = (Du), and (Du), - L™ — Du in w*-Mec(] Q,R"), that
is, by definition, u, — u in w*-BViec(] Q), while if u € VVI})CI(Q), Vu, = (Vu), and (Vu), — Vu
in L

(1 Q,R™), that is, by definition, u, — u in W&)’S(I Q).

Let now Q be a bounded open set in R™. We say that a function v € W1°°(Q) is piecewise
affine in Q if there exists a family {Q; }é\le of open disjoint subsets of 2 such that

N
crlenye | =o,
j=1

and such that, for every j € {1,..., N}, z € Q;,

v(z) = (&, x) + a5

where ¢; € R" and ¢; € R. We shall denote the space of such functions with Aff(2).
The next theorem is a particular case of Theorem 1.8, Chapter 2 in [29].

HWith #(A) we mean the number of element of A. Remember that Ap,, is the set of the atoms of Du.



16 CHAPTER 2. PRELIMINARY RESULTS

Theorem 2.10. Let Q be a bounded open set with Lipschitz boundary and let u € WH1(Q). Then,
for every e > 0, there exists v, € Aff(Q2) such that

/ |[Vu(x) — Vo (x)|dz < e.
Q

It is known that Lip),.(2) that is the space of the locally Lipschitz functions defined on 2, can
be identified with VVI})COo (Q) (see [40] Theorem 5, page 131), thus, in our arguments, we will always

identify these two spaces. The following celebrated theorem due to Rademacher holds (see [40]
Theorem 2, page 81).

Theorem 2.11. Let u € WI’OO(Q) and let Qg C Q be the set of the points in which u is differen-

loc

tiable. Then L™(Q\ Qq) = 0. In particular Qg is dense in Q.

Let u € VVIiCOO (©) and let 4 be the set of the points in which u is differentiable: for every
x € Q, we set!?,

Vu(z) = {&: Jop — z, 2 € Qa, Vu(ay) — £}, (2.11)

and

deu(x) = co (Vu(z)), (2.12)

and we call O.u(x) the Clarke’s gradient of u in x.

Some results about Clarke’s gradient are presented here: the proof of Proposition 2.12 can
be found in Clarke [26] (see also Lebourg [58]) while Theorem 2.13 follows from Corollary 8.47,
Proposition 7.15 and Theorem 9.61 in [67].

Proposition 2.12. Let u € Wl’OO(Q). Then the following properties hold for O.u:

loc

(i) O.u does not change if, in its definition, we consider any Q1 C Qg such that L™*(Qq\ Q1) = 0;
(ii) for every x € §, d.u(x) is nonempty, convex and compact;

(iii) the multi-valued map O.u from Q to the nonempty, convex and compact subsets of R™ is outer
semicontinuous, that is, if v, — x, & € Ocu(xg) and & — & then € € Jqu(x);

(iv) if u € CY(Q) then, for every x € 2, d.u(x) = Vu(x).

Theorem 2.13. Let u,up € VVI}DSO(Q) such that up, — u with respect to the LiY. (1) convergence
and let zg € Q be such that Vu(zg) exists. Then there exists a subsequence {up, }ro, and two
sequences {xy}req, {&ktrey such that, for every k € N, & € Ocun, (zx) and it holds x), — o,
up, (k) — u(zo) and & — Vu(xg).

2.3 Some tools from convex analysis

2.3.1 Principal definitions and properties

A set C C R™ is said convez if, for every &,n € C, t € (0,1), we have t§ + (1 — t)n € C while C' is
said a cone if 0 € C and, for every £ € C, t > 0, it is t£ € C.

If we consider any family of convex sets (resp. cones) {C;}ics then [);c; C; is convex (resp. a
cone) too. Thus, given a set A C R™, it is well defined the convex envelope of A as the set

co(A) = ﬂ {C’ CR™:AC C’,C’isconvex}7

12See the next section for the definition of convex set and for the notation co(A), that means the convex envelope
of the set A.
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so as the positive conic envelope of A given by the set
pos(A) = {0} U ﬂ {C CR":AcC(C,Cisa cone}.

The next important theorem about the convex envelopes is due to Carathéodory (see [67]
Theorem 2.27).

Theorem 2.14. Let ACR™, A# (. Then

m—41 m—+1
CO(A): Z/\jgjiijA,/\jZO,Z)\jzl
j=1 j=1

Given now A C R™ and £, € R™ it is possible to define also the positive conic envelope of A
with respect to &y as

posg, (A) = & + pos(4 — &),
and this set can be easily characterized as
posg, (A) = {&o} U{AME = &) + 8o : A > 0,6 € A}.
Let us note that if A is convex, then posg (A) is convex too and that in general pos, (A) may fail
to be closed even if A it is (see for example [67] Chapter 3, Section G).

Let us give now some fundamental definitions: for our purposes we can confine ourselves to
consider only non negative functions defined on the whole space R”". We remember that a Vb =
sup{a, b} and a A b = inf{a, b}.

Let ¢ : R™ — [0, 00

e ¢ is convex if, for every &,m € R™, t € (0,1), ¢(t& + (1 — t)n) < td(§) + (1 — t)p(n). I,
whenever £ # 7, the previous inequality is strict we say that ¢ is strictly convex;

e ¢ is level conver if, for every {,n € R™ t € (0,1), p(t& + (1 —t)n) < &(&) V ¢(n);

e ¢ is sub-linear if, for every &,n € R™, ¢(£ +n) < ¢(€) + d(n)'3;

e ¢ is sub-mazimal if, for every &,n € R™, ¢(£+ 1) < d(§) V (n);

o ¢ is positively homogeneous of degree r € [0, 00) if, for every £ € R™ ¢ > 0, it is ¢(t&) = t"¢(£);

e ¢ is demi-coercive if there exist a > 0, b > 0 and € R™ such that, for every £ € R™,

alg] < ¢(§) + (n,€) + b;

e ¢ is non constant on straight lines, briefly n.c.s.l., if its restriction to any straight line is a
non constant function.

We remember that a convex and finite function is locally Lipschitzian (see De Giorgi [35]
Theorem 3, Section 2 or [40] Theorem 1, page 236), while this is trivially false for a level convex
function. However, it can be proved that both convex and level convex functions are differentiable
L™ almost everywhere (see Theorem 2.11 above for the convex case and Crouzeix [28] Theorem 1
for the level convex case).

Given a function ¢ : R™ — [0, 00] we define the domain of ¢ the set

dom(¢) = {€ € R™ : ¢(£) < o0},

13Note that some authors (see for instance [49] or [67]) call sub-linear a function that satisfies the inequality just
introduced together with the positively homogeneity of degree 1 (see the definition below).
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and when dom(¢) # () we say that ¢ is proper: we will always consider such functions in order to
avoid triviality. The epigraph of ¢ is the set

epi(@) = {(§,r) €R™ x [0,00) : 7 > $(¢)} CR™,
while the sub-level set of ¢ to level r € [0, 00) is the set
Ey(r) ={£ eR™: ¢(¢) <r} SR™

The following three propositions will be used in several situations even if sometimes they will
not be expressly quoted. The proofs of Propositions 2.15 and 2.16 are trivial and then omitted
(for the first part of Proposition 2.15 see Proposition 2.4 in [67]).

Proposition 2.15. A function f : R™ — [0, 0] is convex if and only if epi(f) C R™T is conver.
A function g : R™ — [0,00] is level convex if and only if, for every r € [0,00), Eg(r) € R™ is
convet.

Proposition 2.16. Let f, : R™ — [0, 00] be a sequence functions and f = sup{fy : h € N}. Then
(i) [ is ls.c. if, for every h € N, fy, is l.s.c.;
(ii) f is convez if, for every h € N, fy, is conver;
(iii) [ is level convex if, for every h € N, f, is level convex;
(i) f is sub-linear if, for every h € N, f), is sub-linear;
(v) f is sub-mazimal if, for every h € N, f;, is sub-mazimal.

Proposition 2.17. Let f : R™ — [0,400] be a proper and positively homogeneous of degree 1
function: then f is convez if and only if f is sub-linear. Let g : R™ — [0,4o00] be a proper and
positively homogeneous of degree 0 function: then g is level convex if and only if g is sub-mazximal.

Proof. In order to prove the if part, let £,7 € R™ and ¢ € (0,1). We have

f§+ A =t)n) < f(t6) + f(1 = t)n) = tf(&) + (1 =) f(n),

and
g(t& + (1 —t)n) < g(t&) v g((1 — t)n) = g(&) V g(n).
In order to prove the only if part, let £, € R™. Then

rerm =2 (S50) < 7@+ 50 and aten =g (S57) <©) v ot

and we end the proof. O

We state now the celebrated Jensen’s inequality for convex functions and another Jensen’s type
inequality involving level convex functions whose simple proof can be found for instance in [15]
Theorem 1.2.

Theorem 2.18. Let f : R™ — [0,+o00] be proper, Ls.c and convex function, p € M™T(Q) with
w(Q) =1 and ¢ € L,(Q,R™). Then

f( / @(w)du(x)) < [ stet@)auta).
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Theorem 2.19. Let g : R™ — [0, +00] be a proper, Ls.c. and level convex function, p € MT(2)
with 1(Q) =1 and ¢ € L}, (Q,R™). Then

g (/Q w(w)du(w)> < p-esssup g(p(z)).

€N
Finally let f : R™ — [0,00) be a convex function and & € R™: the set

0f(60) = {v €R™ : (v,€ &) + f(&0) < £(6), WER™},

is called the sub-differential of f at & and it is always a non empty, closed and convex set (see
[66] Section 23). The sub-differential of f can be seen also as a multi-valued map from R™ to
the class of non empty, closed and convex subset of R” and, from this point of view, 0f is outer
semicontinuous, that is, if £, — £ and vy, € 9f (&) is such that v, — v then v € 9f(§) (see [66]
Theorem 24.5).

2.3.2 Recession functions and related topics

Given a function ¢ : R™ — [0, 00], the recession function of ¢ is the function defined, for every
EER™, as

(€)= inf {hm 9t

h—o00 th

:gh_)g,thToo}v

and similarly, we define also, for every £ € R™,
#(6) = i {iminf 6(161) s 61 — .10 1 1.

Strictly related to ¢ and ¢! respectively are the functions defined, for every ¢ € R™, as'®

#°(€) = sup {limsup M ttn O} ,
h

h—o0 t

and

(€)= sup {ng Sup 9(t€) : tn | o} |

We underline that the definition of ¢ has been already proposed in the work of Gori [51], while
the one of ¢* appears here for the first time.

Note also that, for every £ € R™, we can find suitable sequences &, — & and t; T oo (resp.
tn | 0) such that ;' o(tn&n) — ¢>(€) and ¢(tnén) — ¢*(€) (resp. ' 6(tné) — ¢°(€) and
$(tn€) — ¢°(€))-

We list now several propositions, involving the functions just introduced, which will be very
useful to prove, in particular, the theorems of Chapters 6 and 7. We remark that most of them
are new.

Proposition 2.20. Let f : R™ — [0,00] be a proper function. Then f is l.s.c., positively
homogeneous of degree 1 and f>(0) = 0. Moreover, if [ is convex then f* is convez too.

Let g : R™ — [0, 00] be a proper function. Then g% is ls.c., positively homogeneous of degree 0
but not necessarily proper. Moreover, if g is level convex then g% is level convez too.

14Note that the definition of recession function here presented agrees with the standard one given, for instance,
in [67] (see [67] Definition 3.17 and Theorem 3.21).
5The definition of ¢9 follows [18] equation (2.7).
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Proof. The proof of the part involving f* can be found in [67] Theorem 3.21.
Thus let us study g". Let us fix &n, &0 € R™ such that &, — £o. Then, for every h € N, there exist
two sequences {t},}32, C R, and {£,}52, € R™ such that ), T oo, &, — &, and (&) — ¢°(&n)

as j — oo. Thus, for every h € N, there exists j, such that, t{:’ > h, ’fzh —§h‘ < % and

g (t{ffi’l) < g%(&) + % and, unless to extract a subsequence, we can suppose that tglh T oo and

Z”' — &y as h — oo. Then

o 1
gh(fo) < liminf g (tﬁgih) < lim inf <gh(§h) + ) = liminfgh(gh),
h—o0 h—o0 h h—o0

and the lower semicontinuity is proved.
The proof of the positive homogeneity of degree 0 is very simple and it can be omitted.
Let us prove now the level convexity, that is, that for every € [0, 00) the set {£ : g%(¢)
is convex. If r < inf{g(§) : £ € R™} there is nothing to prove. Thus, fixed r > inf{g(¢) : £ €
and Ey(r) = {£ : g(§) < r} we have

<r
Rm

}
}

{€: g8 <r} = {5 +3tn 1 00,6, — &, such that lim g(t,8,) < r}

=N {5 : 3ty 1 00, & — € such that VA € N, g(tnép) < r —i—g}

e>0

-N {5 : 37, | 0,Ch € Ey(r + ¢) such that 7, — g} = N EX(r+e).
e>0 e>0
For every € > 0, E,(r +¢) # () and by definition we have that E2°(r + ¢) is the so called horizon
cone of Ey(r+¢) (see [67] Definition 3.3): since the horizon cone of a convex set is convex (see [67]
Theorem 3.6) we end the proof. O

Proposition 2.21. Let f : R™ — [0,00] be a proper, L.s.c. and positively homogeneous of degree
1 function. Then f = f*. Let g : R™ — [0, 00] be a proper, Ls.c. and positively homogeneous of
degree O function. Then g = ¢".

Proof. We make the proof only for g and ¢ since the other case is completely analogous. Let
¢ € R™: considering &, = ¢ and t;, T oo we obtain ¢%(¢) < g(¢). In order to prove the converse
inequality we use the lower semicontinuity of g: indeed, if we consider &, — & and t;, T oo such
that g(tp&n) — g% (€), then

g(¢) < liminfg(&,) = liminf g(t&s) = ¢*(€),
h—o0 h—o0
and we achieve the proof. O

Proposition 2.22. Let f : R™ — [0,00] be a proper, l.s.c. and sub-linear function. Then f° is
l.s.c., positively homogeneous of degree 1, convex and, for every £ € R™,

12 = sup 1),

t>0

Let g : R™ — [0,00] be a proper, l.s.c. and sub-maximal function. Then ¢ is Ls.c., positively
homogeneous of degree 0, level convex and, for every & € R™,

¢’ (€) = sup g(tg).

t>0
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Proof. Following Proposition 2.2 in [18], which proves the part of the proposition involving f, we
can easily prove the part about g.

Indeed, ¢° is clearly positively homogeneous of degree 0. Fixed now & € R™, for every r > 0,
we set

a(r) =sup{g(t§) : 0 <t <r}.

We have that « is increasing and gb(f) = lim, 0 a(r). However, by the sub-maximality of g we
have, for every r > 0,

a2r) = S g(t&) = Sup g(2t€) < Sup g(t&) = a(r),

that implies that « is constant on (0,00). Therefore

9’ (&) = sup g(t€),

t>0

thus, in particular, being ¢” the supremum of a family of L.s.c. and sub-maximal functions, it is also
l.s.c. and sub-maximal. Finally, using Proposition 2.17, the level convexity of ¢° follows too. [

Proposition 2.23. Let g : R™ — [0,00] be a proper, l.s.c. and level convex function such that,
for every &€ € R™\ {0}, ¢*(&) = oo. Then there exists a function 0 : [0,00) — [0,00) such that,
for every € € R™,

9(&) > 0(l¢]) and tlirglo Ooo(t) = 0. (2.13)

Proof. Tt is sufficient to prove that, for every h € N, there exists r, > 0 such that, for every
& e R™\ {0}, |¢| > 71, we have g(&) > h. Let us suppose by contradiction that there exists hy € N
such that, for every k € N, we can find & € R™, [&] > k, with f(&;) < hg. Then || — oo and,
unless to extract a (not relabelled) subsequence, |E—’;| — v € 8™ 1. Moreover, for every M € N,

there exists kjs such that, for every k > kjps, we have |€;| > M. Then, considered 79 € R™ such
that g(ng) < oo,

9(770 |£k|770+ |§k> 9<(1 |€k|)770+|€k|§k>SQ(UO)\/Q(ﬁk)SQ(Uo)\/ho<OO,

and, by the lower semicontinuity of g, we find, for every M € N, the relation

M
g(no + Mv) <liminf g <170 —no+ M ) g(no) V ho < 0.
k—o0 (3! (34

However .
o 0 heoN
> =
M>g(no)Vho_lig&fg(1W<n(+ )) g% (v) = oo,

and the contradiction is found. O

Proposition 2.24. Let v : R™ — [0, 00] be a proper, Ls.c. and sub-mazimal function'® such that,
for every &€ € R™\ {0}, 1°(&) = oo. Then there exists a function 0y : (0,00) — [0,00) such that,
for every € € R™ \ {0},

V() 2 bo([]) and  lim bo(t) = oo. (2.14)

Proof. Tt suffices to prove that, for every h € N, there exists g5, > 0 such that, for every £ € R™\{0},
|€] < en, we have v(£) > h. Let us suppose by contradiction that there exists ho € N such that,
for every k € N, we can find & € R™ \ {0}, [&| < £, with v(&) < ho. Then || — 0 and unless

161n the following we will call v every function that is sub-maximal but not level convex.
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to extract a (not relabelled) subsequence, % — v e S™ L Let {t,}52, C (0,00) such that ¢ | 0
and

lim ~y(tpv) = oo.

h— o0

For every h,k € N, there exists jj 1 € N such that ‘é—z‘ < Jhk < ﬁ + 1 and since th% — tpv as

k — oo, then also jj x{x — tpv as kK — oo. By the lower semicontinuity and the sub-maximality

of v, we have
Jh,k
<o . o <o .
7(thv) < liminfy(jp ) = liminfy ;:Ié“k < liminf (&)

Then, for every h € N,
y(thv) < likminf'y(fk) < hy < o0.

Taking the limit as h — oo, we find a contradiction and the proof is achieved. O

Proposition 2.25. Let f : R™ — [0, 00| be a proper, l.s.c. and convez function. Let us define the
function f:R™ x R — [0, 00] in this way:

R Tf(%) if >0,
f&,m)=q 2 ifr=0,

00 if 7 <0.

Then f is proper, l.s.c., positively homogeneous of degree 1 and convex (in particular sub-linear)
on Rm+1,

Proof. See [30] Theorem 3.1. O

Proposition 2.26. Let g : R™ — [0, 00] be a proper, l.s.c. and level convex function. Let us define
the function g : R™ x R — [0, 00| in this way:

g(%) ifr>0,
g(&m)=1q 4" ifr=0, (2.15)
00 if 7 <0.

Then § is proper, l.s.c., positively homogeneous of degree 0 and level convex (in particular sub-
mazximal) on R™TL,

Proof. The functional g is clearly proper and positive homogeneous of degree 0. In order to prove
the lower semicontinuity we work in the following way. Let us fix (§n,71) — (€0,70): since ¢
is lower semicontinuous both on R™ x (0,00) (because of the lower semicontinuity of g) and on
R™ x (—00,0), the lower semicontinuity inequality has to be proved only in the case in which
79 = 0. If this is the case, we can find I, I, I3 disjoint subsets of N such that Iy U I, UI3 = N and
such that, if A € I; then 7, > 0, if h € I5 then 75, = 0 and if h € I3 then 7, < 0. Since

liminf §(&,, ) = inf{ liminf §(&,,m) 14 € {1,2,3},#(I1) = oo} ,
h—oo h—oo,hel;

it suffices to prove the lower semicontinuity inequality of § only in the three cases in which I; = N,
i € {1,2,3}. However if, for every h € N, 7, > 0, by the definition of ¢f,

§(£0,0) = g*(&) < liminf g <£h> = liminf g (&n, )
h—oo Th h—o00

if, for every h € N, 75, = 0, by the lower semicontinuity of g% (see Proposition 2.20),

9(£0,0) = ¢*(é0) < lim inf g (¢) = liminf § (&, 7).
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and finally if, for every h € N, 7, < 0 the inequality is trivially satisfied: thus the lower semiconti-
nuity of g is achieved.
Let us show now that g is level convex, that is, for every r € [0, c0), the set

{enaen <} ={En:r>0ge ) <rfu{En:d©<r}=aub

is convex. We know that AU B is closed and, since ¢? is Ls.c. and level convex, that B is a convex
and closed set. We note also that A is convex since A = @) or, if A # (), we have that the convex
set Ey(r) ={€:9(&) <r} #0and A= {(t&,t) : £ € Ey(r),t > 0} that is convex!”.

If A =0 then AU B = B that is convex. If A # () we are going to prove that AU B = cl(A)
that is convex since A is convex. Clearly cl(A) C A U B: to prove the converse we only need to
prove that B C cl(A).

In order to prove this let us fix (§,0) € B and show that there exist two sequences ¢, — &
and 75, | 0 such that, for every h € N, (¢, 1) € A, that is, g(ChT}ZI) < r. Since A # ) there exists
& € R™ such that g(&1) < r: we claim that {& +t& :t > 0} C Ey(r).

If £y = 0 there is nothing to prove; instead, supposing &, # 0, let fix t > 0 and consider &, — &
(&n #0), tn T oo (|thén] > t|&o]) such that g(tnén) — g%(&o): then, for every h € N, by the level
convexity of g,
thén
|th&nl

since the point &; + ¢|&o| ﬁ’;gfl belongs to the segment joining &; and t,&,. However

g (fl + /&0 ) < g(tnén) V g(&1),

hh—>Holo (51 + t|§0|?}§:|> =& + to,

and then, by the lower semicontinuity of g,
9(&1 +1&) < liminf (9(tnén) V g(&1)) <1,

that proves the claim.
At last setting, for every h € N, (}, = % and 1, = %, we have §(Cn, ) = g(Cuy ') < 7,
that is ((n, 7n) € A, and moreover

hh—»ngo(Ch’ Th) = (5070) € CI(A)a
that ends the proof. O

Proposition 2.27. Let v : R — [0,00] be a continuous and sub-mazimal function and let m =
sup{v(§) : £ € R}. Then, for every & € [0,00), v(§) = m or, for every £ € (—o0,0], y(§) = m.

Proof. First of all we prove that (0) = m. Indeed, if this is not true then «(0) is finite, there
exists € > 0 such that v(0) 4+2e < m and & € R such that v(£) > 7(0) +¢. Then, for every h € N,
by the sub-maximality of -, also ~y (%’) > v(0) + . But %0 — 0 as h — oo thus, by continuity of
v, 7(0) = hli_{r()l()’y (%") > v(0) + € that is a contradiction.

Let us suppose now, again by contradiction, that there exist &1, £, > 0 such that v(&1)Vy(—&2) <

m: by continuity of v, we can suppose also that £1,& € Q. Writing % = %, where h,k € N, we
have héy — k€2 = 0 and

m =v(0) = y(h& — k&) < (&) Vy(—&) <m:
having found a contradiction, we achieve the proof. O

7Indeed, since A = pos (Eg(r) x {1})\ {(0,0)} € R™ x R and (£,7) € A implies 7 > 0, the convexity simply
follows.
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Let us point out that if + is only l.s.c. and sub-maximal on R, then the thesis of Proposition
2.27 is false: to verify this fact one can consider for instance the function ~ defined, for every
EERN\Z, as y(§) = M > 0 and, for every £ € Z, as v(£) = 0.

The proofs of the following two propositions are simple and for this reason they are omitted
(Proposition 2.29 can be find also in [28]).

Proposition 2.28. Let f : R™ — [0,00] be a proper, l.s.c. and demi-coercive function, that is,
there exist a > 0, b > 0 and n € R™ such that, for every £ € R™, f(&) > al&] — (n,&) —b. Then,
for every € € R™ the following properties hold:

(i) f=(€) < f4(6);
(it) if f5() < oo then f>(€) = 0;
(iii) f>°(§) = al¢] — (n,&).

Proposition 2.29. Let g : R — [0,00] be a proper and l.s.c. function. Then g is level conver if
and only if g belongs to one of the three following classes:

(i) g is not decreasing on R;
(i) g is not increasing on R;
(iii) there exists xo € R such that g is not increasing on (—oo, zg] and not decreasing on [xg,00).

In particular if g : R™ — [0, 00] is a proper, l.s.c. and level convex function, then g(0) = inf{g(¢) :
€ € R™} if and only if, for every v € S™~1, the function t — g(vt) is not decreasing on (0,00).

The two propositions below describe some properties of the composition of a level convex
function with a strictly increasing one.

Proposition 2.30. Let g : R™ — [0, 00] be a proper, l.s.c and level convex function, s = sup{g(§) :
§eR™} € [0,00] and O : [0,8] — [0,3] be a continuous, strictly increasing function with § =
sup{O(t) : t € [0, ]} € [0,00]. Then the composition © o g : R™ — [0, 5] is proper, l.s.c. and level
convex. Moreover (0 o g)i = Qo g,

Proof. Clearly © o g is proper and ls.c.. Let £,7 € R™ and ¢t € (0,1), then

(©0g)(t& + (1 —1t)n) = O(g(t& + (1 —t)n)) < O(g(&) Vg(n)) = 6(g(&)) vV O(g(n)),

that is © o g is level convex too. In order to prove that (0 o g)! = © o ¢*, we point out that © is
bijective and ©~1 : [0,5] — [0, 5] is still continuous and strictly increasing. Let us fix £, € R™ and
let t, T 00, & — & such that (© o g)(txén) — (© 0 g)%(&). Then, using the continuity of @71,

(© 09 (&) = im O(s(1n6)) =© 00" (lim Olo(6) ) = (i g(141) ) = © 0 5°(e0).
Conversely let £, T 0o, &, — &y such that g (Ehéh) — ¢%(&). Then, using the continuity of ©,
(004" (&) =0 (¢*(%)) = © (hlif{zog (t_héth)> = hILIY;OQ (9 (tr&n)) = (© 0 g)% (&)

and the equality is finally achieved. O

Proposition 2.31. Let g : R™ — [0, 00] be a proper, l.s.c and level convex function, s = sup{g(&) :
£ €R™} €[0,00] and K, = {€ € R™ : g%(&) < s}. Let us suppose that cl(K,) doesn’t contains any
straight line. Then there exists a continuous and strictly increasing function © : [0,s] — [0, 0]
such that the composition © o g : R™ — [0, 00] 4s demi-coercive.
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Proof. First of all let us note that, by the properties of g%, cl( K ) is a closed cone of R™. Moreover,
it is quite simple to prove that there exists a closed and convex cone C' with non empty interior
such that it does not contain any straight line and cl(Ky) C C.

