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½#³�©bµ�±z»G³�²�¸�±�´S°S²�³�°�¨G³�²�Ø%´S°
V ⊂ Ω¹Í³�²�»)ªh«�µh©V«�±v²×²�´	²�»=­w²º³�°G¼b¨b±�«�¼)·SØ�²�»b«�©Gµ�«�¨b¼G´Uèl¼b³�µ�²z­`°b±�«

dVλ
¿
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V
ä�á	ù.Ý�ßZàGàVá�Ý�âlá�ã.ß��bá
à�úzåGävú�á�â$ß��

Ω
	+ø3úzúzå@ý*á0â��@ù`â

u : V → R
ú�ù`â}þëú��$ávú

∀x, y ∈ V u(y)− u(x) ≤ dVλ (x, y)
��ß���ú
ß`ý*á

λ ≥ 0
	.���bá
à

u
ä�á�û�ßZà��Zú�âIß

W 1,∞(V ) ∩ C(V )
	

�4�Mý*ß���á�ß
�Uá��
u
äzá
û�ß`à��ZúìâIß C(∂V )

ù`ànã â���áìþ�àVá
�
åGù`ûüþ;â~�@�@ß`û�ãUúk�
ß
�
x, y ∈ V � â���á
à u ∈

W 1,∞(V ) ∩ C(V )
	

���hß�ßg��	/ÖI²
³�µ/µ�¨5f*±�³�«�°S²5²�´�©Gªh´�é¡«+²�»G³�µ5³Ù°�²�»b«×±�­Zµ�«
V = Ω

¿ ê »G­Z°�=�µ�²�´ Û :(Üv¶Z²�»G«�ªh«×«v¾�³�µ�²�µ M > 0µ�¨G±z»�²�»G­U² {H(x, .) ≤ λ} ³�µ
³�°b±�®�¨G¼b«�¼�³�°�²�»G«QB5¨b±�®�³Ù¼b«�­Z°�·G­Z®�®
B(0,M)

¯;´`ª/­`°SØ
x
³�°

Ω
¶¡µ�´�²�»G­U²

L(x, q, λ) ≤ M |q| ¯�´`ª ­Z°SØ x ∈ Ω
­Z°G¼

q ∈ RN ¿ ð µ ­)±�´`°bµ�«���¨G«�°b±�«`¶
dλ(x, y) ≤ M |y − x|¯;´`ª�­Z°SØ

x, y ∈ Ω
µ�¨b±z»%²�»=­w²�²z»b«�µ�«�Ú`¬�«�°S²

]x, y[
³�µ�³�°b±�®�¨G¼b«�¼ì³�°

Ω
¿�½#«v²

W ⊂⊂ Ω
¶#³�¯

δ > 0¼G«�°b´U²z«�µ+²�»b«�¼G³�µ�²z­Z°b±�«�¯�ªh´`¬
W
²�´
∂Ω
¶G´`°G«3²�»b«�°)»G­Zµ

∀x, y ∈W with |y − x| ≤ δ u(y)− u(x) ≤M |x− y|µ�´×²�»G­w²
u
³�µ�±�´`°¡²�³�°�¨G´`¨bµj´`°

W
­Z°G¼ ‖Du‖L∞(W ) ≤M

¶`­Z°b¼0µ�³�°b±�«�²�»G³�µ�»b´S®�¼bµ�¯�´`ªj­Z°SØ
W ⊂⊂ Ω¹+«�³�°b¯;«�ª$²�»=­w²

u
·n«�®Ù´`°bÚ`µ+²�´

W 1,∞(Ω) ∩ C(Ω)
¿

�º´�¹ ­`µhµ�¨G¬�«Í²�»=­w²
u ∈ C(∂Ω)

¶�³�²×ª�«�¬*­Z³�°Gµ
²z´�©bªh´�é¡«3²�»G­U²
u(xn)→ u(x)

¯�´`ª(­Z°¡Ø�µ�«���¨G«�°b±�«
(xn)n

´S¯/©V´`³�°S²�µ�³�°
Ω
±�´`°Sé�«�ªhÚ`³�°GÚR²z´.µ�´`¬*«

x ∈ ∂Ω
¿ ê »b«�¯�´`®�®�´�¹Í³�°bÚ�­Zª�Ú`¨b¬*«�°S²�³�µ�·n´`ªhª�´�¹+«�¼

¯;ªh´`¬ ²�»b« ©bªh´@´`¯j´`¯ ê »G«�´`ªh«�¬�Ë`¿ D*³�° í�ËEDUîI¿(½8«
²
(xn)n

·n«�µ�¨G±z»ï­*µ�«���¨b«�°b±�«`¶n­Z°G¼�¼G«�°b´U²z«�·SØ
yn­�©bªh´���«�±v²�³�´`°�´`¯

xn
´S°

∂Ω
¯�´`ª+²�»b«�¨Gµ�¨G­Z®8°G´`ªh¬�¶@²�»b«�°

|u(xn)− u(x)| ≤ |u(xn)− u(yn)|+ |u(yn)− u(x)|
≤ max{dλ(xn, yn), dλ(yn, xn)}+ |u(yn)− u(x)|
≤ M |xn − yn|+ |u(yn)− u(x)|.§�³�°b±�«

x ∈ ∂Ω
¶@´`°G«Í»G­Zµ |xn− yn| ≤ |xn−x| µh´ ²�»=­w² yn → x

¶�­Z°G¼Rµ�³�°G±�«
u ∈ C(∂Ω)

¹+«3³�°G¯�«�ª
²z»G­w² |u(yn)− u(x)| → 0

¶�¹º»G³�±z»)±�´`°b±�®�¨G¼b«�µ+²�»G«�©bª�´�´`¯�¿ �
�(á
ý*ù����MG@¿ D#	 ê »b«�²�ªh³Ù­Z°GÚ`¨b®Ù­`ª(³�°G«���¨G­Z®Ù³�²�Ø Û G�¿�Ë"Ü/Øb³�«�®�¼bµ+²z»G­w²

∀x, y ∈ V dVλ (x0, y)− dVλ (x0, x) ≤ dVλ (x, y)¯;´`ª�­`°SØì±�´`°b°G«�±v²�«�¼ ´`©V«�° µh¨G·bµ�«v²
V ⊂ Ω

¶�­Z°SØ
λ ≥ 0

­`°b¼
x0 ∈ V

¿ ê »�¨Gµ ½8«�¬�¬*­dG@¿Hh)­Z®�µ�´
Øb³�«�®�¼bµ*²�»G­w²�²z»b«�¯;¨b°b±
²�³�´`°

x 7→ dVλ (x0, x)
³�µ�³�°

W 1,∞(V ) ∩ C(V )
¿ ê »G³�µR­Z®�µ�´B»b´S®�¼bµ�²zªh¨b«

¹Í»b«�°
x0 ∈ ∂V

³�¯
x 7→ dVλ (x0, x)

²z­�=`«�µ(ç=°b³�²�«�éS­Z®�¨b«�µº³�°
V
¿��º´U²�³Ù±�«�²�»=­w²Íµh³�°G±�«�°b´*ª�«�Ú`¨b®Ù­`ªh³�²�Ø

»¡Ø�©n´U²z»b«�µ�³�µ5³�µ5¬�­Z¼b«×´`°
∂Ω
¶¡«vé¡«�°�²z»b«(¼G³�µ\²v­Z°b±�«

x 7→ dΩ(x0, x)
¬*­�Ø�·n«(¼G³�µ�±�´`°S²�³�°@¨b´`¨Gµ5´`°

∂Ω
¿

�B«Í°G´�¹ ²�¨bª�°*²�´�²�»G«Í®�³�°8=�·V«v²�¹+«�«�°*²�»b«3«�µ�µh«�°¡²�³Ù­Z®nµ�¨G©bªh«�¬	¨b¬�´`¯
H(., Du(.))

´`°
V
­Z°b¼�²�»b«

½#³�©Gµh±z»G³�²�¸�³Ù­Z°�±z»=­Zª�­Z±v²�«�ª(´`¯>²�»b«�¯�¨b°G±v²�³�´`°
u
¹º³�²z»)ªh«�µ�©V«�±v²(²z´	²�»G«�©bµ�«�¨G¼b´Uèl¼G³�µ�²z­Z°b±�«

dVλ
¿

��¤w£�¡�£V¦"ôÙõUôë£Vó ÁC4 ¢84I�#á�â
V
ä�á ùRÝ�ß`àGàVá�Ý�âlá�ã�ß��bá
à�úzå=äzú�á�â/ß��

Ω
	+ø3ú�úzå�ý*á�â��@ùSâ

u ∈W 1,∞(V )∩
C(V )

þëúºúvåGÝ���â���ù`â
H(·, Du(·)) ≤ λ ù�	�á6	ÍßZà

V
�
ß��Íú
ßZý�á

λ ≥ 0
	.����á
à��
ß���ù`à��

x, y ∈ V ßZàVá
��ùUú

u(y)− u(x) ≤ dVλ (x, y)
	

£Mß���á�ß��Zá�� � þ � u ∈ C(V )
â���á
à

u(y)− u(x) ≤ dVλ (x, y)
��ß`û�ãUú��
ß��0ùZà��

x, y ∈ V 	
���hß�ßg��	 ê »G«�ç=ªhµ�²º±�®Ù­Z³�¬ ¯�´`®�®�´�¹Íµ×¼G³�ªh«�±v²z®�Ø.¯�ªh´`¬ ½#«�¬�¬�­.:3¿qÇ�´`¯#²�»G«�­Z©G©n«�°G¼b³�¾C¿

� »b«�°
u ∈ C(V )

¶�²z»b«3çG°=­Z®C±�®Ù­Z³�¬ ¯�´S®�®�´�¹ºµ(¯�ª�´`¬�²z»b«�¼b«�çG°b³�²z³�´`°.´`¯
dVλ
·SØR²z­�=�³�°GÚ0²�»b«�®�³�¬�³�°b¯

³�°
u(yn)− u(xn) ≤ dVλ (xn, yn)

¹º³�²�»
xn, yn ∈ V

¯�´Sª×­Z®�®
n
­Z°G¼

xn → x
¶
yn → y

¿ �ê »b«�±�´`°Sé¡«�ªhµ�«�»G´`®�¼bµ+²�ª�¨b«`ñ



¤ ����� �"!#!�$&%��#')(+*"� ,)-.')-�/10�2��43)�5/)��*6')7�%8'90��
��¤w£�¡�£V¦"ôÙõUôë£Vó Á84;ö@Ã#4S�#á�â

V
ä�á�ù�Ý�ß`àGàVá�Ý�âlá�ã)ß��Gá
àMúzåGävú�á�â+ßg�

Ω
	�ø3úzúzå@ý*á�â��@ù`â

u : V → R
þëú

úvåGÝ���â��@ù`âm�
ß
�$ú
ß`ý*á
λ ≥ 0 � u(y)−u(x) ≤ dVλ (x, y)

�
ß
�×ù`à8�
x, y ∈ V 	b����á
à

H(·, Du(·)) ≤ λù�	�á6	Íß`à
V

	
���hß�ßg��	/ÖI²0³�µ�µ�¨5f*±�³�«�°S²�²�´)©Gªh´�é¡«�²�»b³�µ�³�°M²�»G«�±�­Zµ�«

V = Ω
¿k�B«�çGªhµ�² ³�°G¯�«�ª�¯�ªh´`¬�½8«�¬�¬�­MG@¿Hh

²z»G­w²
u
·V«�®�´`°GÚ`µ$²�´

W 1,∞(Ω) ∩ C(Ω)
¶bµ�´0²�»=­w²º³�²×³�µ×®�´�±�­Z®�®�Ø)½#³�©bµ�±z»b³�²�¸�±�´`°¡²�³�°�¨G´`¨bµ(´S°

Ω
¿ ð µ×­

±�´`°bµ�«���¨G«�°b±�«S¶
u
³�µ+­Z®�¬�´Sµ\²(«vé¡«�ª�Ø�¹º»b«�ªh«Í¼G³¦¥V«�ªh«�°¡²�³Ù­Z·G®�«Í´`°

Ω
¶@­`°b¼R³�²(³�µ$µ�¨5f*±�³�«�°S²
²z´0µ�»b´�¹æ²�»G­U²

H(·, Du(·)) ≤ λ ¯�´`ªº­Z°SØ x ∈ Ω
­w²×¹º»b³�±z»

u
³�µ×¼b³¦¥V«�ª�«�°S²�³Ù­`·b®�«`¿

½8«
²(²�»@¨bµ
x ∈ Ω

·V«�µ�¨b±z».²�»G­w²
u
³�µ×¼G³¦¥V«�ªh«�°S²�³Ù­Z·G®�«�­w²

x
¶@²z»b«�°�¯�´`ª×­Z°¡Ø

q ∈ RN ´`°b«�»G­Zµ
∇u(x) · q = lim inf

h→0

u(x)− u(x− hq)
h

≤ lim inf
h→0

dλ(x− hq, x)

h
.

F ´`ª
h > 0

µ�¬*­Z®�®$«�°b´`¨bÚS»8¶j²�»G«�¯�¨b°G±v²�³�´`°
ξ : [0, 1] → RN

Ú`³�é�«�° ·¡Ø
ξ(t) := x − hq + thq·V«�®�´`°GÚ`µ+²�´

path(x− hq, x)
¶bµ�´	²�»G­U²

dλ(x− hq, x)

h
≤
∫ 1

0

1

h
L(x+ (1− t)hq, hq, λ)dt =

∫ 1

0
L(x+ (1− t)hq, q, λ)dt.

Ö�¯×¯�´`ª�­Z°SØ
h > 0

¹+«�µ�«v²
fh(t) := sup{L(x + (1 − t)h′q, q, λ) : 0 < h′ ≤ h} ¶j²�»b«�°B²�»b«¯}­Z¬�³�®�Ø

(fh)h>0
±�´`°¡é¡«�ªhÚ`«�µ�²�´

lim suph→0 L(x + (1 − t)hq, q, λ)
©V´`³�°S²�¹º³�µ�«`¿k:/Ø%»SØb©n´U²z»b«�µ�³�µ

(B)
«�­Z±z»

fh
³�µÍ¼b´`¬*³�°G­w²�«�¼ï·SØ

M |q| ¯�´`ªºµ�´`¬*« ±�´`°bµ�²z­Z°¡² M ¶=µ�´�²�»G­U²�½#«�·n«�µ�Ú`¨G«
§�µº¼G´`¬�³�°=­w²�«�¼
±�´`°Sé¡«�ªhÚS«�°b±�«�²�»b«�´`ªh«�¬ Ø�³�«�®�¼Gµ

lim inf
h→0

dλ(x− hq, x)

h
≤ lim

h→0

∫ 1

0
fh(t)dt =

∫ 1

0
lim sup
h→0

L(x+ (1− t)hq, q, λ)dt

≤
∫ 1

0
L(x, q, λ)dt = L(x, q, λ)

²z»b«	®Ù­Zµ�²�³�°b«��@¨G­Z®�³�²�Ø%»b´`®�¼G³�°bÚ�²�»G­`°8=�µÍ²�´.½8«�¬�¬*­_:Í¿HG�¿ ê »b«�ª�«�¯�´`ªh«S¶ ∇u(x) · q ≤ L(x, q, λ)
¯�´`ª

­Z°¡Ø
q ∈ RN ­Z°b¼.²�»�¨Gµ ∇u(x)

·n«�®�´`°bÚ`µ+²�´�²�»b«�±�®�´`µ�«�¼�±�´`°Sé¡«v¾)µ�«v² {H(x, ·) ≤ λ} ¿ �
�B«/°b´�¹ «�°G®�³�Ú`»S²>²�»G«5¯�¨G°b¼G­Z¬*«�°S²v­Z®S®�³�°8=�·V«v²�¹+«�«�°�²z»b«5©Gµ�«�¨b¼G´Uèl¼b³�µ�²z­`°b±�«�µ

dλ
­Z°b¼�²�»b«/©Gªh´`·b®�«�¬

Û Ë`¿�Ë"Üv¶U¹º»G³�±z»	³�µ�­ÍÚ`«�°G«�ª�­Z®�³�¸"­w²�³�´`°�´`¯=½#«�¬*¬*­0Ë`¿qÉ�¶ ê »b«�´`ªh«�¬ Ë`¿ D�­Z°b¼ ²�»G«$ªh«�¬�­Zªg=�¯�´`®�®�´"¹º³�°bÚÍ²�»=­w²ê »b«�´`ª�«�¬ ³�°�í�ËEDUîl¿
�a¨>��£n¤w�"�,ÁC4}ö=ön4\�#á�â

V
äzá0ù.Ý�ß`àGàVá�Ý�âlá�ã�ß��Gávà�úzå=äzú�á�â
ß��

Ω � ùZànã.Ý�ß`àbúzþ}ã¡á�� â���á+�9�hß¡ä�û�ávý
(P ) min

{
F (v, V ) := ess.sup

x∈V
H(x,Dv(x)) : v ∈W 1,∞(V ) ∩ C(V ), v = g on ∂V

}
,

� �bá��há
g
þëú ùQ�zå@àVÝ�â}þ}ßZà%þ�à

W 1,∞(V ) ∩ C(V )
	.�Z��á
à%â��bá�ý�þ�àGþ�ý�ùSû)�Uù`ûüåGá0ßg��â��¡þëú����hß�ä�û�á
ý þëú

µ := min
{
λ : g(y)− g(x) ≤ dVλ (x, y) for any x, y ∈ ∂V

}
.

£Mß
��á�ß��Zá�� � â��bác�zå@àVÝ�â}þ}ß`àbú
S−(g, V )

ù`ànã
S+(g, V )

�`þ��Zá
àMß`à
V
ä��

∀x ∈ V S−(g, V )(x) := sup{g(y)− dVµ (x, y) : y ∈ ∂V }
∀x ∈ V S+(g, V )(x) := inf{g(y) + dVµ (y, x) : y ∈ ∂V }ù
��á0ß��Vâ}þ�ý�ùSûVú�ß`ûüå�â}þ}ßZàbú ß��

(P )
ùZànãQ�
ß��0ùZà��Rß��Vâ}þ�ý�ùSûVú�ß`ûüå�â}þ}ßZà

u
ß��

(P )
ß`àVáS�@ùZú

∀x ∈ V S−(g, V )(x) ≤ u(x) ≤ S+(g, V )(x) Û G@¿HG`Ü



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 ©
�º´U²�³�±�«3²�»=­w²(²�»G«�¬�³�°G³�¬*­Z®VéS­Z®�¨b«

µ
¯;´`ª(©bª�´`·b®�«�¬

(P )
³�µ+ç=°b³�²�«�µh³Ù°b±�«

g ∈W 1,∞(V ) ∩ C(V )
¿

�(á
ý*ù����.G@¿�Ë6G�	>Ö�° ²�»G«+­Z·n´"é¡«$µ�²z­w²z«�¬�«�°¡²�´`°b«+¬*­�Ø ²z­�=`«
V = Ω

¶`µ�´º²z»G­w²j²�»G³�µ�²�»b«�´Sªh«�¬�©Gªh´�é�³�¼G«�µ
­ ®�´�¹+«�ª\è�·n´`¨G°b¼R­`°b¼R­`°�¨G©b©V«�ª\èl·V´`¨b°G¼*¯�´`ª5²�»G«ºµ�´`®�¨@²�³Ù´`°bµ
´`¯8©bªh´S·b®�«�¬ Û Ë`¿�Ë"Ü
¿ ê »b«Í¯�¨b°G±v²�³�´`°Gµ S+­Z°G¼

S−
­Zªh« ´`·@²z­`³�°b«�¼�·¡Ø�­Z°=­Z®�´`ÚUØ.¹º³�²�».²z»b«�Y%­Z±"§@»=­Z°b«vèª� »b³�²�°b«vØ)´`©V«�ª�­w²z´`ª Û ¹+« ªh«�¯�«�ª+²�´�²�»G«³�°¡²�ªh´�¼G¨b±v²z³�´`°M´`¯�í�Ë
î5¯�´`ª�¬�´Sªh«�­`·n´`¨�²�²�»G³�µ�´`©V«�ª�­w²�´Sª�Üv¿��B«*­Z®�µ�´�­w²h²zª�­Z±v²�²�»b«*­w²h²z«�°S²�³�´`°ì´`¯5²�»G«

ª�«�­Z¼b«�ªº´S°)²�»b« ¯;­Z±v²Í²�»G­w²3³�°)²�»G« «v¾�©bª�«�µ�µh³Ù´`°ï´`¯
S+ ³�²�­Z©b©V«�­Zªhµ dVµ (y, x)

¹º»G³�®�« ³�°
S−

²�»b«�ªh« ³�µ
dVµ (x, y)

ñ5­Zµ
dVµ
³�µ×°b´Z²ºµ�Ø�¬�¬*«v²�ªh³�±S¶@²�»G³�µ(³�µÍ­Z°)³�¬*©n´`ª�²z­Z°S²Í¯;­Z±v²"¿

���hß�ßg��	/ÖI²(³�µ+µ�¨5f�±�³�«�°S²$²z´0©Gªh´�é¡«º²z»b³�µ+³�°�²�»b«3±�­Zµ�«
V = Ω

¿��B«Íç=ªhµ�²(°b´U²�³�±�«º²�»G­w²$²�»G«3¬�³�°G³�¬0¨b¬
µ
°b«�«�¼)°G´U²	ùS���vþ}ß��vþn·V«�­w²�²z­Z³�°b«�¼8¶bµ�´	²z»G­w²(¹(«�µ�»G­`®�®#­w²ºçGªhµ�²ºµ�«v²

µ := inf {λ : g(y)− g(x) ≤ dλ(x, y) for any x, y ∈ ∂Ω}­Zµ(¹+«�®�®>­Zµ
∀x ∈ Ω S−(x) := sup{g(y)− dλ(x, y) : λ > µ, y ∈ ∂Ω},
∀x ∈ Ω S+(x) := inf{g(y) + dλ(y, x) : λ > µ, y ∈ ∂Ω}.��«Íç=ªhµ�²(±�®Ù­Z³�¬�²�»=­w²

S−(x) = g(x)
¯�´`ª(­Z°SØ

x ∈ ∂Ω
¿�Ö�°G¼b«�«�¼#¶¡²z­�=@³�°bÚ

y = x
³�°R²�»b«�¼b«
ç=°b³�²�³�´S°

´`¯
S−

Øb³�«�®�¼bµ
S−(x) ≥ g(x)

