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1. Geometry of Submanifolds
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34

The main objects we will consider are n—dimensional, complete submanifolds, immersed
in R"*™, that is, pairs (M, ) where M is an n-dimensional smooth manifold, compact,
connected with empty boundary, and a smooth map ¢ : M — R™"" such that the rank of dy

is everywhere equal to n.
Good references for this section are [17, 23] (consider also [27, 28]).

The manifold M gets in a natural way a metric tensor g turning it in a Riemannian man-
ifold (M, g), by pulling back the standard scalar product of R"*™ with the immersion map

Taking local coordinates around p € M given by a chart F' : R® D U — M, we identify

0

basis of T),M and T}; M, respectively given by vectors {a—%} and covectors {dx;}.

1

the map ¢ with its expression in coordinates p o F' : R® > U — R""™, then we have local
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We will denote vectors on M by X = X?, which means X = X';2-, covectors by Y =Y},
thatis, Y = Y;dz; and a general mixed tensor with 7" = T;;;lk, where the indices refer to the
local basis.

In all the formulas the convention to sum over repeated indices will be adopted.

The tangent space at p € M can be clearly identified with the vector subspace dy,(T,M)
of T, R™™ ~ R™™. Then, we define its m—dimensional orthogonal complement N, M
to be the normal space to M at p. Clearly the trivial vector bundle TR™"™ decomposes as
TR™™ = TM @ NM, that is, the orthogonal direct sum of the tangent bundle and the
normal bundle of M.

As the metric tensor g is induced by the scalar product of R"*™, which will be denoted

with (- |-), we have
_ [ 9¢() | Op(x)
9ij(x) < n | oz, >

The metric g extends canonically to tensors as follows,

9(T,S) = giys; - - .gikskgjlzl .. ‘gjlle?l---l:kssl...sk

J1--J1 TR 2

where g% is the inverse of the matrix of the coefficients ¢*/. Then we define the norm of a

tensor 1" as
T =+g(T,T).

By means of the scalar product of R"*™ we also define a metric tensor on the normal bundle
and, as above, on all the tensors acting or with values in N M.

The canonical measure induced by the metric g is given by u = /G L™ where G =
det(g;j) and L™ is the standard Lebesgue measure on R".

The induced covariant derivatives on (1, g) of a tangent vector field X or of a 1-form w
are given by
; 0
vMXI = 5

T

X414 x% and VM= —w; - TF
%

where the Christoffel symbols I = Ffj are expressed by the following formula,

1 0 0 0
k. = Z gk o g — g ) .
= 99 (&ri 9i + O0z; 9ij oz, gl])

It is well know that, for a pair of tangent vector fields X and Y on M, we have
n m M
viy = (v%*; * Y)

where the symbol # denotes the orthogonal projection on the tangent space of M.

Here, VXY at a point p € M denotes the covariant derivative of R acting on some
local extensions of the fields X and Y in an open subset of R"*™, once considered M (ac-
tually it is sufficient only a local embedding of M around p) as a subset of R"*™. This is a
well defined expression, indeed, once identified any 7),M as a vector subspace of R"*", the
extensions of the vector fields X and Y are vector fields in the ambient space R"™™ and it
is easy to check that (VE"7"Y)(p) depends only on the values of the two fields on M in the
embedded neighborhood of p, by the properties of the covariant derivative.
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The covariant derivative VT of a tensor 7' = 7' * will be denoted by VM7 =

(vM T)?]l“}l and with V*T we will mean the k-th iterated covariant derivative.

The gradient V¥ f of a function and the divergence div X of a tangent vector field are
defined respectively by

g(VMf0) = dfy(v)  YoeTM
and 5
div X = Trace VM X = VM X' = a—Xi + I X"
T
The Laplacian AMT of a tensor 7 is
AMT = gV IV,

Using the notion of connection and covariant derivative on fiber bundles (for instance,
see [27, 28]), one can check that the following definition is actually the covariant derivative
associated to the metric g on the normal bundle of M.

For any normal vector field » on M and a tangent vector field X, we set

Vi = ()"

where the symbol + denotes the orthogonal projection on the normal space of M.
Then, we can consider from now on the following definition of covariant derivative of any
vector field (tangent or not) Y along M as follows

where Y and Y are respectively the tangent and normal components of the vector field
Y.