We claim that there exists 19 € R™, such that

cl(Ky) \ {0} € C\{0} € {£ € R™ : (o, &) > 0} (2.16)
Following Proposition 1 in [53], let us define C' N B™(0,1) = C™ and

no:/Cmde-

Moreover, for every ¢ € S™71, let us define the transformation r¢ as the reflection of R™ with
respect to the hyperplane'® ¢+, that is in formulas, for every £ € R™,

r¢(§) =& —2(£ Q)¢

Now let us suppose by contradiction that there exists ¢ € S™~1 N C™ Nng. This implies that'®

0=(m.0) = [ (€0de= [ lon(o)e e

CTIL
Setting Hé' ={£:(¢¢) >0} and H; = {€: (¢, () < 0} it follows,

0= /H e (€6 + /H e (€ Qe

We apply the change of variables £ = r¢(n) to the second integral (note that Tc(Hg) = H_,
that r¢ preserves m-dimensional volumes, so that its Jacobian is equal to 1, and that r¢ is norm
preserving). We have,

I,

Since, for every n € R™, (r¢(n),¢) = —(n,¢) we conclude

on(©(€.0de = [ Temreln)ire(m. On

<

0= [ {1en©) = 1entreten e, e (217)

Let us remark that, for every ¢ € H,

Lom (€) = 1em (re(€) = 0. (2.18)

Indeed, this is trivial if £ € C"™ or |{| > 1 (since ¢ is norm preserving). If £ € (HzrﬂBm(O7 m\e™
then r¢c(§) € R™\ C™, since, if otherwise r¢(§) € C™, from ¢ € C™ and & = 2((,£)¢ + rc(§),
it would be £ € C (note that the convex cones are closed under summation with non negative
coefficients) and then in particular, by |¢] < 1, £ € C™.

From (2.17), (2.18) and the definition of Hg, for LM-a.e. € € H it is

Lom (&) = 1om (r¢(€)) = 0.

Now ¢ € HY N C™ and then, for the properties of the convex set with non empty interior, there
exists a sequence {(x}52,; € C™, converging to ¢ and such that r¢(¢x) € C™. By the continuity of

8Given a vector ¢ € R™, then ¢+ = {¢ € R™ : (¢, ¢) = 0}.
191n the following 1x denotes the characteristic function of the set K that is the function defined as 1x (z) = 1
ifee K,1g(z)=0if z ¢ K.
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r¢ and since C™ is closed, it is r¢(¢) = —¢( € C™. Then {,—( € C™ that is {t{ : t € R} C C: thus
a contradiction is found and (2.16) is proved. Clearly (2.16) implies that there exists ¢ > 0 such
that

AR\ (or € {ee R (0 (Em) > e}

where, without loss of generality, we can also assume |ng| = 1.
Let us suppose at first s < co. For every h € N, we set

Ch:{fzg(f)gs(l—}ll)} and Dh:Chﬁ{geRm\{O}:<é|,no>§a}.

Obviously {Cj,}$2, and {Dp}$2, are two increasing sequences of sets. Moreover we have that
every Dy, is bounded. Indeed, if by contradiction there exists hg € N such that Dp, is unbounded,

we can find a sequence {{;}22, C Dy, such that |¢;| — oo and é—’l — & € 8™~ L. Then
J

s (1 - hlo) > lijrgilgfg <|§7 |2|) > g (%),

but since & € {f e R™\ {0} : <|§?|,770> < e} it should be ¢%(&) = s and the contradiction is

found.
Let us define now

0(0) = 2sup{[| : £ € D1}, (0(2) =0 if Dy =0),

and, for every h € N, t € (s(l — %),8(1 - h%_l)],

0(t) = 2sup{[¢| : £ € Dpya},  (0(t) = 0if Dpyq =0).
Then 6 : [0,s) — [0,00) is clearly increasing and sup{6(¢) : t € [0,s)} = oo: thus we can define
also 0(s) = oo.
Let us fix now & € {§ e R™\ {0} : <|%|,770> < 5}: if g(&y) = 0 then & € Dy and

(00 g)(S0) = 0(0) = 2sup{[¢] : £ € D1} > 2|&ol;

if 0 < g(&) < s then there exists hy € N such that g(&) € (s (1 — h%) ,S (1 — ﬁ)] and then
&0 € Dpy41 and
(0 09)(&0) = 2sup{[¢] : € € Dpg+1} = 2[&ol;
if at last g(&) = s then
(0 09)(&) =00 = 2[&.

Now we can easily prove that (6 o g) is demi-coercive. Indeed, fixed £ € R™ \ {0}, if <I£?I’ n0> <e
then
(609)(&) + (&, m0) = 2[¢] — [€] = I¢€],

while, if <%,n0> > ¢, then

(009)(©) + (Emo) > <§|n> €] > <lé].

Thus, since trivially (6 o g)(0) > 0, it holds that, for every £ € R™, (0o g)(§) + (&, m0) > €l¢].

We achieve the proof of the case s < oo choosing any function © : [0,s] — [0, 00] which is
continuous, strictly increasing and such that, for every ¢t € [0,s], 8(t) < ©(t): in this way O og
is proper, l.s.c. and demi-coercive. The construction of the function © is simple and it can be
omitted.

In order to treat the case s = oo, we can use the same argument once s (1 - %) is changed with
h and the definition given for (0) is used to define 6 on [0, 1]. O
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The two propositions below are based on the following simple equalities: if t,,l € R, then

lihm inf (th, V1) = <lim inf th> VI and limsup (tp V1) = (hm sup th) VI

h—o0 h—oo h—o00

Proposition 2.32. Let v : R™ — [0, 00] be a proper and Borel function and let 1;,1 € R such that
Ly V1. If, for every j €N, vV I; is L.s.c. then vV 1 is lLs.c. too.

Proof. Let &,,& € R™ such that &£, — &y. Then, for every j € N,

(V&) < (v 5)(&) < i v 1)(6) = (Hmint 2 (&) ) V1

and, letting 7 — oo, we obtain

(v D)(&0) < (lihrgiogfv(ﬁh)> V1= liminf(y(6) V1),

that completes the proof. O

Proposition 2.33. Let v : R™ — [0,00] be a proper and Borel function and let | € R. Then
(yVIP =4"VI.

Proof. Let us fix £ € R™. If we consider t;, | 0 such that v(t4&) — 7°(&), then

(7 V1) (&) = limsup(y V 1) (tnco) = (n;; supv(tha))) VI= (&) VL.

h—o0

Conversely let £, | 0 such that (y V1) (£n&) — (v V1)*(&). Then

() V1 (1msup (o) ) v = msup(r v 1) () = (3 V1) (o)
and the proof is achieved. O

Finally we state the following theorem involving demi-coercive and convex functions (see Anzel-
lotti, Buttazzo and Dal Maso [8] Theorem 2.4) in which, in particular, the equivalence between
demi-coercivity and the property to be n.c.s.l. is proved.

Theorem 2.34. Let f : R™ — [0,00] be a proper, l.s.c. and convex function and let & € R™.
Then the following conditions are equivalent:

(a) f is demi-coercive;

(b) f isn.csl;

(c) there are no straight line containing & along which f is constant;

(d) the set {& € R™ : f°°(£) = 0} contains no straight line;

(e) the set { € R™ :2f(&§) = f(&o + &) + f(€o — &)} is bounded;

(f) for every € € R™, € #0, there exists t > 0 such that 2f (&) < f(&o + &) + f(&o — t€);
(9) for every € € R™, & 0, we have [<(€) + [*(~€) > 0;

(h) there exist a,b € R, a > 0, such that, for every £ € R™, f(& + &)+ f(&o — &) > al&] = b;
(i) there exists n € R™ such that, for every £ € R™, £ £ 0, f°(£) — (n,&) > 0.
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Chapter 3

Approximation of convex functions

In order to study the lower semicontinuity of the integral functional I given by (1.1) it is funda-
mental to be able to approximate from below the integrand f with more regular functions. For
this purpose many efforts has been spent to find different strategies to build such approximation.
In this chapter we present several theorems on this topic: while in the first part we state only the
classical results by De Giorgi and Serrin, the second part contains some recent theorems obtained
by Gori and Maggi in [53].

3.1 De Giorgi’s and Serrin’s approximation methods

Let ¥ C R be an open set and let f : ¥ x R® — [0, 00]: we say that f has compact support on ¥
if there exists ¥’ CC X such that, for every (¢,&) € (£\ ¥’) x R™, we have f(t,£) = 0.
The following approximation result was proved by De Giorgi (see [35] Theorem 3, Section 3).

Theorem 3.1. Let ¥ C R? be an open set and f : ¥ x R — [0,00) be a continuous function
with compact support in X such that, for everyt € X, f(t,-) is convex on R™. Then there exists a
sequence {ag 192, € CF(R™), g > 0 such that, setting

" oy
nalt) = [ (e {m F e + Smge (77)} . (31)
and, for every h € {1,...,n},
Oay
aqn(t) = — - ft, n)fagh (n)dn, (3.2)

the sequence of functions given, for every j € N, by

fi(t, &) = max {0’ aq,o(t) +Zaq,h(t)§h},
h=1

1<j<q

satisfies the following conditions:

(i) for every j € N, f; : ¥ x R" — [0,00) is a continuous function with compact support in X
such that, for every t € X, f;(t,-) is convex on R™. Moreover, for every (t,§) € ¥ x R,
fj(tv 5) < fj+1(tv 5) and

f(tvg) = Sug fj(tv 5)7

JE

29
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(i1) for every j € N, there exists a constant M; > 0 such that, for every (t,§) € ¥ x R",

15O < M (1+ 1), (3-3)

and, for everyt € 3, £,& € R",
|fi(t,&1) = fi(t. &) < Mj|& — &l (3.4)

The next theorem is instead due to Serrin (see [69] Lemmas 5 and 8).

Theorem 3.2. Let ¥ C R? be an open set and f : X x R® — [0,00) be a continuous function such
that, for every t € X, f(t,-) strictly convex on R™. Then, for every e > 0 and ¥’ CC X, there
exists a continuous function f: ¥ x R™ — [0,00) with compact support on X' such that*:

(i) for everyt € %, f(t,-) is conver;

(ii) for every (t,§) € £ x R", f(t,€) < f(t,§) +¢&;
(iii) for everyt € ¥/ € € B(O,%), |f(t, &) — f(t,6)| <e;

(iv) Vef : & x R® — R™ exists, is continuous and there exists a constant M > 0 such that, for
every (t,£) € ¥ x R™,
|Vef(t,€)] <M,

and, for every ti,t; € ¥, € R”,

(Ve f(t1,€) = Ve f(t2, )| < Mty — t2](1+ [€]).

3.2 Approximation of convex and demi-coercive functions

Let us introduce now two approximation results that will be instrumental in the future and that
can be found in [53] Theorem 4 and Theorem 5 respectively.

3.2.1 Approximation by means of convex cones

The following theorem says that a convex, demi-coercive function can be approximated by demi-
coercive cones. The advantage of this approximation is given by the fact that these cones, under
a certain point of view, behave better than the supporting hyper-planes.

Theorem 3.3. Let X C R be an open set and f : ¥ x R" — [0,00) be a l.s.c. (resp. continuous)
function such that, for everyt € ¥, f(t,-) is convex and demi-coercive on R™. For every & € R™,
let us define P, f: £ x R" — [—1,00) as

Pe, f(1,€) = inf {a': (¢, 0) € pos(g, 1 (epi f(t,)) }
Then we have that:

(i) Pey f is l.s.c. (resp. continuous) and, for everyt € ¥, Pe, f(t,) is convex, demi-coercive
and can be characterized as the greatest function less than or equal to f such that, for every
t € X, the map

f’_> (1+PEO f(taf—’—f()))

is positively homogeneous of degree 1;

1With Vef(z,s,€) we mean the gradient of f(z,s, ).



3.2. APPROXIMATION OF CONVEX AND DEMI-COERCIVE FUNCTIONS 31

(i1) there exists a sequence {152, C R™ such that, for every (t,§) € ¥ x R™,

f(ta 5) = sup PEk f(tv 5)
keN

Proof. Let us prove (i). By the definition of P¢, f we have, for every t € &,

epi (Pe, £(t,-)) = el (posie, 1) (epi f(t,))

Since, for every t € X, epi (f(¢,-)) C epi (P, f(t,-)) we obtain Pg, f < f on ¥ x R” and, since the
positive conic envelope of a convex set is convex too?, we have also that, for every ¢ € I, Pg, f(t,-)
is convex. The map & — (1 + P, f(t,£ + &)) clearly is positively homogeneous of degree 1.

In order to show that P¢, f is the greatest function less than or equal to f such that it satisfies
the property about the positive homogeneity of degree 1 asked in (i), we note that, if ¢ is such that
g < fand, foreveryt € &, £ — (1+ g(t,£ + &)) is positively homogeneous of degree 1, then, for
every t € X,

epig(t,-)) 2 cl (pos(e, 1) (epi f(t,))) = epi (Pe, F(£,1)),

so that g < Pg, f.
It worth noting also that, for every (¢,€) € ¥ x R, 1+ Pg, f(t,&+ &) < f°°(¢,€)3. Indeed, by
means of Definitions 3.3 and 3.17 and Theorem 3.21 in [67], for every ¢t € X, it holds

th

epi (foo(t, )) = {(f,a) : (&, ap) € epi(f(t,-)),tn — oo such that (&, @n) — (f,a)} )

Thus let (&, @), (€n, an) and tp, as above: since (&x, ap) € epi(f(t,-)) we have

(& — &0 an + 1)

P (60, —1) € posge, 1 (epi (1)

and then, passing to the limit as h — oo, we obtain

(€4 &,a—1)ecl (pos(go)_l) (epi f(t, ))) = epi (P&) f(t, ))
if and only if
(&, @) € epi (1 +Pe, f(t,-+ {0)),

that proves the wanted inequality.
Now let us point out that, by definition, we have

Pe, f(t,€) = inf {a () € POS(¢, _1) (epi f(t, ))}

:inf{—l—i—T(ﬁ—f—l):720,6Zf(t777)a§=€0+7'(77—§0)}

:—1+inf{7’+7’f(t,§o+§_§0>:7'>0}. (3.5)
T
Using this formula, by a simple computation, we can prove that, for every ¢t € £, P¢, f(¢,-) is

demi-coercive.

2See [67] Chapter 3, Section G.
SWith fo°(t, &) we mean (f(t,-))™ (€).
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Moreover (3.5) allows to achieve also the lower semicontinuity (resp. continuity) of P, f.
Indeed, let us consider the function f : ¥ x R™ x R — [0, 00) given, as in Proposition 2.25, by

R Tf(t,g) if 7 >0,
f671) =1 po(te] ifr=o0, (3.6)
400 if 7 <0.

By Theorem 3.1 of [30], f is Ls.c. on ¥ x R™ x R and then the same property is had also by
ft,&,7) =7+ f(t,€ — &, 7). By (3.5), the definition of f and the remark made above about f>
we have

Pe, f(£,€) = —1+ inf{ﬂt,gm) T > o},

but, since 7 < f(t,&,7) and f(¢,€,1) = 1+ f(t,€), it is in fact
Pe, f(t,6) = —1+inf {F(t.€,7) : 0 < 7 <1+ f(1,9)}.

In particular, by the lower semicontinuity of f, for every (,£) there exists 0 < Tee) < 1+ f(t,8)
such that B
Pfo f(taé-) =-1+ f (t7£a7-(t7£)) .

Let us verify now the lower semicontinuity of P¢, f. Let (ts,&n), (t1,&1) € ¥ x R™ such that
(th,&n) — (t1,&1) and suppose, without loss of generality, that

hhn—l>£f P&o f(th7 gh) = h11—>120 Pfo f(tha fh)
Let us define also 7, = 7(y, ¢,), T1 = T(1;,¢,)- If it is 7, — o0, since

7h < f(th, &) = 14 Pg,y f(tn, &),

the lower semicontinuity inequality is trivially verified. If otherwise 73, is bounded we can suppose
75, — To and then

1+ Pg, f(t1,&1) = f(t1,&é1,m) < f(t1,&1,7m0) < lihrggf?(thafh,%) = 1ihrgi£f(1 +Pe, f(tn,&n))

that completes the proof of the lower semicontinuity of P, f.
Finally, again by (3.5), we have also that the continuity of f implies the upper semicontinuity
(and then continuity) of Pg, f.

In order to prove (ii) we show at first that

f(t,§) = sup Pg, f(t,). (3.7)

£oER

Without loss of generality, we can drop the dependence on ¢t. Moreover we can reduce us to consider
the one dimensional case, as we can see by the following argument. Fixed v € S"~!, we can define,
for every p € R,

fu(p) = f(pv),
then, by the maximality property of Pg, f, we have that, for every po,p € R,

Ppol/ f(PV) = Ppo fu(P)'

If the approximation holds in dimension one we have, for every v € S"~! and p € R,

fv(p) = sup Py, f.(p)
po€ER
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so that,

flov) = fu(p) = sup Py, fi.(p) = sup Py f(pr) < sup Pe, f(pr) < f(pv),
po€ER po€ER &oER™
that implies (3.7).
Therefore we prove (3.7) for n = 1. For this we consider a function f : R — [0,00) which is
convex (and then continuous) and non constant (that is demi-coercive) and & € R, and define the
following set

Aplgo) = {v e R:v(€—&) —1 < f(6), VEER].
Let us note that, for every {, € R, 0 € Ay(&y). Moreover, for every &, &p,v € R, v # 0,

o€~ 60) + F(E0) = v (e g ”vf@‘))) 1 (3.8)

and then
vedf(&) ifandonlyif veAf (50 _ W) .

Let us define £*(&o,v) = & — %@0) For every &y € R, we set af(§) = inf Ap(§) < 0 and
Bf(&o) =supAf(&) > 0. By the maximality property of P, f, we have

Pe, £(€) = max {ap(€)(€ — &) — 1, 85 (6o} (€ — &) — 1} (3.9)

Since f is not constant and convex it is either lime o f(§) = o0 or lime, o f(§) = o0: we
consider the case in which only lim¢_,o f(£) = oo proving in this hypothesis that, for every £ € R,

1) = sup {Br(&0)(€ &) — 1} : (3.10)

&o€ER

the other two cases (limg . o f(&§) = 00 and lim¢|_o f(§) = o0) follow immediately.
Let us consider the following (possibly empty) set,

A={{eR:0f(5) ={0}},

and claim that if A is not empty then it is connected and f is constant on A. If A = {{y} the
claim is obvious. If instead there are £1,&2 € A, & < &2, let us consider & < 1 < &3: by definition
of sub-differential, f(&1) = f(£&2) = m and f(n) > m. However, by the convexity of f, f(n) < m
too. Then, for every & < n < &2, we have f(n) = m and this implies f(n) = {0}, that is n € A:
thus the claim is proved.

By (3.8) we immediately see that (3.10) holds on every £ € R\ A with the supremum attained
on & = £*(€,v), for every choice of v # 0, v € f(£): if A =0 the proof is achieved.

Thus, let us suppose that A is non empty. Since f(£) — oo as £ — oo, we have that A is bounded
from above, so that we can consider £4 = sup A < co. By continuity of f, it is f(£4) = m. By
choosing &, € A with &, — £4, we have also

{0} = 1i}m sup 0f(&n) C Of(§a)-
Therefore 0 € 0f(£4) and, for every £ € A, we have £ < €4 and f(§) = f(€4) = m. Let us fix
¢ € A, and show the validity of (3.10). If £4 € R\ A, there exists vg € 9f(€4) with v4 > 0, such
that [0,v4] € Of(£a) (remember that 9f(£4) is convex). Then, considering vy, = h™tva € Of(€a),
we have

(€ —&a) + f(€a) = vn(€ — £ (Ea,vn)) — 1 < Br(§7(Ea,vn)) (€ — §7(Ea,vn)) — 1 < f(§) =m,
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and since the left hand side tends to f(£4) = m as h — oo, we conclude. If otherwise {4 € A, let
us consider &, — &4, with &, > £4. We know that

limsup df(&,) C Of(€a) = {0},

h—o0

then we can choose v, | 0 with vy, € 9f(&r). In particular it is

(€ = &n) + f(&n) < Br(E" (Enyvn)) (€ — € (En,vn)) — 1 < f(§) =m,

and since the left hand side tends to f(£4) = m as h — oo, we complete the proof of (3.7).
It remains to show the validity of (ii) once it is known (3.7). This can be simply proved by
means of the following lemma.

Lemma 3.4. Let A C R"™ and let G be a set of I.s.c. functions from A to R. Let us define, for
every x € A, f(z) = sup,eg g(z). Then there exists a sequence {gn}y>, C G, such that, for every
z €A, f(x) =supyengn(x).

Since its proof consists only in a slight modification of the argument used in the proof of Lemma
9.2 in [43], we omit the details. O

3.2.2 Approximation by means of strictly convex functions

As a consequence of Theorem 3.3 we show that the class of functions that can be represented as a
countable supremum of strictly convex ones is characterized by the demi-coercivity.

Theorem 3.5. Let ¥ C R? be an open set and let f : ¥ x R™ — [0,00) be a continuous function.
Then the two following conditions are equivalent:

(i) for everyt € X, f(t,-) is convex and demi-coercive.

(ii) there exists a sequence {f;}52, such that, for every (t,§) € ¥ x R",

jeN

where, for every j € N, f; : ¥ X R" — [=2,00) is a continuous function such that, for
every t € X, f;(t,-) is strictly convex in R"™ and, for every X' CC X, there exists a constant
Cj s > 0 such that, for every (¢,§) € ¥’ x R",

fi(t,€) < Cj s (1 +[€])- (3.12)

Proof. The proof of (ii) = (i) is obvious and can be omitted.

In order to prove the converse it is sufficient to show that every conic type function given
in Theorem 3.3 can be approximated from below by a sequence of continuous functions, strictly
convex in the variable £. Thus, we can suppose also that f(t,-) is positively homogeneous of degree
1.

We start proving that there exists a continuous function N : ¥ — R™*!, such that, for every
tel,

epi(f(t,))\{0} € {M € R"*": (M, N(t)) > 0}. (3.13)

Following exactly the first part of Proposition 2.31, we can prove that the vector valued function

N(t) = / NdN,
K(t)

where K (t) = epi (f(t,-)) N B""1(0, 1), satisfies just the above condition.
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Then we only have to show that N(t¢) is continuous on . To this end let us fix t5,to € %,
ty, — to, and consider

C=sup { f(.€) 1t € {to} ULty |l <1} V1< o0,

since it is the supremum of a continuous function on a compact set. For

S() = {(€.0) e R™1 1 g < 1,0 € 0,01} nepi (f(1,1)),

we have
[N (tn) — N(to)| < L™K (th) AK (to))

< LS (th) A8 (to)) = /Bnm 0 |f(tn: ) = f(t0, €)dE — O,

as h — oo, where we used the notation AAB = (A\ B) U (B \ A). Thus also the continuity of
N(t) is proved.

Since it must be N(t) = (v(t),a(t)) with v(t) € R™,a(t) > 0, then the inclusion (2.16) implies
that, for every & € R™\ {0},
LAORINY (3.14)

a(t)

The function ¢(t) = min{g(t,v) : v € "1} > 0 is continuous on X and c(¢)|¢| < g(t, €).

For every ¢ € (0,1), let us consider

g(t,f) = f(t,f) +

hs(t,§) = /0% +c(t)?[€]? =0, (t,€) € B xR™.

Obviously, for every 6 € (0,1), 0 < hs(t,§) < c(t)|¢] and hs(t,§) — c(t)|€] as § | 0. Moreover for
every (t,£) € X xR, § € (0,1),

dh5 1)
o = RO

so that it follows hs(t,€) T c(t)|€] as § | 0. Let us note also that, for every t € X, § € (0, 1) fixed,
hs(t,-) is strictly convex. In order to prove this, we consider £,7 € R", £ #n, A € (O 1); if |€] # |77|
then

Vo2 +c()2AE+ (1= N2 < /02 + c(t)2(N[E] + (1 — N)[n])2
02 + ()22 + (1 — A)y/62 + c(t)?[n]%;
if [€] = [n| then |AE + (1 — A)n| < Al€| + (1 — A)|n], thus
V62 + c(t)2IAE+ (1= N2 < /6% + c(t)2(NE] + (1 — N)|nl)?

62 4 c(t)?[S7 4+ (1 = M)/ 82 + c(t)?n]>.
Now we define, for every § € (0,1), f5: X x R" - R as

F3(t,€) = (1 — 8)glt,€) + Shs(t,€) — <”ff(>t’f>, (1.6) €S x R".