¶V¹º»G³�®�«�·SØ%¼G«
çG°G³�²�³�´`°M´`¯
µ
´`°b«�»=­Zµ

g(y) − dλ(x, y) ≤ g(x)
¯�´`ª

­Z°¡Ø
λ > µ

­Z°G¼
y ∈ ∂Ω

¶jµh´)²z»G­w²
S−(x) ≤ g(x)

¶#¹Í»b³�±z»B³�°ì²�¨Gªh°bµ0©bªh´�é¡«�µ�²�»G«�±�®Ù­Z³�¬)¿ ê »b«
µ�­Z¬*«�»G´`®�¼bµ×¯�´`ª

S+ ¿
�B«�°G´�¹1©bªh´�é¡«�²�»=­w²º¯�´`ªº­Z°SØ

σ > µ
­Z°b¼

x, y ∈ Ω
´`°G«�»G­`µ

S−(y)− S−(x) ≤ dσ(x, y).Ö�°G¼b«�«�¼8¶=²z­�=S«
σ > µ

¶
x ∈ Ω

­Z°G¼
y ∈ Ω

¿Q�B«	°G´U²�³�±�« ²�»=­w²�µ�³�°G±�«
λ 7→ dλ

³�µ�°b´`°%¼b«�±�ªh«�­Zµ�³�°bÚG¶
²z»b«*µh¨G©bªh«�¬0¨b¬ ³�°M²�»G«*¼b«
ç=°b³�²�³�´S° ´`¯

S−
±"­Z° ·n«�²z­
=`«�° ¯�´`ª

λ ∈ ]µ, σ]
³�°bµ�²�«"­Z¼ ´`¯

λ > µ
¶>µ�´

²z»G­w²
S−(y)− S−(x) = sup

z∈∂Ω,σ≥λ>µ
inf

z′∈∂Ω,σ≥λ′>µ
{g(z)− dλ(y, z)− g(z′) + dλ′(x, z

′)}

≤ sup
z∈∂Ω,σ≥λ>µ

{g(z)− dλ(y, z)− g(z) + dλ(x, z)}

≤ sup
σ≥λ>µ

{dλ(x, y)} = dσ(x, y)

¹Í»b«�ªh«�¹+«�»=­�é¡«�­`©b©b®�³�«�¼)³�°b«E��¨G­Z®�³�²�Ø Û G@¿�Ë"Ü
¹º»b³�±z»�»b´`®�¼Gµ×µh³Ù°b±�« y ∈ Ω
¿

� »b«�°
y ∈ ∂Ω

¶b¹(« °b´U²z³�±�«�²�»=­w²
S−(y) = g(y)

­Z°G¼
S−(x) ≥ g(y)− dσ(x, y)

µ�´�²�»=­w²º²�»G«
±�®Ù­Z³�¬ ­`®�µh´*»G´`®�¼bµ�¿ ê »G«�±�´Sªhªh«�µ�©V´`°b¼b³�°GÚ�«�µ�²�³�¬*­U²�«�­Z®�µ�´*»b´`®Ù¼bµ×¯�´`ª

S+ ¿§@³�°b±�«
g
³�µÍ±�´`°S²�³�°@¨b´`¨GµÍ´`°

∂Ω
¶G¹+«0³�°b¯;«�ªº¯�ªh´S¬ ²z»b«�²�¹(´�©Gªh«�±�«�¼G³�°bÚR±�®Ù­Z³�¬*µ3­Z°b¼%½#«�¬�¬�­1G@¿Hh

²z»G­w²
S−

­Z°G¼
S+ ·n«�®�´`°GÚ	²�´ g +W 1,∞(Ω) ∩ C0(Ω)

¿cY�´`ªh«�´�é¡«�ª�¶G³�²º¯�´`®�®�´�¹ºµº¯�ªh´`¬«?5ªh´`©V´`µ�³�²�³�´`°
G@¿ÙË�È3²�»G­w²

F (S−,Ω) ≤ σ ¯;´`ª/­Z°SØ σ > µ
¶¡µ�´3²z»G­w²

F (S−,Ω) ≤ µ ¿ ð ©G©b®�Øb³�°bÚ�°G´�¹¬?5ªh´`©V´`µh³�²�³�´`°
G@¿|Å0Ø�³�«�®�¼Gµ+²�»=­w²

S−(y)− S−(x) ≤ dµ(x, y)¯;´`ª$­Z°¡Ø
x, y ∈ Ω

¶�­Z°G¼�µh³�°G±�«
S− = g

´`°
∂Ω

²�»b³�µ$³Ù¬�©b®�³�«�µ/²�»=­w²$²�»b«3³�°�ç=¬0¨b¬ ³�°�²z»b«3¼b«
ç=°b³�²�³�´`°
´`¯
µ
³�µº­w²h²z­Z³Ù°b«�¼8¿

�º´�¹ ²�»G«*µ�­Z¬�«R­ZªhÚ`¨G¬�«�°¡²�µ0­Zµ0­Z·V´�é¡«�Øb³�«�®�¼ì²�»G­w²
S−(g,Ω)

­Z°G¼
S+(g,Ω)

­Zª�«�­Z¼G¬�³�µ�µ�³�·b®�«
¯;´`ª*©bª�´`·b®�«�¬

(P )
­Z°G¼ ²z»G­w²

F (S−(g,Ω),Ω) ≤ µ
¶$µ�´M²z»G­w²*²z»b«�¬�³�°G³�¬*­Z®(é`­Z®�¨G«

inf(P )
¯�´Sª

©Gªh´`·b®Ù«�¬
(P )

³�µº®�´�¹+«�ª(²�»=­Z°
µ
¿c�B« ±�®Ù­Z³�¬ ²�»=­w²

inf(P ) = µ
ñ/·¡Ø)±�´`°¡²�ª�­Z¼G³�±v²�³�´`°#¶=­Zµ�µ�¨b¬*«�²�»=­w²
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­Z°�­`¼b¬�³�µ�µ�³�·G®�«+¯�¨b°G±v²�³�´`°

u ∈ g+W 1,∞(Ω)∩C0(Ω)
³�µ�µ�¨b±z»0²�»=­w²

F (u,Ω) ≤ λ ¯�´Sªjµ�´`¬*« λ < µ
¿

ê »b«�°®?5ªh´`©V´`µ�³�²�³�´`°1G�¿qÅ3Ø�³�«�®�¼Gµ�²�»G­w²
u(y)−u(x) ≤ dλ(x, y)

¯�´Sª/­Z°SØ
x, y ∈ Ω

¶@­Z°b¼*µ�³�°b±�«
u = g´`°

∂Ω
²z»b³�µ3±�´`°S²�ª�­Z¼b³�±v²zµº²�»b«0¼b«�çG°b³�²z³�´`°�´`¯

µ
¿ ð µ�­�±�´`°bµ�«��@¨b«�°G±�«`¶

inf(P ) = µ
­`°b¼

S−(g,Ω)­Z°G¼
S+(g,Ω)

­Zª�«�´`©�²�³�¬*­Z®#µ�´`®�¨@²�³�´S°bµ×´`¯
(P )

¿
F ³�°G­Z®�®�Ø¡¶n³�¯

u
³ÙµÍ­Z°ï´`©�²�³�¬*­`®>µh´S®�¨@²�³�´`°�´`¯

(P )
¶=´`°b«0»G­Zµ

H(·, Du(·)) ≤ µ
­�¿�«S¿+´`°

Ω
µ�´�²�»G­U²

·¡Ø@?5ªh´`©n´Sµh³�²z³�´`°sG@¿qÅM´`°b«)Ú`«v²�µ
u(y) − u(x) ≤ dµ(x, y)

¯�´`ª*­Z°SØ
x, y ∈ Ω

¿ Ö�¯
x ∈ Ω

¶�²�»b³�µ
Øb³�«�®�¼bµ

g(y)− dµ(x, y) ≤ u(x)
¯�´Sªº­Z°¡Ø

y ∈ ∂Ω
µ�´�¹+«�³�°G¯�«�ª

S−(g,Ω)(x) ≤ u(x)
¿ ê »b«�µ�­Z¬*«

­Zª�Ú`¨b¬*«�°S²/Ø�³�«�®�¼bµ5²�»G«º«�µ�²�³�¬*­U²�«
u ≤ S+(g,Ω)

´`°
Ω
¶S¹º»G³�±z»�±�´`°G±�®�¨b¼G«�µ5²�»b«º©Gªh´�´`¯8´`¯ Û G@¿HGSÜv¿ �

Çb¿Q¯�°�{MÔ8Ñ�}\±6�jÐCÕ��wÑjÎ³².ÕëÏZ° Ò>Õ���Ï���Î>Ô){`´�Ó>Î>ÔnÏ8Õ;ÑjÎ��
Ö�°R²�»b«�¯�´`®�®Ù´�¹º³�°bÚe?�ªh´S©n´`µ�³�²�³�´S°8¶�¹+«�ªh«�®Ù­w²�«Í²�»G«3¼G³�µ\²v­Z°b±�«�¯�¨G°b±v²z³�´`°bµ

dVλ (x0, ·) + α
­Zµ�µ�´�±�³Ù­U²�«�¼

¹Í³�²�»
H
¹º³�²�».²�»G«�¨b©G©n«�ª×­Z°G¼)®�´�¹+«�ª(µ�´`®�¨�²�³�´`°Gµ×Ú`³�é¡«�°�³�° ê »b«�´Sªh«�¬VG@¿�Ë`Ë`¿

��¤w£�¡�£V¦"ôÙõUôë£Vóµ�#4;ön4��#á�â
V
ä�áRùMÝ�ßZàGàVá�Ý�âlá�ã�ß��Gá
à úvåGävú�á�âÍß��

Ω � ùZànã U ä�áRù%Ý�ßZàGàVázÝ
âlá�ã�ß��Gá
à
úvåGävú�á�â5ßg�

V
úzåGÝ���â��@ù`â

U ⊂⊂ V ù`ànã
x0 ∈ V \U

	k�Z��á
à��
ß���ù`à��
λ ≥ 0

ùZànã
α ∈ R � ß`àVá\��ùUú

dVλ (x0, ·) + α ≥ S+(dVλ (x0, ·) + α,U) on U,ù`ànã
−dVλ (·, x0) + α ≤ S−(−dVλ (·, x0) + α,U) on U.

���hß�ßg��	/ÖI²Í³�µ×µ�¨8f*±�³�«�°¡²×²�´*©bªh´�é�«3²z»b«�çGªhµ�²Í³�°b«���¨=­Z®�³�²�Ø)³�°.²z»b«�±�­Zµ�«
V = Ω

¿��B«�°b´U²�³�±�«�²�»G­w²Í·SØ
²z»b«�±�´`°G°b«�±v²z«�¼b°G«�µ�µ+´`¯

Ω
«�³�²�»G«�ª

dλ(x0, .)
³�µ(³�¼b«�°S²z³�±�­Z®�®�Ø

+∞ ´`°
Ω Û µh«�«S]×«�¬*­`ªg=&G@¿qÉ¡Üv¶b´`ª+³�²º³�µ

½#³�©Gµh±z»G³�²�¸�±�´`°¡²�³�°�¨G´`¨bµº´`°
U Û µ�«�«�]×«�¬�­Zªg=uG@¿ DSÜ
¿/Ö�°.²z»b«�çGªhµ�²Í±�­Zµ�«�²z»b«�ªh«�³�µº°b´U²z»b³�°bÚ�²�´*©Gªh´�é¡«`¶

µ�´�¹+«3²�¨Gªh°�²�´�²�»b«�µh«�±�´`°b¼�±�­Zµ�«`¿���«�³�°G¯�«�ª×¯�ªh´`¬ ê »b«�´`ª�«�¬VG@¿�Ë`Ë�²�»G­w²Í¯�´`ª×­`®�®
x
³�°
U
ñ

S+(dλ(x0, .) + α,U)(x) := inf{α+ dλ(x0, y) + dUµ (y, x) : y ∈ ∂U}¹Í»b«�ªh«
µ = min

{
σ : dλ(x0, y)− dλ(x0, x) ≤ dUσ (x, y) for any x, y ∈ ∂U

} ¿U�B«)´`·bµ�«�ª\é¡«
²z»G­w²

µ ≤ λ
·V«�±�­Z¨Gµ�«.·¡Ø Û G�¿�Ë"Ü ¹+«)»G­�é¡«�²�»G­w²�¯�´`ª*­Z®�® x, y ∈ ∂U

¶
dλ(x0, y) − dλ(x0, x) ≤

dλ(x, y)
¶G­Z°b¼�µh³�°G±�«

pathU (x, y) ⊂ path(x, y)
´`°b«�»=­Zµ

dλ(x, y) ≤ dUλ (x, y)
¿ ê »G«�°

S+(dλ(x0, .) + α,U)(x) ≤ inf{α+ dλ(x0, y) + dUλ (y, x) : y ∈ ∂U} Û Ç�¿�Ë"Ü¯;´`ª×­Z°SØ
x ∈ U ¿c�Í´�¹ ç�¾

x ∈ U ­Z°b¼
δ > 0

¶G­`°b¼)±�´`°bµ�³�¼b«�ªº­�©=­w²�»
ξ ∈ path(x0, x)

¯;´`ª$¹º»G³�±z»

dλ(x0, x) ≥
∫ 1

0
L(ξ(t), ξ̇(t), λ)dt− δ.

ê »b«�°.²�»b«�ª�«�«v¾�³�µ�²�µ
t ∈ [0, 1[

µ�¨b±z».²�»=­w²
ξ(t) ∈ ∂U ­Z°b¼

ξ(s) ∈ U ¯;´`ª×­Z°¡Ø s > t
¶bµ�´	²z»G­w²

dλ(x0, x) ≥
∫ t

0
+

∫ t+ 1
n

t
+

∫ 1

t+ 1
n

L(ξ(t), ξ̇(t), λ)dt− δ

≥ dλ(x0, ξ(t)) + 0 + dUλ (ξ(t+
1

n
), x)− δ

¯;´`ªÍ­Z°SØ
n ≥ 1

¯�´`ª(¹Í»b³�±z»
t+ 1

n < 1
¿ ê ­�=�³�°GÚ�²�»b« ®�³�¬�³�°G¯�­Zµ

n
Ú`´�²�´

+∞ Ø�³�«�®�¼bµ
dλ(x0, x) ≥

dλ(x0, ξ(t)) + dUλ (ξ(t), x)− δ ¿ ê ­�=�³�°GÚ	²z»b«�°
y = ξ(t)

­Zµº­	²�«�µ�²º³�° Û Ç�¿�Ë"Ü
Ø�³�«�®�¼Gµ
S+(dλ(x0, .) + α,U)(x) ≤ α+ dλ(x0, ξ(t)) + dUλ (ξ(t), x) ≤ α+ δ + dλ(x0, x).½#«v²�²�³�°bÚ
δ
Ú`´�²�´*¸�«�ªh´�Ø�³�«�®�¼bµ(²�»b«�ª�«�µ�¨b®�²"¿ �



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 ¶
·�¸ ùZýQ�Cû�á�Ç�¿HG�	+Öl²�¬�­�Ø%»=­Z©b©V«�°�²z»G­w²�²z»b«�©bµ�«�¨b¼G´Uèl¼G³�µ\²v­Z°b±�«�¯�¨G°b±v²z³�´`°

x 7→ dλ(x0, x)
³�µ�°G´U² ­

µ�´`®�¨�²�³�´`°�´`¯#²z»b«�«v¾@²�«�°bµ�³�´`°�©bªh´S·b®�«�¬
(PU ) min

{
F (v, U) := ess.sup

x∈U
H(x,Dv(x)) : v ∈ dλ(x0, .) +W 1,∞(U) ∩ C0(U)

}
,

¹Í»b«�ªh«
x0 ∈ Ω \ U ­Z°b¼

U ⊂⊂ Ω
³�µ×±�´`°G°b«�±
²�«�¼�­`°b¼)´`©V«�°8ñ5³�°�²�»=­w²º±�­Zµ�«`¶�²�»G«�³�°b«E��¨G­Z®�³�²�Ø

dVλ (x0, ·) ≥ S+(dVλ (x0, ·), U)³�µºµ�²�ª�³�±v²3­U²Íµ�´`¬�« ©n´S³�°S²�µº´`¯
U
¿ ð µÍ­�±�´`°bµ�«���¨G«�°b±�«`¶

dλ(x0, .)
³�µº³�°S²�¨G³�²�³�é¡«�®�Ø)°G´U²3­*µh´S®�¨@²�³�´`°ï´`¯

µ�´`¬*«(«�³>=`´`°=­Z®b«��@¨G­w²�³�´`°*ªh«�®Ù­U²�«�¼	²z´
H
¿ ð µ5­`°�«v¾b­`¬�©b®�«S¶S³�°

R2 ²z­
=`«
Ω = B(0, 2)

¶
U = B(0, 1)­Z°G¼

H(x, p) :=

{
1
2 |p| if x ∈ U
|p| otherwise.�Í´�¹ ±�´S°bµ�³�¼b«�ª

(PU ) min

{
F (v, U) :=

1

2
‖Dv‖L∞(U) : v ∈ d1(x0, ·) +W 1,∞(U) ∩ C0(U)

}

¹Í»b«�ªh«
x0 = (1, 0)

·n«�®�´`°bÚ`µ+²z´
U
¿ ê »b«�°�´`°b«�»G­Zµ

F (d1(x0, ·), U) = 2
2 = 1

­Z°b¼
∀x, y ∈ ∂U |d1(x0, y)− d1(x0, x)| ≤ π

2
|y − x|

­Zµ(¹+«�®�®>­Zµ
∀x, y ∈ U ∀λ ≥ 0 dUλ (x, y) = 2λ|y − x|.ð µ�­�±�´S°bµ�«���¨G«�°b±�«�´`¯ ê »b«�´`ª�«�¬tG@¿�Ë`Ë.´`°b«�²z»b«�° ³�°b¯�«�ªhµ0²�»G­w²	²z»b«�¬�³�°G³�¬*­Z®/é`­`®�¨b«

inf(PU )
´`¯

(PU )
µ�­w²�³�µhçG«�µ

inf(PU ) ≤ π

4
< 1 = F (d1(x0, ·), U)µ�´�²�»=­w²

d1(x0, ·)
³�µ�°G´U²0­.µ�´`®�¨@²�³�´S°ì´`¯

(PU )
¿.�º´U²z³�±�«	²�»=­w²�²�»b«*­Z·n´�é�«�¯;­Z±v² ³�µ�³�°ì±�´S°S²�ª�­Zµ�²�²�´

²z»b«	±�­Zµ�«
H(x, p) = |p| ¶V¯�´Sª×¹Í»b³�±z»ï²�»G«0ÚS«�´�¼b«�µh³�±	¼G³�µ�²z­Z°b±�« x 7→ dλ(x0, x) = λd(x0, x)

³�µ�­Z°
´`©�²�³�¬�­Z®+µ�´`®�¨@²�³�´S° ´`¯×²�»b«)«v¾�²�«�°Gµ�³�´`° ©Gªh´`·b®�«�¬

(PU )
¯�´`ª�­Z°¡Ø ±�´`°G°b«�±v²z«�¼ ´`©V«�° µ�«v²

U ⊂⊂ Ωµ�¨G±z»�²�»G­w²
x0 /∈ U Û ¹+«3´`¯#±�´`¨Gªhµ�«�­Zµ�µh¨G¬�«3»b«�ªh«º²�»G­U² d(x0, .)

³�µ
ç=°b³�²�«3´`°
Ω
¶�µ�«�«C]×«�¬*­Zª^=1G@¿qÉSÜv¿

Ö�°G¼b«�«�¼8¶S³�²
³�µ5«�­Zµ�Ø0²�´�é¡«�ªh³�¯ëØ0²�»=­w²/³�°	²z»G­w²/±"­Zµ�«$²�»G«(¯�¨G°b±v²�³�´S°
λd(x0, .)