We extend this covariant derivative also to “mixed” tensors, that is, tensors acting also
on the normal bundle of M, not only on the tangent bundle.
For instance, if 7" “acts” on (k + [)—-uple of vector fields along M such that the first k are
tangent and the other [ are normal, we have

VxT(X1,..., Xk, v1,...,v) = Vx(T(X1,..., Xk, v1,...,17))
—T(V¥X,.. . Xpvr,oo ) — = T(Xq, ..., V¥Xp, 01, .., 1)
—T(X1,. ., X5, Vv, v) — - = T(Xq, ..., Xp,v1, ..., V1)

where V yx immediately after the equality “works” according to the “target” bundle of T'.
Associated to the connection V+ we have also a notion of curvature, called normal curva-

ture, defined in the standard way:.
For a pair of tangent vector fields X, Y and any normal vector field v, we set

RH(X,Y)v = VyVxv — Vi Vv — Viy v

and an associated (0, 4)—curvature tensor R (X,Y,v,¢) = g(R(X,Y)r, &) which plays the
same role of the Riemann tensor in exchanging the covariant derivatives in the normal bun-
dle.

If &, is a local basis of the normal bundle (which is locally trivial) and v = v*¢,, we have

(VJ‘)%V& — (VL)?iua = Réﬁvgﬁo‘y'y.
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It is then natural to consider the following couple of tensors (their tensor nature can be
easily checked).
For a pair of tangent vector fields X and Y, the form

B(X,Y) = (vﬂ}}"””y)L

measures the difference between the covariant derivative of (M, g) and the one of the ambi-
ent space R"*™, indeed

Rn+m

(1.1) viy = (V%‘}"*mY)M = VE""Y _B(X,Y).
For a tangent vector field X and a normal one v,
S(X,v)=— <V}R}"+mu)M
which clearly satisfies
V§(V = (V%Hm I/)L = V?}nﬂnu +S(X,v).

The form B is called second fundamental form and it is a symmetric bilinear form with
values in the normal bundle N M. Its symmetry can be seen easily as the two connections
have no torsion,

B(X,Y)—B(Y,X)=V¥X - V¥y - V""" X + V&Y = [X, Y]gntm — [X, Y] =0
and dip([X, Y]ar) = [dip(X), dep(Y)]gnm.
The bilinear form S, with values in 7'M, can be seen as an operator S(-,v) : TM — TM
(for every fixed normal vector field v € N M) called shape operator. Actually, S is self-adjoint

and B is the associated quadratic form, if X, Y are tangent vector fields and v is a normal
one, we have

(12) g(vV.8(X.0) = (¥, (VE ™)) = —g(r.vE )
= oV V) = o((VETTY) )
—g(B(X,Y),v),

hence, B and S can be recovered each other.
By the symmetry of B it follows that

g(Y,S(X, ’/)) = g(X,S(Y, Z))

hence, S(-, v) is self-adjoint.
Finally, it is easy to check that |B|? = |S|? and also |V*B|? = |V*S|? for every k € N.
We extend the forms B and S to any vector field along M as follows
(13) B(X,Y) =B(x™,YM),
S(X,Y) =8(XM,yt),
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and, for any normal vector field v we set
BY(X,Y) = (v B(X™, Y™)),
Su(X) =S(x™M,v).

Clearly, by equation (1.2), it follows ¢(Y, S, (X)) = B"(X,Y).
Choosing a local coordinate basis in M, we have

1 2 L1
o _(rrmg Y (9 90\ _ (9%
Bij = B(0a;,0a,) = (V @ &”) B (8% 5%‘) a (a%‘axa‘

2
B = (v 5oy )

(S,)i = S(0n,.v) = - ((;?:C)M |

which are the more familiar definition of second fundamental form and of the shape opera-
tor.

The mean curvature vector H is the trace (with the induced metric) of the second fundamental
form,

and

H = g"B;,
by this definition, clearly H € N M. We also define H” = g% BY;.
Making explicit equation (1.1) and using identity (1.2) we have the so called Gauss—
Weingarten relations,

0% e Op av\M ki 0P

— Tk Bii — By g
amia.%'j K 6$k + K ikd a:(}j

for every normal vector field v along M.

Notice that the first relation implies

e o O
aﬂfial‘j ijal’k

AMp = gIVip = g7 <

component by component.
The second fundamental form B embodies all information on the curvature properties of
M, this is expressed by the following relations with the Riemann curvature tensor of (M, g),

Riji =9(V302, — Vii0u,,05,) = (B | Bjt) — (Bt | Bji) ,
Rij =g"Rigje = (H|Bij) — g™ (Bur | Bry) ,
R =g¢"Ric;; = [H|* — BJ?,

where the scalar products are meant in the normal space to M.

) =¢"B;; =H,

REMARK 1.1. These equations are often called Gauss equations by the connection with his
Theorema Egregium about the invariance by isometry of the Gaussian curvature G of a surface
in R3, which is actually expressed by the third equation, once we rewrite it as R = 2G.