This is a continuous function, strictly convex in the variable £ (as it is a sum of a convex function
and a strictly convex one). Clearly fs5(t,&) — f(¢,€) as 6 | 0. Since hs(t,€) < c(¥)|¢] < g(t, &) we

have also
(v(t),€)
a(t)

fﬁ(tvf)§g<t7£)_ :f(tug)
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For every (¢,£) € ¥ x R", § € (0,1),

T 1,6) = —g(0.6) + hit.) + 602 1,6) <0,

then fs5(¢,€) 1 f(t,€) as 6 | 0. However, note that fs is not necessarily bounded from below, as

required in the statement: indeed, defining the open set ¥ = {t € ¥ : v(t) # 0}, we have that,

for every t € ¥\ X, surely f5(t,-) > 0, while, when ¢t € ¥, fs(¢t,-) could tend to —oo as || — oc.
In order to solve this problem is sufficient to prove the existence of a continuous function

g* : X x R™ — [=1,00) such that, for every ¢t € ¥y, g*(¢,-) is strictly convex, for every t € ¥\ ¥,

g*(t,-) =0, and g* < f. Indeed, in this case, we can define, for every (¢,£) € ¥ x R™, the function

[5(,6) = f5(t,8) V g7 (¢, ),

that is continuous, as the maximum between two continuous functions, f > f; > ¢* > —1, and for
every t € X, f5(t,-) is strictly convex, since, for every t € ¥, it is the maximum of two strictly
convex functions while, for every t € ¥\ X, f5(t,-) = fs(t,-) that is strictly convex. Moreover
fék(taf) T f(tvg) as 0 | 0 since fé(t’§> 7 f(t,f) as 0 | 0 and g" < f

For what concerns the existence of g* we can argue as follows. Let us define, for every s € R,

o(s) = (sV0) — 1 +exp (-'2')

which is strictly convex, belongs to C2(R) and —1 < ¢(s) < (s V 0). Moreover, for every t € ¥,
let us define also b(t) = v(t)

a(t)

> 0 and u(t) = —aé)(z%t). Clearly

f(t,6) = c(®)|€] + b(t) (u(t), €)

and, setting d(t) = (b(t) A 1)(c(t) A1) > 0, we have, for every v € S"~1,

f(£,€) = d(t)[€] + b(t)(u(t), &) = d(t){v, &) + b(t)(u(t), &)-
Then it follows that?, for every t € ¥, and v € S"!,

1

Wn—1

ft,8) =

/SM (te(t0), &) vO)ar—(v)

> [ (et 0)atw) = g (.6)

Wn—1

where e(t,v) = d(t)v + b(t)u(t). Thus, let us define g* : ¥ x R® — R as

e o Jonr (et ), €) )aH T w) it e Dy,
’ 0 ifteX\Xy.

(3.15)

Clearly —1 < ¢g* < f on ¥ x R™ and, by Lebesgue dominated convergence Theorem, it can be
verified that ¢g* is continuous on Y x R™. If now (tg,&) € (X \ X4) x R™ then lim; ¢, b(t) =
lim; ¢+, d(t) = 0 (we remark that a(t) is locally uniformly positive on X), thus lim; ., e(t,v) =0
uniformly as v € S~ !. As a consequence lim  ¢*(¢,€) = 0 that implies that ¢g* is continuous

(t,€)—(to,€0)
on X x R".

4Here and in the following H™ denotes the usual n-dimensional Haussdorf measure and wy, = H"™(S™).
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It remains to check that, for every t € ¥, g*(t, -) is strictly convex. By the fact that ¢ € C%(R)
and by Lebesgue dominated convergence Theorem, we have, for every t € X, g*(t,-) € C*(R")
and®

Vig'(t,€) = /S @ ((elt0). ) )elt ) @ eft, v)dH" T (v).

Let us fix (t,£) € ¥ x R™ and w € S"7!: to achieve the proof it suffices to show that

Wn—1

<V§g* (t,&w,w) > 0.

Since

(Ve (tEww) = —— [ & ((e(t.0.)) elt.0). wdH o),

Wn—1

we only have to prove that, for H"'-a.e. v € "1, it cannot be
(e(t,v),w) = (d(t)v + b(t)u(t), w) = 0.

But if this holds, by continuity of e(t, ), for every v € S~ !, we also have

(d(t)v + b(t)u(t), w) = 0.

For v € wt we deduce that w € p(t)* and then, for v = w, we get w =0 ¢ S"~1L.
The proof of the last property stated in (ii) is simple and can be omitted. O

5With Vgg(t,g) we mean the hessian matrix of g(¢,-). Moreover ® denotes the standard tensorial product
between two vectors of R™.
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Chapter 4

Lower semicontinuity for integral
functionals

4.1 A brief historical background

As announced in the introduction, this chapter is devoted to the problem of determining some new
conditions sufficient to guarantee the lower semicontinuity, with respect to the L () convergence,
of functionals of the type

I(u,Q):/Qf(gc,u(ac),Vu(gc))d:lc7

defined on the Sobolev space VVJ)C1 (€2). This means to find out conditions on f such that, for every
up,u € W,hH(Q), up — win LL _(Q), it follows

loc loc

I(u, Q) <liminf I(up, Q).

h—o00

In the following the function f will satisfy the usual conditions

F: QxR XxR" — [0, 00],
(4.1)
for every (z,s) € 2 x R, f(z,s,-) is convex in R™.

One of the first results on this argument is an example due to Aronszajn (see [64] page 54)
which shows that conditions (4.1), together with the continuity of f, are not sufficient for the
lower semicontinuity of I. Several years later, Serrin was able to prove the following fundamental
theorem in which some sufficient conditions for the lower semicontinuity are presented (see [69]
Theorem 12).

Theorem 4.1. Let f be a continuous function satisfying (4.1) and one of the following conditions:

(a) for every (z,s) € Q x R, IEllim flz,s,&) = oo

(b) for every (x,s) € A xR, f(z,s,-) is strictly convex in R™;

2
(c) for every i,j € {1,...,n}, the derivatives 887{" 3‘% and aiggj exist and are continuous.

Then the functional I is l.s.c. on Wlf)cl(Q) with respect to the Li _(Q) convergence.

loc

The conditions (a), (b) and (c¢) quoted above are clearly independent, in the sense that we can
find a continuous function f satisfying just one of them, but none of the other ones. However, the

39
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proof of Theorem 4.1 is essentially the same for every condition considered; indeed, the proof is
based on an approximation theorem for convex functions depending continuously on parameters
(see [69] Lemma 5) that can be applied, in particular, when f satisfies (a), (b) or (¢). This fact
suggests the possibility to find a suitable condition, implied independently by (a), (b) and (c),
which is still sufficient for the lower semicontinuity of I. This problem, that is still open and seems
to be very difficult, is the argument of this chapter.

The program to unify in a unique condition (a), (b) and (c) has to start, first of all, from the
analysis of the lower semicontinuity theorems and counterexamples we can find in literature: in
this way it could be understood what kind of difficulties we should expect.

The next theorem, again due to Serrin (see [69] Theorem 11), is relevant also because many
authors tried to improve it, dealing, in particular, with condition (i).

Theorem 4.2. Let f be a continuous function satisfying (4.1) and one of the following conditions:

(i) there exists a modulus of continuity' w such that, for every (r1,s1), (72,52) € A xR, £ € R™,
|f(@1,51,8) = flxa,52,8)| S w (|1 — o] + [s1 — 52]) (1 + f(21,51,8)); (4.2)

(ii) there exist two moduli of continuity w and o and a constant C > 0 such that, for every t > tg
big enough, we have o(t) < Ct and, for every (x1, 1), (x2,82) € A X R, £ € R™,

‘f(xlvshg) - f(l‘27827§)| Sw (|LL‘1 - .%‘2|) (1 + f(mhshg)) + U(|31 - 82|)' (43)

Then, for every up,u € W,2' () such that up, — u in Ll (Q), we have

loc loc

I(u,Q) < lihm inf I (up,Q),

assuming in addition, when the case (i) is considered, that u € C(£2).

The following lower semicontinuity result was proved by Dal Maso (see [30] Theorem 3.2)
and just moves in the direction described above: note that the assumption of continuity on the
limit function u of Theorem 4.2 is removed?, while some coercivity and growth conditions are now
introduced.

Theorem 4.3. Let Q be a bounded open set and f be a Borel function satisfying (4.1) such that,
for H™-a.e. (xg,s0) € Q x R™, f(z0,S0,) is continuous on R™ and, for every e > 0, there exists
d > 0 such that, for every (z,s) € B(xg,d) x B(sp,9), £ € R,

|f(,5,8) = f(wo, 50, )| < e(L+[E]). (4.4)

Let us suppose that, for every r > 0, there exist M > 0, m, A € C°(Q), with, for every x € ,
m(x) >0, A(x) >0, and a € L*(Q), such that, for every (x,s,&) € Q x [—r,r] x R",

m(z) [§] — a(z) < f(x,5,8) < M|+ A(x).
Then, for every up,u € VVl})C1 () such that up, — u in L (),

loc

I (u, ) < liminf I (up, ),
h— o0

assuming in addition that v € L ().

LA function w is said a modulus of continuity if w : (0,00) — (0, 00) and lim;—ow(t) =0
2In fact Dal Maso was able to extend his analysis to u € BVc(Q), also considering sequences of integral
functionals which I'-converge
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In the same paper, Dal Maso proposed also a revisited form of the example by Aronszajn quoted
above.

A recent extension of Theorems 4.2(i) and 4.3 is due to Fonseca and Leoni (see [43] Theorem
1.1)3:

Theorem 4.4. Let [ be a Borel function satisfying (4.1) and such that, for every (xo,sg) € QxR
and for every € > 0, there exists § > 0 such that, for every (z,s) € B(xg,0) X B(sp,0) and £ € R,

f(‘TOvSOaé)*f(I,Sag) §€(1+f(x757£)) (45)
Then the functional I is l.s.c. on Wlicl(Q) with respect to the Li () convergence.

Note that the assumption (4.5) is a kind of lower semicontinuity of f with respect to (z,s) €
Q x R, uniform with respect to £ € R™. This condition seems more natural than the continuity
conditions (4.2) and (4.4) required in Theorems 4.2(i) and 4.3, because of the following theorem
due to Fusco (see [45] Proposition 3.1) in which, dealing with the case f(z,s,£) = a(z) ||, the
author points out that a necessary condition for the lower semicontinuity of the functional I is the
lower semicontinuity of the function a.

Theorem 4.5. Let Q = (0,1). Let f : Q x R — [0,00) defined, for every (x,£) € Q x R, as
f(x,€) = a(x) |€], where a : Q — [0,00) is a bounded Borel function. Then, for every u € W, (Q),

loc
RILL] (D) (1,9) = [ a(e) o' (2)] de, (4.6)

where a(x) = sup {b(x) :b(z) < a(z) for Ll-a.e. x €Q, bis ls.c. on Q} Thus in particular

I(u,Q) = /Q o(z) | ()| do

is 1.s.c on W2H(Q) with respect to the LL () convergence if and only if a is L.s.c. on Q (that is,

loc loc
there exists a l.s.c. function @: Q — [0,00) such that, for L'-a.e. x € Q, a(z) = a(z)).

Some researches had the aim to weaken the assumptions on f related to the dependence on s.
The next result, due to De Giorgi, Buttazzo and Dal Maso (see [37] Theorem 1), was the starting
point of this kind of results: here, roughly speaking, it is proved that, when the dependence on z
is dropped, the lower semicontinuity of I is always verified every time f is convex on the gradient
variable and it is regular enough to allow the composition f(u(z), Vu(x)) to be measurable.

Theorem 4.6. Let f: R x R™ — [0,00] be a Borel function such that, for every s € R, f(s,-) is
convex on R™, for every £ € R™, f(-,£) is measurable on R and, in particular, f(-,0) is l.s.c. on
R. If

limsup L0 = F(5:9)"

then the functional I is l.s.c. on Wli)cl(ﬂ) with respect to the Li (Q) convergence.

loc

Theorem 4.6 was generalized by Ambrosio [4], and subsequently by De Cicco [31], [32] to the
BV setting. In 1999 Fonseca and Leoni (see [43] Theorem 1.5) obtained the same conclusion of
Theorem 4.6 for integrands f, depending explicitly on the x variable too, under an assumption of
continuity of f on x € Q uniform with respect to (s,£) € R x R™ (similar to (4.5)), together with
a condition like (4.7) in which the variable z is also considered.

3Also in this case the authors are able to consider u € BVi,(2): we quoted again the particular case when

Up, U € w1

loc (92), for a better comparison with the other results presented.
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At this point it should be clear that the dependence of f on x must be treated carefully
in studying the lower semicontinuity of I with respect to the L{ (2) convergence. Of course
the dependence on x gives difficulties not only technical because of the existence of Aronszajn’s
counterexample (in which f just depends on x). In particular, measurability of f with respect to
x is not appropriate thanks to Theorem 4.5.

In the paper of Gori and Marcellini [55] (see also Gori [50]) it was specifically considered the
dependence of f with respect to z € €. In the results quoted above some qualified assumptions of
continuity, or lower semicontinuity, of f with respect to x uniformly on & € R™ were supposed: in
[55] (see Theorem 1.6) it was proposed a new local condition that, in addition to the continuity of
f and (4.1), it is sufficient for the lower semicontinuity.

Theorem 4.7. Let [ be a continuous function satisfying (4.1) and such that, for every open set
Q' x HxK CCQxRxR" there exists a constant L = Lo/« g such that, for every x1,zo € Y,
se€e Hand & € K,

|f(l‘1,8,€)—f($2,8,§)|SL|$1—J32|. (48)
Then the functional I is l.s.c. on I/Vlicl(Q) with respect to the Li (Q) convergence.

loc

Condition (4.8) means that f is locally Lipschitz continuous with respect to z, locally with
respect to (s,£) and not necessarily globally, that is, the Lipschitz constant is not uniform for
(s,€) € RxR"™ This allows us to obtain, as a corollary, an improvement of Serrin’s Theorem
4.1(c) since, when only the gradient? V,f exists and is continuous, this implies the Lipschitz
continuity of f with respect to « on the compact subsets of 2 x R x R™ (even if not necessarily
Lipschitz continuity of f on the full set O x R x R™): Theorem 4.7 can be considered the first strict
generalization of Theorem 4.1.

Moreover Theorem 4.7 underlines that hypothesis (¢) in Theorem 4.1 seems to have a different
nature than hypotheses (a) and (b): indeed, roughly speaking, what assumption (c) really contains
is a regularity requirement in the geometric variable x, while (a) and (b) carry on some geometric
constraints on the convexity of f in the gradient variable &.

Thus, in order to unify all the conditions (a), (b) and (c), we could try to understand if condition
(4.8) of Theorem 4.7 can be further improved and if hypotheses (a) and (b) come from the same
source: we give an answer to these questions in the following section.

4.2 Statement of the main theorem

Before stating the main result of this chapter, it is suitable to make some remarks. Let us note
that the condition (4.8) of Theorem 4.7 can be formulated in the following equivalent way: for
every (s,€) € R x R”,

f(‘asag) € mi7?(9)7

and, for every ' x H x K CC Q x R x R™ there exists a constant L = Lq/x gxk such that, for
every (s,¢) € H x K,
esssup |V, f(z,s,£)| < L.
e

This way to read the condition (4.8) provides the right point of view to find a generalization of
Theorem 4.7. Indeed, a new sufficient condition can be found looking for a suitable summability
condition on the weak derivatives V,f, rather than a qualified continuity assumption as, for
instance, Holder continuity in the x variable, that, as we will see in the following, it is not a
sufficient condition for the lower semicontinuity (see Theorem 4.13).

Always referring to Theorem 4.1, it is worth noting that one of the main advantages of (c¢) (and
its generalizations) with respect to (a) and (b) is that this condition allows also to treat integrands

4With Vg f(z,s,£) we mean the (in case weak) gradient of f(-,s,£). As already said, an analogous definition
holds for V¢ f(z, s, &) too.
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f that are constant in the gradient variable for some pair (z,s). The common root of (a) and
(b) is just this one: they are hypotheses assumed to exclude the cases in which f(z,s,-) can be
constant on straight lines, that is (a) and (b) assure that f(z,s,-) satisfies what we called the
n.c.s.l. property in the gradient variable, condition that we know to be equivalent to the notion of
demi-coercivity (see Theorem 2.34).

Theorem 4.8, that of course generalizes Theorems 4.1 and 4.7, is the main result of this chapter
and it follows by the researches carried on by Gori, Maggi and Marcellini (see [54] Theorem 1.2)
and Gori and Maggi (see [53] Theorem 6): here the remarks just made take the form of a precise
statement.

Theorem 4.8. Let f be a continuous function satisfying (4.1) and one of the following conditions:
(1) for every (s,€), f(-,8,€) € W&;(Q), and, for every open set Q' x H x K CC Q x R x R",
there exists a constant L = Lq/wmxx such that, for every (s,§) € H x K,

/ Vol (2, 5,6)|de < L;
Q/

(2) for every (xq, so) € Q x R, it is that either, for every & € R™,

f(zo,80,&) =inf {f(x,s,8) : (x,5,) € A xR xR"},
or there exists 6 > 0 such that, for every (x,s) € B(xo,d) X B(sg,9),

f(z,s,-) is demi-coercive on R™.

Then the functional I is Ls.c. on W21 () with respect to the Ll (Q) convergence.

loc

We point out that Theorem 4.8(1) is a less general version of Theorem 1.2 proved in [54]: we
prefer to present here this simplified result since, assuming f continuous instead of Carathéodory
and locally bounded function, many technical difficulties can be avoided and the fundamental ideas
of the proof can be easier understood. Clearly we refer to the original paper [54] for further details.

Finally, the following simple and useful corollary holds.

Corollary 4.9. Let f be a continuous function satisfying (4.1) and one of the following conditions:
(1) Vuf exists and is continuous,
(2) for every (z,s) € A xR, f(x,s,-) is demi-coercive on R™.

Then the functional I is l.s.c. on Wlicl(Q) with respect to the Li (Q) convergence.

loc

4.3 Proof of the main theorem

We start presenting a simple proposition that is useful to treat lower semicontinuity problems for
integral functionals. We state it in a very particular form that can be easily generalized to different
contests.

Proposition 4.10. Let Q CR™ be an open set and f: Q2 x R x R® — [0,00] be a Borel function.
Let us consider, for every B € B(Q)), u € Wl’l(Q), the functional

loc
I(u,B):/Bf(x,u(x),Vu(x))dx,

and suppose that, for every B CC € open ball, I(-,B) is l.s.c. on WYL (B) with respect to the
LY(B) convergence. Then I(-,Q) is l.s.c. on Whljc1 (Q) with respect to the Li () convergence.

loc
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Proof. By a simple modification of Corollary 2 page 28 in [40] we can find a sequence {B;}5°, of
disjoint open balls well contained in €2, such that

() o

Let us consider now us,u € W, (Q), up — w in Ll _(Q). Clearly, for every i € N, we have also

up,u € WHY(B;), up, — w in LY(B;), and then, fixed k € N,

k k k
I <u U BZ) = I(u,B;) < Zlihm inf I(up, B;)
i=1 i=1 =1

k e
<liminf ) I B;) <liminf Y [ B;) = liminf I Q
<liminfy  I{u, Bi) < limin Z (un, Bi) = lim inf I (up, 2),
i=1 i=1
where we have used the fact that f is non negative. Letting now & — oo the lower semicontinuity
inequality is achieved. O

In particular this proposition shows that, without loss of generality, in the following it will be
always allowed to consider €2 bounded with Lipschitz boundary and prove the lower semicontinuity
of I on W11() with respect to the L(£2) convergence.

4.3.1 The condition on the geometric variable

The proof of Theorem 4.8(1) is structured as follows. We first prove a lower semicontinuity result,
namely Lemma 4.11, under certain technical hypotheses: in particular we show the validity of a
chain rule involving Sobolev functions (see equation (4.18)) that represents the core of the lemma.
Subsequently, combining Lemma 4.11 and Theorem 3.1, we achieve the proof of Theorem 4.8(1).
As already stated, the proofs provided here are a slightly different and simplified version of the
original ones presented in [54].

Before proving the theorem, in order to complete the description of the lower semicontinuity
results involving conditions on the geometric variable, we have to remember that recently Fusco,
Giannetti and Verde [46], De Cicco, Fusco and Verde [33] and De Cicco and Leoni [34] proposed
several generalizations of Theorem 4.8(1) (or, better, of the more general Theorem 1.2 in [54]).

In [46] and [33] the authors proved in particular that the same set of hypotheses on f given in
Theorem 4.8(1) is still sufficient to prove also the lower semicontinuity, with respect to the L{ ()
convergence, of the standard integral functional, proposed by Dal Maso [30], that extends I on
BVioc(€2). In [34] instead, by means of a very sophisticated chain rule that is the main result of
the paper, more general conditions are found in order to obtain the lower semicontinuity of I on
Wi ().

However, it is worth noting that all these results, as Theorem 4.7 and of course Theorem 4.8(1)
too, are proved by using, as a crucial step, the possibility to approximate f with the affine functions
built up by means of Theorem 3.1.

This fact underlines the power of Theorem 3.1 in studying the lower semicontinuity with re-
spect to the Li () convergence of functionals in which the integrand f satisfies some regularity

loc
conditions on the geometric variable.

Let us prove now the first step of the proof of Theorem 4.8(1) (compare it with Lemma 4.1 in
[54]).

Lemma 4.11. Let Q C R™ be a bounded open set with Lipschitz boundary and f: Q2 xR x R® —
[0,00) be a continuous function satisfying (4.1) and such that:
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(i) there exists an open set Q' x H CC QxR such that, for every (z,s,§) € (Q\Q)x (R\H) xR",
f(mv 875) =0,

(it) Vef : Q@ x R x R" — R™ exists and is continuous. Moreover, for every (s,§) € R x R",
Vef(-,s,6) € WHHQ,R™) and, for every K CC R", there exists L = Lg such that, for

every (s,€) e R x K,
>

(iii) there exists a constant M such that, for every (x,s,£) € A x R x R",

ov
(w5

de < L, (4.9)

IVef(z,s,6) < M, (4.10)
and, for every (x,s) € QA x R, &,& € R™,
IVef(@,s,81) = Vef(w,s,8)] < M|& — &l (4.11)
Then the functional I is Ls.c. on WH1(Q) with respect to the L'(Q2) convergence.
Proof. Let up,u € WH(Q) such that up — w in L' (2). We will prove that

lihmian(uh,Q) > I(u, Q). (4.12)
andee]

Without loss of generality, we can assume that

liminf I'(up, Q) = lim I(up,Q) < oo,

h—oo h—o0

and that up converges almost everywhere to u in 2. Moreover, by (4.10) and (4.11), there exists
a constant M’ such that, for every (z,s,£) € 2 x R x R™,

[f (2, 8,8)] < M(1+1¢]),

thus, in particular, we have I(u, Q) < oco.
Since u € W1(Q) and since 99 is supposed Lipschitz, fixed € > 0, by Theorem 2.10, there
exists ve € Aff(Q2) such that

/Q |Vu(z) — Vo (2)|dz < ¢, (4.13)

and by Fatou’s Lemma and the finiteness of I(u, (), we can also choose v, such that
/ flz,u(z), Voe(z))dz > / f(z,u(z), Vu(z))dx — e. (4.14)
Q Q

Since ve € Aff(Q2), we can find {Q; }év:1 disjoint open subsets of €2 such that £" (Q \ Uj\[:l Qj) =0

and {¢;}7L, C R" such that Vo.(z) = &; when z € Q;.

Now let us take a sequence of non negative functions {;},—, € C°(£) such that, for every
keN,jed{l,...,N}, 6f € C(Q;) and, for L™-a.e. z € Q, 5 (z) T 1. By Beppo Levi’s Theorem,
there exists an index k. such that, for every k > k., we have

/Qﬂ,i(x)f(x, u(x), Voe(x))dx > A Bi(z) f(x,u(z), Vu(z))dx — 2. (4.15)

We write the difference of the integrands in (4.12) in this way

flz,up(x), Vup(x)) — f(z,u(z), Vu(x)) = f(z,un(z), Vup(z)) — f(z,up(x), Vo (x)) (4.16)
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+f (@, un(z), Voe(z)) — f(z, u(z), Voe (2)) + f (2, u(z), Ve (2)) — f(2,u(z), Vu(z)).
By the convexity of f(z,s,&) with respect to £ we have

f@@ un (@), Vup(2)) = (2, un (@), Voo (2)) = (Ve f (2, un(2), Voe (@), Vun () = Vo (z))

= (Vef (2, un(z), Ve (2)), Vun(2)) = (Ve f (2, u(z), Voe(2)), Vu(z))
+(Vef (2, u(x), Voo (2)), Vu(z) = Vo () +(Ve f (2, u(x), Ve (2)) = Ve f (2, un(x), Ve (2)), Vo (2)).

Using the inequality just found together with (4.16), multiplying for 5f and integrating over 2, we
obtain

/ﬁk flx,up(z), Vup(x)) — f(x,u(m),Vu(w))}dx
> [ 5@ (Terte w0, Tou(o), Tun(2) ~ (Ve (o ula), Vos(a), V(e b
+ [ BE@)(Ves(@,u(z), Vou(w). Vule) - Vo(a)da
Q
+/ Bi(@)(Ve f (@, u(x), Vve(z)) = Ve f (@, un(z), Voe (), Ve (2))dz
/ Be ()3 f(z,up(x), Voe(z)) — f(x,u(x),Vvs(x))}d:c

/m x), Ve (z)) — f(x,u(x),Vu(x))}dx.