³�µ
­�±�®Ù­Zµ�µ�³�±�­Z®Gµ�´`®�¨@²�³�´S°�´`¯
²z»b«Í«�³>=`´`°=­Z®n«��@¨G­w²�³Ù´`° |∇v| = λ

³�°
Ω \ {x0}

¶¡²�»G«�°R¼b«�ª�³�é¡«×²�»=­w²+³�µ$³�µ+­ µ�´`®�¨@²�³Ù´`°R´`¯ −∆∞v = 0³�°
Ω \ {x0}

­`°b¼�­`©b©b®�Ø ê »b«�´Sªh«�¬�µºÇb¿�Ë�­`°b¼�Ç�¿HG�´`¯+í�Ë6GwîI¿
!.��òjójôëõwô�£nó¹�84 �84Xº�á ú
��ù`û�û#ú
ù
��â��@ùSâ(ù�Ý�ßZà=â}þ�àGåGßZå�ú��zå@àVÝ�â}þ}ßZà

u : Ω → R
ú
ù`â}þëú��$ázú	â���á_»�ßZýk¼

�bù��vþëú
ß`à � þ;â��K½�þëúvâIùZàVÝzá1�Cå@àVÝ�â}þ}ßZàbúO�lànß`âlá�ãv»�½\�)�k���hßZý ù¡ä�ß��Zá.þ�à
Ω
þ �.ùZànãBß`à=ûH�Mþ �\�
ß
�)ùZà��

Ý�ßZàGàVá�Ý�âlá�ã�ß��Gá
àïúvåGävú�á�â
V ⊂⊂ Ω � ùZà��

x0 ∈ V � ù`à��
λ ≥ 0

ùZànã
α ∈ R â���á þ�àVá^��åbùSû|þ;â~�

u ≤ dVλ (x0, .) + α on ∂(V \ {x0})þ;ýQ�VûüþPávú
u ≤ dVλ (x0, .) + α on V .¾ þ�ý�þ;û�ù��
ûr� � ùMÝ�ßZà=â}þ�àGåbßZå�úi�vå@àVÝ�â}þ}ßZà
u : Ω → R

ú�ù`â}þëú��$ávú*â���áX»�½\�y���hßZý ä�á�û�ß � ß`à
Ω
þ ��ùZànã

ß`à=ûH�*þ ��â��bá�þ�àVá
�
åGù`ûüþ;â~�
u ≥ −dVλ (., x0) + α on ∂(V \ {x0})þ;ýQ�VûüþPávú

u ≥ −dVλ (., x0) + α on V .
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�5þ�ànù`û;ûr� � ù�Ý�ßZà=â}þ�àGåbß`å�úc�zå@àVÝ�â}þ}ß`à

u : Ω→ R
ú
ù`â}þëú��$ázú0â���á&»�ß`ýQ�bù��vþëú
ßZà � þ;â��&½�þëúvâIù`àVÝ�á��Vå@àVÝ�¼

â}þPßZàbú�ß`à
Ω
þ � ùZànã�ß`à=ûH�*þ ��þ;â5ú
ù`â}þëú��$ávú�â���á1»�½\�Þä�ß`â��C���hßZý�ù¡ä�ß
�Uá	ùZànãQ���hß`ý�ä�á�û�ß � ßZà Ω

	
�(á
ý*ù����MÇ�¿�Ä�	 ê »G«�°G´U²�³�´`°ì´S¯�L+´`¬�©=­Zªh³�µ�´`°%¹Í³�²�»KA3³�µ\²v­Z°b±�« F ¨b°G±v²�³�´`°Gµ�³�µ ­.Ú`«�°b«�ª�­Z®�³�¸�­w²z³�´`°ì´`¯
²z»G­w²�´`¯�L$´`¬*©G­Zª�³�µh´S°�¹º³�²z»KL$´`°b«�µ�­Z©G©n«"­Zªh³�°bÚ.³�°÷í�Ë6GUîI¿aÁÍ´�¹+«vé¡«�ª�¶8«vé¡«�°M¯�´`ªÍ²�»G«�±�®Ù­Zµ�µ�³�±�­Z®Q±"­Zµh«
¹Í»b«�ªh«

H : (x, p) 7→ |p| ³�µ	²�»b«.«�¨b±�®�³�¼G«�­Z° °b´Sªh¬ ²�»G«.­Z·V´�é¡«.°G´U²�³�´`° ³�µ�¼G³¦¥V«�ªh«�°S²*¯�ªh´`¬&²�»G­w²
³�°¡²�ªh´�¼G¨b±�«�¼ ³�°æí�Ë6GUîIñ0³�°b¼G«�«�¼ì²�»=­w²	©G­Z©V«�ª�¼G«�­Z®�µ�¹º³�²�»ì²�»G«*±�´S¬�©G­`ªh³�µ�´`°ì¹º³�²�»ì²z»b«�¨bµ�¨G­`®5±�´`°G«�µ
x 7→ λ|x− x0|

¶@¹º»G³�®�«�´`¨bª(°b´Z²�³�´`°)®�«�­`¼bµ$²z´0²z»b«�±�´`¬�©=­Zªh³�µ�´`°�¹Í³�²�»�²�»G«�±�´`°b«�µ
x 7→ λdV (x0, x)

Û ¹º»b«�ª�« dV (·, ·) ³�µ�²z»b«×¨bµ�¨=­Z®GÚ`«�´�¼b«�µ�³�±º¼b³�µ�²z­Z°G±�«×³�° V ¶¡µ�«�«IA3«
çG°G³�²�³�´`°&G@¿qÇSÜv¿ ê »b³�µ/³�µ/´�é¡«�ªh±�´`¬*«�¼
³�°�µ�«�±v²�³�´`°�Äb¶Gµh«�«�]×«�¬�­Zªg=RÄb¿�Äb¿

�B«�°G´�¹1µ\²v­w²�«�­Z°G¼)©Gªh´�é¡«3²z»b«�¬*­Z³�°�ªh«�µ�¨b®�²º´S¯#²�»G«�©G­`©n«�ª�¿
�a¨>��£n¤w�"�Â�844�C4\�>á
â

u ∈W 1,∞(Ω) ∩ C(Ω)
	.����á
à

u
þëú ùZàìù¡ävú
ßSû|å�âlá ý	þ�àGþ;ý	þ�ÿ"á��0ß��

(P ) min

{
F (v,Ω) := ess.sup

x∈Ω
H(x,Dv(x)) : v ∈ g +W 1,∞(Ω) ∩ C0(Ω)

}

þ ��ùZànã�ß`à=ûH�.þ �
u = g

ßZà
∂Ω

ùZànã
u
ú
ùSâ}þëú��$ávú	â���áu»�ß`ýQ�bù��vþëú
ßZà � þ;â��u½�þëúvâIù`ànÝzáa�Vå@àVÝ�â}þ}ßZàbú�ßZà

Ω
	

���hß�ßg��	��B«×ç=ªhµ�²$©bªh´�é�«+²z»b«	ßZà=ûr�0þ ��©G­Zª\²w¶`²�»=­w²$³�µ
³�¯
u
³�µ
­`°R­Z·bµ�´`®�¨�²�«º¬�³�°G³�¬�³�¸�«�ª/´`¯

(P )
²z»b«�°�³�²

µ�­w²z³�µ�ç=«�µ
²�»b«�L+A F ¯�ªh´`¬ ­Z·n´�é�«3´`°
Ω Û ²�»b«�­ZªhÚ`¨G¬�«�°S²×³�µ
²�»b«�µ�­`¬�«�¯�´`ª/²�»G«SL+A F ¯�ªh´S¬ ·V«�®�´�¹3Üv¿

½#«v²3²z»�¨bµ
V
·V«�­Z°%´S©n«�°#¶C±�´`°b°G«�±v²�«�¼%µh¨G·bµ�«v²�´S¯

Ω
ªh«�®Ù­w²z³�é¡«�®�Ø%±�´`¬*©G­Z±v²�³�°

Ω
¶
x0 ∈ V

¶
λ ≥ 0­Z°G¼

α ∈ R ·V«�µ�¨b±z».²�»G­w²
u ≤ dVλ (x0, .) + α on ∂(V \ {x0}).

��«5µ�»G­Z®�®¡­Zµ�µ�¨b¬*«Q²�»G­w²
dVλ (x0, .)

³�µ>°G´U²�¨b°b³�¯;´`ªh¬�®�Ø
+∞ ´S°

V
¶Uµh´(²�»G­w²j³�µ#³�µ�½#³�©bµ�»b³�²z¸5±�´`°S²�³�°@¨b´`¨Gµ

³�°
V
¿×½#«v²

(εk)k
·V«0­*µ�«���¨G«�°b±�« ´`¯Q©n´Sµh³�²z³�é¡« °@¨b¬0·V«�ªhµÍ¼b«�±�ª�«�­Zµ�³�°bÚ*²�´

0
¿QA3«
çG°G«

αk = α + εk­Z°G¼)´`·Gµ�«�ª\é¡«�²�»G­w²
(αk)k

¼b«�±�ª�«�­Zµ�«�µ+²�´
α
­Z°G¼

u < dVλ (x0, .) + αk on ∂(V \ {x0}). Û Ç�¿HG`Ü½#«v²
Uk := {x ∈ V : u(x) > dVλ (x0, .) + αk}

¿�Ö�¯
Uk
³�µ�«�¬�©@²\Ø¡¶n²�»G«�ªh«�³�µ�°b´U²z»b³�°bÚR²�´�©Gªh´�é¡«`¿

Ã ²�»b«�ª\¹º³�µ�«`¶�¹+«*ç=ªhµ�²	±�®Ù­Z³�¬ ²�»G­w²
Uk ⊂⊂ (V \ {x0})

¿d:/Ø ±�´`°S²�ª�­`¼b³�±v²�³�´S°8¶�­Zµhµ�¨G¬�«*²�»G­U² ²�»G«
µ�«��@¨b«�°G±�«

(xn)n
³�°
Uk

±�´`°Sé¡«�ªhÚ`«�µ�²�´ïµh´S¬�«
x ∈ ∂(V \ {x0})

¶>²�»b«�°ì²z­�=@³�°bÚ)²�»b«�®�³�¬�³�°G¯(­Zµ
nÚ`´@«�µ+²�´

+∞ ³�°
u(xn) > dVλ (x0, xn) + αk

Ø�³�«�®�¼Gµ
u(x) ≥ dVλ (x0, x) + αk,­Z°G¼)µ�³�°b±�«

x ∈ ∂(V \ {x0})
¶@²z»b³�µ×´`·Sé�³�´S¨bµ�®�Ø)±�´`°S²�ª�­Z¼b³�±v²zµ Û Ç�¿HG`Ü
¿�º´�¹ µ�³�°b±�«

Uk ⊂⊂ (V \ {x0})
­Z°b¼

u
­Z°b¼

dVλ
­Zªh«�±�´S°S²�³�°�¨G´`¨bµ ´S°

V
¶>¹+«*»=­�é¡«�²�»G­w²

Uk³�µ�´`©n«�°8¶/­Z°b¼�¹+«.¬*­�Ø ­Zµ�µ�¨b¬�«R²�»G­w²*³�²*³�µ�±�´`°G°b«�±v²z«�¼ Û ´U²�»b«�ª\¹º³�µ�«�¹(«�±�´`°bµ�³�¼b«�ª�­%±�´`°b°G«�±v²�«�¼±�´`¬�©V´`°b«�°¡²vÜv¿��B«�²�»b«�°)±�®Ù­Z³�¬ ²�»=­w²
u ≤ S+(dVλ (x0, .) + αk, Uk) on Uk. Û Ç�¿qÇSÜÖ�°G¼b«�«�¼8¶

u = dVλ (x0, .) + αk
´`°

∂Uk
¶G­`°b¼)µ�³�°G±�«

u
³�µº­Z°ï­Z·bµ�´`®�¨�²�«�¬*³�°b³�¬�³�¸�«�ª(´S¯

(P )
¶b³�²Í³�µº­Z°

´`©�²�³�¬�­Z®8µ�´`®�¨@²z³�´`°)´S¯
(PUk) min

{
F (v, Uk) : v ∈ dVλ (x0, .) + αk +W 1,∞(Uk) ∩ C0(Uk)

}
.



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 �g�
ê »b«�° Û Ç�¿qÇSÜ/¯�´S®�®�´�¹ºµ+¯�ªh´`¬ ê »b«�´`ªh«�¬ÄG@¿�Ë`ËS¶�­Z°G¼&?5ªh´`©V´`µ�³�²�³�´`°.Ç�¿�Ëº²�»G«�°�­`®�®�´�¹ºµ
²�´	±�´`°b±�®�¨b¼b«º²�»=­w²

u ≤ dVλ (x0, .) + αk on Uk,¹Í»b³�±z»%´`·Séb³�´`¨bµ�®�Ø�±�´`°S²zª�­Z¼b³Ù±v²�µº²z»b«0¼G«
çG°G³�²�³�´`°%´`¯
Uk
¹º»b³Ù±z»%³�µº²�»G«�°%«�¬�©�²�Øï¯�´Sª3­Z®�®

k
¿�½8«
²h²�³�°bÚ

k
Ú`´	²�´

+∞ ¹+«�´S·@²z­Z³�°
u ≤ dVλ (x0, .) + α on V¹Í»b³�±z»�±�´`°b±�®�¨b¼b«�µ$²z»b«�©Gªh´�´`¯�´S¯#²�»G«�ßZà=ûr�*þ ��©G­`ª\²"¿

�B«�°G´�¹Þ²z¨bªh°.²�´	²�»G«�þ ��©G­Zª�²"ñ5­Zµ�µ�¨b¬*«3²�»G­U²
u = g

´`°
∂Ω

­Z°G¼
u
µ�­w²z³�µ�ç=«�µ+²�»G«�L+A F ´`°

Ω
¿

½#«v²
V
·V«×­`°*´`©V«�°*µ�¨b·Gµh«
²/´S¯

Ω
¹º³�²�»

V ⊂⊂ Ω
¶`¹+«º¬0¨bµ�²
©Gªh´�é¡«+²z»G­w²

u
³�µ
­Z°�´`©@²�³�¬�­Z®Gµ�´`®�¨@²z³�´`°

´`¯
(PV ) min

{
F (v, V ) : v ∈ u+W 1,∞(V ) ∩ C0(V )

}
.ê »G­Z°8=@µ+²�´ ê »G«�´`ªh«�¬«G@¿�Ë`Ë`¶�²z»b³�µ×³�µ×«���¨G³�é`­Z®�«�°S²(²z´�µ�»b´�¹ ²�»G­w²

F (u, V ) = min(PV ) = µ := min
{
λ : u(y)− u(x) ≤ dVλ (x, y) for any x, y ∈ ∂V

}
.½#«v²

x ∈ ∂V ¶@²�»G«�°)·¡Ø.¼G«
çG°G³�²�³�´`°)´`¯ µ ´`°b«�»G­Zµ
u(y) ≤ u(x) + dVµ (x, y) for any y ∈ ∂(V \ {x})­Z°G¼�µ�³�°G±�«

u
µ�­w²z³�µ�ç=«�µº²�»G«kLiA F ¯�ªh´`¬Â­Z·V´�é¡« ²�»b³�µ�³�°b«���¨=­Z®�³�²�Ø�»b´`®�¼Gµ3¯�´`ª�­Z°¡Ø

y ∈ V ¿C�º´�¹ ®�«v²
y ∈ V ¶@²�»G«�°�¹+«i�\¨Gµ\²Í´`·@²z­Z³Ù°b«�¼�²z»G­w²

u(x) ≥ u(y)− dVµ (x, y) for any x ∈ ∂(V \ {y})­Z°G¼.µ�³�°b±�«
u
µ�­w²�³Ùµ�ç=«�µ$²�»b«�±�´`¬�©=­Zªh³�µ�´`°�¹º³�²�»)±�´`°b«�µ(¯;ªh´`¬ ·n«�®�´�¹Þ²�»b³�µ(³�°G«���¨=­Z®�³�²�Ø�»G´`®�¼bµ(¯�´Sª(­Z°SØ

x ∈ V ¿ ð µ×­�±�´`°bµ�«��@¨b«�°G±�«`¶@¹+«�Ú`«v²
u(y)− u(x) ≤ dVµ (x, y) for any x, y ∈ V .

?5ªh´`©V´`µ�³�²�³�´`°XG@¿�Ë�È	²�»G«�°�Ø�³�«�®�¼Gµ
F (u, V ) ≤ µ ¶@¹º»G³�±z»)±�´`°b±�®�¨G¼b«�µ+²�»G«�©bªh´@´`¯�¿ �

�(á
ý*ù�����Ç�¿qÉ�	 ê »b«�©Gªh´�´`¯Q´`¯>²z»b«*þ �$©G­Zª�²3­Z·V´�é¡«�³�µÍµh´S¬�«v¹º»=­w²3³�°bµ�©b³�ªh«�¼�¯�ª�´`¬ ²z»b« ­Zª�Ú`¨b¬*«�°S²Í´`¯
?5ªh´`©V´`µ�³�²�³�´`°XG@¿�Ë�³�°Bí�Ë�îI¿

Äb¿CÅ�Ñ�}\±6�jÐCÕ��wÑjÎ³²�ÕëÏ�°sÆ.|¡Ñ<Ç#�W|XÈ0Õ���Ï��jÎ>Ô){KÉ$Ó#Î>ÔnÏ8Õ}ÑjÎZ�
AÍ«"­Z®�³�°bÚ�¹º³�²�»�¼b³�µ�²z­Z°G±�«�µ+¹Í»b³�±z»�¼b«�©n«�°G¼)´`°.²�»G«�´`©V«�°�µh«v²Í¬�­�Ø)·n«�²�«�±z»b°G³�±�­Z®�®�Ø)¼G³¦f*±�¨G®�²"¿5Ö\°

²z»b³�µ�µ�«�±v²�³Ù´`°8¶>¨b°G¼b«�ª�µh´`¬*«�¬*´`ªh«*ªh«�Ú`¨G®Ù­Zªh³�²�Ø ­Zµ�µ�¨b¬*©@²�³�´`° ´`°M²�»b«*µh¨G©bªh«�¬*­Z°G¼
H Û ¹º»b³�±v»ìµ�²�³�®�®±�´�é¡«�ªÍ­�é¡«�ª\Ø)¹º³�¼G«�é`­Zª�³�«v²�Øï´`¯Q©V´`µ�µh³�·G®�« µ�¨G©bªh«�¬�­Z°b¼Gµ�Ü$¹+«	­Zªh«	­Z·b®�«�²�´�µ�³�¬*©b®�³�¯ÙØ)²�»b«0ªh«�µ�¨b®�²zµº´`¯

µ�«�±
²�³�´`°ïÇ�·SØ)¼b«�­Z®�³�°GÚ	¹º³�²z»)¼G³�µ�²z­Z°b±�«�µ+¹º»b³�±z»�¼b´*°b´U²º¼G«�©V«�°b¼�­Z°¡Ø�¬�´`ª�«�´`°.²�»b«�´S©n«�°�µh«
²"¿
!.��òjójôëõwô�£nóXÊ>4}ö=4.º�á$ú
�@ùSû�ûSú�ù���â���ù`â#ù Ý�ß`àGâ}þ;àGåbßZå�ú��zå@àVÝ�â}þ}ßZà

u : Ω→ R
ú
ùSâ}þëú��$ávú$â���áS»�ßZýI��ù
��¼

þ�ú
ßZà � þ;â��dË+û�ß¡ä�ùSû5½�þëúvâIùZàVÝzá��Cå@àVÝ�â}þ}ßZàbúa�Iànß`âlá�ã_»+ËÌ½\�9�����hßZý ù�ä�ß��ZáÍþ;à
Ω
þ ���
ß��3ù`à���Ý�ßZàGàVázÝ
âlá�ã

ß��bá
à�úzåGävú�á�â
V ⊂⊂ Ω � ù`à��

x0 ∈ V � ùZà��
λ ≥ 0

ù`ànã
α ∈ R â��bá�þ�àVá^��åbùSû|þ}â~�

u ≤ dΩ
λ (x0, .) + α on ∂(V \ {x0})þ;ýQ�VûüþPávú
u ≤ dΩ

λ (x0, .) + α on V .¾ þ�ý�þ;û�ù��
ûr� � ù�Ý�ßZà=â}þ�àGåbß`å�úÌ�zå�ànÝ�â}þPßZà
u : Ω → R

ú
ù`â}þëú��$ázú�â���áu»iË�½\�K���hßZý�äzá�û�ß � ßZà
Ω
þ ��â���á

þ;àná
��åbù`ûüþ;â~�
u ≥ −dΩ

λ (., x0) + α on ∂(V \ {x0})



�Í� ����� �"!#!�$&%��#')(+*"� ,)-.')-�/10�2��43)�5/)��*6')7�%8'90��
þ;ýQ�VûüþPávú

u ≥ −dΩ
λ (., x0) + α on V .�5þ�ànù`û;ûr� � ù.Ý�ßZà=â}þ�àGåbßZå@ú��zå@àVÝ�â}þ}ßZà

u : Ω→ R
ú
ù`â}þëú��$ázú�â��bá®»�ß`ýQ�bù��vþëú
ßZà � þ;â��KË+û�ß¡ä�ùSû�½�þëúvâIùZàVÝzá

�Cå@àVÝ�â}þ}ßZàbú ßZà
Ω
þ ��þ;â5ú
ùSâ}þëú��$ávú�â���á1»+ËÌ½I� ä�ß`â��C���hß`ý ù¡ä�ß��Zá0ù`à=ãI���hßZýÂä�á�û�ß � ßZà Ω

	
Ö�°B´`ªh¼b«�ª�²�´ï¬�­�=`«�²z»b«�®�³�°8=M·n«v²�¹(«�«�°ì²�»G«1L$´`¬*©G­Zªh³�µ�´`°ì¹Í³�²�»yÎ�®�´`·G­Z®ÌA3³�µ�²z­Z°G±�« F ¨G°b±v²z³�´`°bµ

­Z°G¼B²z»b«)­Z·bµ�´`®�¨�²�«.¬�³�°b³�¬*³�¸�«�ª�µ�¶�¹+«)­Zµ�µ�¨b¬�«.³�°�²�»G«�ªh«�µ�²*´`¯(²�»b³�µ�µh«�±v²�³�´`°�²z»G­w²�²�»b«.¯�´`®�®�´�¹Í³�°bÚ
ª�«�Ú`¨b®Ù­Zª�³�²�Ø.©Gªh´`©V«�ª\²�Ø.´S°

H
»b´`®�¼Gµ�ñ

Û A�Ü F ´Sª×­Z®�®
λ > µ ≥ 0

­Z°G¼
V ⊂⊂ Ω

²�»G«�ªh«�«v¾b³�µ�²�µ
α > 0

µ�¨b±z»�²z»G­w²
∀x ∈ V { H(x, ·) < µ}+B(0, α) ⊂ { H(x, ·) < λ}

�(á
ý*ù����MÄb¿HG�	(ÖI²0³�µ «�­Zµ�³�®�Øì³�°b¯�«�ªh«�¼ ¯�ªh´S¬�²z»b³�µ ­`µhµ�¨G¬�©@²z³�´`°%²z»G­w²0¯�´`ª ­Z°SØì±�´`°b°G«�±v²�«�¼ ´`©V«�°ìµ�«v²
V ⊂⊂ Ω

­Z°G¼)¯�´`ªº­Z°SØ
λ > µ ≥ 0

´`°G«�»=­Zµ
∀x 6= y ∈ V dVµ (x, y) < dVλ (x, y).