We remember that, by (4.10), for every (z,s) € Q x R and for every vy,
IVef(z,s, Voe(a))| < M;
then, by (4.13), we have
/ Br(@)(Vef(z, u(z), Ve (x)), Vu(zr) — Ve (z))dz > fM/ |Vu(z) — Vo (x)|de > —Me.
Q Q

Moreover, being (x, s) — G5 (z) f(z, s, Vve(x)) and (z,s) — G5 (x)Ve f(z, s, Vue(x)) continuous and
bounded functions, by the Lebesgue’s dominated convergence theorem we have,

hlin;o/glﬁi(x){f(x,uh,va) - f(x,u,va)}dx =0,

lim / ﬁli(w)<v§f(xaua V’UE) - v{f(xa Uh,s V’UE), v1)5>d£€ =0,

h—o00 Q

and in conclusion, by means of (4.15), we obtain that, for every e > 0 and for every v., k > ke,

lihrriinf/ B ()] f(z, un(x), Vup(x)) — f(x,u(x),Vu(x))}d:c

Zlihniinf/ ﬁi(m){<V5f(x,uh(m),va(m)),Vuh(x)>—<V5f(x,u(x),va(x)),Vu(w))}dx—Me—Za.
o Jo

Then we claim that the proof is complete if we show that, for every fixed v, and k > k., we have

hm /ﬂk ng x,up(x), Vo (), Vup(x)) — <V§f(x,u(x),va(x)),Vu(x»}dx =0. (4.17)
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Indeed, since 0 < G5 (z) < 1, we shall have that, for every k > k.,

liminf | f(z,un(z), Vup(z))dzx > /Qﬂ,i(a:)f(x, uw(z), Vu(z))dr — Me — 2¢,

h—oo  Jq

and letting k — oo, by Beppo Levi’s Theorem, we obtain

liminf | f(z,un(z), Vup(z))dx > /Qf(gc, u(z), Vu(z))de — Me — 2e.

h—oo Jq

Now the dependence from v, is vanished so that letting € — 0 we gain (4.12).
Thus it remains to prove (4.17): we stress that it suffices to prove this relation when v, and k
are fixed. In order to achieve this we prove that®

[ 3@ {(Tef @, un@), Tou(@). Vun(o)) = (Ve (@,u(e), Voe(a), Va(o) da

/ Z {/uuh(x) (ﬂk( x)Vef(z,s, va(x))>(i)ds} dz. (4.18)

(2)
In order to prove this, fixed j € {1,..., N}, let us consider the continuous function
9i(@,s) = Br(x)Vef(z,5,§5) : 4 x R — R,

with spt(g;) € Q; x H, that we can considered defined on the whole space R” x R (extending g;
to zero out of Q; x H). For p > 0 we define®

g0l 8) = /B el ey )y B X R R
x,p

Clearly, for every p > 0, g;,, € C.(R" xR,R"™) and, if p < p; small enough, then spt(g;,) € Q; x H
too. Moreover, by the properties of convolutions we have also that, for every s € R, g;,(-,s) €
C(R™, R™).

We claim now that there exists C; , > 0 such that, for every z,y € R", s € R,

19j,0(,8) = g5,0(y, 5)| < Cjplz —yl. (4.19)

Indeed, for every i € {1,...,n}, (z,s) € R™ x R, we have

995, / dg; 7n/ dg;
, _ B <
‘ oz, (z,s) e ko(x —y) 92, (y,s)dy| <p s (z,s)| dx
<o (swpvsia) [ Wessglassr [ | g a
zeQ Rn n| Ox;
<p "M (su?Z |Vﬁ,‘2($)|) L) +p "Lk, = p "L, (4.20)
EAS

where we have used the properties (i), (4.9) with constant Lx,; where K; = {{;} and (4.10): this
obviously implies (4.19).
It is worth noting that by the previous inequality we can deduce that, for every s € R,

J.

5Till the end of the proof with the notation £(9) we will denote the i-th component of the vector £ € R™.
6We refer to the notations for the convolutions introduced in Chapter 2.

agj( ,5)

9e; z,s)|de < Lj, (4.21)
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and then, by means of the properties of the convolutions with respect to the L' norm, for every
p >0, s € R, we have also
9a.
/ 9j.p (1,7 S)
Rn 8(E2

The validity of (4.19) implies, by standard arguments’, for every p < pj, u,v € Wh1(§;), the
equality

dr < L;. (4.22)

n

v(x) o (Z)
E / i (x,s)ds}da:.

=1

| @0l v(@). V() = gy o)), Ve = = [ {

J

Now we prove that, passing to the limit as p — 0 in the previous formula we can obtain the same
relation for g; too. In order to prove the equality

lim v(gj,p(x,v(x)),Vv(:E»dx:/ (gj(z,v(2)), Vo(z))dz,

0
= Q; J

since the boundedness of g and the summability of Vv, we only need to prove that

lim g;. (2, v(w)) = gj(2, v(2)), (4.23)
for L™-a.e. x € Q;: but this easily follows by the property of the convolutions together with the
continuity of ¢g;. Thus it remains to prove that, for every ¢ € {1,...,n},

lim / M(:ﬂ,s)ds dx = / / 9; (z,s)ds p dx.
p—0 Q; u(z) Ox; Q; u(z) O;
Indeed
o(@) 9o o(@) 9o B PO
/ / h(x, s)ds — / 9 (x,8)ds|dx < / / h(m, s) — 9; (x,9)|ds p dx
Q, [Ju@) O w@) O o, | Ju| 0z Ox;

99;1) 09,
Txi(x’s)_ oz, (5075)

- { [ dx}ds,

that goes to zero as p — 0 since, by (ii) and the standard properties of the convolutions, we have,
for every fixed s € H,

AT
g% 0, amz (.13,3) - axl (.13,3) dJ?:O,

and moreover, using (4.21) and (4.22), it is, for every p >0, s € H,

00 gl gL ogt?
—L£ - dx < 5L d / L dr < 2L;
L [~ et s [T et [ G e <21,

that is, it is bounded on H uniformly on p: then we are in the position to apply the Lebesgue’s
dominated convergence Theorem. We conclude that, for every j € {1,...,N}, u,v € WhH1(Qy),
also

n

! ds p dx.
Z/u(m) o, (z,s) 5} x

i=1

[ oot Vot (050 u(o)) Ve = - [ {

Q;

"The following relation can be proved considering at first u,v € C*®(Q;) N W11(Q;) and then arguing by
approximation.
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Hence (4.18) immediately follows since
[ @ { (Tt @ un(@). Tr(@). Vun(2)) = (Ve (@, u(e), Vo). Vu(o)) }da

v(z) § (l)
521 (m,s)ds} dx

J =1 u(w)

/Z{/:)(I o (Bl )fo(x,s,va(m)))(i)ds}da:.

Now by (4.18) we have can prove (4.17): indeed

:i | @ 0@). Vota)) = (9o @), T Z -/, { /

\ [ @ { (Vs @ un @), Tr@), Tun(w) - <st(x,U(x),Vve(x)),Vu(x)>}dx

8ﬁk 8V5f

dx.

() (z,5,&5)| ds

(x,s,&)|ds

15

11]1 u(z)

Using (4.10), we have

Sy [

=1 j=1
which goes to zero as h — co. On the other hand,

=1 j=1

86k

(z) (z,5,8)| ds

dx < nM (supVﬁk >/|uh —u(z)|dz,

zEQ

un () av f ov f
< (a: s,&5)| ds d$<22/ &Ti z,s,§;)| dzds,
i=1 j=1 i=1 j=1 Dj,n
where
Dj, = {(x,s) € Q; x H : min{up(z),u(z)} <s < max{uh(x),u(x)}}.
But now

lim |Dj;| < lim / |up(z) —u(x)| dx =0,
h—o0 h—o00 Q;

and, if we define K = {fj}j.vzl and consider L as in hypothesis (4.9) we obtain, for every j €

(1,...,N},ie{1,...,n},
foen asae= [ (],

Hence, for every j € {1,...,N}, i € {1,...,n},

lim /
h—o0 Dj,h

from which we conclude that (4.17) holds and this ends the proof. O

oVef
3[Ci

oVef
8%1'

(w,5,&5) (x,5,&5)

dx) ds < |H|Lk.

ov
L 0s.)

dxds =0,

Now we are ready for the proof of Theorem 4.8(1). We start modifying the integrand f in order
to satisfy the hypotheses of Theorem 3.1, then we manipulate De Giorgi’s approximating functions
in order to apply on them Lemma 4.11.
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Proof of Theorem 4.8(1). By Proposition 4.10 we can suppose 2 bounded and study the lower
semicontinuity on W1(€2) with respect to the L'(2) convergence. Let {v;};—; be an increasing
sequence of smooth functions with compact support in Q x R, converging point-wise to 1 in  x R.
Since v;(x, s) f(x, s,€) is an increasing sequence of functions which point-wise converges to f(z, s, §),
by a standard argument, it is sufficient to prove the stated lower semicontinuity assuming directly
that there exists Q' x H CC QxR such that, for every (z,s,£) € (Q\Q)x (R\H)xR", f(x,s,£) = 0.
In this way, by the hypotheses of Theorem 4.8(1), we have that, for every (s,£) € R x R",

f(8,6) e WhH(Q), (4.24)
and, for every K CC R" there exists a constant L = Lk such that, for every (s,£) € R x K,
| 19astesldr < 1.
or, equivalently,

of
8l‘i

(z,5,¢)

dz < L. (4.25)

2,

Since f has compact support in (x, s), it is possible to approximate it with an increasing sequence
{fi(z,s, 5)};”;1 as in Theorem 3.1. We would like to apply Lemma 4.11 to such functions, but this
is not possible. Thus we denote by k a convolution kernel in R™ and we consider the functions

(2,56 = [k 06 = i

where, setting M; the constant related to f; in the statement of Theorem 3.1, we choose p; =
(jM;)~. By the Lipschitz continuity (3.4) of f; with respect to £ € R", we have that, for every
(z,5,6) € A xR xR,

950,59 = (5,01 < [ 1@ €)= £, ()

1
< M; Il kp, (m)dn < =,
B(0,p;) J
so that ) )
fj(l.vsvg) - ; < gj(xvsag) - 5 < fj(xvsvg) < f(x787£) (426)

By the Beppo Levi’s Theorem, for every u € W11(£2) we have

lim [ f;(z,u(z), Vu(z))dz = /Qf (z,u(x), Vu(z)) dz,

and thus, if we consider the sequence of integrals

Ii(u,Q) = /Q {gj (z,u(x), Vu(x)) — ;} dz, (4.27)

by (4.26) we obtain that I;(u, ) converges, as j — 0o, to the main integral I(u,(2), and that, at
the same time, I;(u, Q) < I(u, Q) for every j € N. Therefore

I(’LL, Q) = Sup Ij (u’ Q)v
jeN
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and then, since the supremum of a family of l.s.c. functionals is l.s.c. too, it suffices to show that
every I;(u, () is lower semicontinuous on W1 () with respect to the L!(2) convergence: since {2
is bounded, this is the same to prove this property for the functional

/ gj (z,u(z), Vu(x)) dz.
Q

In order to achieve this we shall invoke Lemma 4.11: let us verify that, for every j € N, g; satisfies
its hypotheses.
Clearly every g; is non negative, continuous, convex in the gradient variable and has compact
support in (z, s), being a convolution in £ of f; < f. Furthermore V¢g; exists and is continuous.
Next we verify (4.10) and (4.11). By the Lipschitz continuity (3.4) of f;, we have, for every
(r,8) e QA xR, £eR

|gj(l‘,5,§1) _gj(x’3’§2)| < /]R |fj($,5,§1 - 77) - fj(l‘,S,fg - 77)| kpj(n)dn < Mj |£1 - §2|7
that implies |Veg;(z,s,&)| < M;. By the definition of convolution
|V593($75,fl) - Vfgj(xvsaéé)'

< /Rn fi(@, 8,61 —n) — fi(@,5,& —n)| |[Vky, ()| dn < M;T; | — &,

where
7= [ |V, ()] dn

Therefore assumptions (4.10) and (4.11) are satisfied with M} = max{M;, M;T;}.

It remains to prove the weak derivability of g; in the = variable and to verify (4.9). We shall
start examining such properties for the coefficients a, 5 in Theorem 3.1. From (3.2) we have that
aq,n, is continuous. For every ¢ € C°(R2), by (4.24) we have

[t ogi@ie= [ (= [ swsnfetman) 5w

- _/n (/Q f(%&ﬁ)?i(x)dm) %(n)dn = / (/Q gg‘i(x,s,n)w(x)dx> %(n)dn

_ of 0oy .
B /Q < an %(%S»ﬂ)agh(ﬁ)dn> Y(x)dz;

furthermore, thanks to the main assumption (4.25), we obtain
x,s
oz, %)

/ AT~
< (Eseu]lglIVaq(é)) /Spt(a) (/Q %{i(x’ 5,1)

Hence ag ;(-,s) € WH1() and there exists a constant R, j, such that, for every s € R,

J

The same analysis carried on for ag j applies unchanged to ag0, so that a4 o(z,s) is a continuous
function such that, for every s € R, a4 0(-, s) € WH1(Q), and there exists a constant R, o such that

J

Oag p, 0oy

aigh dzr

(n)dn

(,5,1m)

dfﬂ) dn < (Sup Vaq(£)|> L™ (spt(ag)) Lept(ay)-

¢eR™

6aq7h
axi

(z,s)

dx S Rth.

60,%0

Txl(x’s)

dx S quo.
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In particular aq (-, s) + Y p_; ag.n(-, )& € WH(Q), from which,

qe{la'“’j}

fJ(?Svg) = max {O a’fb + Zaq h a } 6 Wl’l(Q)a

and in the end we have also that Veg;(-, s,£) € Wh(Q,R"), with

OVeg; 0
5 w6 = [ G g mThy
Since,
of; J 9 "
r < — | ago(x,s) + ag.n(x,s dx
|52 Z{a<< )+ 3 o m) }

J
q’xs

dxﬂgzz/‘aaqh

q=1h=1

)| da < S5 (1+[€]),
=1

for a suitable constant S; (depending on Ry o, Rqn, j), we deduce

/Q dx</ﬂ(/Rn|Vkpj(n)|‘g£(:v,s,€—n)’dn> da
</B,Jj(0 [V, () </’ (@58 =) >d77

< /B S; (14 1€ — 1)) [Vhy, ()] dnt < S;T5(1+ €] + ;).

03 (0)

8V§gj
(92131‘

(z,5,¢)

Hence, fixed K CC R”, if L; k = nS;T;(1 + T + p;), (where T is equal to the radius of a ball
centered at the origin and containing K'), we have, for every (s,£) € R x K,

8V§gj

(l’,S,f) dx S Lj,Ka

that is g, satisfies the condition (4.9) of Lemma 4.11 too. Thus Lemma 4.11 applies to every g,,
providing the lower semicontinuity of each I;. By the previous arguments this ends the proof of
Theorem 4.8(1). O

4.3.2 The condition on the gradient variable

In this section we use Theorem 3.5, together with the blow up method by Fonseca and Miiller [44]
and the original argument of Serrin [69], in order to prove Theorem 4.8(2): as already said the
following proof can be found in [53] Theorem 6.

It is worth noting that Theorem 4.8(2) has been recently generalized by Maggi [59] who proved
in particular that, under the same set of hypotheses of Theorem 4.8(2), the standard extension
of the integral functional I on BVj,.(€2) proposed by Dal Maso [30] is lower semicontinuous on
BVioe(£2) with respect to the Li () convergence.

Proof of Theorem 4.8(2). By Proposition 4.10 we can assume €2 bounded and then also f > 2. By
the usual blow up method (see for example the first part of the proof of Theorem 1.1 of Fonseca
and Leoni [43]), the problem is reduced to the following one: given (z¢, s0,&1) € QxR XR", g, | 0



4.3. PROOF OF THE MAIN THEOREM 53

and wy, € WH1(Q™) such that w, — wq in LY(Q™), where Q™ = (0,1)" and wo(y) = (&o,y), we
have to prove

Jim f(xo +eny, so + enwn(y), Vwn(y))dy = f(zo, S0, o). (4.28)
— 00 Q'n.
If it is f(wo, S0,-) = Inf{f(x,s,&) : (x,s,&) € @ x R x R™}, then (4.28) is trivially verified.
Otherwise there exists § > 0 such that f satisfies the hypotheses of Theorem 3.5 with ¥ =
B(zg,6) x B(sg,d): clearly we can suppose, for every h € N, ¢, < ¢ and

esssup |wo(y)| < —.
yer €

In particular we have, for every (z,s,£) € B(zg,0) x B(sg,d) x R™,

f(l',S,f) :Supfj(x787§)7 (429)
jeN

where every f; is continuous, with values in [0,00), and such that f;(z,s,-) is strictly convex
on R®. We know also that, taking ¢ small enough, we can find C; > 0 such that, for every
(x,8,€) € B(xg,0) x B(sg,0) x R™,

fi(@,s,6) < C5(1+[¢]). (4.30)

Let us fix now ¢ > 0 and ¢’ € (0,6). We can apply Theorem 3.2 to each f;, with ¥’ = B(zo,d’) x
B(s0,6"), to find f; : B(xo,d) x B(s0,0) x R — [0, 00) continuous, convex in the gradient variable
and satisfying (i), (ii), (iii), (iv) and (v) of Theorem 3.2 with constant M.

We need to truncate the functions wy in order apply the described approximation. Let us
consider the sets

) ) _ N )
= {ve@ sl < 2L Bl = {re@ > 2 By = {ye @i <~ |
En Eh €h
and define the sequence
u(;h(y)7 AS Eha
=4 & ven (431
T Yy e Eh .
It is vy, € WHHQ™), vy, — wp in LYH(Q™) and limy, oo L(Q™ \ E},) = 0. B
By the definition of E}, and vy, by (4.29), (4.30) and property (ii) of f;, we have
f(xo + eny, so + enwn(y), Vwn(y))dy > fi(xo + eny, so + enwn(y), Vwr(y))dy
Q" Ep
= [ fi(xo +eny, so +envn(y), Von(y))dy
Ep
= / fi(@o + eny, so + envn(y), Vor(y))dy — / fi(wo +eny, s0 + envn(y),0)dy
Q™ Qm\E},
> [i(wo + eny, so + envn(y), Vun(y))dy — C;L"(Q"\Epr)
Q’!L
> fi(zo + eny, so + envn(y), Vun(y))dy — C; L™ (Q™\Ep) — e. (4.32)
Qﬂ.

Let us consider the function g; 5 : @™ x R — R™ defined, for (y,s) € Q" x R, as

9j.n(y,s) = stj(xo +eny, s0 + ens, &o)-
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By Theorem 3.2 it is a continuous and bounded function with compact support, and it satisfies an
uniform Lipschitz condition, that is, for every y,z € Q", s € R,

95,0 (Y5 8) — g5.n (2, 8)] < Myen(1+ [Sol)|y — 2.
Now, for every y € @Q", the convexity of fj in the ¢ variable implies
fi(wo + eny, so + envn(y), Von(y)) = fi(xo + eny, so + envn(y), &)
+(95.0 (Y wo () = 95,1y, va(Y)); S0) + (9j.n (ys vr(Y)), Vo)) = (g5.0(y, wo(y)), €o),
and then

fi(@o + eny, so + envn(y), Von(y))dy > fi(@o + eny, so + envn(y), &o)dy
Qn, Qn,

+/ (95,0 (Y, wo(y)) — 95,0 (Y, vr(Y)), o) dy +/ (95,0 (Y v0(y)), Vor(y)) — (95,n(y, wo(y)), o) dy
Qn Qn

Let us evaluate the limit as h — oo of the right hand side of the previous inequality. Since, for
LMa.e. x € Q", vp(x) — wo(z) (and then e,vp,(x) — 0), by Fatou’s Lemma we have

hhm inf f](‘ro + EnY, So + 5hvh(y)7 §0)dy Z f_.j('r(h 50, 50)7
— 00 Qn

while, by the continuity and boundedness of g, j, it follows

Jim o (9.0 (Y, wo(y)) = 5.1 (y: vn (), €o)dy =

Let us show now that also

tin [ (9300 0n0), Ton0)) ~ g0 (0r w0 (0). o)y =

h— o0

In order to see this let us note that, by a mollification argument similar to the one used to prove
(4.18) in the proof of Theorem 4.8(1), the following formula holds &

non(y) §o'lt)
[ 030 000), en0) = 50y o). by = — n{z J >ds}dy,

wo (y)

from which follows

o (95,0(y, va(y)), Vo) — <gj,h(yaw0(y))750>dy‘

vh (Y)
< z / /
wo(y)

that goes to zero as h — oo. - -
If now ¢ is so small that [£y| < 1/e, property (iii) of f; implies f;(xo, s0,&0) > f;(zo, s0,&0) —¢,
and hence, by (4.32), it is that

ds

o
9in
ayz (y:9)

dy < nMyen(1+ &) / o — v ldy,
Q’n

lim inf f(wo +eny, so +enwn(y), Vun(y))dy > fi(xo, s0,&0) — 2¢.
d Qn

Thus, it suffices to let ¢ tend to zero and then take the supremum on j € N to conclude the
proof. O

Remark 4.12. Note that the same proof allows also to consider the limit function u € BVj,.(2),
and then to give a direct lower bound of the relaxed functional R[L{ ](I) on BVic(Q).

81In the following (gj,h)(") denotes the i-th component of g; .
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4.4 A counterexample to the lower semicontinuity

As explained in the first section of this chapter, Aronszajn’s example shows that conditions (4.1),
together with the continuity of the integrand f, are not sufficient to guarantee the lower semicon-
tinuity on W11(2) with respect to the L'(Q) convergence of the integral functional I. However,
Theorem 4.7 shows that if f satisfies (4.8) too, that is f is locally Lipschitz continuous in x
uniformly for (z,¢) belonging to a compact set, then the lower semicontinuity is achieved.

Theorem 4.8(1), in which suitable summability conditions on V, f are required, improves con-
dition (4.8): nevertheless it is interesting to understand what we can expect supposing, instead of
the Lipschitz continuity of f, its Hélder continuity with respect to x, that is, there exists « € (0, 1)
such that, for every compact set K C 2 x R x R", we can find a constant L = L such that, for
every (1'1, S, §)7 (3727 5, 5) € K,

|[f(21,5,8) — f(x2,8,8)| < Llxy — 22| (4.33)

By modifying a one dimensional (that is n=1) version of Aronszajn’s Example proposed by Dal
Maso?, Gori, Maggi and Marcellini solved this problem showing that, for every a € (0, 1), there
exists a one dimensional integral functional for which the lower semicontinuity fails and such that
its integrand satisfies (4.1) and (4.33) (see [54] Example 4.2, see also [55] Theorem 2.1 in which
this fact was proved using multiple integrals, that is n > 2.).

Here we present a simplified version just of Example 4.2 in [54].

Theorem 4.13. Let ¢ > 0 and Q = (—e,1+¢). For every a € (0,
{un}se, CTWh(Q), such that up, — 0 in L>(Q), and a function'® b :
depending on «) such that:

there exist a sequence

1),
Q xR — R (both of them

(i) b is bounded and uniformly continuous in Q x R;
(ii) there exists a constant L such that, for every x1,z2 € Q and s € R,

|b(z1,58) — b(z2,8)| < L|ry — 22|%; (4.34)

(iii) setting, for every (z,s,£) € Q x R x R,

f(x’sag) = ‘b(xas)g - 1| )

we have that f(x,s,&) is continuous, satisfies (4.1) and the Holder continuity property (4.33)
and

lim I(up, Q)= lim [ f(z,up(z),u)(x))de < /Qf(x,(),O)dm =1(0,9). (4.35)

h—o0 h—oo Jo

In particular the functional I is not lower semicontinuous on W1>°(Q) with respect to the
L>(Q) convergence.

Proof. Let us fix a € (0,1) and choose k € N such that k(1 — «) > 2 (then k > 2).

9Note that the original example by Aronszajn is related to a double integral, that is, n = 2, and Aronszajn’s
integrand f(z, &) does not explicitly depends on s. A one-dimensional version of Aronszajn’s example was known
to Dal Maso, who gave us some handwritten notes on the subject: however, in this case, the integrand f depends
on all the three variables x, s and &.

10Tn this section © denotes cl(Q).
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First of all let us build up the sequence wuy. Let us fix h € 2N = {21’ NS N} with A > hg,
where!'! hy > —1—, and define u;, on Q in this way: for every r € {0, 1,..,h* — 1},

2a4e
4h* 1 ar : roor 1
S R s i gy ifz e [W’W+4 7))
1 r 1 r 2
D if 2 € [7% + e 5% + 2w ]
up(r) =

4h* 1 4r42 : r r
D T 7 T RGHD ifz e [iTk + EoE t W} )

1 : r 3 r+1
Rl lfme[hk+4hk" hk}’

and, for every x € (—¢,00U[1,1+¢), up(z) = h%_l Trivially we have u, € WH*(Q), up, — 0 in
L>(Q) and, since we are considering h € 2N, the graphs of the functions w, are disjoint. Moreover
an easy computation gives

lim / |up,(z)| dz = lim ﬂ—oo
h—oo Q h _h—>oo h(h+1) o '

In order to define the function b let us consider, for every h € 2N, h > hg and r € {O, 1,...,hF — 1},
the subsets of Q x R given by

ar - 4h* n 4 e LijLi
A A T D R A b i P T i

BT = w_ﬂw+l+ﬂ = L_;r_lL_Fi
b " hh+1)" " h h(h+1))° Rk ARk R T oAbk | [

_ (1 1
Ch_QX{%+2(h—1)}’

_ 1 1
Dl—{_€,1+E}XR, and DQ—QX |:(_O0,0]U |:2h0+2(h01),+00):|,

whose geometric meaning, with respect to the sequence {uy : h € 2N;h > hg}, is clear. Let us
consider now the closed set

s=U4, vz u(UCh>uD1uD2,
h,r h,r h

and define the function b on S as

% it (x,s) € A},
b(a,s) =4 —MEUif (x,s) € B,
0 if (z,s) € (UhCh)UDl U Ds.
Since hlLrI;O h(&i—:l) = 0, we have that b is continuous on S; moreover note that, on A} and on By, b

assumes the value of the inverse of uj, on the points in which the graph of u;, intersects these sets.
Now we extend b on £ x R. Let us consider sy € |, {h%_l, ﬂ and observe that SN (ﬁ X {so})

contains only a finite number of points among which there are (—¢,s9) and (1 + ¢, sp): thus, in

11 This value is chosen only for technical reasons, in order to compute the value (4.36) in a simpler way.



4.4. A COUNTEREXAMPLE TO THE LOWER SEMICONTINUITY 57

the segment Q) x {so}, we define b by a linear interpolation between every pair of adjacent points
in which the value of b is known.

For every h € 2N, h > hg, the described extension allows us to build up b continuous in the
strip Ry, = Q x %H’ ﬂ . We have, in particular, that b is defined in every set of the form  x {%},
where j € N and j > hg, if hg is even, or j > hg + 1 if hg is odd.

Now we complete the extension of b setting, for every h € 2N, h > hy

b(z,3) [( —s)2h(h+1) + 1] it (z,s) € By,
b(z,s)=
b(m}%ﬂ) [(,%H—s) 2(h+1)(h+2)+1} if (z,5) € Fp,
where
11 1 _ 1 1 1
Eh:QX[h’ZhJFQ(hl)} and Fh:QX[2(h+2)+2(h+1)’h+1]'

Since this extension makes b continuous on € x R and since, for every (z,s) € Dy U Dy, b(z,s) = 0,
we have that b is uniformly continuous on € x R and then condition (i) of the theorem is verified.

We want now to prove that b satisfies condition (ii). Fixed h € 2N, h > hy we have that, by
construction, the value

— [ : ($,S),(y,8) ER}LUEhUFh;$§£y} (436)
is in fact a maximum which is obtained by the pairs of points of the type
T 1 1 T 2 1 T 3 1 r+1 1
Tk J1.k0 7 10\ T TN RN B Tk VTN ) ) ) 437
(hk+4hk’h> (hk+4hk h) (hk+4hk h+1> ( Ik h+1> (4.37)

for every r € {0, 1,..,hF — 1}12. Computing (4.36), using any of the previous pair of points, we
have

(e} « 2 2
B o £ D 02 e
and since, by definition k (1 — «) > 2, we have
h2
Mh S 40( . W S 40(

that doesn’t depend on h. Thus, since outside Uh (Rn U Ep U Fp), that is in Dy U Da, we have
b = 0 we conclude that surely b satisfies (4.34) for L = 4.

Finally let us prove that the function f(z,s,&) = |b(x, s)§ — 1| satisfies condition (iii). Clearly
f is continuous and satisfies (4.1) and (4.33). Moreover

1(0,9):/ 1b(2,0) -0 — 1| dw = 1+ 2
Q

while, for every h € 2N, h > hy,

h
1 1
I (un, Q) = / b un (@) - ()~ A = (Y2 | 42e= 1 420
Q y
j=1
Thus 1
lim I (up, ) ==-+2e<1+2=1(u9)
h—o0 2
and (4.35) is also verified. O
12For the pair of points —e¢, %ﬂ , 0, #—1 and 1-— ﬁ, %4—1 , 1+e, h%o—l , because of the choice of hg, the

value of the ratio in (4.36) is surely less then the one of the pairs in (4.37).
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The theorem just proved provides also a useful information about Theorem 4.8(2). Indeed, it
is simple to verify that the function f of Theorem 4.13 is such that, for every (zo,s0) € Q X R,
either, for every £ € R,
f(x0780a§) = 17

or there exists § > 0 such that, for every (z,s) € B(xg,d) x B(sg,9),
f(z,s,-) is demi-coercive on R.

There is no contradiction with Theorem 4.8(2) because it is inf f = 0: however, this shows how
the hypotheses of Theorem 4.8(2) are close to be sharp.

We note also that, when n = 1, the demi-coercivity reduces to ask that
f(z,s,-) is not constant, (4.38)

for every fixed pair (x,s). However, if in the hypotheses of Theorem 4.8(2) we replace the demi-
coercivity condition with (4.38) and assume n > 2, then the lower semicontinuity will fail again.
This fact can be deduced by the original Aronszajn’s counterexample [64] in which a continuous
function v : (0,1)2 — S! is built up in such a way that the integral functional generated by
f(x,8) = |(v(x),€)], where (z,€) € (0,1)? x R?, it is not lower semicontinuous (see also [30]
Example 4.1). Clearly f(z,-) satisfies (4.38) but fails to be demi-coercive.

4.5 Appendix: the vectorial case

In this section we deal with a function f satisfying the conditions

SO X R™ x R™ - [0
{f e 0, (4.39)

for every (z,s) € Q x R™, f(x,s,-) is convex in R™",

where € is an open set of R™, n,m > 1. As in the scalar case we want to find conditions on f such
that, for every up,u € WI’I(Q,Rm) such that uj, — w in L{ (Q,R™),

loc

I(u,Q) < 1ihm inf I'(up, ). (4.40)

The lower semicontinuity results by Serrin [69] (see Theorems 4.1 and 4.2) were proved for the
scalar case m = 1: some efforts have been spent to understand the question of their validity in the
vectorial setting'3, that is, when m > 2.

4.5.1 Some counterexamples

Eisen [38] showed with an example that Theorem 4.1(c) is false in the vectorial case: obviously
the same example shows that the same holds for Theorems 4.7 and 4.8(1) and Corollary 4.9(1)
too. We propose here a simplified version of the example quoted above (see Gori and Maggi [52]
Example 2.1) that, as we will explain in the next chapter, it is meaningful even in the context of
the supremal functionals.

Example 4.14. Let f : R? x R? — [0, 00) be a function defined, for every (s1,s2,&1,&2) = (s,€) €
R? x R2, as
2
f(s1,52,61,62) = (§182 — 251 — 1)7.
owever, in studying the lower semicontinuity problems in the vectorial setting, the notion of convexity in
131 i dying the 1 i inuity bl in th ial ing, th i f ity i

the gradient variable of f is replaced by the more general and natural one of quasiconvexity (see Morrey [63] and
Dacorogna [29]).
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Clearly f is non negative, smooth and convex in the gradient variable £ = (£1,£2). Let us consider
the sequence of functions in C°°((0,1), R?) given, for every h € N, by

1 1
up(z) = (27rh sin(2rh%r), on cos(27rh2x)) .

An easy computation gives up — 0 in L>((0,1),R?) as h — oo. However, for every h € N,

I(up,(0,1)) = 0, while 1(0,(0,1)) = 1 so that the lower semicontinuity fails. Note in particular
that, for every x € (0,1), f(un(z), Vup(z)) = 0.

Later Cerny and Maly [25] proved also that Theorem 4.1(b) (and of course Theorem 4.8(2) and
Corollary 4.9(2) too) is false in the vectorial setting.

Example 4.15. Let f: R2 x R? — [0,00) be a function defined, for every (s1,s2,£1,&2) = (s,€) €
R? x R?, as

_Gtep)

exp ((s7 +53)%)

Clearly f is non negative, smooth and convex in the gradient variable £ = (£, &2). Let us consider
the sequence of functions in W°°((0, 1), R?) given, for every h € N, by up(z) = (up1(x), un2(z)),

where, for every x € [0, %],

f(s1,52,1,82) =

—htx if z € [0, 5],

—h cos (“%3 (x—%)) ifz e [%7%}’
up1(z) =

h=h2(h=3) (z—35) ifee [ gm]

s () ifz e 5, 4],

and
0 ifz € [0,75] .
— : Trhg 1 . 1 5

up2(x) = ¢ —hsin (T (z— F)) ifz € [, 5]

0 ifze 5 1],

and extended by periodicity on (0,1). A computation gives u;, — 0 in L°°((0,1),R?) as h — o
and

. 1
Jim I (up, (0,1)) = .

Since I(0, (0,1)) = 1 the lower semicontinuity fails.

Following Theorem 4.1, it remains only to understand the situation about condition (a). The
following example given by Cerny and Maly [24] shows that, when f is lower semicontinuous (but
not continuous), even if it is coercive, the lower semicontinuity may fail. However, they are not
able to consider f continuous as in Theorem 4.1(a): as we will see this is due to the fact that in
these hypotheses a lower semicontinuity theorem can be proved (see Theorem 4.19).

Example 4.16. Let f: R? x R? — [0,00) be a function defined, for every (s1,s2,£1,&2) = (s,€) €
R? x R?, as
|61 — 1 + 1€l + o7 + Is1] + [s2| if s2 #0,
f(s1,82,61,8) =
2|61 — 1| + |&a] + |s1] + |s2] if s5 = 0.
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Clearly f is non negative, lower semicontinuous and convex in the gradient variable £ = (&1, &2).
Moreover, for every (s1, s2,&1,&2) € R? x R?,

f(s1,52,81,&2) > [s1] + [s2| + [&1] + [&2] — 1,

that is f is coercive. Let us consider the sequence of functions in W11((0,1),R?) given, for every
h €N, by up,(z) = (un1(x), un2(z)), where, for every = € [0, £],

T ifxe[O,%—h%},
up1(z) =
(R*=1) (5 —=2) ifze[;—qm7]
and
0 ifzef0,+— 2],
uh,g(.’IJ):

Vit =g (o) itee [ - d],
and extended by periodicity on (0,1). We can see that uj, — 0 in L>°((0,1),R?) as h — oo and

hlim I(up,(0,1)) = 1.

Since I(0, (0,1)) = 2 the lower semicontinuity fails.

4.5.2 Lower semicontinuity theorems

Examples 4.14 and 4.15 seem to indicate that, when the vectorial case is considered, we need a
coercivity assumption on the integrand in order to obtain the lower semicontinuity. Moreover, as
Example 4.16 says, even if this condition is verified, f must be more regular than lower semicon-
tinuous. Nevertheless under the investigation of the scalar case made in the previous sections, we
became aware of the fact that, in particular, two results without coercivity assumptions hold in the
vector-valued case too, once provided the dependence on the s variable is dropped (note that the
dependence on s is fundamental in the counterexamples proposed). The first one is a vector-valued
version of Theorem 4.7 (see Gori, Maggi and Marcellini [54] Theorem 5.1).

Theorem 4.17. Let f be a continuous function satisfying (4.89) such that f = f(x,€) and, for
every open set ) x K CC Q x R™™ there exists a constant L = Lg/wx such that, for every
xr1,To € Q/, f e K,

|f($1,8,€)—f($2,8,§)| §L|l‘1 —$2|. (441)

Then the functional I is l.s.c. on Wl’l(Q,Rm) with respect to the Li (Q,R™) convergence.

loc loc

Proof. By Proposition 4.10, that can be applied also to the vectorial setting, we can suppose {2
bounded and with Lipschitz boundary. Moreover let us assume at first that f satisfies the following
conditions too:

(i) there exists an open set ' CC , such that, for every x € Q\ ' and for every £ € R™",

f(z,8) =0;

(i) Vef(x,&) exists, is continuous on £ x R™" and such that, for every £ € R™" Vf(-,§) €
Wl,oo (97 Rmn);

(iii) there exists a constant M such that, for every (z,€&) € Q x R™",
IVef(x,§) < M, (4.42)
and, for every = € Q, &1,& € R™™,

[Vef(x,&1) — Vef(x,62)] < M [& — & (4.43)
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Let up,u € Wik

loe ' (Q,R™) such that u, — u in Ll _(Q,R™). Without loss of generality, we can
assume that

liminf I (up, Q) = hm I(up, Q) < o0,

— 00 h—oo

and that wup, converges almost everywhere to u in Q. Moreover, from (4.42) and (4.43), we have
I(u,Q) < o0
As in the proof of Lemma 4.11, for every € > 0, there exists v, € Aff(Q2,R™) such that,

/Q |[Vu(z) — Voe(z)|de < e, and /Qf(sc, V. (z)) dz > /Qf(sc, Vu(z))dr — e. (4.44)

Since v, € Aff(Q,R™), we consider {Q;}/*, such that, for every j € {1,...,N}, = € Qj,
Voue(z) =& € R™ in Q,;. Now let us consider the sequence of functions {ﬁk}k:l C C*(Q) as in
Lemma 4.11 and, using the same argument, we obtain the lower semicontinuity if we prove that,
for every v. and k fixed,

lim / ﬂ,i(x){V§ F(@, Vo () - Vup(z) — Ve f(, Voo (z)) - Vu(ac)}dx =0. (4.45)

h—o00 Q

Observing that, for every j € {1,..., N}, Bi(2)Vef(x, &) € W (Q;,R™) N C, (2, R™), we
have

/Q B @){Vef (@, Vo.(@)) - Vun(z) = Vef (@, Voe (@) - Vu(x) }da

N
<
j=1

| B@Ves@.6) - (Vo) = Vula)da

N m
of 9 (@ (@)
< —_yla
_;;; o Bz )ang(x &) - oz, (uh (z) —u (x))dx
N n m
9 ( of () (q)
- 510) e (2,69 ) - (1 (0) ) o
;i:l; /Q]. 8m1 85(“» ( )
N n m
<> ZC”/ \ (@) —ul®(z )‘d
j=11i=1 qg=1
which goes to zero as h — oo, since, for every i € {1,...,n} and j € {1,...,N},

0
Cij— S“p{‘axi (B2 () Ve (,6,))

:er;}<oo.

In order to treat the general case, we only have to use the same (in fact simpler) argument used
in the proof of Theorem 4.8(1). O

The next proposition states that Corollary 4.9(2) holds in the vectorial case if f = f(z,€) (see
Gori, Maggi [53] Proposition 3).

Proposition 4.18. Let f be a continuous function satisfying (4.39) such that f = f(x,€&) and,
for every x € Q, f(x,-) is convex and demi-coercive on R™". Then the functional I is l.s.c. on
WEH(Q, R™) with respect to the L: (9, R™) convergence.

loc loc
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Proof. We consider at first the case in which f(z,-) is strictly convex. The proof of Theorem
4.1(b), valid in the scalar case, is based on Lemmas 4, 5, 7, 8 of [69]. However, Lemmas 4, 5, 8 are
also true in the vectorial setting. Thus, Lemma 7 is the only one which makes Serrin’s Theorem
4.1(b) work only in the scalar setting: however, if f does not depend on s, we can easily extend
Lemma 7 to the vectorial setting and find that Theorem 4.1(b) is true also in this more general
contest.

Once known the lower semicontinuity for the strictly convex case we end in a standard way
applying Theorem 3.5. O

Clearly Examples 4.14 and 4.15 show that, if we allow the presence of the s variable, Proposition
4.18 and Theorem 4.17 are false.

The following result, proved by Fonseca and Leoni in [42] (see Theorem 1.1 therein), shows
that if f is coercive and satisfies some regularity conditions then the lower semicontinuity can be
proved. In particular this theorem implies the vectorial version of Theorem 4.1(a).

Theorem 4.19. Let f be a ls.c. function satisfying (4.39). Let us suppose that, for every
(z0,80) € Q x R™ either, for every & € R™, f(xo,s0,&) = 0, or there exists cy,dp > 0 and a
continuous function g : B ((xo, s0),00) — R™" such that the composition

f(x,s,g(a:,s)) €L” (B ((.1‘0,30),(50)) ’ (446)

and, for every (x,s) € B ((xo,50),d0),
1
fl@,8,6) = colé] = —.
co

Then the functional I is l.s.c. on Wl’l(Q,Rm) with respect to the Li (Q,R™) convergence.

loc loc

A question posed in [42] is about the necessity of assumption (4.46). This hypothesis comes out
by the use of the approximation theorem by Ambrosio (see [4] Lemma 1.5, Statement A). Example
4.16 shows that such assumption in general cannot be dropped. However, it may be interesting
to note that, if we assume a local coerciveness with superlinear growth, then Theorem 4.19 holds
without (4.46), as stated in the next proposition (see Gori, Maggi and Marcellini [54] Proposition
5.4).

Proposition 4.20. Let f be a l.s.c. function satisfying (4.39). Let us suppose that, for every
(20,80) € Q x R™ either, for every & € R™, f(xg, s0,&) = 0, or there exists cg,dp > 0, pg > 1
such that, for every (x,s) € B ((xo,50), ),

1

f@&@Z%m“—a- (4.47)

Then the functional I is l.s.c. on VV&;J(Q,R“) with respect to the Li (Q,R™) convergence.

loc

Proof. The usual blow up method reduce the problem of the lower semicontinuity to prove the
inequality
lim inf [ f(2o +ery, so +enwn(y), Vwn(y))dy > f(zo. S0, o),
— 00 Q’n

where (g, 50,&0) € QxR xR, g, | 0 and {wp,}?°, € WH1(Q™) is a sequence such that wy, — wo
in L'(Q"), where Q" = (0,1)" and wo(y) = (o, )-

This trivially holds if, for the pair (zg, so) it is f(zo, So,:) = 0. Otherwise there exist g, co > 0,
po > 1 such that, for every (z,s,&) € B ((xo, $0),00) X R™",

Fla,5,6) > co lel™ —

Co.
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If we set M = B ((xo, s0),00) we are in the hypotheses of Lemma 1.5, Statement B by Ambrosio
[4] and thus there exist continuous functions ap, : M — R and b : M — R™" such that

f(x,5,€) = sup{an(z,s) + bu(z,s) - £},
heN

for every (z,s,£) € Bs,(xo,50) x R™". Now we can conclude the proof working as in Theorem 1.1
of [42] quoted above. O

Finally we note that, under the assumption (4.47), if the coerciveness constant doesn’t depend
on s, we can consider the case in which f is only Borel measurable with respect to x. The following
result follows Proposition 5.6 in Gori and Marcellini [55].

Proposition 4.21. Let f : Q x R™ x R™ be a Borel function such that, for L™-a.e. x € Q,
flx,-,-) is Ls.c., for every s € R, f(x,s,-) is conver and, for every (s,£) € R™ x R™",

f(z,5,€) > a(z) €], (4.48)

where p > 1 and a : Q@ — [0,00] is a Borel function such that

1

a” 71 € L .(Q). (4.49)

Then the functional I is l.s.c. on Wl’l(Q,Rm) with respect to the Li (Q,R™) convergence.

loc loc

Proof. Let up,u € Wb (Q,R™) such that up, — u in L _(Q,R™). We have to prove that

loc loc

liminf I (up, Q) > I (u,Q). (4.50)

h— o0

To this aim we can assume that

liminf I (up, Q) = lim I (up,Q) =C < +oo.

—00 h— o0

By Holder inequality and by the coercivity assumption (4.48), for every B € B(Q2), h € N, we have

/B |Vup ()| dz = /Ba(x); [Vup(z)| - a(z)”rdx

: {/Ba(x) |Vw/<r>l”dz};-{/Bau)—;ﬂdx} .

p—1 p—1

< {/Bf(x,uh(xLVuh(x))dx}; : {/Ba(x)_vl—ldx}p <Cv (/B a(x)—pi1>p.

Then {Vu,}7° , is a sequence locally equi-integrable on 2 and in fact up — v in w—VVé’C1 (Q,R™):

therefore we can apply the lower semicontinuity theorem by Ioffe (see [56]). O
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Chapter 5

Lower semicontinuity for supremal
functionals

As stated in the introduction, in this chapter we consider the problem, first approached by Gori
and Maggi in [52], to understand in which cases the functional

S(u, Q) = esssup g(z, u(z), Vu(z)),
zeQ

is Ls.c. on W,L>°(9) with respect to the L () convergence.

The more natural problem of the lower semicontinuity of S with respect to the w*-WIL’COO(Q)
convergence has been deeply studied by several authors (see Barron and Jensen [14], Barron and
Liu [16] and Barron, Jensen and Wang (see [15]) and it has been immediately pointed out the
fundamental role of the level convexity of g in the gradient variable.

One of the main results on this topic is due to Barron, Jensen and Wang (see [15] Theorem
3.4), who provide for supremal functionals a result similar to the classical one of Toffe [56] in the

integral setting.

Theorem 5.1. Let g : 2 x R x R® — [0, 00] be a proper and Borel function such that, for L™-a.e.
z €Q, g(zx,-,) is l.s.c. and, for every s € R, g(x,s,-) is level convex. Then the functional S is
Ls.c. on Wb>(Q) with respect to the w*-W.>°(Q) convergence.

In order to prove this theorem the authors show first the fact that the lower semicontinuity
of a supremal functional can be always reduced to the lower semicontinuity of the elements of a
suitable family of integrals whose integrands can also be infinite. Then they conclude proving that
the hypotheses of Theorem 5.1 allow to apply to every functional of the considered family just
Toffe’s theorem quoted above.

Considering now the lower semicontinuity of S with respect to the L% (€2) convergence, it is
quite simple to understand that the integral reduction approach by Barron, Jensen and Wang is
not suitable anymore. Indeed, the theory of lower semicontinuity for integrals with respect to this
kind of convergence requires the integrand to be regular enough in the lower order variables and,
in particular, to be finite (as seen in Chapter 4).

Thus the problem must be approached in a different way. Following [52], by means of suitable
tools from the convex analysis, we are able to find simple conditions on g sufficient for the lower
semicontinuity, that generalize Theorem 1.3 in [52]; moreover we carry on also an analysis on the
necessary conditions. Example 5.2, Theorem 5.5 and Theorem 5.8 below are the main results of
this approach.

Finally we stress the fact that in the whole chapter we are dealing with scalar valued functions
u : 2 — R. However, the situation in the vectorial setting, at least about the sufficient conditions,
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is clarified by Example 4.14. Indeed, it shows that Theorems 5.4 and 5.5 don’t hold in the vectorial
case, that is, when g : Q x R™ x R™™ — [0, 00] and u € W22 (€, R™).

loc

5.1 A counterexample

An important remark about Theorem 5.1 is that it holds even if we consider the lower semiconti-
nuity of S on W\ (Q) with respect to the w-W,\! (Q) convergence.

In Example 5.2 below we consider an upper semicontinuous function g = g(x,€) : (0,1) x R —
[0, 00) such that, for every x € (0,1), g(x,-) is level convex and such that the supremal functional
S, related to g, is not L.s.c. on a suitable sequence of functions in C*°([0, 1]) converging with respect
to the w*-BV(0,1) convergence. This means that if in Theorem 5.1 we want to consider weaker
convergences than the w-I/Vﬁ)Cl (Q), like the w*-BVoc(2) convergence, we have to strengthen the
measurability assumption of g on the geometric variable.

This example, that can be found in [52] Example 2.2, suggests that a suitable regularity con-
dition on g, in order to obtain the lower semicontinuity of S, is its global lower semicontinuity on
Q x R x R™ (obviously together with the level convexity on the gradient variable).

Example 5.2. Let us show that there exist a closed set K C [0,1] of L!-positive measure, a
sequence {up}7°; € C*°([0,1]) such that up, — 0 in L*>°(0,1) and with

sup {/01 |u;(x)|dx} < o0, (5.1)

and 0<c<d, 0<e< dgc such that, for every x € K, h € N,

O0<ct+e<up(z)<d-—e. (5.2)

In this way, setting f(§) = (f — @)2 and g(x, &) = 1g(z) f(£), we obtain

S(0,(0,1)) = (d;C>2 > (d;C e>2 > liminf S (un, (0,1)).

In order to do this, let us fix t > 3 and, for every 0 < a < b < 1 with b —a > t~!, we set

b—a 1 b—a 1
Th([a,b])— |:a,2—2th:| U |:2+2th,b:| .

Then we define, by induction on h € N,

2h,—1 N
a="(01)={1}_,. &=Un@)={1,.

i=1

where, for every h € N, the intervals I/ are ordered in such a way that sup I/ < inf I’ ;. Finally
we set

oh [e%s)
Kh:UI;L, and K:ﬂKh.
=1 h=1

Clearly K is a closed set, and since

ean-5f-13 ()}

k=0

—
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we have L1(K) = (t — 3)/(t — 2) (K is simply one of the standard variants of the Cantor’s Set).
Fixed now h € N, for every i € {1,...,2"}, let us define u;, on I/ as the affine function that
takes the value 0 on the left extreme of I and the value 27"~! on the right extreme. Then we
extend uy, on [0, 1] in a smooth way, under the constraint that, for every i € {1,...,2"} the total
variation of uj, on the interval between I and I, | is controlled by 32771,
Clearly, for every x € (0,1), it is |ux(2)] < 327"~ and then u; — 0 in L>(0,1). Moreover
the total variation can be estimated, looking carefully at the construction, by

1
/ 3
| l@lde < (2" - 1) g

that implies (5.1). Finally, for every h € N and = € K}, it is

TEE I Ty i ()

U

thus, in particular, since we have

we can choose ¢, d and ¢ satisfying (5.2).

Remark 5.3. Example 5.2 provides a counterexample also in the integral setting: indeed, if we
consider the integral functional I in (1.1) built up starting from the function g of Example 5.2 it
says that Ioffe’s lower semicontinuity Theorem (see [56]) doesn’t hold with respect to w*-BV (Q)
convergence, at least with upper semicontinuity with respect to the geometric variable x. This fact
is classically shown with a counterexample by Carbone and Sbordone [23] (see also [22]).

5.2 Sufficient conditions

As Example 5.2 suggests, we will consider the case in which g is l.s.c. on Q@ x R x R™ and, of course,
level convex in the gradient variable.

By means of Theorem 2.13 we can prove our lower semicontinuity results. The first one is quite
surprising: it shows that in the scalar case we still have lower semicontinuity with respect to the
L2 (Q) convergence on C'! sequences, even if level convexity is dropped (see [52] Theorem 1.1).

Theorem 5.4. Let g : QxRxR™ — [0, 00] be a proper and l.s.c. function and let {up}°, C C*(Q),
u e Whe(Q) such that up, — u in L, (). Then

S(u, Q) < liminf S(up, ).
h—o00
Proof. Let us take ¢ > liminfj,_  S(up, Q) (we can suppose ¢t < 0o). By the continuity of u; and
Vuy, the function g(z, un(z), Vup(z)) of the x variable is L.s.c. on 2, thus the essential supremum
in the definition of S is a point-wise supremum, that is,

S(up, Q) = Sugg(%uh(ff)avuh(m))-
e
Then there exists h; € N such that, for every h > hy, x € Q, we have g(z, up(x), Vup(x)) < t.