�B«�°G´�¹ ²�¨bª�°�²�´	²z»b«�¬�­Z³�°�²z»b«�´`ª�«�¬ ´`¯>²�»b³�µ×µ�«�±v²z³�´`°8¿
�a¨>��£n¤w�"� Ê�4>�#40ø�ú�úzå@ý�á)â���ù`âe�~½��O�@ß`û�ãUú � ù`ànã û�á�â u ∈ W 1,∞(Ω) ∩ C(Ω)

	Ï���bá
à
u
þëú)ùZà

ù�ävú
ß`ûüå�âlá�ý	þ;àGþ�ý	þ�ÿwá��0ß��
(P ) min

{
F (v,Ω) := ess.sup

x∈Ω
H(x,Dv(x)) : v ∈ g +W 1,∞(Ω) ∩ C0(Ω)

}

þ �(ùZànã ß`àGûr��þ �
u = g

ßZà
∂Ω

ùZànã
u
ú�ù`â}þëú��$ávú+â��bá�»�ßZýI��ù
�zþëú�ßZà � þ;â��_Ë+û�ß¡ä�ù`ûm½�þëúvâIù`àVÝ�á��Vå@àVÝ�â}þ}ßZàbú

ß`à
Ω

	
�(á
ý*ù����ìÄG¿�Ä�	 ð µ�²�»b«R©bªh´@´`¯+´`¯
²z»b«R­`·n´�é¡«*²�»b«�´Sªh«�¬ µh»G´�¹ºµ�¶>²�»G«&LiÎSA F ±z»=­Zª�­Z±v²z«�ªh³�¸�­w²z³�´`°�³�µ
´`·�²z­Z³�°G«�¼)é�³Ù­*®�´@±�­Z®�­ZªhÚS¨b¬�«�°S²�µ�ñ
«
é¡«�ª\Ø�±�´`¬�©G¨@²z­w²z³�´`°ï³�µÍ¬*­Z¼G« ³�°ïµh´S¬�«

V ⊂⊂ Ω
¿ Ã °G«�±�´S¨b®�¼

«
é¡«�°�²z»b«�ªh«�¯�´`ªh«×ª�«�©b®Ù­Z±�«(²�»G«×©bµ�«�¨G¼b´Uèl¼G³�µ�²z­Z°b±�«�µ
dΩ
λ

·¡Ø	²�»G«×©bµ�«�¨G¼b´Uè�¼b³�µ�²z­Z°G±�«�µ
dR

N

λ

¹º»G«�°b«vé�«�ª
H³�µº¼G«
çG°G«�¼�´`°

RN × RN ¶b¹º³�²�»�­Zµ�µ�¨b¬*©@²�³�´`° Û A�Ü+µ�²�³�®�®>»b´`®�¼G³�°bÚ*´`° Ω
¿ Ã °G«�¬�­�Ø)³�°ï©G­Zª\²z³�±�¨b®Ù­Zª

­Z©G©b®�Ø�²z»b³�µ�²�´.²�»b«*±�­Zµ�«	¹Í»b«�ªh«
H
¼b´�«�µ�°G´U² ¼G«�©n«�°G¼ì´`°

x
ñ�¯�´Sª�«v¾b­`¬�©b®�«S¶>´`°b«�²�»�¨bµ�ªh«�±�´�é¡«�ªhµ

²z»b«�¨Gµh¨=­Z®8±�´`¬*©G­Zªh³�µ�´`°.¹º³�²z»)±�´S°b«�µ×¯�´`ª+²�»b«�µh©V«�±�³Ù­Z®#±�­Zµ�«
H(x, p) = |p| ¿

���hß�ßg� ß��&�Z��á�ß���á
ýÑÐ9	 Ò�	 F ´`ª$²z»b«�ßZà=ûr�*þ ��©G­Zª\²w¶@¹+«+�\¨Gµ�²º°b´U²�³�±�«3²�»G­U²+²z»b«�±�´Sªhªh«�µ�©V´`°b¼b³Ù°bÚ�©bªh´@´`¯
´`¯ ê »G«�´`ªh«�¬ Ç�¿|Ê�µ\²z³�®�®8»b´S®�¼bµ+¹º»G«�°

dVλ
³�µºªh«�©b®Ù­`±�«�¼�¹Í³�²�»

dΩ
λ

¿
½8«
²0¨bµ�²z¨bªh°M²�´.²�»G«)þ �M©G­Zª�²"ñ ­Zµ�µ�¨b¬�«�²z»G­w²

u = g
´`°

∂Ω
­`°b¼

u
µ�­w²�³�µhçG«�µ�²�»G«®L�ÎSA F ´`°

Ω
¿	½8«v²

V
·V«�­�±�´`°G°b«�±v²z«�¼M´`©V«�°Mµ�¨b·bµ�«v²�´S¯

Ω
¹Í³�²�»

V ⊂⊂ Ω
¶V¹+«�¬	¨bµ�²�©bªh´�é�«0²�»G­U²

u
³�µ�­Z°

´`©�²�³�¬�­Z®8µ�´`®�¨@²z³�´`°)´S¯
(PV ) min

{
F (v, V ) : v ∈ u+W 1,∞(V ) ∩ C0(V )

}
.

:/Ø ê »b«�´`ª�«�¬«G�¿�Ë`Ë`¶�²�»b³�µ×³�µ×«��@¨b³�é`­`®�«�°S²×²�´�µ�»b´�¹ ²�»=­w²
F (u, V ) = min(PV ) = µ := min

{
λ : u(y)− u(x) ≤ dVλ (x, y) for any x, y ∈ ∂V

}
.

:/Ø)±�´`°S²zª�­Z¼b³�±
²�³�´`°8¶=­Zµ�µ�¨b¬�«�²�»=­w²
Λ := F (u, V ) > µ

¿ ê »G«�°.²�»b«�ª�«�«v¾�³�µ�²�µ
x0 ∈ V

µ�¨b±z».²�»=­w²
u³�µ×¼G³¦¥V«�ª�«�°S²�³Ù­Z·G®�«�­w²

x0
­Z°b¼

H(x0,∇u(x0)) = λ0 > µ. Û Äb¿�Ë"Ü
��«�ç=ªhµ�²º±�®Ù­Z³�¬ ²�»=­w²º¯�´`ª

λ = (µ+ λ0)/2
²�»b«�ª�«�«v¾�³�µ�²�µ

x+∞ ∈ ∂V
µ�¨b±z»�²z»G­w²

u(x+∞)− u(x0) ≥ dVλ (x0, x+∞) Û Äb¿HG`Ü



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
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¹Í»b«�ªh«

λ = (µ+ λ0)/2
¿/½8«
²

M > 1 > α > 0
·V«�µh¨G±z».²�»G­w²

B(0, α) ⊂ { H(x, ·) < ν} ⊂ B(0,M)¯;´`ª×­Z®�®
x ∈ V ­Z°G¼

ν ∈ [µ,Λ]
¿

�B«+¼b«�çG°b«+·¡Ø	³�°b¼b¨G±v²�³�´`°0²z»b«+¼b«�±�ªh«�­Zµ�³�°bÚ�µh«E��¨b«�°G±�«
(λn)n∈N

·SØ
λn+1 := (µ+λn)/2

¯�´Sª�­Z°SØ
n ≥ 0

¿ ê »b«�°�¹+«/³�°b¯�«�ª>¯�ªh´`¬ Û Äb¿�Ë"ÜV²�»G­w²#²�»G«�ªh«5«
¾�³�µ�²�µ x′0 µh¨G±z»�²�»=­w² |x′0−x0| ≤ α
2M2 dist(x0, ∂V )­Z°G¼

u(x′0) > u(x0) + dVλ1
(x0, x

′
0).Ö�°G¼b«�«�¼8¶"´S°b«j¹+´`¨G®�¼�´U²z»b«�ª�¹º³�µ�«�»=­�é¡«

u(x) ≤ u(x0)+dVλ1
(x0, x)

¯�´`ª>­Z°SØ
x ∈ B(x0,

α
2M2 dist(x0, ∂V ))

¶
²z»b«�°M?5ªh´`©V´`µ�³�²�³�´`°XG@¿�Ë�È	¹+´`¨G®�¼�³�¬�©b®�Ø

H(x0,∇u(x0)) ≤ λ1
¶�¹º»b³�±v»)±�´S°S²�ª�­Z¼G³�±v²�µ Û Äb¿�Ë"Üv¿½8«
²>¨Gµ8°G´U²�³�±�«Q²�»G­U²>µh³�°G±�« |x′0−x0| ≤ α

M dist(x0, ∂V )
¶U½8«�¬�¬�­i:3¿�Ä$Ø�³�«�®�¼bµC²�»=­w²

dVλ1
(x0, x

′
0) =

dΩ
λ1

(x0, x
′
0)
¿a��«�¬*­�Øì°b´�¹�­`©b©b®�Ø ½8«�¬�¬*­)Äb¿|Ê�·V«�®�´�¹À²�´)·b¨G³�®�¼ì·SØì³�°b¼b¨G±v²�³�´`°ìµ�²z­`ª\²�³�°GÚ)¯�ªh´`¬

x0
­�µ�«��@¨b«�°G±�«

(xn)n∈N
³�°
V
µ�¨b±z»�²z»G­w²

• ¯�´`ª×­Z°SØ n ∈ N ¶b´`°b«�»G­Zµ
α2

2M2
dist(xn, ∂V ) ≤ |xn+1 − xn| ≤

α

2M
dist(xn, ∂V ),

• ¯�´`ª×­Z°SØ n ∈ N ¶b´`°b«�»G­Zµ
u(xn+1) ≥ u(xn) + dΩ

λn+1
(xn, xn+1),

• ¯�´`ª×­Z°SØ n ∈ N ¶ xn ∈ V ­Z°G¼�²�»G«�ªh«�«v¾b³�µ\²zµ
x′n ∈ V

µ�¨b±z».²�»G­w²

|x′n − xn| ≤
α2

2M2
dist(xn, ∂V ) and u(x′n) > u(xn) + dΩ

λn+1
(xn, x

′
n).

ð ©b©b®�Øb³�°bÚï´`°G±�«R­`ÚS­Z³�° ½8«�¬�¬�­d:3¿�Ä)Øb³�«�®�¼bµ ²�»G­w²�³�°ì²�»G«�©Gªh«�±�«�¼G³�°bÚb¶
dVλn = dΩ

λn

¶Qµ�´)²�»=­w² ²�»G«
µ�«��@¨b«�°G±�«

(xn)n∈N
³�µ×µ�¨b±z».²�»G­U²º¯�´`ªº­Z°SØ

n ≥ 0
¶b´`°G«�»G­`µ

|xn+1 − xn| ≥
α2

2M2
dist(xn, ∂V ) and u(xn+1) ≥ u(xn) + dVλn+1

(xn, xn+1).

ê »b³�µ+Ø�³�«�®�¼bµ+²�»G­U²º¯�´`ªº­Z°SØ
n ∈ N

u(xn+1)− u(xn) ≥ dVλ (xn, xn+1) ≥ α3

2M2
dist(xn, ∂V ).

��«�°G´�¹ ±�´`°G±�®�¨b¼G«�­Zµ×³�°.²�»b«�©bªh´@´`¯�´`¯ ê »b«�´`ª�«�¬ Ç�¿HG�´`¯(í�Ë6GwîIñ5¯�´`ªº­Z°SØ
n ∈ N ´`°G«�»G­`µ

u(xn+1)− u(x0) ≥
n∑

i=0

dVλ (xi, xi+1) ≥ α3

2M2

n∑

i=0

dist(xi, ∂V ) ≥ 0.

§�³�°b±�«
u
³�µ$±�´`°S²�³�°@¨b´`¨bµ+´`°

Ω
¶�³�²(³�µ+·n´`¨G°b¼G«�¼�´`°

V
¶�­Z°G¼�²�»�¨Gµ

dist(xn, ∂V )→ 0
­Zµ
n→ +∞ ¿½#«v²

x+∞
·n«�­	±�®�¨Gµ�²�«�ª+©V´`³�°S²º´`¯

(xn)n
¶@²�»G«�°

x+∞ ∈ ∂V
­`°b¼R²v­�=�³�°GÚ0²�»b«�®�³�¬�³�°G¯�­Zµ

n
Ú`´@«�µ$²�´

+∞ ³�°
u(xn+1)− u(x0) ≥

n∑

i=0

dVλ (xi, xi+1) ≥ dVλ (x0, xn+1)

´`°G«�Ú`«v²zµ Û Äb¿HG`Ü
¶@¹º»G³�±z»�©bªh´�é¡«�µ(²�»b«�±�®Ù­Z³�¬)¿



� � ����� �"!#!�$&%��#')(+*"� ,)-.')-�/10�2��43)�5/)��*6')7�%8'90��
ð µ�³�¬�³�®Ù­`ª�­Zª�Ú`¨b¬�«�°S² Û ¹º»G³�±z» ª�«�®�³�«�µ�´`°�²z»b«.¨bµ�«.´S¯Í½#«�¬�¬�­%Äb¿qÉSÜ�Øb³�«�®�¼bµ	²�»G«.«v¾�³�µ�²�«�°b±�«.´`¯µ�´`¬*«

x−∞ ∈ ∂V
µ�¨b±z».²�»G­U²

u(x0)− u(x−∞) ≥ dVλ (x−∞, x0). Û Äb¿qÇSÜ
��«�ç=°G­Z®�®�Ø.³�°G¯�«�ª×¯�ªh´`¬ Û Äb¿HG`Ü(­Z°G¼ Û Äb¿qÇSÜ
²�»=­w²º¯�´`ª+²�»b«�©n´`³�°¡²�µ x+∞, x−∞ ∈ ∂V

³�²Í»b´`®�¼Gµ
u(x+∞)− u(x−∞) ≥ dVλ (x0, x+∞) + dVλ (x−∞, x0) ≥ dVλ (x−∞, x+∞).

:/Øu]×«�¬*­Zªg=�Äb¿HG@¶�¹+«3²z»b«�°)Ú`«
²
u(x+∞)− u(x−∞) ≥ dVλ (x−∞, x+∞) > dVµ (x−∞, x+∞),¹Í»b³�±z»�±�´`°S²zª�­Z¼b³�±
²�µ+²�»b«�¼b«
ç=°b³�²�³�´`°�´`¯

µ
¿ �

ê »b«.¯�´`®�®�´�¹Í³�°bÚì½#«�¬*¬*­%³�µ�³�°bµ�©b³�ª�«�¼ ¯;ªh´`¬ ½#«�¬�¬�­ZµeG@¿�Äì­Z°b¼ Ç�¿qÇ%´`¯	í�Ë6GwîI¿U�Í´U²�³�±�«R²�»=­w²�³�°
³�²zµ�©bªh´@´`¯�¶�¹+«)´`°b®�Ø ¨bµ�«�²�»G­w²

u
µ�­w²z³�µ�ç=«�µ	²�»G«MLiÎ�A F ¯;ªh´`¬ ­Z·n´�é�«`¿ F ´`ª0²�»G«.°G´U²z­w²�³�´`°Gµ*­Z°b¼

»¡Ø�©n´U²z»b«�µ�«�µ�¶@¹+«�ªh«�¯�«�ª$²�´ ê »b«�´`ª�«�¬ ÄG¿qÇ�¿
�/�"�U�K�dÊ>44�C4×ø3ú�úvå@ý*á�â���ù`â

x ∈ V þ�úºúzåGÝ��Râ��@ù`â�â���á���á�á ¸ þëúvâ
ν ∈ ]µ,Λ]

ù`ànã
x′ ∈ V úzåGÝ��Râ��@ùSâ

|x′ − x| ≤ α2

2M2 dist(x, ∂V )
ù`ànã

u(x′) > u(x) + dΩ
ν (x, x′).

�Z��á
àa��ß�� ù`à��
θ ∈ ]µ, ν[

â��bá���á	á ¸ þëúvâ
y
ùZànã

y′
þ�à
V
úzåGÝ��)â��@ùSâ

• α2

2M2 dist(x, ∂V ) ≤ |y − x| ≤ α
2M dist(x, ∂V ) �

• u(y) ≥ u(x) + dΩ
θ (x, y) �

• |y′ − y| ≤ α2

2M2dist(y, ∂V )
ùZànã

u(y′) > u(y) + dΩ
θ (y, y′)

	
���hß�ßg��	$§@«
²

R := α2

2M dist(x, ∂V )
¶G®�«v²

θ ∈ ]µ, ν[
¶
θ′ ∈ ]θ, ν[

­Z°G¼)¼G«
çG°G«
a := max{u(z)− dΩ

θ′(x, z) : z such that dΩ
θ′(x, z) ≤ R}.

:/ØR²z»b«�¼G«
çG°G³�²�³�´`°)´S¯
R
¶b³�¯

dΩ
θ′(x, z) ≤ R ²�»G«�°

α|z − x| ≤ dΩ
θ′(x, z) ≤ R =

α2

2M
dist(x, ∂V )

µ�´�²�»G­w²
z ∈ V ¿�Yï´`ª�«�´�é¡«�ª�¶Gµh³�°G±�«

x′
³�µ×µ�¨b±z».²�»G­U²

dΩ
θ′(x, x

′) ≤M |x′ − x| ≤M α2

2M2
dist(x, ∂V ) = R,

´`°G«�»G­`µ
a ≥ u(x′) − dΩ

θ′(x, x
′) ≥ u(x′) − dΩ

ν (x, x′) > u(x)
¿�§@³�°b±�«

u
µ�­w²�³�µhçG«�µ3²z»b«®LiÎSA F

¯;ªh´`¬ ­Z·V´�é¡«�´`°
Ω
­`°b¼

dΩ
θ′(x, ·)

³�µ×±�´`°S²z³�°�¨b´S¨bµ×´`°
V
¶G´`°b«�»=­Zµ

a = max{u(z)− dΩ
θ′(x, z) : z = x or z such that dΩ

θ′(x, z) = R},­Z°G¼�¹+«�³�°b¯�«�ª(¯�ª�´`¬
dΩ
θ′(x, x

′) ≤ R ²�»G­w²
a = max{u(z)− dΩ

θ′(x, z) : z such that dΩ
θ′(x, z) = R} > u(x).½#«v²(°b´�¹

y
·n«Íµ�¨b±v»*²z»G­w²

dΩ
θ′(x, y) = R

­Z°G¼
u(y)− dΩ

θ′(x, y) = a
¿ ê »G«�°

y ∈ V ¶�­Z°b¼�´`°b«3»G­Zµ

M |y − x| ≥ dΩ
θ′(x, y) = R so that |y − x| ≥ α2

2M2
dist(x, ∂V )
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­Zµ(¹+«�®�®>­Zµ

α|y − x| ≤ dΩ
θ′(x, y) = R so that |y − x| ≤ α

2M
dist(x, ∂V )

­Z°G¼
u(y) = dΩ

θ′(x, y) + a > dΩ
θ′(x, y) + u(x) ≥ dΩ

θ (x, y) + u(x).
�Í´�¹ ¶�µ�«v²

r = α3

2M2 dist(y, ∂V )
¿�:/Ø�½#«�¬�¬�­�:3¿|Ê@¶�¯;´`ª
­Z°SØ

ε ∈ ]0, 1[
²�»G«�ªh«º«
¾�³�µ�²�µ

yε
µ�¨b±v»�²�»=­w²

|yε − y| = εmin{ rM ,
|y−x|

2 }
­Z°G¼
dΩ
θ′(x, y) = dΩ

θ′(x, yε) + dΩ
θ′(yε, y).ð µ×­�±�´`°Gµh«E��¨b«�°G±�«`¶

dΩ
θ′(x, yε) ≤ R

µ�´	²z»G­w²
u(yε)− dΩ

θ′(x, yε) ≤ a = u(y)− dΩ
θ′(x, y)

= u(y)−
(
dΩ
θ′(x, yε) + dΩ

θ′(yε, y)
)
.

��«3²�»@¨bµ×»G­�é¡«
u(yε) ≤ u(y)− dΩ

θ′(yε, y). Û Äb¿�Ä¡Üê ­�=`«
θ′′ ∈ ]θ, θ′[

­Z°b¼�¼b«
çG°G«
b := max{u(z)− dΩ

θ′′(yε, z) : z such that dΩ
θ′′(yε, z) ≤ r}.

��«�°G´U²�³�±�«3²z»G­w²
dΩ
θ′′(yε, y) ≤M |yε − y| ≤ r

¶G­Z°G¼)·SØ Û Äb¿�Ä¡Ü(­Z°b¼d]×«�¬*­Zª^= Û Äb¿HG`Ü
¹+«�»G­�é¡«
b ≥ u(y)− dΩ

θ′′(yε, y) > u(y)− dΩ
θ′(yε, y) ≥ u(yε).ê »b«�µ�­Z¬*«�­ZªhÚS¨b¬�«�°¡²�µº­Zµº­Z·V´�é¡«�²�»�¨bµ+Øb³�«�®�¼�²�»G«�«v¾b³�µ�²�«�°b±�«�´`¯�µ�´`¬*«

yε
µ�¨b±z».²�»G­w²

dΩ
θ′′(yε, y

ε) = r and u(yε)− dΩ
θ′′(yε, y

ε) = b > u(yε).½#«v²
y′
·n« ­*±�®�¨bµ�²�«�ªº©n´`³�°S²3´`¯�²�»b« ¯;­Z¬*³�®�Ø

(yε)ε>0
­Zµ
ε→ 0

¶b²z»b«�°ï·SØ�©G­Zµ�µ�³�°bÚ�²�´�²�»b« ®�³�¬�³�²3³�°
²z»b«�­Z·V´�é¡«�ª�«�®Ù­w²�³�´`°Gµ�¶b´`°G«�³�°b¯;«�ªhµ

dΩ
θ′′(y, y

′) = r and u(y′)− dΩ
θ′′(y, y

′) ≥ u(y).ê »b«�°�´`°b«�»=­Zµ
|y′ − y| ≤ 1

α
dΩ
θ′′(y, y

′) =
r

α
≤ α2

2M2
dist(y, ∂V )

F ³�°=­Z®�®�Ø.¨Gµ�³�°bÚ�´`°G±�«�­ZÚ¡­Z³�°d]×«�¬*­Zª^= Û Äb¿HGSÜ/¹+«�Ú`«v²
u(y′)− dΩ

θ (y, y′) > u(y′)− dΩ
θ′′(y, y

′) ≥ u(y)¹Í»b³�±z»�±�´`°b±�®�¨b¼b«�µ$²z»b«�©Gªh´�´`¯�´S¯#²�»G«�½#«�¬�¬�­�¿ �ð °�­Z°G­Z®�´`ÚS¨b«�´`¯8²z»b«�­Z·V´�é¡«�½8«�¬�¬*­�»b´`®�¼Gµ�¶b³�¯#¹+«�ª�«���¨b³�ª�«�´`°G®�Ø�²z»G­w²
u
µ�­w²�³�µhçG«�µ+²�»b«�LiÎSA F

¯;ªh´`¬ ·V«�®�´�¹1´`°
Ω
¿

�/�"�U�K�dÊ>4 Ô84×ø3ú�úvå@ý*á�â���ù`â
x ∈ V þ�úºúzåGÝ��Râ��@ù`â�â���á���á�á ¸ þëúvâ

ν ∈ ]µ,Λ]
ù`ànã

x′ ∈ V úzåGÝ��Râ��@ùSâ
|x′ − x| ≤ α2

2M2 dist(x, ∂V )
ù`ànã

u(x) > u(x′) + dΩ
ν (x′, x).