Let now Q4 C Q the set in which w is differentiable and fix 2y € Q4: we know that L*(Q\Qy) =0
and that, applying Theorem 2.13 and Proposition 2.12(iv), there exists a subsequence {up, },-,
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and a sequence {xy},- ;, such that z — o, up,(zr) — u(zg) and Vup,(zr) — Vu(z). Hence,
by the lower semicontinuity of g, we have, for every xg € g4,

g(zo,u(xo), Vu(zg)) < li}lﬂigfg(xhvuh(xh), Vup(zr)) < t,

that is S(u, Q) < ¢: then the thesis follows. O

In order to prove a general lower semicontinuity theorem we need to assume the level convexity
of g in the gradient variable. We prove that if g is L.s.c. and level convex in £ then S is lower
semicontinuous on I/Vlf)coo(ﬂ) with respect to the L{® () topology. Let us note that this theorem
generalizes Theorem 1.3 in [52].

Theorem 5.5. Let g : Q@ X R x R™ — [0,00] be a proper, ls.c. function such that, for every
(z,8) € QX R, g(x,s,-) is level convex. Then the functional S is l.s.c. in Wlicoo(Q) with respect to
the L2 (Q) convergence.

Proof. Let u,uy € W&)COO (©) such that up, — u in L2 (). We can suppose that

loc

lihminfS(uh,Q) = }hm S(up, ) =L < +00.

Let now t > L: then there exists h; € N such that, for every h > hy, S(up,2) < t. In particular
we can find Q; C Q, with £*(Q2\ ©1) = 0, such that, for every h > hy, © € Q;, we have
g(x,up(x), Vup(x)) <t and Vu(x), Vup(x) exist.

We claim now that the Ls.c. and the level convexity of g with respect to the gradient variable
imply that, for every h > hy, x € Q, £ € O.up(z), we have g(z, up(x),§) < t.

Indeed, let us consider h > hy, z €  and the set Vuy, (z) as in (2.12) built up with respect to
Q. By the Ls.c. of g we trivially have that, for every x € Q, £ € Vuy(z), g(z,un(x),£) < t.

Now, by Proposition 2.12(i), we still have dcuy,(z) = co (Vup(z)) and then, by Theorem 2.14,

for every € € dup(z), there exist {&; 175} C V() and {X;}7"F1, with 0 < \; < 1and Y07 ) =

j=1 j=1> 7j=1
1, such that & = 277 \;¢;. Thus, by the definition of level convexity,
n+1 n+1
g(xauh(x)vg):g xauh(x)vajéj S \/ g(‘T,Uh(.I),gj) Stv
j=1 j=1

and the claim is proved.

Fixed now z¢ € ; we have that, by Theorem 2.13, there exists a subsequence {up, }ro; and
two sequences {zy o 1, {&k} ey such that, for every k € N, &, € d.up, (z) and it holds z, — o,
up, () — u(zo) and & — Vu(zg). Then

(Tks uny (1), §k) — (w0, u(z0), V(o))

and by the lower semicontinuity of g it is g(xo, u(zo), Vu(zg)) < ¢. Thus S(u,Q;) = S(u, Q) < t.
Since this holds for every ¢ > L it follows S(u, Q) < L and we get the proof. O

5.3 Necessary conditions

We end this chapter trying to prove that the level convexity of g in the gradient variable is a
necessary condition for the lower semicontinuity of S. What we would like it happens, in order to
find a theorem stating necessary and sufficient conditions, is that supposing ¢ l.s.c. on  x R x R™
and that, for every open set Q' C Q, S(u,Q’') is l.s.c. on VVli)COO(Q’) with respect to the L{2 (Q)
convergence, then g is level convex in the £ variable.

However, the situation is more complicated it seems. We propose here an example that shows
a particular situation we can find.
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Example 5.6. Let Q = (0,1) and g: Q@ x R x R — [2,00) be a continuous function such that, for
every (x,s8) € QX R, g(x, s, ) is level convex. By Theorem 5.5, for every ' C Q open set, S(u, )
is L.s.c on I/Vli)fo (©) with respect to the L{2 (Q) convergence. Let us define the following closed
set

A={(z,z,8) : 2 €Q,£ € (—00,0]} CAXxR xR,

and let us consider a continuous function h : A — [0, 1] such that, for every x € Q, h(z,z,-) is not
level convex in the £ variable. We set now

9(z,5,6) if (2,58 € (AxRXR)\ A4,

! x’ 57 =
g ¢) { hz,s,&) if (x,s,&) € A;
by construction we have that ¢’ is a l.s.c. function that doesn’t satisfy the hypotheses of Theorem
5.5 about the level convexity. Note also that ¢’ cannot be obtain by ¢g by means of a trivial
modification of g on a set of the type M x R x R", where M C  and £(M) = 0.
Let us denote with S’ the supremal functional associated to g’ and prove that, for every Q' C Q
open set, S'(u, Q') is Ls.c. on W= () with respect to the L2 (€) convergence.

loc loc

In order to do this we claim at first that, for every function u € W,>°(), defined Q4 = {z €
O : u/(z) exists}, the set

Qu) = {x: (z,u(x),u'(z)) € A} NQy

has £!-null measure: let us note at first that every point of Q(u) is isolated. Indeed, for every
z € Q(u) we have that u/(z) exists, u(z) = z and v/ (z) < 0: then, in particular, we have

iy ) — u(z)
y—r Y —

<0.

It follows that we can find a neighbor V(x) of z such that, for every y € V(z) \ {z}, u(y) # vy, else
there exists y, — = such that u(y,) = y, that implies

li YWn) —u(@) Y

N yp — T n—0o Yn — &

=1.

Now let us define, for every ¢ € N,
Qi(w) = {r € Q) : By (@) N Q) = {a} | C 0.

Trivially there are only a finite number of elements in every @;(u) and since Q(u) = J;o; Q;(u)
we have that Q(u) is countable thus, in particular, of £!-null measure and the claim is proved.

From this fact it follows that, for every open set ' C Q and for every function u € Wli)’coo (),
S(u, Q) = 5" (u, ). Indeed, we have

§'(u, ) = esssup g/ (v, u(x), v/ (x)) = esssup  g(w,u(x), v/ (x)) =
e 2€(Qq\Q(u))NQY

esssup  g(z,u(z),u'(z)) = S(u, ).
z€(Qq\Q(u))NY’

Thus S’ (u, Q') is Ls.c. on W,5>°(Q') with respect to the Li° (€') convergence even if ¢’ is not level
convex in the gradient variable.

Example 5.6 show that, starting from a l.s.c. function g such that its associated supremal
functional is l.s.c., without further information on the regularity of g, we have no hope to prove
nothing about its convexity property.
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However, at the same time, the example shows that it is natural to identify two l.s.c. functions
g, g’ with the property that, for every u € Wl’oo(ﬂ) and for L™-a.e. x € Q,

loc
g(x,u(z), Vu(z)) = g'(z, u(z), Vu()),

since their supremal functionals agree. This identification clearly defines an equivalence relationship
that we denote by ~.

From this new point of view, given for instance a l.s.c. function g, the level convexity as a
necessary condition to the lower semicontinuity have to be interpreted in the following way: there
exists a l.s.c. function ¢’ such that g ~ ¢’ and, for every (z,s) € Q X R, ¢'(x, s, ") is level convex.

In the following we will study this relationship restricted to a particular class of functions
satisfying same regularities and we try to understand the form of the equivalence classes. Our
purpose, in order to prove necessary conditions, is to find a particular class of functions in which
every equivalence class for the relationship ~ is a singleton. Evidently, by Example 5.6, we cannot
consider only l.s.c. functions but we need much more regularity.

The following simple proposition identify suitable regularity conditions.

Proposition 5.7. Let g,¢' : Q@ x R x R™ — [0,00] be proper and l.s.c. functions such that, for
every £ € R™, g(-,-,€) and ¢'(-,-, &) are continuous on Q x R and let us suppose that g ~ g’'. Then
9=y

Proof. Let us fix (zg, $0,&0) € @ x R x R™ and u(z) = sg + (§p, & — o). Then, since g ~ ¢, we
have that for L™-a.e. z € Q, g(z,u(x),&) = ¢ (x,u(x),&). In particular this holds for a dense
subset of  thus, by continuity, we conclude that g(zo, so, &) = ¢'(x0, S0,&0)- O

The following theorem shows that, considering the set of functions of the proposition above,
the level convexity is just a necessary condition for lower semicontinuity.

Theorem 5.8. Let g : O x R x R™ — [0,00] be a proper and l.s.c. function such that, for every
& e R, g(-,, &) is continuous on Q x R and such that, for every Q' C Q open set, S(-,Q') is
l.s.c. on VVI})SO(Q') with respect to the w*—Wﬁ)fO(Q) convergence. Then, for every (z,s) € Q x R,
g(x,s,-) is level conver.

Proof. We argue by contradiction. If there exists (xq, sp) €  x R such that g(xo, So, -) is not level
convex, then there exists 7o € R such that Ey, 5,..(70) is not convex in R™. Thus there are
61,52 S Eg(wo,so,~)(r0) and t € (0, 1) such that

60 = t§1 + (1 - t)£2 € Eg(zo,sof)(ro)'

Let us consider now the function u(z) = sg + ({9, — xo) € V[/lifo (R™). It’s quite simple to find
a sequence uj, € W,2°(R") such that u, — u in w*-WL>°(R") and such that, for every h € N,
when Vuy, exists, its value is & or . Such a sequence can be built up working in this way. Let

us consider the function v : R — R"™ defined componentwise as

W) £ Y€ (To4, 0, + 1),
vi(y) =
' £, Y€ (roi+t,wo;+1),

where i € {1,...,n}, and extended on R by periodicity. Defined now vp(y) = v(hy) : R — R", we
can consider the functions

Up (IL’) = Sg + Z/ Vh,i (y)dy S Wli,coo (Rn)
i=1 v %0,

It’s simple to verify that u; — w in w*—VVlifo (R™). Then, using this sequence, for every § > 0, we
have
ro < g(l‘o, 50, 50) < S (U'a B(J?Q, 6)) < hhmlnf S (uhv B($07 6)) .
—00
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Defining 2e = g(xq, s0,&0) — 1o > 0, by the continuity of g(-,-, &) and the hypotheses on uy, if h is
big enough and ¢ is small enough, we have, for every x € B(xg,0),

gla,un(2),6) Sro+ 5, glaun(@) &) 1o+ 5.

Thus it follows .
o +¢e < lihminfS(uh,B(xo,é)) <ro+ 3

and we have found a contradiction. O
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Chapter 6

Functionals defined on measures

In the first part of this chapter we study some particular integral and supremal functionals defined
on the space of Radon measures. Let f, g : R™ — [0, 00] be proper and Borel functions and let us
consider the following functionals defined, for every A € Mj..(Q2,R™), as

1,09 = [ @t [ 1 (5 @) dxi). (6.1)
" 0 0) = [esssup g0 (o)) v W hesssung? (550 | (6:2)

where the measure A has been decomposed as in (2.3) with respect to the Lebesgue’s measure £™.

The main purpose of the first part of this chapter is to prove that, if we suppose f l.s.c. and
convex and ¢ ls.c. and level convex, then I, and S,, are l.s.c. on Mj..(©2,R™) with respect to
the w*-Mio. (€, R™) convergence.

The functional I, has been deeply studied by several authors and in particular by Goffman and
Serrin [49], Ambrosio and Buttazzo [5], Bouchitté [17], Bouchitté and Valadier [21] and De Giorgi,
Ambrosio and Buttazzo [36] (see also the book of Buttazzo [22]). In these papers necessary and
sufficient conditions on f for the lower semicontinuity of I,,, have been found even when f depends
on the geometric variable x.

On the contrary, the functional S,, defined above seems to be new.

The strategy we follow in order to prove the lower semicontinuity of I,,, and S,,, is essentially
the same of Serrin [69] and, in particular, of Goffman and Serrin [49], where the study of the
functional I, is approached for the first time. Indeed, as already shown in [51], the arguments of
these papers can be adapted to the supremal setting too!.

Before stating the main theorem concerning I,,, and S,,, let us define, for every A € Mj,.(2, R™)
and with respect to the decomposition (2.3) of A with respect to £, the following functionals

I,(\, Q) = Qf(/\“(x))dar, (6.3)
Sm(A, Q) = esssup g(\*(x)), (6.4)
e

IM (N, Q) = inf {lihminffm()\h,ﬂh) D AR € Mioe(Qh, R™), A << L™ A = A w*-Moe(] Q,Rm)} ,
(6.5)

INote that in [51] it is considered the less general case in which S, is defined on BVj.(Q2), that is A = Du (see
Chapter 7).
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and

S% (A, Q) = inf {lihm inf S (Ans )t A € Mioe(, R™), A << L7 A — A w*-Mioe(] Q,Rm)} .

(6.6)
The following theorem shows the complete analogy between the functionals (6.1) and (6.2).

Theorem 6.1. Let f, g : R™ — [0, 00| be proper and Borel functions and consider the two following
pairs of conditions:

(a) f is ls.c. and convex on R™,

(b) for every open set Q C R™, the functional L, is l.s.c. on Mioc(2, R™) with respect to the
w*-Mioc (2, R™) convergence,

and
(i) g is L.s.c. and level convexr on R™,

(i) for every open set Q C R™, the functional Sy, is L.s.c. on Mioe(2,R™) with respect to the
wW*-Mioc (2, R™) convergence.

Then (a) is equivalent to (b) so as (i) to (ii). Moreover when the previous conditions are satisfied,
for every A € Mo (Q,R™), we have

Ln(A Q) = I;,(A, Q) = lim I (A, - £7,2,), (6.7)
p—

Sm(A Q) = §7, (A Q) = lim Sp(A, - £7,9,), (6.8)
p—

where A\, denotes the convolution of X, and L, and S,, are conver and level convex respectively on
Mloc (Q’ Rm) .

The second part of the chapter is devoted to the study of the lower semicontinuity of other two
classes of functionals defined, for every A € Mj.(Q,R™), as

L0 = [ fodss [ 2 (50@)dvie+ ¥ o0k, (69

TEAN

and

S,(0,9) = [esssup g0 (0| v [Inesssuwg? (55 (0) | v [ V v(A#u))] L (60)

e €A,

where f,g,v,0 : R™ — [0, co] are Borel functions.
First of all we remark that I, and S,, generalize I,,, and S,, respectively: in fact, when o is
positively homogeneous of degree 1 and ~ is positively homogeneous of degree 0, we have

> o) = [

AN ) d\*
o | ———(x) | d]A”|(z) and N (z)) = | A |-ess sup < :z:>
Py [ o (@) ) V (@) = WFhesssupy i (@)

TEAN

If we consider now ¢ = f* and v = g%, applying Propositions 2.5 and 2.6, we obtain, for every
A € Mioe(,R™), I,,(\, Q) = L,,(\, Q) and S,,,(A, Q) = S,,(A, Q): then, when this particular case
is considered, we have that Theorem 6.1 already solves the problem of the lower semicontinuity of
I, and S,,.
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It is also clear that, even if we suppose that f and g are convex and level convex, I,,, and S,,
could fail to be convex and level convex on Mj,.(€2,R™) because of the presence of the functions
o and ~y: for this reason, with a little abuse, we will call I,,, the non convex functional and S,,, the
non level conver one, contrarily to I, and S,,.

Finally let us note also that the value of o and ~ for £ = 0 does not enter in the computation of
I, and S,,, thus these two functions could be defined only on R™\{0}: however, to simplify several
arguments, we prefer to define o and  on the whole space R™ adding the condition ¢(0) = v(0) =0
that, as noted, doesn’t reduce the generality of the statements.

The lower semicontinuity properties of I,, have been studied for the first time by Bouchitté
and Buttazzo in [18] and other aspects, as the problem of the relaxation or the one of the integral
representation, have been analyzed by the same authors in subsequent works (see [19], [20]). In the
supremal case instead, this kind of study has not been developed, even if a functional very similar
to S,, but defined on BVj,(a,b) has been recently studied by Alicandro, Braides and Cicalese in
[3] (see also Chapter 7).

Among the results proved for the functional I, it is interesting to quote the following one in
which we can find both necessary and sufficient conditions (it follows from Theorem 3.3 [18] and
Theorem 2.3 [19]).

Theorem 6.2. Let f : R™ — [0,00] and o : R™ — [0,00] be proper and Borel functions with
o(0) = 0. Then the following conditions are equivalent:

(a) f is l.s.c. and conver on R™, o is l.s.c and sub-linear on R™ with 0(0) = 0 and, for every

£ €R™\ {0}, (&) =a°(¢),

(b) for every open set Q C R™, the functional 1, is l.s.c. on Mioc(Q,R™) with respect to the
w*-Mioc (2, R™) convergence.

Here, keeping in mind the previous theorem proved for I,,, we propose some analogous results on
S.». We are able to prove in particular the two following theorems where we give some necessary
and sufficient conditions for the lower semicontinuity: even in this case it is clear the analogy
between the integral and the supremal setting.

Theorem 6.3. Let g : R™ — [0,00] and v : R™ — [0, 00| be proper and Borel functions with y(0) =
0. Let us suppose that, for every open set Q C R™, the functional Sy, is l.s.c. on Mioc(£2, R™) with
respect to the w*-Mioe(2, R™) convergence. Then g is l.s.c. and level convex on R™ and, defined
I=1inf{g(§): £ € R™}, vV is lLs.c. and sub-maximal on R™. Moreover, for every & € R™ \ {0},

g (&) = (y V1) (9).

Theorem 6.4. Let g : R™ — [0,00] be a Ls.c. and level convex function, | = inf{g(§) : £ € R™}
and v : R™ — [0,00] such that vV 1 is a l.s.c and sub-maximal function with v(0) = 0. Let us
suppose that, for every € € R™\ {0}, ¢%(€) = (v VI1)’(€) = co. Then the functional S,, is l.s.c. on
Mo (Q,R™) with respect to the w*-Mioe (2, R™) convergence.

As we can see, we are not able to find conditions on g and  that are both necessary and
sufficient for the lower semicontinuity of S,,: our conjecture is that in Theorem 6.4 the condition
g% = (yV1)* = oo could be replaced with the weaker condition g% = (y V 1)* that we already
know, thanks to Theorem 6.3, to be necessary and, as Alicandro, Braides and Cicalese show in [3]
Theorem 4.4, to be also sufficient at least in dimension one.

6.1 Convex and level convex functionals

This section is devoted to the proof of Theorem 6.1. Let us start considering the implications
(b) = (a) and (i1) = (3).
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Proof of Theorem 6.1 (b) = (a). Let us consider in the following Q@ = Q™ = (0,1)™ the unit cube
in R™: clearly £™(Q™) = 1. Let us fix &, € R™, &, — §p and let A\, =&, - L™, Ao =&p - L. We
have A, — A in w*-Miee(Q™, R™) and then

F(60) = T (A0, Q") < liminf Ly (A, Q") = T inf f(&),

that is f is L.s.c..

Let us consider now &, € R™, ¢t € (0,1) and a sequence {Bj}32; C B(Q") such that, for every
heN, L"(By,) =tand 1p, (z) — tlon(z) in w*-L>®(Q™) (see [2] Proposition 4.2 and Remark 4.3).
If Ay = €1p, (z) - L% + nlgm g, (1) - L7 then Ay — Ao = (£ + (1 — 1)) - L7 in w*-Miee(Q", R™)
thus

FUE+ (1= 1)) = (30, @") < Iminf Ly (v, Q")

= liminf [£7(Bu)f(€) + £"(Q"\ Ba)f(n)] = (&) + (1= 1) f(n),

h—o0

that is f is convex. O

Proof of Theorem 6.1 (ii) = (i). Let &,,& € R™, &, — & and let \j, = &, - L™, A\g =& - L™. We
have A, = Ag in w*-Moc(R™,R™) and then

9(&) = S (Ao, R™) < lihminme()\h,]R") = lihminfg(ﬁh),
that is g is l.s.c..

Let us consider now &, € R™, ¢ € (0,1) and a sequence {B}7°; C B(R™) such that 15, (z) —
tlgn () in w*-L°(R™) (see [2] Proposition 4.2 and Remark 4.3). If A\, = {1, ()- L™ +nlgm B, (2)-
L™ then A\, = Ao = (€ + (1 —t)n) - L™ in w*-Mec(R™,R™) thus

9(t& + (1= 1)n) = Sm(Ao, R") < liminf Sy, (A, R") = 9(€) V g(n),
that is g is level convex. O

The proofs of the implications (a) = (b) and (i) = (i4) of Theorem 6.1 are more difficult and
for this reason their are developed in three steps. In the first one we prove that, for every A €
Mioc(Q,R™), I* (A, ) and S}, (A, Q) can be computed considering only the convolutions of A as in
(6.7) and (6.8) (see Theorem 6.6). This fact implies, in a very simple way, the second step that is the
proof that I}, and S}, are Ls.c. on Mioc(€2, R™) with respect to the w*-Mjo (2, R™) convergence
(see Proposition 6.7) and the properties of convexity and level convexity on Mo (2, R™) (see
Proposition 6.8). At last in the third step we prove the equalities I, = I, and S,, = S¥, (see
Theorems 6.16 and 6.17) that complete the proof of Theorem 6.1.

6.1.1 Simple results via convolutions

Let us start studying I}, and S},. Lemma 6.5 and Theorem 6.6 are completely inspired to Lemma
1 and Theorem 1 of [69] (see also [51]).

Lemma 6.5. Let f: R™ — [0, +00] be a proper, l.s.c and convex function and g : R™ — [0, +00]
be a proper, l.s.c and level convex function. Let A € Mioc(Q,R™), A\j, € Mioc(Qp, R™), Ap << L™
such that Ap, — X in w*-Mioe(] Q,R™). Then, for every p > 0, we have

L (Ap - £7,2,) < liminf Ly (A, )-

and
Sm ()\p . £n7 Qp) S lihminf Sm(Ah, Qh)
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Proof. Let us fix p > 0 and K CC ,. We have that (\;), — A, point-wise on K as h — oc.
Indeed, if x € K we have that, if h is large enough, K CC €}, , and

[(An)p () = Ap(@)| =

/ k(e — y)dhn(y) — / ko(z — y)dA(y)
B(z,p)

B(z,p)

that converges to zero as h — oo by definition of w*-Mee(] 2, R™) convergence.
Let us prove the relation for I,,,. Let us fix x € K and apply Theorem 2.18 with p1 = k,(x—y)-L™:
we have

—00 h—o0

fAp(2)) < hhn_l)gff<(/\h)p($)> = liminf (/B@:,p) /\Z(y)du(y)> < liminf/B(xyp)f(AZ(y))du(y)-

Then integrating on K and using Fubini’s and Fatou’s Theorems

[ vyt [ i ( [ ke y)f(Xé(y))dy> dr

lim inf ky(x — An dy | d lim inf k,(x —y)d A7 d
<timin | ( [, o= #05w) y> o < tymint [ +B(0’p)< [, o= x> PO (w)dy

< lihm inf F(AR(z))dx = lihm inf I, (A, Qn),
and we conclude by taking K T Q,,.

The argument is simpler for S,,. Let us fix z € K and apply Theorem 2.19 and (2.2) with
p=ky(x—y) L" << L", in order to get

g(Ap(x)) < lim infg(()\h)p(ac)) < liminf esssup g(Af(y)) < liminf S, (Ap, Q).
h—o0 h—o0 yEB(z,p) h—o0

Then
Sup g(Aﬂ(I)) S hm lIlf Sm()\ha Qh)a
zeK h—o00
and we conclude by taking K T . O

By means of Lemma 6.5 we find a representation formula for I, and S}, via convolutions,
proving in this way the first step of the proof of Theorem 6.1.

Theorem 6.6. Let f : R™ — [0, 400] be a proper, l.s.c. and convex function and g : R™ — [0, +00]
be a proper, l.s.c. and level convex function. Then, for every A € Mioc(2, R™), we have

L) = lm Lu(A, - £7.9Q,) and  S3,(\9) = lm S, (A, £7.2,). (6.11)

In particular the limits in the right hand sides exist.

Proof. Let us consider S,,. For every A € Mioc(,R™), A,- L™ — X in w*-Miec(] Q,R™) as p — 0
and A, - L << L™ so that, by Lemma 6.5,

limsup Sy, (A, - L7,9,) < 55 (A, Q) < limi(r)lf Sm(Ap - L7,Q)).

p—0 P
The same argument prove the equality also for the integral case. O

By means of Theorem 6.6 we are able to prove the two following propositions that complete
the second step of the proof of Theorem 6.1.
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Proposition 6.7. Let f : R™ — [0,400] be a proper, l.s.c. and convex function and g : R™ —
[0,400] be a proper, l.s.c. and level convex function. Then I*, and Sk, are l.s.c. on Mioc(Q,R™)
with respect to the w*-Mioc (2, R™) convergence.

Proof. Since the same proof works in both cases we make it for the functional S};,. Let A\, A\, €
Mo (2, R™) be such that A\, — A in w*-Mec(2, R™). Then, by Theorem 6.6, there exists a
sequence pp, | 0 such that, for every h € N,
1

sm((Ah),,h ., Q,,h) < S ) + 3 (6.12)
Now we claim that (A\g),, - £" — X in w*-Miee(] Q,R™). Indeed, fixed ¢ € C.(Q), if h is so
large that spt(¢) + B(0, pr) C €2, and by using the usual properties of the convolutions (see [7]
equation (2.3) page 42), we have

/Qsaw)w)ph (2)dz / p(@)dA(x)

Q

<

+ <

/Q (@) () (1) — / (@) (z)

Q

[ e@an - [ c@ara

Q

/Q (o (&) — ()] dn(z) + /Q o (w)dn () — /Q o (x)dA(z)

Now the first term goes to zero as h — oo since ¢,, — ¢ uniformly on 2 and there exists a
constant M > 0 such that, for every h € N, |Ap|(spt(¢) + B(0, pr)) < M; the second term goes to
zero by definition of {\,}72 .

Then using the definition of S}, and (6.12) we obtain its lower semicontinuity since

S1(A, Q) < liminf S, ((Ah)ph L, Qph) < liminf S, (. ),
which ends the proof. O

Proposition 6.8. Let f : R™ — [0,+00] be a proper, l.s.c. and convex function and g : R™ —
[0,4+00] be a proper, l.s.c. and level convex function. Then, for every A1, Aa € Mioc(Q,R™) and
for every t € (0,1),

I (ml (1= ), Q) <t (A, Q) + (1 — )5 (A, Q),
that is, I, is convex on the linear space Mioc(2,R™), and
S (I + (1= D22, 2) < 85,0, 9) V S5, (02, 2),

that is, S, is level convex on the linear space Mioc(£2, R™).

Proof. Fixed p > 0, by the convexity of f, we have, for every z € Q,,,
£+ (1= 0x)y(@)) = £(HO)(@) + (L =D 02)p(@)) < tF(M)pl@)) + (1 =D ()l
and then
Lo (001 + (1= 0)A2), - £7,9, ) <t (M) - £7,2, ) + (1= DL ((R2), - £7,2, )
Analogously, fixed p > 0, by the level convexity of g, we have, for every x € Q,,
g(( + (1= 2),@)) = 9 (HO)p(@) + (1= M2)p(@)) < 9((A)p(@)) V9(2)(@)).
and then
Sm((t)\l (1= D)), - E",Qp) < S(()\l)p : L”,Qp) v 5((A2),, : E”,Qp).

Passing to the limit as p — 0 we complete the proof applying Theorem 6.6. O



6.1. CONVEX AND LEVEL CONVEX FUNCTIONALS 79

6.1.2 The integral functional

In this section we prove the equality I;, = I,. The proof is based on several facts about the
relations between sub-linear functions and measures: we propose here a slight revisited form of the
results proved by Goffman and Serrin in [49].

Fixed m € N, let us consider F : R™ — [0, o] and the following sets of hypotheses:

e F is proper, l.s.c. and sub-linear; (6.13)
e F is positively homogeneous of degree 1; (6.14)
e there exists a constant C' > 0 such that, for every £ € R™, F(§) < C|¢|. (6.15)

Let us consider now A € Mj..(€2,R™), and set, for every B € B(f2),

Fa(B) =supQ > F(A\(By)):VjB; € B(Q),B; cC Q| JB; CB,B;NB; =0ifi#j
j=1 j=1
(6.16)
Note that if F(£) = || then F) agrees with |\|, the total variation of A given by (2.1).

Proposition 6.9. Let F : R™ — [0,00] be a function satisfying (6.13). Then, for every A €
Mioc(Q,R™), Fy is a positive Borel measure. Moreover if F satisfies (6.15) too, Fy € MT(Q).

Proof. Let us note at first that if By, By € B(Q2) and By C By then 0 < Fy(By) < Fx(B2) and that
Fx(0) = 0. Let us consider now a sequence {E;}72, C B(€) such that, for every i # j, E;NE; = 0.
Then defined B = |J;=, E; let us show that Fy(B) = Y .o, Fa(E;). Indeed, since F > 0, for every
q €N,

Fa(B) =Y Fa(E;) andthen Fi(B)>> Fi(E)).

In order to prove the converse let {B;}7_; C B(Q) as in (6.16). Then, for every j = {1,...,7},
A(Bj) = Y ;2 ME; N Bj) and, by the sub-linearity and the lower semicontinuity of F,

T T

q q
F ( lim > " A(E; mBj)> < liminf F [ Y ME; N B)) | <
1 e i=1 j e

=1 i=1

> FNB,) =

T

liqrgg}fZ]—'()\(Ei NB;) =Y Y FAENB)) =Y Y FAENB)) <Y FalE),
1 i=1 i=1

j= j=1i=1 i=1 j=1

and, taking now the supremum of the left hand side with respect to the families {B;}"_; C B(f2)
as in (6.16), we find the opposite inequality. O

Lemma 6.10. Let F : R™ — [0,00] be a function satisfying (6.13). If o, B € Mioc(Q,R™) and
A =a+ B then Fy < Fo + Fa, equality holding when oo L 3.

Proof. Let us fix B € B(Q). Let us suppose at first that F(B) = co. Then, for every M € N, we
can find {B;}}_; as in (6.16) such that

M <Y FNB;) <Y F(a(By)) + F(B(B))) < Fu(B) + F(B),
j=1 j=1
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then Fo(B) + Fg(B) = oo. If instead Fx(B) < oo, for every € > 0, there exists {B;}}_; as in
(6.16) such that

Then

<Y Fla(By)) + i}—(ﬂ(Bj)) +e < Fa(B) + Fs(B) te,
=1

Jj=1

and, letting ¢ — 0, we find the wanted inequality. If now o | 8 we know that we can find two
disjoint sets B, Bg € B(2), such that « is concentrated on B, and [ is concentrated on Bg: thus

Fou(B) =Fx(BNB,) and Fg(B)= Fr(BNBg),
and then, since F) is a measure,
Fo(B) + Fp(B) = FA(BN By) + Fa(BNBg) = Fa(B).
This completes the proof. O

Theorem 6.11. Let F : R™ — [0, 0] be a function satisfying (6.13) and (6.14), A € Mioc(Q,R™)
and u € Li,. ,(Q), u > 0. Then we have, for every B € B(2), B CC Q,

]—'(/B u(:v)dA(x)) < Lu(m)dFA(x).

Proof. Let B € B(Q), B CC Q (so that [ u(z)d|\|(x) < oo) and let us suppose at first that v is
a simple function on B, that is

u(zx) = Z cilp, (),

where ¢; > 0 and {B,}}_; is a partition of B (that obviously is admissible in (6.16)). Then by the
sub-linearity and the positively homogeneity of degree 1 of F,

f(/Bu(gc)d)\(x)> =F ;ch(Bj) g;cjf(A(Bj))g;cm(Bj)szu(x)dﬂ(x).

If now w is not simple then there exists an increasing sequence {uy }3° ; of simple positive functions
on B such that, in particular, [, us(x)dA(x) — [ u(z)dA(z). Then, for every h € N,

]—“( /B uh(x)d/\(x)) < /B up (z)dFx(x)

and, passing to the limit for h — oo, we end by the lower semicontinuity of F (used to treat the
left hand side) and by Beppo Levi’s Theorem (used to treat the right hand side). O

Theorem 6.12. Let F : R™ — [0,00] be a function satisfying (6.13) and (6.14) and let A\p, €
Mioc(Qp, R™), X € Mioc(Q,R™) such that Ap, — X in w*-Miee(] Q,R™). Then

Fi()) < hhm inf Fy,, ().



6.1. CONVEX AND LEVEL CONVEX FUNCTIONALS 81

Proof. Let us consider B € B(f2), B CC Q and € > 0 and find {B;}_; as in (6.16) such that

B) < if(/\(BJ)) +e

Fixed k € N we can find, for every j € {1,...,r}, a compact set Ff and an open set G? such that

FF C By, N(B;\ FF) < and FF CcC GY, |N(GY\ FF) <

;vw

1
k 9
We can also suppose that {Gk _, are disjoint subsets well contained in Q. Let us consider now,
for every j € {1,...,7}, a functlon ¢k € C.(G%) such that 0 < ¥ <1 and ¢} =1 on FJ. Then

\A(B» - [ dwa

< INBy) —AFS)| + |A<Fﬁ> - [ Hwa)
Q

El )

1
< =
~ k

[ d@ne)| <
GI\FF

Then, by considering the lower semicontinuity of F there exists k. € N such that

) < 7 ( [ o) + 5,

; </ z)d\(x )>+25.

Now there exists h. € N such that, for every h > h., by the convergence of the measures Ay, the
lower semicontinuity of F and Theorem 6.11, we have

<Z]—‘(/ (z)d\p (z )+3E<Z/ x)dFy, (x) + 3¢

and then

/Z% z)dFy, (2) 4+ 3 < Fa, (W) + 3¢.
Q

hoj=1
Then
.7:)\(3) < lihminf}}h(flh) + 3¢,
and we end the proof taking the supremum on B CC €. O

Lemma 6.13. Let F : R™ — [0,00] be a function satisfying (6.13) and (6.15). Then F is
C-Lipschitz on R™ and F(0) =0

Proof. Clearly (6.15) implies that F(0) = 0. In order to prove the Lipschitz inequality let us
consider £, € R™: we have

FE=Fm+&—n) <Fmn)+FE-n) <Fn)+Cl§—nl,

that is F(§) — F(n) < C|¢ — n|. Since the inequality holds for every £, € R™, it implies the
wanted Lipschitz inequality. O
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Lemma 6.14. Let F : R™ — [0,00] be a function satisfying (6.13) and (6.15) and let A1, Ay €
Mioc(2,R™). Then, for every B € B(2), B CC (,

[Fx (B) = Fan(B)| < ClA1 = Ao|(B).
Proof. Let us consider B € B(£2), B CC Q (so that Fy,(B), Fa,(B) < o0) and € > 0. We can find
(considering suitable refinements) {5;}7_, as in (6.16) such that

.7:,\1 <Z.7: )\1 +€ and .7:)\2 <Z.7: )\2

Then, by Lemma 6.13,

[Foa(B) = Fai(B) < Y FN(By) = Y Fha(By)) + 2¢
j=1 j=1
<OZ\)\1 B;)| + 2¢ < C|A; — Ao|(B) + 2,
and we end by letting ¢ — 0. O

Theorem 6.15. Let F : R™ — [0,00] be a function satisfying (6.13), (6.14) and (6.15), u €
MF(Q) and X € Moo (2, R™). Then, for every B € B(R),

me=éﬂvwwmwfmm

where X has been decomposed as in (2.3) with respect to p.

Proof. By Lemma 6.10, Fy = Fxa., + Fas. Thus we have to prove that, for every B € B(Q),
Frauw(B) = [ F(A*(x))dpu(z). Let us suppose at first that B € B(Q2), B CC € (so that Fxa.,(B) <
o0) and that A is a simple function on B, that is

k
= Z ¢ilp, ({,C)
=1

where {E;}F_, C B() is a partition of B and {¢;}}_; € R™. Let us fix ¢ > 0 and find {B;}}_, as

n (6.16) such that '
Frou(B) < Y F (- 1)(By)) +<.

Then

T k T k

}'( )(E; N B; )) < Frap(B) < ZZ}'((A“-M)(Ei mBj)) v (6.17)

Jj=11i=
But, by (6.14), we have also

T k T

ZZ}‘( )(E; N B; )Zif(cz,uEﬁB)> > > Fle)u(Ei N By)

j=11i=1 j=11i=1

k
:;f@MM:ATQ@WM%
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and since in (6.17) ¢ is arbitrary we end.
If now A® is not simple let us consider a sequence {\}}3°, of simple functions on B such that
Af — X*in L},(B,R™). Then, if we define A\, = \j, - n € M(B,R™), we have, by Lemma 6.13,

[ FOe@) = PO @)t

<c / X9(2) — A (@) |dp(z),
and, by Lemma 6.14,

Fren(B) = Fa,(B)| < C [E 1A%(2) — Al (@) dp().

Since the right hand side of both the inequalities go to zero as h — oo and since, for every h € N,
Fr(B) = [ F(A(x))dp(x), it follows that also Fxa., fB Ydu(z).
If now B is not Well contained in Q we consider an 1ncreasmg sequence {B;}2, C B(9) with

B; cC Q and B; T Q2 and we end by approximation using the property of the integrals and of the
elements of M (). a

Note that applying two times Theorem 6.15 we find in particular

:/B]-'()\a(x))du(x)—i-/B]:(djli;(x)) d|\*|(x)

After these preliminary results on the sub-linear functionals we have the right tools to prove
the equality between I,,, and I’},. Theorem 6.16, together with Theorem 6.6 and Propositions 6.7
and 6.8, proves the part of Theorem 6.1 concerning the functionals I,,,, I}, and I,,.

Theorem 6.16. Let f : R™ — [0,00] be a proper, Ls.c. and convex function. Then, for every
A€ Mo (Q,R™), L,,(\, Q) = I (\, Q).

Proof. Let us fix p € MT(Q). Given A € Mioc(Q,R™) let us consider (A, u) € Mo (2, R™F1)
and define the measure f(y ,) where f : R™+! — [0, 0] is the function given by Proposition 2.25
that satisfies (6.13) and (6.14). We claim at first that, for every A € M..(Q,R™), B € B(Q2),

Fom (B) = /B FO @)+ £2(B), (6.18)

where f3° is well defined since f° is l.s.c. and sub-linear (see Proposition 2.20).
Clearly we can write (A, u) = (A%, 1) - p+ (A%,0) and, by Lemma 6.10,

Foun = foenyn + fos0) = foanyu + 55

)\al),u /f)‘a

It is well known that there exists an increasing sequence {fj,}72, of convex functions such that
e T Ife(©)] < Cry/1+EJ? and, for every |¢] < h, fn(§) = f(£). Then, for every 7 > 0,
fn(€,7) < Chle] < Cul(€,7)|, that is, f, satisfies also (6.15) on R™ x [0, 00]: since the (m + 1)-th
component of (A% 1) - u is a positive measure it is simply to verify that also for these functions
Theorem 6.15 holds?, that is,

Frney(B) = /B Fa(3% (), 1)dps = /B fa (N (@))dp

2Indeed, one could develop all the results till now proved considering F : R™ x [0,00] — [0,00] and A €
Mioc (2, R™ L) with Ay € MT(Q).

Thus it remains to show that,
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By Beppo Levi’s Theorem we obtain

galguv@mmzlj@%mml

We end if we prove that also
i fhxa 1) u(B) = fana1).u(B).

Suppose at first that f(Aa71),“(B) < o0. Fixed € > 0, there exists {B;}7_, C B({2), B; CC B, such
that

(Aa u(B) < Zf( (Bj)> +e.

Since A* -y << p we have that p(B;) = 0 implies (A% p)(B;) = 0. Thus we claim that there exists
I/ such that, for every h > h', j € {1,...,7},

A m)(B).u(B)) = fu (A - w)(By). u(By)).

Indeed, for every [£| < hr, fh(E,T) = f(f,’]’) and then, if h is big enough we have, for every
Jg=1{1,...,r}, |A* - w(Bj)| < h|u(Bj)| and the claim follows. Therefore

< Z PO 0)(By),u(By)) +e
j=1

<3 Fu(O (B u(B))) +2 < fu ey + e,
j=1
that implies, as h — oo and later € — 0,
foe () < lim inf Frxe 1) ().

The other inequality is obvious since, for every (&,7) € R™*1, fh(f,T) < f(f,T). The case
fova,1)-u(E) = 0o can be proved using a similar argument so that (6.18) is achieved.

Let us consider now A € Mo.(Q,R™), p = L™ and A = A% - L™ + A®: applying the claim just
proved both to f and to f°° (with p = |\*]) we obtain in particular

onen(@ = [ fx(@nas+ 2@ = [ sc@iars [ 12 (520) drie =109

We end, by means of Theorem 6.6, proving that also

fnem (€ —m/f

p—0

Indeed, by Theorem 6.12 (that can be applied to f too) and the claim proved we have
Souem () < Uminf fio 1).20 () = hmlnf Ia,cn(Qp) = hmmf/ f(A
5 p~>0 P

On the other hand, using Theorem 6.11,

/ Ol = / o) s = | i ( / e y)d(A,m)(y)) da

P
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< /Qp (/B(fg)(x - y)df(x,m)(y)> de < /Q </B(y,pl)€£g(i — y)dx) df oy () < fouem) (),

lim sup /Q FO(@))dz < fon (),

then

p—0

and the proof is finally achieved. O

6.1.3 The supremal functional

We prove now the equality S,,, = S},. As for the integral case Theorem 6.17, together with Theorem
6.6 and Propositions 6.7 and 6.8, proves the part of Theorem 6.1 involving Sy, S, and S,,.

Theorem 6.17. Let g : R™ — [0, 00] be a proper, l.s.c. and level convex function. Then, for every
A € Mioe(S,R™), Sin (A, ) = S5 (A, Q).

Proof. Let us suppose at first that g is positively homogeneous of degree 0.

Let us fix A € Mjoc(©,R™) and show at first that S, (A, Q) < Sk (A, Q). By Theorem 2.2(i)
there exists N C Q such that £"(N) = 0 and for every 2 € Q\ N, A () — A%(z) as p — 0. Then,
using Theorem 6.6, for every z € Q\ N,

g(\*(@)) < liminf g(A,(2)) < liminf sup g(A,(2)) = S, (A, Q)

p= =0 zeq,
and then

Sm(A, Q) =esssup g(A*(x)) < sup g(A*(z)) < Sk (A Q).
€N z€Q\N

Thus it remains to show that
d\®
| A% |-ess sup g° ((x)) < SE (A Q).
TEQ d|/\s|

By Theorem 2.2(ii) there exists M C Q with [A*|(M) = 0 and such that, for every x € Q\ M,
there exists a sequence {pp,}52 ;, depending on x and decreasing to zero, such that,

dr® (:L‘) _ >‘Ph ($>
d| A% fB(%ph) ko, (x — y)d|A*|(y)

Then, using Proposition 2.21 and Theorem 6.6, for every x € Q\ M,

dx°® o fax o Api ()
o () =9 (g ) < (fB(z,ph) o (2 — y>dxs|<y>>

= liminfg (Ay, (2)) < lim S, (Aph L, Qph) = S5 (), Q).

h—o0

lim
h—o0

=0. (6.19)

In conclusion,

d\® d\®
S| ] < i < §*
Whessipgt (@) < s o (G55 0) < 5.009)

z€f zeQ\M

and we achieve S,, (A, 2) < SF (A, Q).
In order to prove the converse inequality let us fix p > 0. By Theorem 2.19 and Propositions
2.17 and 2.21 we have, for every = € Q,,

90(@) = 9 ( JACCE yw(y))
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S

@ _n 3 s
=g (/B(z,p) ko(x —y)A*(y)dy + /B(m’p) ky(x —y) | (y)d|A |(y)>
a dr’ .
<g (/B(m,p) kp(x —y)A (y)dy> Vg (/B(m) kp(x — y)m(y)dp\ (y)>

a S d)\s S
< | esssup g1 () | v [N esssup g (55500 [ ol —g)anlw)
yEB(z,p) yEB(z,p) |A%] B(z,p)

S

< [rmaaoc] v [peesges (G550 - s

thus,

sup g(Ap(2)) < Sim(A, Q).
€N,

The wanted inequality S}, (A, ) < S, (A, Q) is achieved as p — 0, invoking again Theorem 6.6.

In the general case, let us consider the function g defined in (2.15): by Proposition 2.26 we know
that ¢ is Ls.c., positively homogeneous of degree 0 and level convex. Let now fix A € Mj..(Q, R™)
and consider (\, L") € M(Q,R™*1): its decomposition with respect to L™ is clearly given by

d\®

(A L") = (\*(2),1) - L + (MWO) el

We have also that (A, £"), : Q, — R™! is given by (A, £"),(x) = (A\,(x),1). Then applying the
first step to g and (A, £™) we have

S ((/\, L, Q) =S, ((/\, ), Q)

where S*, and S,, denotes the functionals (6.6) and (6.2) built up considering § and defined on
the space Myoc(Q, R™*1). But now we have:

S (0L, 2) = lim xs;gpg(w Jo(a)) = lim sup 9(A(@), 1) = lim sup g(3(2) = 5, (A ),

and, again by Proposition 2.21,

S (0 £7).92) = [esssup a3 )| v I\ esssupa (3 (20)

zeQ d|)‘6‘
“ s o [ AN’
= |esssup g(A*(z))| V ||\*]-esssup ¢* | —(x) | | = S (A, Q).
€N €N d|)‘9|
This achieves the proof. O

6.2 Non level convex functionals

In this section we propose the proof of the Theorems 6.3 and 6.4 related to the functional S,, in
(6.10).



6.2. NON LEVEL CONVEX FUNCTIONALS 87

6.2.1 Necessary conditions

Proof of Theorem 6.3. The fact that ¢ is l.s.c. and level convex can be proved using the same
argument of the implication (i7) = (¢) of Theorem 6.1. In order to prove the other parts of the
theorem let us consider {n;}72; C R™ such that g(n;) | I = inf{g({) : { € R™}.

Let us study the function 7. Let zg € R™ and &u,& € R™ \ {0} such that &, — o and, fixed
j €N, let
An =& Oay 15 L7, and Ao =& - 0u + 1y - L7

Then A\, — Ag in w*-Mioe(R™, R™) and

(&) V 9(1;) = Sim (Ao, R") < liminf Sy, (Ap, R") = lim inf(7(&x) V g(n;))-

This implies that, for every j € N, vV g(n;) is L.s.c. on R™ since also the lower semicontinuity in
& = 0 trivially follows from ~(0) = 0: by using Proposition 2.32, we obtain that the same holds for
vV I.

Let &, € R™\ {0} such that £ # —n and xp, 29 € R", 25 # x0, such that x;, — z¢. Moreover,
fixed j € N, set

)\h :géIh +n'5zo +77j .£n7 and )\0 = (§+77) '6:130 +77j <L
Since A\, — Ag in w*-Mje(R™, R™) we have

Y(E+n)Vg(n;) = Sm(Ao, R") < liminfS,, (An, R™)

h— o0

= liminf(&) V() v g(n;) = (&) V() v g(1))-
Then, since v(0) = 0, we have that, for every j € N, vV g(n;) is sub-maximal on R™ that implies,
once j — 00, that vV [ satisfies the same property too.

Let us prove now the inequality g < (yV1)". Let & € R™ \ {0} and let &, — &, t; T oo such
that g(tn&n) — ¢%(&). Thus we have that there exists a sequence of positive numbers {r,}5,
such that, for every h € N, ¢, L"(B(0,7,)) = 1. Fixed j € N and setting

An =1y <§h - ZZ) 1) (x) - L™ +n;- L, and Xg =& -do +n; - L",

we have \j, = Ap in w*-Mo.(R™,R™) and then

() V 9(n;) = Sm (X0, R") < liminf S, (A, R") = lim g(tngn) V (1) = g*(€0) V 9(my)-

h— o0

This fact proves, as j — oo, that, for every & € R™\ {0}, (7 V 1)(&) < ¢°(&o). If now we consider
a sequence sy, | 0 such that (yV1)*(&) = limp o0 (v V1) (s1&0), since ¢ is positively homogeneous
of degree 0, we have

(Y V1)’ (&) = hlingo(W V1) (snéo) < 1ihn_13£fg“(sh§0) = g% (&),

and we find the desired inequality.

We end proving g > (yV 1)". Let us consider & € R™ \ {0} and let t;, | 0, t, < 1, such that
Y(tn€o) — 7°(&). Let us fix Q = Q" = (0,1)" and define, for every k € N,

Gk:{er":zi qe{l,...,k},ie{l,...,n}}:

__9
E+1’
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note that® #(Gy) = k™. Fixed now M € N, we claim that there exists an sequence {k}°, C N,
depending on M and such that k, — oo and, for every h € N, M < ¢,k < 2"M. Obviously this
happen if, for every h € N, there exists k;, € N such that

3=

(Mt;l)% <kp<2(Mt;)",

1 1
and since (Mt,:l) ™ > 1 and (Mt;l) " — oo as h — oo, kj, can be found. Then, unless to extract
a (not relabelled) subsequence, we have t)k} — sy € [M, 2" M].

Fixed j € N, set the following elements of Mi,.(Q™, R™)

trky
Ap = Z Zghfoﬁgﬁ-ﬂj'/v‘" and Ao =sy&o - L +1n; - L7

IeGkh
It is a quite standard result that A\, — Ao in w*-Me.(Q™,R™), thus,
9(smo +11;) = Sm(ho, Q") < liminf Sy (An, Q") = lim inf [y (tngo) V 9(n)] =" (o) V 9(n))-

Then, letting 7 — oo and using Proposition 2.33, we have

g (sM (50 ¥ ’jw)) = (s + 1) <2 (60) VI = (v 1) (&),

and since this relation holds for every M € N, taking the limit for M — oo also sj; — oo and then
we obtain ¢%(&) < (v V1)’ (&) 0

6.2.2 Sufficient conditions

Here we prove a theorem in which sufficient conditions for the lower semicontinuity of S,, are
found: we treat directly the case in which g and v depends on x too and we will deduce Theorem
6.4 as a corollary of our main result.

The following lemma is based on Lemma 3.6 in [18].

Lemma 6.18. Let k € N and
MF ={X e M(Q,R™) : #(spt(N\) < k}.

Then M is sequentially closed with respect to the w*-M (2, R™) topology. Moreover if | € [0, 00)
and v : Q@ x R™ — [0,00] is a proper and Borel function such that vV 1 is l.s.c. on Q x R™ and,
for every x € Q, y(x,-) VI is sub-mazimal on R™ and v(x,0) = 0, then the functional

(e = \/ (’y(z,)\(:c))\/l),

TEAN
is L.s.c on MF with respect to the w*-M(Q, R™) topology.