�Z��á
àa��ß�� ù`à��
θ ∈ ]µ, ν[

â��bá���á	á ¸ þëúvâ
y
ùZànã

y′
þ�à
V
úzåGÝ��)â��@ùSâ

• α2

2M2 dist(x, ∂V ) ≤ |y − x| ≤ α
2M dist(x, ∂V ) �

• u(x) ≥ u(y) + dΩ
θ (y, x) �
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• |y′ − y| ≤ α2

2M2dist(y, ∂V )
ùZànã

u(y) > u(y′) + dΩ
θ (y′, y)

	

Ê�¿\Õ=Ï��WÇnÕ~|SÕ�Ï��æÑ�´d��Ç9�"Ñ�|�Ó8ÏZ{T}3Õ;Î#Õ�}3Õ�Öm{GÐZ�b²�ÕëÏ�° Ð�{#�6±#{GÔVÏ Ï#Ñ
Γ × ÔCÑjÎ)Ø<{GÐ9Ù<{GÎ>Ô){

Ö�° ²z»b³�µ*©G­Zª\²w¶5¹+«�µh»G´�¹ ²�»=­w²�²z»b«)°b´Z²�³�´`°÷´`¯3­Z·Gµh´S®�¨@²�«)¬*³�°b³�¬*³�¸�«�ª�³Ùµ*µ\²v­Z·b®�«.¹º³�²�»÷ªh«�µ�©n«�±v²
²z´

Γ
èl±�´`°¡é¡«�ªhÚ`«�°G±�« Û µ�«�« ê »G«�´`ªh«�¬ÂÊ@¿�Ë ·V«�®�´�¹3Ü×­`°b¼)²�»b«�°%­Z©b©b®�Ø.²z»b³�µÍªh«�µ�¨b®�²º²�´�²z»b« ±�­Zµ�« ´`¯�²�»G«

»G´`¬�´`ÚS«�°b³�¸�­U²�³�´`°�³�°
L∞

´S¯nµ�¨b©bª�«�¬*­Z®b¯�¨G°b±v²z³�´`°G­Z®�µ�¿���«(ªh«�±�­`®�®@²�»=­w²�¹º»b«�°
X
³�µ5­�¬*«v²�ª�³�±(µ�©G­Z±�«S¶

­�µ�«���¨b«�°b±�«�´`¯j¯�¨b°G±v²�³�´`°=­Z®�µ
Fn : X → R

³�µ×µ�­Z³�¼�²z´
Γ
è�±�´`°Sé¡«�ªhÚ`«3²z´

F
³�°
X
³�¯

∀x ∈ X F (x) = Γ− lim inf Fn(x) = Γ− lim supFn(x),¹Í»b«�ªh«
Γ− lim inf Fn(x) = inf

{
lim inf Fn(xn) : xn → x in X

}

Γ− lim supFn(x) = inf
{

lim supFn(xn) : xn → x in X
}
.

��«�ªh«�¯;«�ªÍ²�´ í�Ë�ÇZî�¯�´Sª�­Z°M³�°¡²�ªh´�¼G¨b±v²z³�´`°�²�´R²z»b«0²z»b«�´`ª\ØM´`¯
Γ
è�±�´`°Sé¡«�ª�Ú`«�°b±�«`¿��B«�°G´�¹Àµ�²z­U²�«0²�»G«

µ�²z­`·b³�®�³�²�Ø)´`¯j­Z·Gµ�´`®�¨@²�«�¬�³�°G³�¬�³�¸�«�ªhµ+¹º³�²�»�ªh«�µ�©V«�±v²(²�´�²�»b³Ùµ(°G´U²�³�´`°�´`¯j±�´`°Sé¡«�ª�Ú`«�°b±�«`¿
�a¨>��£n¤w�"� �C4}ö=4�ø3úzúzå@ý*áRâ��@ù`âZ��ß���ùZà��

n ∈ N � â���á��zå@àVÝ�â}þ}ß`à
un ∈ W 1,∞(Ω) ∩ C(Ω)

þëú�ùZà
ù�ävú
ß`ûüå�âlá�ý	þ;àGþ�ý	þ�ÿwá��0ß���â��bá+�9��ß�ä�û�á
ý

(Pn) min

{
ess.sup
x∈Ω

Hn(x,Dv(x)) : v ∈ un +W 1,∞(Ω) ∩ C0(Ω)

}
,

ù`ànãÍâ���ù`âVâ���á5ú�á^��åGá
àVÝ�á
(un)n∈N

Ý�ßZà��Zá��[��ávú5å@àGþ �
ß��vý�ûr�3ß`à
Ω
âIß×ú�ßZý*á��zå@àVÝ�â}þ}ßZà

u∞ ∈W 1,∞(Ω)∩
C(Ω)

	I�8ß��	ùZà��
n ∈ N ∪ {+∞} ùZànã1��á�û�ù`â}þ��Zá�ûr��Ý�ß`ýQ�bù¡Ý�â+ß��Gá
à�úzåGävú�á�â

U ⊂ Ω � þ;â���ä�ßZå@ànãSù
���
ßg�0Ý�û�ùZú�ú C2 ��� á0ã¡á~�5àVá â��bá�úvå6����á
ý�ùSû��zå@àVÝ�â}þ}ßZànùSû

Fn(., U)
ßZà C(U)

ä��

Fn(v, U) :=

{
ess.sup
x∈U

Hn(x,Dv(x))
þ �
v ∈W 1,∞(U) ∩ C(U),

+∞ ß`â���á�� � þëú�á �
� �bá��há�â��bá	úzå6����á
ý*ùZànã

Hn
ú
ù`â}þ�ú��$ávú�Ý�ß`ànãZþ;â}þ}ßZàbú

(A)
ùZànã

(C)
�
ß��*ùZà��

n ∈ N ∪ {+∞} � ùZànãâ��bác�
ùZý�þ;ûr� {Hn}n∈N∪{+∞}
þëú�å@àGþ ��ß��vý�ûr��á^��å@þPÝ�ß"á���Ý
þ��Zá	ßZà

Ω× RN � þ[	�á6	

∀λ ≥ 0 ∃M > 0 ∀n ∈ N ∪ {+∞} ∀(x, p) Hn(x, p) ≤ λ⇒ |p| ≤M. Û Ê@¿�Ë"Ü
¾ å6����ßZú�á*â��@ùSâ��
ß��*ù`à���úvåGÝ��Mß��Gá
à úzåGävú�á
â

U
â��bá�ú�á^��åGá
àVÝ�á

(Fn(., U))n Γ
¼hÝ�ß`à��Zá��[��ávú	þ;à C(U)âIßRâ���á�úzå6�9��á
ý�ù`û
�zå@àVÝ�â}þ}ß`à=ùSû

F∞(., U)
	.����á
àMâ���ác�zå�ànÝ�â}þPßZà

u∞
þëú0ùZàìù¡ävú
ß`ûüå�âlá ý	þ�àGþ�ý�þ�ÿ"á�� ß��

(P∞) min

{
ess.sup
x∈Ω

H∞(x,Dv(x)) : v ∈ u∞ +W 1,∞(Ω) ∩ C0(Ω)

}
.

�B«*ç=ªhµ�²	©bª�´�é¡«�²�»G«�¯�´`®�®�´�¹Í³�°bÚ%½#«�¬�¬�­�¶>¹º»G³�±z»B³Ù°B´`¨bª0´`©b³�°b³Ù´`°B»=­Zµ	­Z°B³�°S²z«�ªh«�µ�²	·¡Ø ³�²�µ�«�®�¯�¿
F ´`ªº­�±�´`°b°G«�±v²�«�¼�´`©n«�°�µ�¨b·Gµh«
²

V ⊂ Ω
¶
λ ≥ 0

­Z°b¼
n ∈ N ∪ {+∞} ¶�¹(«�µh»=­Z®�®#¼b«�°G´U²�«�·SØ dVλ,n²z»b«�©Gµh«�¨b¼b´Uè�¼b³�µ�²z­Z°G±�«�³�°

V
­Zµ�µ�´�±�³Ù­w²�«�¼.¹º³�²�».²�»G«�µ�¨b©bª�«�¬*­Z°G¼

Hn
¿

�/�"�U�K�w�C4ëÁC4OÚ>ànã¡á���â���á�ùUúzúzå@ýQ�Câ}þ}ßZàbú*ß��X���bá�ß���á
ýÜÛ�	~� � �
ß��*ù`à8�
U ⊂⊂ Ω � þ}â��ìä�ß`å@ànãSù����

ßg��Ý�û�ùUú�ú C2 � ùZà��
µ ≥ 0

ù`ànã
x ∈ U � â���á���á*á ¸ þëúvâ;ú	ùRú�á^��åGá
àVÝ�á�ßg� ànßZà�¼�àVáª�¡ù`â}þ��Záb��á�ù`û>àGå@ý*äzá���ú

(µn)n
úzå=Ý���â��@ù`â

dUµn,n(x, .)→ dUµ,∞(x, .) in C(U). Û Ê�¿HG`Ü



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 �À©
���hß�ßg��	��B«�³�°b¯;«�ª(¯�ªh´`¬ ½#«�¬*¬*­.:3¿qÇ	²�»G­w²Í¯�´`ª×­`°SØ

y ∈ U ´`°b«�»=­Zµ
dUµ,∞(x, y) = sup{v(y)− v(x) : v ∈W 1,∞(U) ∩ C(U), H∞(., Dv) ≤ µ a.e. on V }

= sup{v(y)− v(x) : F∞(v, U) ≤ µ}.§�³�°b±�«
(Fn(., U))n Γ

èl±�´`°¡é¡«�ªhÚ`«�µ�³�° C(U)
²�´
F∞(., U)

¶n²�»G«�ªh«	«v¾b³�µ�²�µ�­Rµ�«���¨G«�°b±�«0´S¯5¯�¨G°b±v²�³�´S°bµ
vn ∈W 1,∞(U) ∩ C(U)

±�´`°Sé¡«�ª�Ú`³�°bÚ*¨b°G³�¯�´`ªh¬*®�Ø.³�°
U
²z´
dUµ,∞(x, .)

­Z°G¼)µ�¨G±z»�²�»=­w²
Fn(vn, U)→ F∞(dUµ,∞(x, .), U) ≤ µ¹Í»b«�ªh«+²�»b«(®Ù­Zµ�²/³Ù°b«���¨=­Z®�³�²�Ø�¯�´`®�®�´�¹ºµ/¯�ªh´`¬Ñ?�ª�´`©n´`µ�³�²z³�´`°®G@¿�Ë�Èb¿ F ´`ª/­Z°SØ

n
¹+«×µh«
²

Fn(vn, U) = µn­Z°G¼M¹+«�©bª�´�é¡« Û Ê@¿HG`Ü�¯�´`ª�²�»G«*µ�«���¨G«�°b±�«
(µn)n

¿RÖI²	¯�´`®�®�´�¹Íµ0­ZÚS­`³�° ¯�ª�´`¬ ½8«�¬�¬*­d:Í¿|Ç�²�»=­w²0¯�´`ª
­Z°¡Ø

n
­Z°b¼

y ∈ U ´`°b«�»G­Zµ
dUµn,n(x, y) = sup{v(y)− v(x) : Fn(v, U) ≤ µn}

≥ vn(y)− vn(x),²z»�¨bµ×®�«v²h²z³�°bÚ
n
Ú`´�²�´

+∞ Øb³�«�®�¼bµ
∀y ∈ U lim inf

n→+∞
dUµn,n(x, y) ≥ dUµ,∞(x, y).

��«)­Z®�µ�´M°b´U²�³�±�«�²z»G­w²*·¡Ø ²�»G«.¨b°b³�¯;´`ªh¬ «��@¨b³�±�´�«�ªh±�³�é�³�²�Ø ­Zµhµ�¨G¬�©@²z³�´`° Û Ê@¿�Ë"Ü
¶Q²�»G«�ª�«�Ú`¨b®Ù­`ªh³�²�Ø ´`¯
∂U

­Z°G¼B²�»b«�¯;­Z±v²�²�»G­w²
dUµn,n(x, x) = 0

¯�´`ª�­Z°SØ
n
¶j²�»G«R¯;­Z¬*³�®�Ø

(dUµn,n(x, .))n
³�µ�¨b°G³�¯�´`ªh¬*®�Ø

·V´`¨b°G¼b«�¼ì­`°b¼ì«��@¨b³�±�´`°¡²�³�°�¨b´S¨bµ�´S°
U
­`°b¼%²�»�¨Gµ3¹+«�¬*­�Øì­`µhµ�¨G¬�«	¹º³�²�»G´`¨@² ®�´`µ�µ�´`¯
Ú`«�°b«�ª�­Z®�³�²�Ø

²z»G­w²j³�²j±�´`°Sé¡«�ª�Ú`«�µ�³�° C(U)
²�´ºµ�´`¬*«/¯�¨G°b±v²�³�´S°

w
¿Z�B«/³�°G¯�«�ª>¯�ª�´`¬Þ²�»G«

Γ
èl±�´S°Sé¡«�ªhÚS«�°b±�«
´`¯

Fn(., U)²z»G­w²
F∞(w,U) ≤ lim inf

n→+∞
Fn(dUµn,n(x, .), U) ≤ lim inf

n→+∞
µn ≤ µ.ê »b«�°�¯�´`ª×­Z°¡Ø

y
³�°
U
¹+«�»G­�é¡«

lim sup
n→+∞

dUµn,n(x, y) = w(y) = w(y)− w(x)

≤ sup{v(y)− v(x) : F∞(v, U) ≤ µ} = dUµ,∞(x, y)¹Í»b«�ªh«�²�»b«�®Ù­`µ\²Í³�°b«��@¨G­Z®�³�²�Ø)¯�´S®�®�´�¹ºµ×·¡Øu?5ªh´`©V´`µ�³�²�³�´`°XG@¿�Ë�È*­Z°b¼.²�»b³�µ×±�´S°b±�®�¨G¼b«�µ+²�»G«�©bª�´�´`¯�¿ �
���hß�ßg� ß��&�Z��á�ß���á
ýVÛ�	��
	 ê »G­Z°�=�µ×²�´*²�»G«�´`ªh«�¬�Ç�¿|Ê@¶V³�²�³�µÍµ�¨5f�±�³�«�°S²Í²�´R©bªh´�é¡«�²�»=­w²

u∞
µ�­w²�³�µhç=«�µ

²z»b«&L+A F ­Zµ�µh´@±�³Ù­w²�«�¼ ¹º³�²z»
H∞

¿&�B«�´`°G®�Ø ©bªh´�é�«�²�»=­w²
u∞

µ�­w²�³�µhçG«�µ�²�»G«&L+A F ¯;ªh´`¬ ­Z·V´�é¡«`¶
²z»b«�­ZªhÚS¨b¬�«�°S²×·V«�³�°bÚ�µh³�¬*³�®Ù­Zª(¯�´`ª$²�»b«�±�´`¬�©=­Zªh³�µ�´`°)¯�ªh´`¬ ·n«�®�´�¹ ¿5½#«v²(²�»b«�°

x0 ∈ V
¶
λ ≥ 0

­Z°b¼
α ∈ R ·n«�µ�¨b±z».²�»G­U²

u∞ ≤ dVλ,∞(x0, .) + α on ∂(V \ {x0}).½#«v²
ε > 0

­Z°b¼Bµ�«v²
W = {x ∈ V : u∞ > dVλ,∞(x0, .) + α + ε} ¿.Ö�¯ W ³�µ0«�¬*©@²�Ø¡¶>²�»G«�ªh«

³�µº°b´Z²�»b³�°GÚ�²�´*©bªh´�é�«`¶G´U²�»G«�ª\¹º³�µ�«�²z»b«�µ�­Z¬�« ­Zª�Ú`¨b¬*«�°S²�µÍ­Zµº³�°.²�»G«�©Gªh´�´`¯j´S¯ ê »b«�´Sªh«�¬ Ç�¿|Ê	Ø�³�«�®�¼
²z»G­w²

W
³�µ5´`©V«�°�­Z°b¼

W ⊂⊂ V \{x0}
¿���«×¬*­�Ø*­Z®�µ�´�­`µhµ�¨G¬�«$¹Í³�²�»b´`¨�²/®�´Sµhµ/´`¯nÚS«�°b«�ª�­Z®�³�²�Ø	²�»G­U²

W
³�µ�±�´`°b°G«�±v²�«�¼#¿ ê »�¨bµº²�»G«�ªh«0«
¾�³�µ�²�µ

U ⊂⊂ V \ {x0}
´`©n«�°#¶n±�´`°b°G«�±v²�«�¼#¶G¹Í³�²�» C2 ·n´`¨G°b¼=­Zª\Ø­Z°G¼)±�´S°S²z­Z³�°G³�°bÚ

W
¿ ê »G«�°�²z»b«�¯�¨G°b±v²z³�´`°

dVλ,∞(x0, .)
³�µ×±�´`°S²z³�°�¨b´`¨Gµ×´`°

U
¶G­Z°G¼�¹+«�»G­�é¡«

u∞(y) ≤ α+ ε+ dVλ,∞(x0, y) = α+ ε+ S+(dVλ,∞(x0, .), U)(y)¯;´`ª×­Z°SØ
y ∈ ∂U ¿���«�°b´�¹1³�°b¯;«�ª(¯�ª�´`¬ ²�»G«�¼b«�çG°b³�²z³�´`°)´`¯

S+(dVλ,∞(x0, .), U)
²z»G­w²

u∞(y) ≤ α+ ε+ dVλ,∞(x0, x) + dUµ,∞(x, y) Û Ê@¿qÇSÜ
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¯;´`ª×­Z°SØ

x, y ∈ ∂U ­Z°b¼.¹º³�²�»
µ = min

{
σ : dVλ,∞(x0, y)− dVλ,∞(x0, x) ≤ dUσ,∞(x, y) for any x, y ∈ ∂U

}
.½#«v²�¨Gµ3°G´�¹ çb¾

x ∈ ∂U ³�° Û Ê@¿qÇSÜv¶V¹+«�­Z³�¬ ²�´�µ�»b´�¹ ²�»G­w²3²z»b³�µ�³�°b«��@¨G­Z®�³�²�Ø%»b´`®Ù¼bµ�¯�´`ª�­Z°¡Ø
y
³�°

U
¿<�B«�³�°b¯�«�ª(¯�ªh´`¬ ½#«�¬�¬�­*Ê@¿HG0²�»G­U²(²�»b«�ªh«�«v¾b³�µ\²zµº­�µ�«���¨G«�°b±�«

(µn)n
µ�¨G±z»�²�»=­w²

dUµn,n(x, .)→ dUµ,∞(x, .) in C(U).½#«v²
δ > 0

¶@¹+«�Ú`«v²Í¯�ªh´`¬ Û Ê@¿qÇSÜ
²�»=­w²º¯�´Sª n ®Ù­ZªhÚ`«�«�°b´S¨bÚ`»
∀y ∈ ∂U un(y) ≤ α+ ε+ δ + dVλ,∞(x0, x) + dUµn,n(x, y) Û Ê@¿�Ä¡Ü§�³�°b±�«�¯�´`ªº­Z®�®
n
²�»b«�¯�¨b°G±v²�³�´`°

un
µ�­w²�³�µhç=«�µ+²�»G«�L+A F ©bªh´`©V«�ª\²�Ø�¶@²�»G«�³�°b«E��¨G­Z®�³�²\Ø Û Ê@¿�Ä¡Ü+»b´S®�¼bµ×¯�´`ª­Z°¡Ø

y ∈ U ¿/½8«
²h²�³�°bÚ n Ú`´�²�´ ∞ ³�° Û Ê@¿�Ä¡Üv¶�¹+«�Ú`«
²(²�»=­w²
∀y ∈ U u∞(x) ≤ α+ ε+ δ + dVλ,∞(x0, x) + dUµ,∞(x, y).

��«�®�«v²
δ
Ú`´	²�´

0
­`°b¼�²v­�=`«3²z»b«�³�°bçG¬0¨G¬ ´`°

x ∈ ∂U ²�´�ÚS«v²(²�»=­w²º¯�´Sª×­Z°SØ y ∈ U ´`°b«�»G­Zµ
u∞(y) ≤ α+ ε+ inf{dVλ,∞(x0, x) + dUµ,∞(x, y) : x ∈ ∂U}

= α+ ε+ S+(dVλ,∞(x0, .), U)(y).ð ©b©b®�Øb³�°bÚe?5ªh´`©V´`µ�³�²�³�´`°ïÇ�¿�Ë�Ø�³�«�®�¼Gµ
∀y ∈ U u∞(y) ≤ α+ ε+ dVλ,∞(x0, y),¹Í»b³�±z»�±�´`°S²zª�­Z¼b³�±
²�µ+²�»b«�¼b«
ç=°b³�²�³�´`°Gµ×´`¯

U
­Z°b¼

W
¿ �

�B«+°b´�¹ ²�¨Gªh°0²�´º²z»b«(­Z©b©b®�³Ù±�­w²�³�´`°�´`¯�²�»G«+­`·n´�é¡«+ª�«�µ�¨b®�²Q²�´�­Z°�»G´`¬�´`ÚS«�°b³�¸�­U²�³�´`°�©bª�´`·b®�«�¬�¿ F ´`ª
­Z°¡Ø�©n´Sµh³�²z³�é¡«

ε
­Z°b¼

V
´`©V«�°%µ�¨b·Gµh«
²�´`¯

Ω
¶C®�«v²3²�»G«	µh¨G©bªh«�¬*­Z®j¯�¨G°b±v²z³�´`°G­Z®

Fε(., V )
·n«	¼G«
çG°b«�¼

´`° C(V )
·¡Ø

Fε(v, V ) :=

{
ess.sup
x∈Ω

H(
x

ε
,Dv(x))

³�¯
v ∈W 1,∞(V ) ∩ C(V ),

+∞ ´Z²�»b«�ª�¹º³�µ�«`¶
­Z°G¼)®�«v²

Fhom(., V )
·V«�Ú`³�é¡«�°�·SØ

Fhom(v, V ) :=

{
ess.sup
x∈Ω

Hhom(Dv(x))
³�¯
v ∈W 1,∞(V ) ∩ C(V ),

+∞ ´Z²�»b«�ª�¹º³�µ�«`¶
¹Í»b«�ªh«�¯�´`ª×­`°SØ

p ∈ RN ´`°G«�»=­Zµ

Hhom(p) := inf

{
ess.sup
x∈(0,1)N

H(x, p+Dw(x)) : w ∈W 1,∞
# ((0, 1)N ) ∩ C((0, 1)N )

}
.

ê »b«�¯�´`®�®Ù´�¹º³�°bÚ*±�®Ù­`µhµ�³�±�­`®#­`µhµ�¨G¬�©@²z³�´`°bµº­Zªh«�¬*­Z¼G«�´`°.²�»b«�µ�¨b©Gªh«�¬�­Z°b¼
H
ñ

Û ð §|Ü
H : RN × RN → [0,+∞]

³�µ ®�´�¹+«�ª�µ�«�¬�³�è�±�´`°S²z³�°�¨b´`¨Gµ�¶
(0, 1)N

èl©V«�ªh³�´�¼G³�±�³�°M²�»G«�ç=ªhµ�²
é`­Zªh³Ù­Z·G®�«�­`°b¼)®�«
é¡«�®�èl±�´S°Sé¡«v¾)³�°.²�»b«�µ�«�±�´`°b¼#¶G­Z°b¼

H(., 0) = 0
¿

Û :I§|Ü
H
µ�­w²�³�µhç=«�µ*²�»G«ïÚ`ªh´�¹×²�» ±�´`°b¼G³�²�³�´`°#ñ

α(|p|) ≤ H(x, p) ≤ β(|p|) ¯�´SªR­Z°¡Ø (x, p) ∈
RN × RN ¶$¹Í»b«�ªh« α, β : R+ → R+

­Zªh«�³�°b±�ªh«"­Zµ�³�°bÚB¯�¨G°b±v²z³�´`°bµ�¶
α(t) → +∞ ­Zµ

t→ +∞ ­`°b¼
β
³�µ×®�´@±�­Z®�®�Ø)·n´`¨G°b¼G«�¼8¿



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
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Û B/Ü H µ�­w²�³�µhçG«�µR²z»b«M±�´`°¡²�³�°�¨G³�²�Øæ±�´S°b¼b³�²z³�´`°8ñ ¯�´`ª�­Z°SØ
M > 0

²�»G«�ªh«M«v¾b³�µ�²�µ�­ ¯�¨b°G±v²�³�´`°
ω : R+ → R+

¹Í³�²�»
ω(t)→ 0

­Zµ
t→ 0+ ­Z°b¼

∀x ∈ (0, 1)N ∀p, η ∈ B(0,M) |H(x, p)−H(x, η)| ≤ ω(|p− η|).ê »b«�°.²�»b«�¯�´S®�®�´�¹º³�°bÚ*»G´`®�¼bµ�¿
�a¨>��£n¤w�"� �84>�#4 ø3ú�úvå@ý*á�â���ù`âW�
ß���ù`à��

ε > 0 � â���áI�zå�àVÝ
â}þPßZà
uε ∈ W 1,∞(Ω) ∩ C(Ω)

þëú�ùZà
ù�ävú
ß`ûüå�âlá�ý	þ;àGþ�ý	þ�ÿwá��0ß���â��bá+�9��ß�ä�û�á
ý

(Pε) min
{
Fε(v,Ω) : v ∈ uε +W 1,∞(Ω) ∩ C0(Ω)

}

ù`ànã�â���ù`â
u0 ∈W 1,∞(Ω)∩C(Ω)

þëú×ù	Ý�û|å�ú
âlá����bßZþ�à=â���ùZú
ε→ 0

��þ�à C(Ω)
ßg�+â��bá��
ùZý�þ;ûr�

(uε)ε>0
	

�Z��á
à
u0
þëú ùZàìù¡ävú
ßSû|å�âlá ý	þ;àbþ;ý	þ�ÿ"á��0ß���â���á��@ßZý*ß^��á
àGþ�ÿwá�ãS���hß¡ä�û�á
ý

(Phom) min
{
Fhom(v,Ω) : v ∈ u0 +W 1,∞(Ω) ∩ C0(Ω)

}
.

���hß�ßg��	��B«+çGª�µ�²5°b´U²z³�±�«
²z»G­w²�²�»G­`°8=�µj²�´�»SØ�©V´U²�»G«�µ�«�µ Û ð §|ÜQ­Z°b¼ Û :\§|Üv¶U²�»b«(¯;­Z¬�³Ù®�Ø	´`¯nµ�¨b©Gªh«�¬�­Z°b¼bµ
(H( ·ε , .))ε>0

´`·Sé�³�´`¨Gµ�®�Ø�µ�­w²�³�µhç=«�µ�±�´`°G¼b³�²�³�´`°Gµ Û ð Üv¶ Û L(ÜÍ­Z°G¼ Û Ê�¿�Ë"Üv¿ ê ´)­Z©b©G®�Ø�²�»b«�´`ªh«�¬ Ê@¿�Ë`¶C³�²
²z»�¨bµ�ªh«�¬�­Z³�°bµ3²z´.©bª�´�é¡«0²z»G­w²�¯;´`ª�­Z°SØM´`©V«�°Mµ�¨G·bµ�«v²

V ⊂⊂ Ω
¹º³�²�» C2 ·V´`¨b°G¼G­Zª�Øï²�»b«�¯;­Z¬�³�®�Ø

(Fε(., V )) Γ
èl±�´S°Sé¡«�ªhÚS«�µ/²�´

Fhom(., V )
´`° C(V )

­Zµ
ε→ 0

ñ�²�»G³�µ$¯�´`®�®�´�¹ºµ+¯�ªh´`¬ ê »G«�´`ªh«�¬ Ê@¿HG ´`¯
í ÉZîI¿ �

É�¿QÝbÇ9�"Ñ�|�Ó8ÏZ{�|
�¬}ÍÕ;Î#Õ�}3Õ�Ö`Õ;Î�ÙxÞQÕ�±#�"Ô)°#ÕëÏZÖM{"ß�ÏZ{GÎ��"Õ;ÑjÎ���Õ;Îà|�{=ÎZÙ�ÏZ°à�p±6�#Ô){��
Ö�°�²�»G³�µ5µ�«�±
²�³�´`°�¹+«ºµ�»b´�¹÷²z»G­w²5²�»G«×©bªh³�°G±�³�©b®�«º´`¯�L$´`¬*©G­Zªh³�µ�´`°�¹º³�²�»1AÍ³�µ�²z­`°b±�« F ¨b°G±v²�³�´`°Gµ/­Z®�µ�´

±z»=­Zª�­Z±v²z«�ªh³�¸�«�µ
²�»G«�­Z·bµ�´`®�¨�²�«�®�Ø�¬�³�°G³�¬�³�¸�³�°bÚ�½8³�©Gµ�±z»b³�²�¸�«v¾�²z«�°bµ�³�´`°Gµ+³�°.­	®�«�°GÚU²�».µ�©G­Z±�«
(X, d)

¿ ð
¬*«v²�ªh³�±	µ�©G­Z±�«

(X, d)
³�µ3µ�­Z³�¼M­R®�«�°GÚU²�»%µ�©G­Z±�«	³�¯5³�²�³�µ�­Zªh±v¹º³Ùµh«
èl±�´`°b°G«�±v²�«�¼%­`°b¼ï²�»b«	¼b³�µ�²z­`°b±�«	´`¯

­Z°¡Ø�²�¹+´�©V´`³�°S²zµ+±�´`³�°G±�³�¼b«3¹º³�²�»R²z»b«�³�°�ç=¬0¨b¬ ´`¯8²z»b«�®�«�°GÚU²�».´`¯>±�´S°S²�³�°�¨G´`¨bµ×­Zªh±�µ��\´S³�°b³�°bÚ	²�»b«�¬�¿
Y�´`ªh«0©bª�«�±�³�µ�«�®�Ø¡¶V³�¯

x, y ∈ X ­Z°b¼�³�¯j¹+«0¼G«�°b´U²z« ·SØ
pathX(x, y)

²z»b«0µh«
²3´S¯Q±�´S°S²�³�°�¨G´`¨bµ3¬*­`©bµ
γ : [0, 1]→ X

¹Í³�²�»
γ(0) = x

­Z°b¼
γ(1) = y

¶�²�»b«�°.²�»b«�®�«�°bÚU²z»
l(γ)

´`¯
γ
³�µ×Ú`³�é�«�°)·¡Ø

l(γ) := sup

{
k∑

i=0

d(γ(ti), γ(ti+1)) : 0 = t0 ≤ . . . ≤ tk = 1, k ≥ 1

}

­Z°G¼
(X, d)

³�µº­�®�«�°bÚU²z»)µ�©G­Z±�«�³�¯�¯;´`ª×­Z°SØ
x, y ∈ X ´`°b«�»=­Zµ

d(x, y) = inf {l(γ) : γ ∈ pathX(x, y)}ê »b«ì±�­w²�«�ÚS´`ª\Ø ´S¯0®�«�°bÚU²z»Þµh©=­Z±�«�µ�³�°b±�®�¨G¼b«�µd]×³�«�¬*­`°b°b³Ù­`° ¬�­Z°b³�¯;´`®�¼bµ�¶SL+­`ªh°b´U²�èÍL+­Zª�­U²�»b«�´@¼b´`ª\Ø
µ�©=­Z±�«�µ�¶G­Zµ+¹(«�®�®#­`µ×¬�´`ªh«�Ú`«�°b«�ª�­Z®8µ�©G­`±�«�µ Û µ�«�«Rí�Ë
î#¯�´Sª(¬�´Sªh«�´`°.²�»b³�µº°b´U²�³�´S°=Üv¿�B«�ç=ªhµ�²�ªh«�±�­Z®�®(²z»b«ï¼b«�çG°b³�²z³�´`° ´`¯�­Z° ð ·bµ�´`®�¨�²�«�®�Ø÷¬�³�°G³�¬�³�¸�³�°GÚ�½#³�©bµ�±z»G³�²�¸ï«v¾�²z«�°bµ�³�´`° ³�°æ­
®�«�°bÚU²�»�µ�©G­Z±�« ­Zµ×Ú`³�é¡«�°�³�°TNzÅ�´`¯(í�Ë
îI¿
!.��òjójôëõwô�£nó¬Ô84}ö=4C�#á�â

(X, d)
ä�á	ùRû�ávà��Sâ���úª�bù¡Ý�á � A ⊂ X ùZànã

u : A→ R � â��bá
à � á�ú�á�â
Lip(u,A) := inf {k : u(y)− u(x) ≤ kd(x, y) for all x, y ∈ A} .

�#á�â
V
ä�á�ù����hß��Gá��	ß��Gá
à%úvåGävú�á�â+ß��

X � â���á
à ù®�jþ �=ú�Ý���þ;âëÿ�Ý�ßZà=â}þ�àGåbßZå@úc�zå@àVÝ�â}þ}ß`à
u : V → R

þëú
ú�ùZþ}ã�âIß*äzá�ù`à�ø�ävú
ß`ûüå�âlá�ûr��£�þ�àGþ�ý	þÙÿ
þ�à��a��þH�=ú�Ý��¡þ;âëÿ<�zå@àVÝ�â}þ}ßZàK�Iànß`âlá�ã øI£M�#��ßZà

V
þ ���
ß���ù`û;ûnß��Gá
à

úvåGävú�á�â
U
ß��
V
ßZàVá��@ùUú

Lip(u, U) = Lip(u, ∂U).
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Ö�°�²z»b«�­Z·n´�é¡«�¼G«
çG°b³�²�³�´`°8¶�©bª�´`©n«�ª+¬�«�­Z°Gµ
²�»G­U²

V /∈ {∅, X} ¶G­Z°b¼.µ�³�°b±�« X ³�µ+±�´S°b°b«�±
²�«�¼R²�»b³�µ
³�¬*©b®�³�«�µ5²z»G­w²

∂V 6= ∅ ¿���«º°b´�¹ «v¾�²�«�°b¼�²�»G«º°b´U²�³�´S°�´`¯ZL$´`¬*©G­Zª�³�µh´S°�¹º³�²�»&AÍ³�µ�²z­`°b±�« F ¨G°b±v²�³�´S°bµ
²z´	²�»b³�µ×µ�«v²�²�³�°bÚb¿
!.��òjójôëõwô�£nóáÔ#4ÙÁ84e�#á�â

(X, d)
äzáìù û�á
à��Sâ�� úÓ��ù�Ý�áìùZànã

V
ùX���hß��bá��ìß��bá
àÞúzåGävú�á�â�ß��

X
	Àø

�vå@àVÝ
â}þPßZà
u : V → R

ú
ù`â}þ�ú��$ávú0â���á&»5ßZýQ�bù��vþëú
ß`à � þ;â��_½�þëúvâIùZàVÝ�á��Vå�àVÝ
â}þPßZàbú����hßZýÂù�ä�ß��Zá�ßZà
Vþ ���
ß�� ù`à��Rß��Gávà�úzå=äzú�á�â

U
ß��
V � ùZà��

x0 ∈ X � ù`à��
a ≥ 0

ùZànã
b ∈ R � â���á þ�àVá^��åbù`ûüþ;â~�

u ≤ ad(x0, .) + b on ∂(U \ {x0})þ;ýQ�VûüþPávú
u ≤ ad(x0, .) + b on U.¾ þ�ý�þ;û�ù��
ûr� � ùMÝ�ßZà=â}þ�àGåbßZå�úi�vå@àVÝ�â}þ}ßZà
u : Ω → R

ú�ù`â}þëú��$ávú*â���áX»�½\�y���hßZý ä�á�û�ß � ß`à
Ω
þ ��ùZànã

ß`à=ûH�*þ ��â��bá�þ�àVá
�
åGù`ûüþ;â~�
u ≥ −ad(x0, .) + b on ∂(U \ {x0})þ;ýQ�VûüþPávú

u ≥ −ad(x0, .) + b on U.�5þ�ànù`û;ûr� � u ú
ù`â}þ�ú��$ávúÍâ��bák»�½\� ßZà
V
þ ��ùZànã*ßZà=ûr�	þ �ºþ}â�ú
ùSâ}þëú��$ávú3â���ák»�½\� ä�ß`â��Q���hßZý ù¡ä�ß��Zá�ùZànã

����ß`ý�ä�á�û�ß � ßZà V 	
�(á
ý*ù����.É�¿qÇ#	<�B«�©n´S³�°S²(´S¨@²+²�»G­U²(³�°R²�»G«�­Z·V´�é¡«�¼b«�çG°b³�²z³�´`°R²�»b«�©G­Zª�­`¬�«v²�«�ª

a
³Ùµ+°b´`°�èl°b«�ÚS­w²�³�é¡«S¶

¹Í»b«�ªh«"­ZµR³�° ²z»b«ï±�®Ù­Zµ�µ�³�±�­Z®Í¼G«
çG°b³�²z³�´`° Û ¯;´`ª�«v¾G­Z¬�©G®�«ïµ�«�«XA3«
ç=°b³�²�³�´`°xG@¿HG ³�°�í�Ë�î�Ü
a
¬*­�Ø ²z­�=`«

°G«�ÚS­w²�³�é�«�é`­Z®Ù¨b«�µ�¿ ê »b³�µ�³�µ�³�°bµ�©b³�ª�«�¼ ¯�ªh´`¬tA3«
çG°b³�²z³�´`° Ç�¿qÇï¹º»b«�ªh«�²�»G«R©=­Zª�­Z¬*«v²�«�ª
λ
³�µ�°b«�±�«�µ�è

µ�­Zª�³�®�ØM°b´S°@èl°G«�ÚS­w²�³�é�«`¿ ê »b³�µ�¼b³¦¥C«�ªh«�°G±�«*­Z®�®�´�¹ºµ�²�´)µ�»G´�¹ ²�»G­U²�¹º³�²�»M²�»b«*­Z·V´�é¡«*¼b«
çG°G³�²�³�´`°#¶C²�»G«
±�´`¬�©G­`ªh³�µ�´`°M¹º³�²�» ±�´`°b«�µ ³�µ�µ�²�³�®�®/­)±z»=­Zª�­Z±v²z«�ªh³�¸�­w²z³�´`° ¯�´Sª3²z»b« ð Y%½÷©bªh´S©n«�ª�²�ØM³�°M²z»b³�µ�Ú`«�°b«�ª�­`®
®�«�°bÚU²�»)µh©=­Z±�«�µ�«v²h²z³�°bÚb¶b­`°b¼.ªh¨b®Ù«�µ+´S¨@²+²�»G«�©bªh´`·G®�«�¬ ­Zªh³�µ�³�°GÚ�³�°uBQ¾b­Z¬*©b®�«�Å�¿HG0´`¯$í�Ë�îI¿�Ö�°b¼G«�«�¼8¶�³�°
²z»G­w²�«v¾b­Z¬*©b®�« ²�»b«�­Z¨@²z»b´`ªhµ�±�´`°bµ�³�¼G«�ª×²z»b«	±�­Zµ�« ¹º»b«�ª�«

X
³�µº²z»b«	¨b°b³�²�µ�©b»b«�ª�«0´`¯

R3 «���¨G³�©b©V«�¼
¹Í³�²�»�²z»b«0Ú`«�´@¼b«�µ�³�±	¼b³�µ�²z­Z°G±�«`¶

x0
³�µ×²z»b«0°G´`ª\²�»%©n´`®�«�­Z°b¼

V
²z»b«0µ�´`¨�²�»b«�ª�°�»b«�¬*³�µh©G»b«�ª�«`¿ ê »b«�°

²z»b«�±�´`°Gµ�²z­Z°S²Í¯�¨b°b±
²�³�´`° π
2

³�µ×´`¯j±�´`¨Gªhµ�«�­Z° ð Y�½ ³�°
X
¶=­Z°b¼�³�µ×«���¨=­Z®V²�´�²�»b«�±�´`°b«

d1(x0, .)
´`°

∂V
¿ Ã °G« ¼G´�«�µ�°�§ ²�»G­�é¡« π

2 ≥ d1(x0, .)
³�°
V
¶G¹º»G³�®�« π

2 ≤ d1(x0, .)
»b´`®�¼GµÍ³�°

V
¿ ê »b«0±�®Ù­Zµ�µ�³�±�­Z®

¼G«
çG°G³�²�³�´`°�¯�´`ªj²z»b«(±�´`¬*©G­Zªh³�µ�´`°�¹º³�²�»�±�´S°b«�µQ¹+´`¨G®�¼*­Zµ^=�²�»G«
²�¹(´�³�°b«��@¨G­Z®�³�²�³�«�µQ²�´�»b´`®Ù¼ Û ­Z°b¼	²�»@¨bµ¯}­Z³�®�µ
²z´	±z»=­Zª�­Z±
²�«�ªh³�¸�«Í²z»b« ð Y%½M©bªh´S©n«�ª\²\ØGÜv¶�¹º»G«�ªh«�­Zµ�AÍ«�çG°b³�²z³�´`°)É�¿HG0´`°G®�Ø.­Zµ^=�µ+¯;´`ª/²z»b«�µ�«�±�´`°G¼
³�°G«���¨=­Z®�³�²�ØR²z´�»G´`®�¼8¿

�B«�°G´�¹1µ\²v­w²�«3²z»b«�¬�­Z³�°�²z»b«�´`ª�«�¬ ´`¯>²�»b³�µ×©=­Zª\²"¿
�a¨>��£n¤w�"�âÔ84¦Ê>4S�#á�â

V
äzá�ù����hß��Gá���ß��bá
àMúzåGävú�á
â×ß��

X � â���á
à u : V → R
þëú	ùZà

AML
þ�à
Vþ � ùZànã�ßZà=ûr�*þ �

u
á
à�ã�ß��Uú�â���á1»�ßZýI��ù
�zþëú�ßZà � þ;â��1½�þëúvâIùZàVÝ�áS�Vå�àVÝ
â}þPßZàbúÌ�9�hß��bá��
â~�m	

���hß�ßg��	 ê »G«�ßZà=ûr�Rþ �+©=­Zª\²"¿��B«0´`°b®�Ø�©Gªh´�é¡«�²�»G­w²
u
µ�­w²�³�µhçG«�µ×²z»b«bL+A F ¯�ªh´`¬�­Z·V´�é¡« ´`°

V
¿×½#«v²

U ⊂ V ·n«�´`©n«�°#¶
x0 ∈ X

¶
a ≥ 0

­Z°b¼
b ∈ R ­Z°b¼�­`µhµ�¨G¬�«3²z»G­w²

u ≤ ad(x0, .) + b on ∂(U \ {x0}).ð µhµ�¨G¬�«`¶Q·SØ�±�´`°S²zª�­Z¼b³�±
²�³�´`°8¶j²�»G­w²0²z»b«Rµ�«v²
A := {x ∈ U : u(x) > ad(x0, x) + b} ³�µ	°b´U²«�¬�©@²�Ø�¿ ê »G«�°

A
³�µ�´`©n«�°0­Z°G¼�´S°

∂A
¹+«/»G­�é¡«

u(x) = ad(x0, x)+b
¿ ê »b«�²�ªh³Ù­Z°GÚ`¨b®Ù­Zª>³�°G«���¨=­Z®�³�²�Ø

³�¬*©b®�³�«�µ(²�»=­w²
Lip(ad(x0, .) + b, ∂A) = α ≤ a

¶=­Z°b¼.²z»b«�¬*­w¾b³�¬*­Z®>½#³�©bµ�±z»G³�²�¸�«v¾�²z«�°bµ�³�´`°
u+ ´`¯²z»b³�µ×¼b³�µ�²z­Z°G±�«�¯�¨G°b±v²z³�´`°)³�°Gµh³�¼G«

A
³�µ

u+ : x 7→ inf
y∈∂A
{ad(x0, y) + b+ αd(y, x)}.
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§�³�°b±�«

u
³�µ/­Z° ð Y�½)´`°

V
¶S´`°b«+»=­Zµ

u ≤ u+ ´`° A ¿<?5ªh´�±�«�«�¼b³�°GÚ�­Zµ�³�°	²�»G«+©bª�´�´`¯=´S¯�?5ªh´`©V´`µ�³�²�³�´`°
Ç�¿ÙË`¶@¹+«�Ú`«v²×²�»G­w²

u+ ≤ ad(x0, .) + b
´S°

A
¿�Ö�°G¼b«�«�¼#¶b¯�´`ªº­Z°SØ

x ∈ A ´`°b«�»G­Zµ
u+(x) ≤ inf

y∈∂A
{ad(x0, y) + b+ ad(y, x)}. Û É�¿�ËwÜ

½#«v²
δ > 0

¶/²�»G«�ªh«�«v¾�³�µ�²�µ
γ ∈ pathX(x0, x)

µ�¨G±z» ²�»G­w²
d(x0, x) ≥ l(γ) − δ

¶5²�»G«�° ²z­�=�³�°GÚ
tδ ∈ [0, 1]