Proof. Let {M\n}52, € M*, Ay — X in w*-M(Q,R™). Then, for every h € N, there exist two
sequences {z} }F_; C Q (with, for every h € N,z # ! if i # j) and {£!'}_, C R™ such that

k

i=1

Clearly there exists M > 0 such that, for every i € {1,...,k}, h € N, |¢}| < M. Following
Lemma 3.6 in [18], let I C {1,...,k} the (possibly empty) set of the index i such that {z!}5

3If A is a set we denote with #(A) the cardinality of A.
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admits a convergent subsequence. Then we can find {z;}ic; C Q, {&}ier € R™ (note that it could
be & = 0) and a (not relabelled) subsequence of {\,}52, such that, for every i € I, 2" — 1,
and &F — & for h — oo. On the other hand, if i ¢ I it is easy to verify that &P - 630? — 0 in
w*-M(Q,R™). Therefore we have

A=) &0, € MF,
iel

with A = 0 if I = (. Note that, in particular, it may happen that there are i,j € I such that
x; = xj. The lower semicontinuity of I' is trivial if A = 0 (since by definition I'(0,2) = [), while if
A #£ 0 it simply follows by using the lower semicontinuity and the sub-maximality of v V [, indeed

rove) =\ (W@ vi) <\ (w6 vi) <timint\/ (v(@h,el) vi)
TEA, iel iel
k
< lihrgigfi:\/l (v(@k,€l) V1) = timinf T, ©),
and the proof is achieved. O

Later we need a weak version of Theorem 4.1 proved by Acerbi, Buttazzo and Prinari [2].

Theorem 6.19. Let g : Q x R™ — [0, 00] be a Borel function such that, for L"-a.e. © € Q, g(x, ")
is l.s.c. and level convex on R™. Then the functional

S(u, Q) = esssup g(z, u(x))
€N

is l.s.c. on L (2, R™) with respect to the w*-L>=(Q,R™) convergence.

We can now prove the main result of the section. Note that, when we are dealing with g :
Q2 xR™ — [0,00], gh(xvg) means (g(Ia ))h(é.)

Theorem 6.20. Let g : Q@ x R™ — [0,00] be a proper and Borel function such that, for L™-a.e.
x € Q, g(x,-) is L.s.c. and level convex on R™ and there exists a function 0 : [0,00) — [0,00)
such that, for every x € Q and £ € R™,

g(z,8) > 0(&]) and tlim 0o (t) = 0.

Moreover, setting I = inf{g(x,£) : (z,£) € Q x R™}, let v : Q@ x R™ — [0,00] be a proper and
Borel function such that vV 1 is L.s.c. on  x R™, for every x € Q, vy(z,-) VI is sub-mazimal on
R™ and v(x,0) = 0, and there exists a function Oy : (0,00) — [0,00) such that, for every x € Q,
§e R™\ {0},

A VI fo(lel) and i fo(t) = oo.

Then the functional

S0 0) = [esssupg(e, 1°(a) | v [Inesssupg? (1 400 ) v [ V v(x,A#(x))]

z€Q e d|>‘c| TEA

is L.s.c. on Mioc(2, R™) with respect to the w*-Mioe(Q, R™) convergence.

Proof. Let us suppose at first that 2 C R™ is bounded and let us prove the lower semicontinuity
of S, on M(2,R™) with respect to the w*-M(Q,R™) convergence. Consider A, A\p, € M(Q,R™)
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such that A\p, — A in w*-M(Q,R™): then there exists L > 0 such that [A,|(2), |A|(©2) < L. Without
loss of generality we can suppose

lim inf S, (A, 2) = lim S, (A, ),

and that there exists a constant M > 0 such that, for every h € N, S,,,(Ap, Q) < M. This fact
implies that there exists M’ > 0 such that, for every h € N,

(i) A, =

(ii) for LM-a.e. z € Q, [N} (z)| < M,

(iii) for every = € Ay,, |7 (z)| >

By (ii) we obtain {\}(z)}32, C L ( R™) and

{esssup|)\“ hEN} < oo

Then by Proposition 2.7 there exists a subsequence (not relabelled) and a function u € L*(Q,R™),
such that
Ap(z) = u(z) in w*-L®(Q,R™). (6.20)

Moreover, since, for every h € N, [A;|(2) < L, we have also |)\h#|(Q) < L thus, writing /\ﬁ =
erAxh )f(x) - 0z, it follows, for every h € N,

IEMICERS ]A#(m)\zﬁ#(mh).

.’EEAA}L

Then there exists k € N such that, for every h € N, #(A,,) < k. Then, for every h € N, )\h# € Mk
and, as said, |)\ﬁ|(Q) < L. Thus, by Theorem 2.1, there exists a subsequence (not relabelled) and
a measure v € M(Q,R™) such that

AN =i wt-M(Q,R™). (6.21)

By Lemma 6.18 we know v € M¥.
We claim now that the condition A\j, — X in w*-M(Q, R™) together with (6.20) and (6.21) gives
that A = u - L™ + v, that is A = v and A* = v. Indeed, for every ¢ € Cy(12),

/Q o(@)dn(z) = /Q ()AL () + /Q p(@)dN (2),

and, by (6.20) (noting that Co(Q) C L'(Q) since L™*(Q) < oo) and (6.21) we have that \; —
u- L™ + v in w*-M(Q,R™). The uniqueness of the limit allows to achieve the claim.
Now, by Theorem 6.19, we have

esssup g(z, A*(z)) < liminf esssup g(x, A\f (x)),
€N h—oo  zeq

while, by Lemma 6.18, we have
o #
\/ (’y(x, M (z)) v l) < hhrggf \/ (’y(x, AN () vV l) .
TEAN zEAAh

Then

liminf S,,(Ag, Q) = hmlnf {ess sup g(z, A (z ))] Y \/ (’y(:z:,)f(z)) \/l)

h—o0 h—oo zeQ cEAL
h
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> |esssupg(zx, )\“(:L'))} \Y
€N

V (WIA#(x))W)] =S.(\9Q),

TEAN

and we get the lower semicontinuity.
In the general case let us consider A, A;, € Mjoc(©2, R™) such that A\, — X in w*-Me.(Q,R™).
Then, for every open set ' CC Q, Ay, — A in w*-M(Q,R™) and then

S\, Q) < lihm infS,,(\n, ) < lihrn inf S, (An, Q).
At least, since
sup{S,,(A\, Q) : Q' cc Q} =8S,,(\, Q),
the proof is finally achieved. O

The proof of Theorem 6.4 stated at the beginning of this chapter easily follows from Theorem
6.20 and Propositions 2.23 and 2.24.
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Chapter 7

Applications to BV

In this chapter we present some consequences of the results proved in Chapter 6 when they are
applied to the setting of the functions of bounded variation.

7.1 Convex and level convex functionals

7.1.1 Lower semicontinuity and relaxation

The following theorem easily follows by Theorem 6.1 and it provides the precise statement of what
we announced in the introduction about the extensions of integral and supremal functionals on
BVioc(£2). The integral part of this theorem was proved in the paper of Goffman and Serrin (see
[49] Theorem 5) while the supremal part was proved by Gori in (see [51] Theorem 5).

Theorem 7.1. Let f : R™ — [0, +00] be a proper, l.s.c and convex function and g : R™ — [0, +0o0]
be a proper, l.s.c. and level convez function. Let us consider the following functionals defined, for
every u € BVoc(2), as

I[(u,Q):/Qf(Vu(x))dx—&—/Qfoo (;fg:g@) d| D% (), (7.1)
" 0,9 = [esssupg(Vata))| v | ID*ulesssup g (150 )| (7.2

Then I and S are lower semicontinuous on BVio.(Q) with respect to the w*-BVie.(2) convergence
and, for every u € BVio.(£2),

I(u, Q) = I'"(u,Q) = lir% I(up,2,) and S(u,Q) =S5"(u,Q) = lin% S(up, Q,), (7.3)
p— p—
where the functionals I* and S* are given by (1.7) and (1.8), while u, denotes the convolution of
u.
Proof. Since, when up,u € BVio(Q) and up, — u in w*-BVjo(2), we have Dup — Du in w*-
Mioc(£2,R™) and since, for every u € BVioc(Q), up, — u in w*-BVieo(] Q) (and then Vu, - L™ =
(Du), — Du in w*-Miec(] ©,R™)) we end applying directly Theorem 6.1. O

A simple consequence of the equalities (7.3) is that, in particular, for every u € BV (Q)?,

I(u, Q) < Rlw*-BV](I) (u4,Q) and S(u,) < Rw*-BV](S) (u, ).

IHere we refer to the notations given in the Introduction (see in particular (1.5)) and we consider I and S
defined on W11(Q) that, as known, is a subset of BV (Q) dense with respect to the w*-BV convergence (so as
C>®(Q) N WH1(Q); see [7] Theorem 3.9).

93
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The propositions below show two particular cases in which also the opposite inequalities hold, and
thus I and S are just the relaxed functionals of I and S. Compare Proposition 7.2 with Theorem
2 by Serrin [68].

In the following, by I |C (@) and S‘ coe (@) We mean the functionals I and S restricted to the

space C>(Q), that is the set of the infinitely derivable functions with every derivative uniformly
continuous on 2: this space, in the cases considered here, is dense on BV (€2) with respect to the
w*-BV () convergence.

Proposition 7.2. Let Q CR™ be a bounded open set with Lipschitz boundary and f : R™ — [0, 00)
be a convex function such that, for every & € R™,

f(&) < clél +d,
where ¢,d > 0. Then, for every u € BV (Q),
I(u, ) = Rjw*-BV] (I‘Cm@)) (u,Q),

thus, in particular, I(u, Q) = Rlw*-BV] (I) (u, ).

Proof. Let us fix u € BV(Q2) and Q CC Q' CC R™: then we can consider & € BV (') an extension
of u on ' (see [40] Theorem 1, page 183). Clearly, if 0 < p < po small enough, @, € C>*(Q),
U, — u in w*-BV(Q) (see [7] Lemma 3.24) and 4, = u, on ,. We claim now that

lim |7(itp, Q) — I(u,, Q)| = 0.
p—

Indeed
) = L ) < [ ((VigaDda < [ [Vi(aldn+ L2\,
o\Q, 0\Q,
By Theorem 2.2(b) in [7], we know that
| IWis@lds < Dil(@\2,) + B.p). (7.0
Q\Q,

where (Q\Q,)+B(0,p) = {z € ' : d(z,Q2\ Q,) < p}. Since |Du|(Q') < oo and (2\Q,)+B(0,p) |
() as p — 0 then the left hand side of (7.4) tends to zero and the claim is achieved. Thus

(. ) = lim I(up, ) = lim 1(,,2) > Rluw*-BV] (I‘Cm @) (1, Q)

p—0
and we end the proof being the opposite inequality satisfied. O

Proposition 7.3. Let Q@ = B(0,1) C R™ and g : R" — [0, 00] be a proper, l.s.c. and level convex
function such that g(0) = 0. Then, for every u € BV (),

S(u, Q) = Rjw*-BV] (s‘cm@) (u,9),

thus, in particular, S(u,Q) = Rlw*-BV](S5) (u, Q).

Proof. Let us fix u € BV(Q), consider the convolution u, : B(0,1-p) — R (with p < }) and set,
for every x € B(0,1), 4,(z) = u,((1 — 2p)x): clearly u, € C*(B(0,1)).

We claim at first that 4, — v in w*-BV (B(0,1)). Indeed, we simply have that, by means of the
properties of the convolutions and the change of variables formula, there exists a constant C' > 0
such that, for every 0 < p < i,

[ @zt [ Vi@
B(O,l) B(0,1)
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1 / 1
=2 u(@)ldz + Gy [Dul (B(0,1)) da < C.
(1—2[))71 B(O,1)| ( )| (1_2p)n_1| ‘( ( ))

Thus, by Theorem 2.8 there exists v € BV (B(0, 1)) such that ¢, — v in w*-BV(B(0,1)). We prove

that, for L"-a.e. z € B(0,1), u(x) = v(z) showing that, for L"-a.e. x € B(0,1), 4,(z) — u(x).
Indeed, if M = sup{k(z): z € R"} we have

() — u(@)| =

/B k(1= 2p) — y)uly)dy — u(x)

((1=2p)z,p)

M
<[ k(=2 plut) — u(@ldy < 5 uly) — (o) dy
B((1-2p)z,p) P~ JB(z,3p)nB(0,1)

Now if p is small enough (that is 3p <1 — |z|), B(z,3p) N B(0,1) = B(x, 3p) and then

SV ) — w(e)dy,

[ty (2) — u(z)] < W B(.3p)

that, for £"-a.e. x € B(0,1), goes to zero as p — 0 by the Lebesgue’s points Theorem.
Once the claim is proved, applying Proposition 2.29 to g, we have, for every x € B(0, 1),

9(Vity(2)) = g((1 = 20)Vu, (1= 20)2)) < 9(Vu(1=2p)2)) < sup  g(Vu(a)),
z€B(0,1—p)

and then

sup g (Vi,(z)) < sup g (Vuy(x)).
xz€B(0,1) z€B(0,1—p)

This allows to achieve the thesis since

S(u, Q) = lim S(u,,Q,) > liminf S(a,, Q) > Rjw*-BV] (Swm@) (1, 2)

p—0 p—0

and being the opposite inequality satisfied. O

Remark 7.4. It is quite simple to understand that the proposition above holds also if we set 2
to be a bounded convex set. We have written down the proof for the unit ball in order to simplify
many technical details.

7.1.2 Dirichlet problem for supremal functionals

Following the work of Anzellotti, Buttazzo and Dal Maso [8] in which the same problem is consid-
ered for the integral functionals, we shall introduce a generalized Dirichlet problem for a particular
class of supremal functionals defined on BV (). The formulation we proposed is similar to the
one used in the nonparametric Plateau’s problem (see [47]).

We have to underline that the functional (7.5) of Theorem 7.5 does not arise from the relaxation
on BV(Q), with respect to the w*-BV () convergence, of the functional (7.2) defined on C(Q)
(that is the space of the function belonging to C1(2) with fixed boundary data ) but it is
simply suggested by the analogy with the integral setting. However, when the hypotheses of
Theorem 7.5 are considered, we suppose it is a good candidate to represent just the functional

Rw*-BV(Q)] (s‘%@).
In the following, given a function u € BV (), we will always consider the restriction of u to
09 in the trace sense (see for instance [40] Theorem 1 page 177).



96 CHAPTER 7. APPLICATIONS TO BV

Theorem 7.5. Let Q be an open and bounded subset of R™ with Lipschitz boundary, g : R™ — [0, 0]
be a proper, l.s.c. and level convex function and ¢ € L%{n,l(aﬁ), Let us consider, for every
u € BV(Q), the functional

S (1, Q) = S(u, Q) V [H sup g* () - u(w))u(m))} , (7.5)

where S is given by (7.2) and v : 9Q — S™~ is the vector field of the outer normal vectors to 02,
Assume that there exist an open and bounded subset of R™ with Lipschitz boundary Q' DD Q
and w € WHH(Q'\ Q) such that p = w)pq and

esssup g(Vw(z)) = inf{g(§) : £ € R"}. (7.6)
zeQ\Q

Then S, is l.s.c. on BV (Q) with respect to the w*-BV () convergence.
Moreover if s = sup{g(£) : £ € R"} € [0,00] and K, = {£ € R™ : g5(£) < s} is such that cl(K,)
does not contain any straight line, then the problem

min {S, (u, Q) : u € BV(Q)}, (7.7)
admits at least a solution.

Proof. Let u,up € BV(§2) such that up, — u in w*-BV () and define
u(z) if z € Q, up(z) if z € Q,
(x) = and dp(z) =
w(z)ifx e O\ Q, w(z) if x € O\ Q.
It is easy to see that @, 4, € BV () and 4y — @ in w*-BV (). Moreover, since
Do = (¢ —u)v-H" 1L0Q and DupdQ = (¢ —up)v - H"1LOQ
(see [47] and [8] Theorem 3.1), we have also
Sy (u, Q) =S(a,) and S, (up, Q) =S(ip, Q).
Then, by means of Theorem 7.1, it is
Sy (u, Q) = S(a, ') < liminf S(dy, Q') = liminf Sy, (up, Q)
h— o0 h— o0
and the first part of the theorem is proved.

Before proving the second part of the theorem we need a remark. Let © : [0,s] — [0, 00] be
a continuous and strictly increasing function: it is clear that u € BV(2) is a minimum point of
S (u, ) if and only if it is a minimum point of © (S, (u,§2)). However, a simple computation gives
that, for every u € BV (),

0 (5,(u. ) = [esssup (6.0 0)(Tu(w)| v | ID*ubesssup (© o) (2 )|

v [H sup (© 0 ¢7) (p(a) - u(x))u(x))] |

€N

Thus, by Proposition 2.30, we have that O (S, (u,)) is in fact the functional (7.5) related to
Oog : R" — [0,00]. Then, invoking now Proposition 2.31, we can suppose, without loss of

2This vector field can be defined since 99 is Lipschitz so that Rademacher’s theorem can be applied.
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generality, that g is demi-coercive, that is, there exist a > 0,b > 0 and 1 € R™ such that, for every
£ eR",
9(&) = alg] = (n, ) —b.

If, for every u € BV (Q), S,(u,Q2) = oo there is nothing to prove. Thus let us consider any
u € BV (Q) such that S, (u,2) < co: we claim that, setting ¢ = 3011(9) A 37—01*11(6(2)’

Se(u, Q) (7.8)

> of [avutanas+ [ o= (f5@ ) apvul) + [ o= (tete) ~ ulnwta)) o) |

Indeed, clearly it holds

esg:gpg(Vu(:v)) > ﬁn(Q)/Qg(Vu(x))dx. (7.9)

Moreover since

dD?

it holds, for |D%ul-a.e. z € Q, ¢" (d”‘lgizzl(:c)) < 00 and then, by Proposition 2.28(ii), we have also,

for |D*ul-a.e. x € Q, g*° (dd‘giz:jl(x)) = 0: then, in particular,

1 o [ dD%u . Sul(z) —
s L (ipei(@ ) aDulia) o, 710)

At last using Proposition 2.28(i) we have

Heesssup g* ((p(e) — u(@))v(z)) > g% ((p(e) = u@)v(@) ) a1 (@), (T11)

1
€80 ~ H"H(09) /asz

Putting together (7.9), (7.10) and (7.11) we obtain, for every u € BV (2) such that S, (u, ) < oo,

5,0 > gy [ aVutaNiey oo [0 (S5 @) ol
Vi o (e - ue)r) @)

Zc{ [ atvutaiz+ [ o (;fgjzlm) aD*ul(@)+ [ goo((@(x)—u(x))v(x))d’}-[”1(@}’

and (7.8) is proved.
By means of (7.8) and Proposition 2.28(iii)* we find

Sy (u, ) > ac/Q |Vu(z)|dx — c/ﬂ(n, Vu(z))dz — beL™(Q2) + ac|D*u|(2)+

o [ (1 ipes @ ) dDule) +ac [ plo) - uta)jar o)+

e / (. (p(z) — ule))w () dH" (),
o0

3Compare with Theorems 2.7 and 3.2 of [8].
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and then, using the fact that*, for every u € BV (Q),

[avuwars [ (n g7t @) dovw = [ v

and that there exists® a constant A = A(2) > 0 such that, for every u € BV (Q),

[ utaiae < a{ipu@y + [ uiiare—o}.

it follows
8,0, 0) > % (1 A ;) {|Du|(Q) + /Q lu(a)|dz + /m u(sc)|dH”_1(x)} _de, (7.12)
where
d= \@(I)|d7'f"71($)+/ (n, o(z)v(x))dH" " (z).
o0 o0

If now we consider a minimizing sequence {up}5>, such that, for every h € N, S, (up, ) < oo
we can prove its compactness only noting that (7.12) allows just to apply Theorem 2.8: this fact,
together with the lower semicontinuity of the functional S, guarantees the existence of a minimum
for (7.7). O

Remark 7.6. In the hypotheses of Theorem 7.5, if there exists u € BV (§2) such that S, (u, ) < oo,
then the same holds for every solution % of (7.7) too. Then, for H" !-a.e. z € 99,

(p(x) —u(@)v(z) € Ky = {€ € R" : g7(€) < oo}

Since g* is level convex and positively homogeneous of degree 0 (see Proposition 2.20), K g is clearly
a convex cone and then it follows that, for H" " '-a.e. z € {x € 0Q : v(z) € K }, p(z) — u(z) <0
and, for H" '-ae. z € {z € 0Q: —v(z) € K,}, p(z) — u(x) > 0.

Therefore we conclude that, for H"*-a.e. x € {x € 00 : v(z) € K, U (—K,)}, ¢(x) = u(x).

It is also clear that, arguing as in the proof of Theorem 7.5, we cannot avoid the presence of
the condition (7.6). Nevertheless we can easily find suitable classes of examples in which (7.6) is
satisfied.

Consider for instance the case in which Q = B(0,1) C R? and g : R? — [0,00) is defined as
9(&1,&) = (& V0) + (&2 V0). If ¢ is the restriction to St of a function w € C1(B(0,1+¢)) (where
€ > 0) such that, for every x € B(0,1+¢) \ B(0,1), Vw(z) € {(&1,&2) : & < 0,& < 0}, then (7.6)
holds.

7.2 Non level convex functionals

7.2.1 A minimum problem

In this section we find a simple application of Theorem 6.20 to the BV setting where obviously
only the one dimensional case is considered: the result here presented should be compared with
the work of Alicandro, Braides and Cicalese [3] in which an analogous problem is deeply analyzed.

For this let (a,b) C R, g,w,7 : (a,b) x R — [0,00] be proper Borel functions. We want to
minimize the following functional

L(u,K) = l ess sup g(m,u’(m))] v [ €ess sup w(amu(w))] Y l\/ Y(x,u(z+) —u(z—))|, (7.13)

z€(a,b)\K z€(a,b)\K €K

4See Theorem 1 pg 177 [40] and [47]
5See [47] and equation (3.4) of [8].
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on the class
A= {(u,K) K={a=tg<..<tm=0b}C(ab,meNVic{l,...,mjue W17°°(ti,1,ti)}.

Here u(xz+) and u(z—) are the right and the left limit of u in 2 that always exist for every z € K
when (u, K) € A. Let us note the analogy between this problem and the classical Mumford-Shah
image segmentation one (see [7] Chapter 6).

In order to solve this problem let us note at first that if (u, K) € A then u € SBV(a,b).
For this we give a relaxed formulation of the functional L extending its definition on the space
SBV(a,b) in the obvious way: for every u € SBV (a,b), decomposing its distributional derivative
as Du=u'- L'+ D#u € M(a,b), where u' € L'(a,b) and D#u is purely atomic, we set

L(u, (a,b)) = less sup g(z,u'(x))
z€(a,b)

Y [esssupw(a:,u(x))] v l \/ ’y(x,D#u(x))] . (7.14)

z€(a,b) 2€AD,
Clearly, when (u, K) € A, L(u, K) = L(u, (a,b)), thus

inf  L(u,(a,b)) < inf L(u,K).
ueSBV (a,b) (u,K)eA
The following theorem shows that, with suitable hypotheses on g, w, ", the functional L admits
a minimum on A. Note that, in order to obtain the compactness we need a particular coercivity
hypothesis on +, that, as Proposition 2.27 shows, is more regular than it seems.

Theorem 7.7. Let g,w,v : (a,b) xR — [0, 00] be proper and Borel functions. Let us suppose that,
for Ll-a.e. x € (a,b), g(x,-),w(x,-) are l.s.c. and level convex on R and there exists a function
O : [0,00) — [0,00) such that, for every x € (a,b) and £ € R,

9,6 Aw(w,€) > 0uc(1€]) and  Jim fuc(t) = oo.

Moreover, setting | = inf{g(x,&) : (z,€) € (a,b) xR}, let us suppose that yV1 is l.s.c. on (a,b) xR,
for every x € (a,b), y(x,-) VI is sub-mazimal on R and v(x,0) = 0, and there exists a function
o : (0,00) — [0,00) such that,

Y(z,8) > 00(§) if x € (a,b),& >0,
’y(.’ﬂ,g):oo if:£€(a,b),f<0, t—0

Then the problem
min{L(u, K) : (u, K) € A}

admits at least a solution.

Proof. We start considering the functional L defined by (7.14) and proving, by using the Direct
Methods, that it has a minimum on SBV (a,b). For this let us consider a minimizing sequence
{un}pe, € SBV(a,b): we can suppose that there exists a constant M > 0 such that, for every
h € N, L(up, (a,b)) < M (we can suppose L # o0). We want to prove at first the compactness of
this sequence.

Using the coercivity property of g, w and -, we can find a constant M’ > 0 such that, for every
u € SBV(a,b) such that L(u, (a,b)) < M (in particular, for every uy), we have

(i) for Ll-a.e. z € (a,b), |u'(z)] < M,
(i) for Ll-a.e. x € (a,b), |u(z)] < M,

(iii) for every x € Ap, (the set of the atoms of Du), D#u(z) > 7 this condition implies, in

particular, that on every jump point the function u increases.
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Then, considering the sequence {u,}7°,, we are in the position to prove the compactness of
this sequence using Theorem 2.9 if we are able to prove that there exists C' > 0 such that, for
every h € N, #(Apy, ) < C. In order to prove this we consider the formula, referred to a good
representative of uy, given by

b
up(b—) — up(a+) :/ o (r)dx + Z D#*uy, ()
a TEADw,,
that implies, by means of (iii),
1 b
#pu) g < Y0 DFunla) < lunlb-) ~ unla) + [ luh(@)lde < 20"+ (b M’ =C.
TEADu, @
Thus there exists a subsequence (not relabelled) and @ € SBV (a,b) N L*(a,b) such that
up, — @in w*-BV(a,b), and wup — @in w*-L*(a,b).

Let us show now the lower semicontinuity of I on this sequence. Obviously Du, — Du in w*-
M(a,b) and, by Theorem 6.20, for the functional

esssup g(w,u'(@)| v | \/ @ DFu@)) |,
z€(a,b) €A D,
the lower semicontinuity holds. By Theorem 6.19 also the functional

ess sup w(z, u(x)),
z€(a,b)

is lower semicontinuous on the considered sequence. Then
L(a, (a,b)) < lihm inf L(up, (a,b)),
— 00
that is, L admits a minimum on SBV (a, b) given by . Let us note now that since (i), (ii) and (iii)

hold for @ too, clearly #(Apgz) < C and, for L'-a.e. = € (a,b), [u'(z)] < M’: then (u, Apy) € A
and the thesis is achieved. O
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