µh¨G±z»M²�»G­U²
x̃ = γ(tδ) ∈ ∂A

¶>´S°b«*Ú`«v²�µ
d(x0, x) ≥ d(x0, x̃) + d(x̃, x) − δ ¿�§@³�°G±�«

a ≥ 0
¶�¹+«3³�°G¯�«�ª$·¡Ø*²z­�=�³�°GÚ

y = x̃
³�° Û É�¿�Ë"Ü5²�»=­w² u+(x) ≤ ad(x0, x) + b+ aδ

¿�½#«v²h²�³�°GÚ
δ
ÚS´ ²�´

0
¶@¹+«�çG°G­Z®Ù®�Ø.Ú`«v²×²�»G«�±�´`°S²zª�­Z¼b³�±
²�³�´`°8¿
ê »b«*þ �
©=­Zª\²º¯;´`®�®�´�¹ºµº®�³�°b«�·SØ.®�³�°G«3²�»G«�©bª�´�´`¯�´S¯�?�ª�´`©n´`µ�³�²�³Ù´`°XG@¿�Ë�³�°�í�Ë
îI¿ �

�(á
ý*ù����ìÉ�¿|Ê#	��B«*©n´S³�°S²0´`¨@² ²�»G­w²0³�°ì²�»b«*©bªh«�±�«�¼b³�°GÚ�©bªh´@´`¯�¶#²�»b«*Ú`«�´S¬�«v²�ª�³�±*³�¼b«�­�´`¯/²�»b«�ç=ªhµ�²
³�¬*©b®�³�±�­U²�³�´`°%³�µ�­ZÚS­Z³�°�²�»b«	³�¼b«"­R´`¯�?�ª�´`©n´`µ�³�²�³Ù´`°MÇ�¿�Ë`¶8­Z°G¼ï²�»G­U²Í²�»G³�µ3³�¼G«�­R³�µ�«�­Zµ�³�®�Ø%­Z¼=­Z©@²�«�¼ï²z´
²z»b³�µ×®�«�°bÚZ²�»)µ�©G­Z±�«�µ�«v²h²z³�°bÚb¿
�(á
ý*ù����.É�¿qÉ#	 ê »b«�©bªh«
é�³�´`¨bµ
²z»b«�´`ª�«�¬ µh»G´�¹ºµ
²z»G­w²×«vé¡«�°.³�°)­Z°)­Z¬0·G³�«�°S²×µh©=­Z±�«�³�°R¹º»b³�±z».±�´`°G«�µ
¼G´*°G´U²Íµ�­w²z³�µh¯ëØ�±�´`¬�©=­Zªh³�µ�´`°)¹º³�²z»ï±�´`°b«�µ Û ¯�´`ªº«v¾G­Z¬�©b®Ù« ­*µ�©b»G«�ªh« ´`ªÍ­Z°SØ�´U²�»b«�ª×¬�­Z°b³�¯�´S®�¼)¹º³�²�»°G´`° ²�ªh³�éb³Ù­Z®º±�¨�²hèl®�´�±�¨bµzÜ	²�»b«OLiA F ©bª�´`©n«�ª\²�Ø÷µ�²�³�®�®º±z»=­Zª�­Z±v²�«�ªh³�¸�«�µ*²z»b«�­Z·bµ�´`®�¨�²�«�®�Ø ¬�³�°b³�¬*³�¸�³�°GÚ
½#³�©Gµh±z»G³�²�¸*«
¾�²�«�°Gµh³�´S°8¿ ê »b«�°ì²�»b«&L+A F ©bªh´`©V«�ª\²�Ø ©bªh´�éb³�¼b«�µ�¶�³�°Bµh´S¬�«�µh«�°bµ�«`¶j­)µ�²�ª�¨b±v²�¨Gªh«vèl¯;ªh«�«
±�ªh³�²�«�ªh³Ù¨b¬ ¯�´Sª×­Z·Gµh´S®�¨@²�«�¬�³�°G³�¬*­Z®�³�²�Ø�¿

Ýa±#±�{=Î>Ò#Õ4ß ð ¿\É/Õ}ÎZ�p|�{GÐ@}\{bÏ#ÐCÕ}Ô)�k�jÎ>Ò÷Ð�{#|
��ÏZ{GÒsäjÓ�{���Ï#Õ;ÑjÎ��
ð F ³�°bµ�®�«�ªº¬*«v²�ªh³�±0´`°�­*±�´`°G°b«�±v²z«�¼ï´`©n«�°�µh¨G·bµ�«v²

Ω
´S¯
Rn

³�µ3­e:$´`ª�«�®�èl¬*«�­Zµ�¨bª�­Z·G®�« ¯�¨G°b±v²�³�´S°
ϕ : Ω×Rn → R+

µ�¨b±z»�²�»=­w²
ϕ(x, ·) ³�µ+©n´`µ�³�²z³�é¡«�®�Ø%Ëvèl»b´`¬*´`Ú`«�°G«�´`¨bµ+¯�´`ª(­Z®�® x ∈ Ω

­Z°G¼�±�´`°¡é¡«v¾
¯;´`ª Ln ­�¿�«S¿ x ∈ Ω

¿w��«ïªh«�¯�«�ª�²�´æíJGwîÍ¯;´`ªR­Z° ­Z¼@éS­Z°b±�«�¼ ³�°S²�ªh´@¼b¨b±
²�³�´`°8¿¬�B«�­Z®�µ�´Bªh«�¯�«�ª�²�´
²z»b«)©=­Z©n«�ªhµ�í�Ë�ÄZîº¯�´`ª*¬�´`ª�«)±�´`¬*©b®�«v²z«�é�«�ªhµ�³�´`°bµ�´`¯\?5ªh´`©V´`µ�³�²�³�´`°Gµ ð ¿�Ë�­Z°G¼ ð ¿HG Û ªh«�µ�©n«�±v²�³�é¡«�®�Øê »b«�´`ª�«�¬�µºÇ�¿qÇ*­Z°b¼ïÇ�¿Hh0²�»b«�ª�«�³�°=Ü
¿

Î�³�é¡«�°ï­�©V´`µ�³�²�³�é¡«�±�´`°Gµ\²v­Z°S²
β
¹+«�µh«
²

Mβ = {ϕ F ³�°Gµh®Ù«�ª(¬�«
²�ªh³�±�³�°
Ω
µ�¿ ²"¿

ϕ(x, q) ≤ β|q| ³�° Ω× Rn}.ê »b«�° ²�´ «�­Z±v»
ϕ ∈ Mβ

´S°b«�±�­Z° ­Zµ�µ�´�±�³Ù­w²z« Û ­Zµ�¹+«�¼b³�¼÷³�°÷µ�«�±v²�³Ù´`°wG`Ü�­ì©bµ�«�¨G¼b´ì¼G³�µ�²z­Z°b±�«
dϕ : Ω× Ω→ R+

²z»bªh´`¨GÚ`»�²z»b«�¯�´`ª�¬0¨b®Ù­

dϕ(x, y) = inf

{∫ 1

0
ϕ(γ(t), γ̇(t))dt : γ ∈ path(x, y)

}
.

ê »b«�ª�«+³�µ5³�°0²z»b«+®�³�²z«�ª�­w²�¨Gªh«×­Z°b´U²z»b«�ªj¹(­�Ø0²�´�­Zµ�µh´@±�³Ù­w²�«×­�¼b³�µ�²z­Z°G±�«
²z´�­ F ³Ù°bµ�®�«�ª�¬�«v²zªh³�±
ϕ ∈ Ω­Z°G¼.³�²(±�´`°Gµ�³�µ\²zµ+´`¯�­

sup− inf
´`©n«�ª�­w²�³�´`°#¿��B«�¼b«�°G´U²�«3·¡Ø N ²�»G«3µ�«v²×´`¯>µ�¨b·bµ�«v²zµ

N
´`¯

Ω
¹Í³�²�»

½#«�·V«�µ�Ú`¨b« ¬�«�­Zµ�¨Gªh« Ln(N) = 0
¿ ð ½#³�©bµ�±z»G³�²�¸ ±�¨bª\é¡«

γ : [0, 1]→ Ω
³�µºµ�­Z³�¼)²�ª�­Z°Gµ�é¡«�ªhµ�­Z®8²�´

N³�¯ H1(γ([0, 1]) ∩N) = 0
¿ ê »b«�°�¹+«�¼b«
ç=°b«

dϕ(x, y) = sup
N∈N

inf

{∫ 1

0
ϕ(γ(t), γ̇(t))dt : γ ∈ path(x, y)

­`°b¼
γ
²�ª�­`°bµ�é¡«�ªhµ�­Z®C²�´

N

}
.

��«º°b´�¹ ³�°S²�ªh´@¼b¨b±�«+²z»b«º©V´`®Ù­Zª/´S¯
ϕ
¶
ϕ0 : Ω×Rn → R+∪{+∞}

¹º»b³�±z»R³�µ
¼b«
çG°G«�¼R­Zµ
¯�´`®Ù®�´�¹ºµ�ñ
ϕ0(x, p) := sup{p · q : ϕ(x, q) ≤ 1}.

��«3²�»G«�°)»G­�é�«3²z»b«�¯�´`®�®Ù´�¹º³�°bÚbñ



�^� ����� �"!#!�$&%��#')(+*"� ,)-.')-�/10�2��43)�5/)��*6')7�%8'90��
��¤w£�¡�£V¦"ôÙõUôë£Vó ��4}ö=4&���bác��ß`û�û�ß � þ;à���þ�àVá^��åbù`ûüþ;â~�.��ß`û�ãUú��
ß��0ùZà��

x, y ∈ Ω

sup{u(y)− u(x) : u ∈ Lip(Ω), ϕ0(., Du) ≤ 1 a.e.} ≤ dϕ(x, y)
���hß�ßg��	
½#«v²

u ∈ Lip(Ω)
µ�­w²�³�µ�¯ÙØ�³�°GÚ

ϕ0(., Du) ≤ 1 a.e.
¶¡­Z°G¼�®�«
²

Nu
·V«
²�»G«+¨b°G³�´`°�´`¯nµ�«v²5´`¯n°b´S°

¼G³¦¥V«�ªh«�°S²�³Ù­Z·G³�®�³�²�Ø�´`¯
u
­Z°b¼�²�»b«�µ�«v²#¹º»b«�ª�«

ϕ0(., Du) > 1
¿ F ´`ª8«�­`±z»

γ ∈ path(x, y)
­Z°G¼

γ
²�ª�­Z°Gµ�é¡«�ªhµ�­Z®V²z´

Nu¹+«�»G­�é¡«
u(y)− u(x) =

∫ 1

0
(u ◦ γ)′(t)dt =

∫ 1

0
∇u(γ(t)) · γ̇(t)dt.

��« °b´U²z³�±�«�²z»G­w²3¯�´`ª3­Z®�¬�´`µ�²�«vé¡«�ª\Ø
t ∈ ]0, 1[

¯;´`ª(¹º»b³Ù±z»
ϕ(γ(t), γ̇(t)) = 0

´`°b« »=­Zµ ∇u(γ(t)) ·
γ̇(t) = 0

¶b´U²z»b«�ª�¹º³�µ�«
ϕ0(γ(t), Du(γ(t))) = +∞ ·SØ�²�»G«

1
è�»b´`¬*´`Ú`«�°b«�³�²�Ø)´`¯

ϕ
¿�Y�´`ªh«�´�é¡«�ª�¶G¯�´`ª

­Z®Ù¬�´`µ�²º«
é¡«�ª\Ø
t ∈ ]0, 1[

¯;´`ª$¹º»G³�±z»
ϕ(γ(t), γ̇(t)) > 0

´`°G«�»G­Zµ
∇u(γ(t)) · γ̇(t) ≤ ϕ(γ(t), γ̇(t))·V«�±�­Z¨Gµ�«�´`¯#²z»b«

1
è�»b´`¬*´`Ú`«�°G«�³�²�Ø.´S¯

ϕ
­Z°G¼

ϕ0(., Du(.)) ≤ 1
¿

�B«3²z»�¨bµ×´`·�²z­Z³�°
u(y)− u(x) ≤

∫ 1

0
ϕ(γ(t), γ̇(t))dt

­Z°G¼�²�»G«�°
u(y)− u(x) ≤ inf

{∫ 1

0
ϕ(γ(t), γ̇(t))dt : γ ∈ path(x, y)

­Z°b¼
γ
²�ª�­Z°bµ�é¡«�ªhµ�­Z®C²�´

Nu

}
.

ê »b«�±�´`°G±�®�¨bµ�³�´`°�°b´"¹ ¯�´`®�®�´�¹Íµ×¨Gµ�³�°bÚ	²�»G«�¼b«
ç=°b³�²z³�´`°)´`¯
dϕ(x, y)

¿ �
�B«�çG°=­Z®�®�Ø�©bªh´�é�«�²�»G­U²×¹º»G«�°)²�»b« F ³�°Gµh®�«�ª×¬*«v²�ªh³�±

ϕ
³�µÍªh«�Ú`¨G®Ù­Zª�¶b²z»b«�²�¹+´�¼G«
çG°G³�²�³�´`°bµ3­Z·n´�é¡«

±�´`³�°b±�³�¼G«`¿
��¤w£�¡�£V¦"ôÙõUôë£Vó ��4ÙÁ84I���

ϕ ∈Mβ
ùZànã

x 7→ ϕ(x, q)
þëú�å6�m�Gá���ú�á
ý	þIÝ�ßZà=â}þ�àGåbß`å�ú�ß`à

Ω
�
ß�� ùSû�û

q �â��bá
à
dϕ = dϕ

	
���hß�ßg��	 ê »G«0³�°G«���¨=­Z®�³�²�Ø

dϕ ≥ dϕ
³�µ3´`·¡é�³�´`¨bµ�¶n¹+«I�\¨bµ�²�±z»b«�±�=.²z»b«	ªh«vé¡«�ª�µh«	³�°b«E��¨G­Z®�³�²\Ø¡¿ ê ´�²z»b³�µ

«�°b¼8¶@¹+«�»G­�é¡«�²�´*©bªh´�é¡«�²�»=­w²º¯�´`ªº­Z°SØ
x, y ∈ Ω

­Z°G¼
N ∈ N ´`°G«�»=­Zµ

dϕ(x, y) = inf

{∫ 1

0
ϕ(γ(t), γ̇(t))dt : γ ∈ path(x, y)

­Z°G¼
γ
²�ª�­Z°Gµ�é¡«�ªhµ�­Z®V²z´

N

}
. Û ð ¿�Ë"Ü

½#«v²
γ ∈ path(x, y)

¶�³�¯
γ
³�µ�²�ª�­Z°Gµ�é¡«�ªhµ�­Z®Q²�´

N
²�»b«�°M²z»b«�ªh«*³�µ °b´Z²�»b³�°GÚ�²�´�¼G´b¿ Ã ²�»b«�ª\¹º³�µ�«`¶

γ±"­Z°ï·n«0­Z©b©Gªh´�¾�³�¬�­w²�«�¼ïµ�²�ª�´`°bÚ`®�Ø�³�°
W 1,∞(]0, 1[,Ω)

·SØï­*µ�«���¨G«�°b±�«
(γk)k

³�°
path(x, y)

¹Í³�²�»
γk
²�ª�­Z°Gµ\é�«�ªhµ�­Z®j²z´

N
¯�´Sª�­Z®Ù®

k Û ¯;´`ª�«
¾b­Z¬�©G®�«`¶>µ�«�«�½#«�¬�¬�­�Ç�¿HG.³�° í�Êwî�Üv¿ ê »b«�° ·¡Ø�²z»b«�¨G©b©V«�ªµ�«�¬*³�±�´`°S²z³�°�¨b³�²�Ø)´`¯
x 7→ ϕ(x, q)

¹+«�³�°b¯�«�ª+²�»G­U²

lim sup
k→+∞

∫ 1

0
ϕ(γk(t), γ̇k(t))dt ≤

∫ 1

0
ϕ(γ(t), γ̇(t))dt

µ�´�²�»G­w²
∫ 1

0
ϕ(γ(t), γ̇(t))dt ≥ inf

{∫ 1

0
ϕ(γ(t), γ̇(t))dt : γ ∈ path(x, y)

­Z°b¼
γ
²�ª�­Z°bµ�é¡«�ªhµ�­Z®V²�´

N

}
.

­Z°G¼ Û ð ¿�Ë"Ü+»b´`®�¼bµ�¶@¹Í»b³�±z»�±�´`°b±�®�¨b¼b«�µ+²�»b«�©bªh´�´S¯�¿ �



%#,9(i*E')!#�47�,9-Xjk�>���O/)� 7��
'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 ��q
Ýb±#±�{=Î#Ò>Õ ßw:Í¿\z×ÐnÑ�±�{=ÐSÏ8Õ�{#�*Ñ�´d��Ç9�"Ñ�|�Ó8ÏZ{`}ÍÕ;Î#Õ�}3Õ�Öm{=Ð���å

L
�jÎ>Ò

dλ æ
�B«.çGªhµ�²*µ�»b´�¹ ²�»G­w²R­Z° ­`·bµ�´`®�¨@²�«)¬�³�°G³�¬�³�¸�«�ª�´`¯ Û ËS¿�Ë"Ü0³�µ�³Ù°b¼b«�«�¼ ­Z° ´S©@²�³�¬�­Z®+µ�´`®�¨@²z³�´`° ´`¯

Û Ë`¿�Ë"Üv¿
�/�"�U�K�Þ-R4}ö=4a����â���á\�zå�ànÝ�â}þPßZà

u ∈ W 1,∞(Ω) ∩ C(Ω)
þëú.ùZà ù�ävú
ß`ûüå�âlá�ý�þ�àGþ�ý	þÙÿ"á��.ß��O���
	~�^�

â��bá
à�þ;â/þëú ù�ý	þ;àGþ�ý	þ�ÿwá��0ß��e���m	��^�m	
���hß�ßg��	
½#«v²

v ∈ g +W 1,∞(Ω) ∩ C0(Ω)
¶@¹+« ­Z³�¬ ²�´�µ�»b´�¹ ²�»=­w²

ess.sup
x∈Ω

H(x,Du(x)) ≤ ess.sup
x∈Ω

H(x,Dv(x)). Û :3¿�Ë"Ü
��«�ç=ªhµ�²ºµ�»b´�¹ ²�»G­w²

ess.sup
x∈{u6=v}

H(x,Du(x)) ≤ ess.sup
x∈{u6=v}

H(x,Dv(x)). Û :3¿HG`Ü
ê ´�²�»b³�µº«�°b¼8¶b¹+«�µ�«v²

V +
δ := {x : u > v + δ} ­Z°b¼ V −δ := {x : u < v − δ} ¯�´Sªº­Z°SØ�©n´`µ�³�²�³�é¡«

δ
¿ ê »G«�°

V +
δ ⊂⊂ Ω

­Z°b¼
v + δ = u

´`°
∂V +

δ

¶G­Z°b¼.µ�³�°G±�«
u
³�µ×­Z°)­`·bµ�´`®�¨@²z«�¬�³�°G³�¬�³�¸�«�ª+´`¯ Û Ë`¿�Ë"Ü¹+«�´`·@²v­Z³�°

ess.sup
x∈V +

δ

H(x,Du(x)) ≤ ess.sup
x∈V +

δ

H(x,Dv(x)).

?Q­Zµ�µ�³�°bÚ�²�´	²�»G«�®�³�¬*³�²Í­Zµ
δ
²z«�°b¼bµ+²�´*¸�«�ªh´�Ø�³�«�®�¼Gµ

ess.sup
x∈{u>v}

H(x,Du(x)) ≤ ess.sup
x∈{u>v}

H(x,Dv(x))

­Z°G¼ Û :3¿HG`Ü+¯�´`®�®�´�¹Íµ×·SØ�­Z©b©G®�Ø�³�°bÚ�²�»b«�µ�­`¬�«�­Zª�Ú`¨b¬*«�°S²×¹º³�²�» V −δ ¿�B«�°G´�¹1±�´`°G±�®�¨b¼G«�·SØ)°b´U²z³�±�³�°bÚ�²�»G­w²
H(x,Du(x)) = H(x,Dv(x))

¯�´Sªº­Z®�¬�´`µ�²3«vé¡«�ª\Ø
x
³�°

{u = v} ∩ Ω
¿ ê »b³�µº­`°b¼ Û :Í¿HGSÜ$±�´`°G±�®�¨b¼G«3²�»G«�©bª�´�´`¯�´`¯ Û :3¿�Ë"Üv¿ �

�B«�°G´�¹ ²�¨Gªh° ²�´M²�»b«�µ�²�¨G¼@Ø ´`¯
L
¿à��«)çGªhµ�²R°b´Z²�³�±�«.²�»=­w²R·SØ ¼b«�çG°b³�²z³�´`° ­Z°b¼ ²�»G­Z°�=�µ�²�´

­Zµ�µ�¨b¬*©@²z³�´`° Û :(Üv¶G¯�´`ªÍ­Z°SØ λ ≥ 0
²z»b«�ªh«�«v¾b³�µ\²zµ

β ≥ 0
µ�¨G±z».²�»=­w²

L(., ., λ)
·n«�®�´S°bÚ`µ(²�´ Mβ

¿/Ö\°
´`ª�¼b«�ª5²�´ ·V«º³�°R©n´`µ�³�²�³�´S°�²z´0­Z©G©b®�Ø1?�ªh´S©n´`µ�³�²�³�´S° ð ¿HG@¶S¹+«Í©Gªh´�é¡«(²z»b«Í¯�´`®�®�´�¹º³�°GÚ0ªh«�Ú`¨G®Ù­Zªh³�²�Ø�ªh«�µ�¨G®�²
´`°

L
¿

�/�"�U�K� -R4ëÁC4u����á��zå@àVÝ�â}þ}ßZà
(x, λ) 7→ L(x, q, λ)

þëú å6���bá���¼lú�á
ý	þPÝ�ßZà=â}þ�àGåbßZå�ú	ß`à
Ω × R+

�
ß��
ù`à��

q ∈ RN 	
���hß�ßg��	
½#«v²

(xn, λn)n
±�´`°Sé�«�ªhÚ`«�²�´

(x, λ) ∈ Ω× R+
¶@¹+«�¬0¨Gµ�²º±z»b«�±�=*²�»=­w²

lim sup
n→+∞

L(xn, q, λn) ≤ L(x, q, λ).

��«�¬�­�ØB­Zµ�µ�¨b¬*«�¹º³�²�»b´`¨�²	®�´`µ�µ0´S¯+Ú`«�°b«�ª�­`®�³�²�ØM²z»G­w²0²�»b«R®�³�¬�µ�¨b©�³�µ0³�°�¯;­Z±
²�­ï®�³�¬�³�²"¿ F ´Sª0­Z°SØ
n ∈ N ¶8¹+«�²v­�=`«

pn ∈ {H(xn, .) ≤ λn}
µ�¨b±z»M²z»G­w²

L(xn, q, λn) = pn · q
¿ ê »G­Z°8=@µ�²�´ Û :(Ü
¶²z»b«�µ�«���¨b«�°b±�«

(pn)n
³�µ+·V´`¨b°G¼b«�¼)­Z°G¼R¹+«�¬*­�Ø�«
¾�²�ª�­Z±
²×­	µ�¨G·bµ�«���¨G«�°b±�«

(pnk)nk
±�´S°Sé¡«�ªhÚS³�°bÚ0²z´

µ�´`¬*«
p ∈ RN ¿/§�³�°b±�« H ³�µ×®P¿�µ�¿�±`¿�¶�¹+«�Ú`«v²

H(x, p) ≤ λ ¶Gµh´�²�»=­w²
lim

n→+∞
L(xn, q, λn) = lim

k→+∞
pnk · qnk = p · q ≤ L(x, q, λ)

¹Í»b³�±z»�±�´`°b±�®�¨b¼b«�µ$²z»b«�©Gªh´�´`¯�¿ �ð µQ­Í±�´`ªh´`®�®Ù­`ª\Ø0´`¯�?5ªh´S©n´`µ�³�²�³�´`°Gµ ð ¿�Ë+­Z°b¼ ð ¿HGÍ­Z°b¼ ²�»b«+­Z·n´�é¡«+½#«�¬�¬�­�¶w¹+«$Ú`«v²j²�»b«$¯�´`®�®�´�¹º³Ù°bÚb¿
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V
äzá	ù�Ý�ß`àGàVá�Ý�âlá�ã.ß��Gá
à%úzåGävú�á
â(ß��

Ω � â���á
àk�
ß
�	ùZà��
λ ≥ 0

ùZànã
x, y ∈ Vß`àVáS�@ùZú

dVλ (x, y) = sup{u(y)− u(x) : u ∈W 1,∞(V )∩ C(V ), H(., Du) ≤ λ a.e. on V }. Û :3¿qÇSÜ
£Mß
��á�ß��Zá�� � þ � V �@ùZú\�jþ �=ú�Ý��¡þ}âëÿ�ä�ßZå@ànã¡ù���� � â���á
àb�
ß�� ù`à��

λ ≥ 0
ùZànã

x, y ∈ V ß`àVáS�@ùZú
dVλ (x, y) = sup{u(y)− u(x) : u ∈W 1,∞(V )∩ C(V ), H(., Du) ≤ λ a.e. on V }. Û :3¿�Ä¡Ü

���hß�ßg��	 F ´`ª Û :3¿qÇSÜv¶@¹+«�çGª�µ\²Í±�®Ù­Z³�¬ ²�»=­w²
dVλ (x, y) ≥ sup{u(y)− u(x) : u ∈W 1,∞(V ) ∩ C(V ), H(., Du) ≤ λ a.e. on V }.

��«$ªh«�¬*­Zªg=�²�»=­w²�·¡Ø	­Zµ�µ�¨b¬*©b³�´`°Gµ Û ð Üj­Z°b¼ Û L(Ü
¶"²�»G«$µ�«v² {(L(z, ·, λ))0 ≤ 1} ±�´`³�°b±�³�¼b«�µj¹º³�²�»0²�»b«µ�«v² {H(z, ·) ≤ λ} ¯;´`ª×­Z°SØ z ∈ Ω
¿��B«�³�°b¯�«�ª(¯�ª�´`¬ ½#«�¬*¬*­.:3¿HG ²�»G­U²

x 7→ L(x, q, λ)
³Ùµ(¨G©b©V«�ª

µ�«�¬*³�±�´`°S²z³�°�¨b´`¨Gµ3¯�´Sª�­Z°SØ
q ∈ Rn ¶Cµh´�²�»=­w²3²�»b«	±�®Ù­Z³�¬Â¯�´`®�®�´�¹Íµ�·SØ%­Z©b©b®�Øb³�°bÚ_?5ªh´`©V´`µh³�²�³�´`°bµ ð ¿ÙË

­Z°G¼ ð ¿HG@¿ ê »G« «���¨=­Z®�³�²�Øï¯�´`®�®�´�¹ÍµÍ·SØ)²z­�=�³Ù°bÚ
z 7→ dVλ (x, z)

­Zµ3­�²z«�µ�²3¯�¨G°b±v²z³�´`°ï³�°�²�»b« µ�¨b© Û ¹+«ª�«�±�­Z®�®�²�»=­w²�²�»b³�µ�¯�¨G°b±v²z³�´`°M³�µ�­Z¼G¬�³�µ�µ�³�·b®�«�­Zµ�­�±�´`°bµ�«��@¨b«�°G±�«	´`¯Ì]×«�¬�­Zªg=OG@¿ D.­Z°b¼`?5ªh´`©V´`µ�³�²�³�´`°
G@¿ÙË�ÈSÜv¿

� »b«�°
∂V

³�µ+½8³Ù©bµ�±z»b³�²�¸3ªh«�Ú`¨G®Ù­Zª�¶�­Z°SØR¯�¨b°G±v²�³�´`°
u ∈W 1,∞(V )∩C(V )

¬*­�ØR·n«Í«
¾�²�«�°G¼b«�¼�­Zµ
­�±�´`°S²z³�°�¨b´`¨Gµ×¯�¨b°G±v²�³�´`°�´`°

V
¶Gµh´�²�»G­w²

dVλ (x, y) = sup{u(y)− u(x) : u ∈W 1,∞(V ) ∩ C(V ), H(., Du) ≤ λ a.e. on V }¯;´`ª�­Z°¡Ø
x, y ∈ V ¿b��«�°b´Z²�³�±�«	²z»G­w²�²�»b«�ª�³�Ú`»S²0»G­Z°b¼ µh³�¼G«�´`¯/²�»b³�µ�«��@¨G­Z®�³�²�Øì³�µ�±�´S°S²�³�°�¨G´`¨bµ�´`°

V ×V ­`µQ­3¯�¨b°G±v²�³�´`°	´`¯ (x, y)
¿ F ³�°=­Z®�®�Ø¡¶`µ�³�°b±�«

∂V
³�µ�½#³�©bµ�±z»G³�²�¸$ª�«�Ú`¨b®Ù­Zª�²�»b«�°

(x, y) 7→ dVλ (x, y)³�µº­`®�µh´*±�´`°S²z³�°�¨b´S¨bµ×´`°
V
¶Gµ�´	²�»=­w² Û :3¿�Ä¡Ü+»b´`®�¼Gµ×¯�´`ª (x, y) ∈ V × V ¿ �Ö�°�²z»b«�±�´S¨bªhµ�«�´`¯jµ�«�±v²�³�´`°�Äb¶�¹+«�­`®�µh´*°b«�«�¼�²�»G«3²�¹+´*¯�´`®�®�´�¹º³�°GÚ�²�«�±z»G°b³�±�­Z®#ªh«�µ�¨b®�²zµ�¿ð µQ­×çGªhµ�²Q±�´`°Gµh«E��¨b«�°G±�«
´`¯G­Zµ�µ�¨b¬*©@²�³�´`° Û A�Ü
¶�¹+«
Ú`«v²�²�»=­w²Q³�°	­º±�´`°G°b«�±
²�«�¼0´`©n«�°0µh«
² V ⊂⊂ Ω

¶
²z»b«�©Gµh«�¨b¼b´Uè�¼b³�µ�²z­Z°G±�«�µ

dVλ
­Z°b¼

dΩ
λ

®�´�±�­Z®�®�Ø)±�´`³Ù°b±�³�¼G«`ñ
�/�"�U�K� -�4çÊ�4a�#á�â

V ⊂⊂ Ω
ä�á)ù Ý�ßZàGàVázÝ
âlá�ãMß��bá
à ú�á�â � λ+ > λ− > 0 � ùZànãìùUú�úvå@ý*á.â��@ù`ââ��bá��há�á ¸ þëúvâ$ùZànã

M > α > 0
úzåGÝ��)â��@ùSâ

B(0, α) ⊂ { H(x, ·) < λ} ⊂ B(0,M)
��ß���ùSû�û

x ∈ V ù`ànã
λ ∈ [λ−, λ+]

	k�Z��á
à���ß���ù`à��
x, y ∈ V úzåGÝ���â���ù`â |y− x| < α

M dist(x, ∂V )ß`àVáS�@ùZú
∀λ ∈ [λ−, λ+] α|y − x| ≤ dVλ (x, y) = dΩ

λ (x, y) ≤ M |y − x|.
���hß�ßg��	
½#«v²

λ ∈ [λ−, λ+]
¿<�B«�ç=ªhµ�²º©bª�´�é¡«�²�»G­w²
α|y − x| ≤ dVλ (x, y) ≤ M |y − x|. Û :3¿|Ê`Ü

F ´`ª+²�»b«�ª�³�Ú`»S²Í®�«�¯Ù²º»=­Z°b¼)µ�³�¼G«�³�°b«��@¨G­Z®�³�²�Ø�¶@¹+«�µ�³�¬�©b®�Ø.°b´U²z³�±�«3²z»G­w²º¯�´Sª×­Z°SØ
x ∈ V ­Z°G¼

q ∈ RN

L(x, q, λ) = sup
{
p · q : p ∈ RN , H(x, p) ≤ λ

}

≥ sup {p · q : p ∈ B(0, α)} ≥ α|q|,µ�´�²�»G­w²Í¯�´`ª×­`°SØ
ξ ∈ pathV (x, y)

´`°G«�»=­Zµ
∫ 1

0
L(ξ(t), ξ̇(t), λ)dt ≥ α

∫ 1

0
|ξ̇(t)|dt ≥ α|y − x|

¹Í»b³�±z»�±�´`°b±�®�¨b¼b«�µ$²z»b«�©Gªh´�´`¯�¿ ê »b«�©bªh´@´`¯�´`¯>²�»b«�ª�³�Ú`»S²Í»G­Z°b¼�µ�³�¼b«�³�°G«���¨G­`®�³�²�Ø)³�µ×­`°G­Z®�´`Ú`¨G«`¿
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'9-)%8�&lm2�-)%8���4,)-97Cl
,9!d')n�7�,90�29���&(+� -�� (+�4op�"!�7 �g�
�B«/°b´�¹B²�¨bª�°�²z´+²�»G«5«���¨=­Z®�³�²�Ø

dVλ (x, y) = dΩ
λ (x, y)

¿�ÖI²�³�µ�±�®�«�­Zª8²�»=­w²
dVλ (x, y) ≥ dΩ

λ (x, y)
¶

­Z°G¼�¹+«�³�°b¯�«�ª(¯�ª�´`¬ Û :3¿|Ê`Ü
²�»G­U²
dΩ
λ (x, y) ≤M |y − x| < αdist(x, ∂V ). Û :3¿qÉSÜ½#«v².°G´�¹

ξ ∈ pathΩ(x, y)
¶$¹+«�°b´Z²�³�±�«�²z»G­w².³�¯�¯�´SªRµh´`¬*«

s ∈ ]0, 1[
´`°b«�»=­Zµ |ξ(s) − x| ≥

dist(x, ∂V )
²z»b«�°

∫ 1

0
L(ξ(t), ξ̇(t), λ)dt ≥

∫ s

0
L(ξ(t), ξ̇(t), λ)dt

≥ α

∫ s

0
|ξ̇(t)|dt ≥ α|ξ(s)− x| ≥ αdist(x, ∂V ).

ÖI²�²�»G«�°ì¯�´`®�®�´�¹Íµ�¯�ª�´`¬ Û :3¿qÉSÜÍ²�»G­w²0µ�¨b±z»B­.©G­U²�»ì³�µ�°G´U² ´S©@²�³�¬�­Z®�¯;´`ª dΩ
λ

¶>µ�´.²�»G­w²
dVλ (x, y) =

dΩ
λ (x, y)

¿ ê »b³�µ×±�´`°G±�®�¨b¼G«�µ+²�»G«�©bªh´@´`¯�¿ ��/�"�U�K��-R44�C4��>á
â
V ⊂⊂ Ω

ä�á�ù�Ý�ßZàGàVá�Ý�âlá�ã�ß��Gá
à.ú�á�â � λ ≥ 0 � x, y ∈ V ù`ànã
r > 0

úzåGÝ���â���ù`â
r < min{|y− x|, dist(x, ∂V ), dist(y, ∂V )} 	.����á
à�â���á���á0á ¸ þëúvâ;ú

z ∈ V úvåGÝ���â��@ù`â |z − y| = rù`ànã
dVλ (x, y) = dVλ (x, z) + dVλ (z, y).

���hß�ßg��	
½#«v²
ε > 0

­Z°G¼
ξ ∈ pathV (x, y)

·V«�µ�¨b±z».²�»G­U²

dVλ (x, y) ≥
∫ 1

0
L(ξ(t), ξ̇(t), λ)dt− ε.

:/Ø*¼b«
ç=°b³�²�³�´`°�´`¯
r
­Z°G¼*±�´`°¡²�³�°�¨G³�²�Ø*´`¯

ξ
²z»b«�ªh«º«v¾�³�µ�²�µ/µ�´`¬*«

s ∈ ]0, 1[
µ�¨b±z»�²�»G­U² |ξ(s)−y| = r

¿
ê »b«�°

zε := ξ(s)
·n«�®�´`°GÚ`µ+²�´

V
­Z°b¼

dVλ (x, y) ≥
∫ s

0
L(ξ(t), ξ̇(t), λ)dt+

∫ 1

s
L(ξ(t), ξ̇(t), λ)dt− ε

≥ dVλ (x, zε) + dVλ (zε, y)− ε.ê »b«�¯;­`¬�³�®�Ø
(zε)ε>0

³�µº±�®�«"­Zªh®�Ø�·n´`¨G°b¼b«�¼8¶G®�«v²
z
·V«�´`°G«�´`¯Q³�²�µº±�®�¨Gµ\²z«�ª×©V´`³�°S²�µÍ­`µ

ε→ 0
¿ ê »b«�°

|z − y| = r
¶bµ�´	²�»=­w²

z ∈ V ¶G­Z°G¼�²z­�=@³�°bÚ	²z»b«�®�³�¬*³�°b¯j³�°�²z»b«�­Z·V´�é¡«�³Ù°b«���¨=­Z®�³�²�Ø�Ø�³�«�®�¼Gµ
dVλ (x, y) ≥ dVλ (x, z) + dVλ (z, y).

��«�±�´`°G±�®�¨b¼G«�·SØ�­Z©b©b®�Øb³�°bÚ�²�»b«3²zªh³Ù­Z°bÚS¨b®Ù­Zª×³�°b«��@¨G­Z®�³�²�Ø¡¶�¹º»G³�±z»)»G´`®�¼bµ×»G«�ªh«�µ�³�°b±�«
z ∈ V ¿ �

è�{�´5{=Ð�{GÎ>Ô){#�
�q��� D oPt
gw{I{}t
gS� O �|� A oIyvgUiwyvs|s�� E � O �q��év�w�"fIp|g"dhg F �|� D fIt
�wo�tvuwfIkwdnflk"d�tvo}�5tvuZyz�U{Pt
sq�"fPd�s �/x+pqgwp|x+p��hp|g"�ju��wgwr�flp�t�gw{\�

ê �ws|s�� D x$d�o�� E yzfIk¡� T t"rz�@� J � T ����ëZ�+�Ù��ì�ì�ë��I�Zg"tw�pëw�pë�í�î^ï6ð�ì�ð� ��� ê yztw� K �|� A k"d�oIgS� T � T �|� T k"dhg¡�)ñ@�q� D g 9 g
fIoPt�iU�wr�flp�t
g*fIt < pqdhx+yvgwg �4ò p|gw{Psqd�o+�
d�t
x$d\fIo}�
� T mUoIpqgw�vd�o �>ó d�oIs|yz�w�ê d�oIs|pqgS���gî�î�ô��� í�� ê yzoPoPt
g¡� : � J �|��ézdhgw{PdhgS� < � < �q�Zc�yvgw�w� A � ? �q� L th~Cd�o T dhx+pqr\t
g
flpqg��Up f��3tvu
L∞ ò �wgwr�flp�t
gUyvsq{�� D gwg¡� 9 gw{;fh� 7 �F t
p|gwr�yzo[õ D gUyvs�� J t
g L p|g6õhyvpqoPd�ö6÷��Ù��ì�ìw���I�Ugwtw�pëw�pë�î�ðgï6ð"�^ô��� ëz� ê yzoPoPt
g¡� : � J �q��ézdhgU{}dhgS� < � < �|�#c�yvg"�w� A � ? �|� 6 k"d : �ws�d�oºdgø��wy�flpqt
g�y
gwi.yz�U{}t�sq��fId x$p|gwp|x$pq��d�oI{×tvu

L∞u��wgwr�flp�t�gwyvs|{\� D oIrlk¡� < y�flp�t�gS� E d�rlkS� D gUyvs���öpù�ú	�Ù��ì�ìU���I�Zg"tw�pëw�Z��ð�ðgï"��û�í"�� ð�� ê oIpqy
gwp�� D � K y � p|gwp�� D �|� E t
g"�vd�{}t
s|��flp�t
gU{$u�tvo(iwp|{Pr\t
g
flpqg��"t
�U{ 7 yvx+pqs�fIt
gwp|yvgw{\� :VT"D>9;E A t
g
fIoPt
s H m"flpqxÍ�A y
sqrz� ó yvo����v�(�Ù��ì�ì�ð
�l�Ug"tw�`���Z�v��î
ï"��ð"�� ü�� ê oIpqy
gwp�� D � O yzoPoPt
gUp�� D �q� F oIp|gwyzoIp�� ò �|� 7 t
x$tv�vdhgUp��hy�flp�t�g*tvu L∞ u��wgUr�fIpqt
gwyvs|{\� E y�flkS� E t"i"d�sq{ E d\flk"t"iw{D mwmUs�� T r�p����Íë��Ù��ì�ì�ë��l�Ug"tU���h�����^ô�üw�Óï`�^ô�û�ëw�
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� ôh� ê oIpqy
gwp�� D � F oIp|gwyzoIp�� ò �q� D oPd�mUoPdh{}dhg
fly�flp�t
g�oPdh{P�Us f�u�t
o O y
x$x+y � s|pqx+p f�t
uw{P�wmwoPdhx+yvs
u��wgwr�flp�t
gUyvsq{���é"� J t
gUsqp|g"dhyzoA t�g � d�e D gwyvs��6ý �Ù��ì�ì�í��l�Ug"tw�Z�"�Z�
ë�ðgïw��ü�û"�� û�� A y
x$p|sqs|p�� ò �|� T pqr\t
gwt
sJþ�� D �q� J t�gwr\t
g � d\eÍiwd��vdhg"dhoIy�fPd 7 y
x$p|s fIt
g � é
yvr\tv�Up¡dgø��wy�flp�t�gw{\� E y�flkS�mñ��mÿ6ý�ÿ	�Ù��ì�ì��
�I�g"tw���v���Óï"�"�z�� î�� A kUyvx$mUp�t�gS� 6 �|� K d F yv{Pr�yvsqdv� L �q� F oIpqgUyzoIp�� ò �|� Γ � r\t
g � dhoP�vdhgwr\dÍyvgUi*yz�U{}t�sq�"fPd3x+pqgwp|x+p���d�oI{
u�t
o+{P�"mUoPdhx$y
su��wgwr�flp�t�gwyvs�� :VT"D>9;E � A t
g
fIoPt
s�� H m"flpqx+pq{Iy�flp�t
g3yvgUi A yvs|r��wsq�U{8tvu ó yzoIp|y�flp�t
gU{�ö����Ù��ì�ì�ë"�I���Íë�ï"��ô���q��ì�� A oIy
gwiwyvs|s�� E � O �|� D g3d��(r�p�dhg
fji"d�oIp � y�flpqt
gÍt
u@flk"d D oPt
gw{I{}t
g3dgø��Uy�flp�t
g¡� D oIrlkS� < y�flpqt
gS� E dhrlkS� D gwyvs���ö��
ú����ì�ì�í��l�Ug"tw�pëU�Z��ô��Óïw��ô
î"��q�v��� A oIy
gwiwyvs|s�� E � O �|� :G� y
gw{\� L � A �q� D oPdhx+yzo��ºt�g�p|g6þUgwp�f���kwyzoIx$t
gUpqr�u��wgwr�flpqt
gw{\� F oPt"r�d�d�iwpqgw�
{#tvubfIkwd NQT�D �A kUpqsqdCc	tvo��"{Ik"tvm$t
g J t
gUsqp|g"dhyzo D gwyvs��w{Ppq{>� ó p	�UyQiwdhs E yzo � ó y
s�mUyvoIyvpq{Ptw����ì�ì�ì��l�Z�h��í^ï`����î+��d�s�dhr�fIoPt
gwp|r��I� : sqdhr �fPoPt�gS��é"� K p	
Zdho�� : ø��S� A t
gwu��q���¡� T t
�"fIk
~Cdh{}f 6 d\e"y
{ T fly�fId N gwp � �|� T yvg E yzoIr\t
{\� 6
� �Z��ì�ìw�z��q�h��� A oIy
gwiwyvs|s�� E � O �q� :G� yvgw{\� L � A �|� O yvoIp�d�m��
� < � ò �|� H m"flp|x+yvs L p�mU{Irlkwp�fP�jd\e�fIdhgU{Pp�t�gw{Vyvgwi+flk"djpqgpþUgwp�f�� L yzmZsqy �r�pqyvg¡� A yvs|rz� ó yzo�� F yzo}flp|yvs K p	
`d�oPdhg
fIp|yvs : ø��wy�flp�t
gU{�ö����Ù��ì�ìU���l�wgwtw���z������í^ï`��í�î"��q��í�� O � K yvs E yv{Ptw� D g 9 g
fPoPt"iU�wr�fIpqt
g+fIt

Γ− A t
g � d�oP�vdhgUr\dv� F oPtv�voPdh{P{Vp|g J t
gws|pqg"dhyvo K p	
`d�oPdhg
flpqyvs : ø��wy�flpqt
gw{VyvgUifIkwdhp�o D mwmZsqp|r�y�fIpqt
gU{\� û"� ê pqo��"kwyv�U{}d�o�� ê yv{Pdhs=�}��î�î�í��l��q�Íëz� K d A dhr�r\tw� O �q� F yvs|x+p�d�oIp�� O �|� 9 g
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