We recall that the Gaussian curvature of a surface is the product of the principal eigenvalues
of B (in codimension one, B can be seen as a real valued bilinear form, as we will see in a
while). Equivalently, G = det S, where v is a local unit normal vector field.
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Then, the formulas for the interchange of covariant derivatives, which involve the Rie-
mann tensor, become

VIV XS - VYIVMX® = Rijg™ X' = (B | Bj) — (Ba | Bjx)) g** X',

VIV w, = VY VMo, = Rijug"ws = (B | Bjt) — (Bat | Bjr)) g ws -

About the normal curvature, the analogous of Gauss equations are called Ricci equations.
If &, is a local basis of the normal bundle we have,

Rj‘}aﬁ = _g([sa, Sﬁ]azl, axj)

where S, and S are respectively the operators S¢, and S¢, and [S,, Sg| denotes the commu-
tator operator S,Sg — SgSq : T'M — TM.
Hence, the formula for the interchange of derivatives on the normal bundle become

V?‘Vj‘ya - Vj‘Vf‘ya = Réﬁwgﬁay’y = 9([8% Sﬁ]axia 8xj)gﬁayva

for every normal vector field v = v*¢,.
Finally, the following Codazzi equations hold

(VxB)(Y, Z,v) = (VyB)(X, Z,v)

for every three tangent vector fields X, Y, Z and v € NM.

These equation are sometimes also called Codazzi—-Mainardi equations as Delfino Codazzi [12]

and Gaspare Mainardi [31] independently derived them (actually, they were discovered ear-

lier by Karl M. Peterson [35]).

They can be seen as an analogous of the II Bianchi identity satisfied by the Riemann tensor.
The importance of the Gauss, Ricci and Codazzi equations is that they are the analogous

of the Frenet equations for space curves. They determine, up to isometry of the ambient

space, the immersed submanifold, as it is expressed by the following fundamental theorem

(first proved for surfaces in R? by Pierre Ossian Bonnet [7, 8]), see [6, Chap. 2].

THEOREM 1.2. Let (M, g) be an n—dimensional Riemannian manifold with a Riemannian vec-
tor bundle NM of rank m. Let V* a metric connection on NM and B a symmetric bilinear form
with values in N M. Define the operator S(-,v) : TM — TM by g(Y,S,(X)) = (v|B(X,Y)) and
suppose that the equations of Gauss, Ricci and Codazzi are satisfied by these tensors.

Then, around any point p € M there exists an open neighborhood U C M and an isometric immer-
sion p : U — R™™ such that B coincides with the second fundamental form of the immersion p and
N M is isomorphic to the normal bundle.

The immersion is unique up to an isometry of R"*™, moreover, if two immersions have the same
second fundamental form and normal connection, they locally coincide up to an isometry of R™ .



NOTES ON THE DISTANCE FUNCTION - V4 7

A consequence of Codazzi equation is the following computation of the difference be-
tween AB and V2H,

(1.4) AB; — ViH* = g* {V? BY; — VB

pqig 15 pq
2 2

= g™ {V3iBg; — Vi;Bpg
2 2

=g" {Vi,Bg; — Vi;Bpq}

+ g7 ((Bpq | Bi) — (B | Big)) 9B,
+ g7 ((By; | Ba) — (By | Byj)) B,
+ 9"9([S+, 8410, , 0, ) 9" B
= ((H|Bg) — ¢"(Bp | Big)) g B
+ g7 ((By; | Ba) — (By | Bij)) B,
+ 6" [9(S5(D2,), S+ (9:)) — 9(S5(0u, ), S+(0,))] 7B,
= ((H|Bg) — ¢"(Bp | Big)) g"*BY
+ 97 ((Bp | Bu) — (Bt | Bij)) 9" BS,
+ g™ (Bﬁkgle?l — szgle§> g'Bang
= ((H|Bg) — g"(Bp | Big)) g"*BY
+ ((Bpy | Ba) — (Bpi | Byj)) ¢"'9"° B,
+ (Bt | Bgj)g"g" By, — (Byk | Bg;) g™ B
=(H| Bil>ngB?j - <Bpl | Biq>9pq9lsB?j - <Bpl | qu)é]pqglsB?i
+ (2(By; | Ba) — (But | Bij)) 979" By, -

Hence, such a difference is a third order homogeneous polynomial in B.

All the relations we discussed in this section are valid in the Euclidean ambient space. When the
ambient space is a general Riemannian manifolds all the formulas need a correction term due to its
curvature. See [17, Chap. 6] and [6, Chap. 2].

1.1. The Codimension One Case. When the codimension is one, the normal space is
one—dimensional, so at least locally we can define up to a sign (sometimes we will have to
deal with this ambiguity) a smooth unit local normal vector field to M.

Actually, if the hypersurface M is orientable, this choice can be done globally.

In the case the hypersurface M is compact and embedded (hence, it is also orientable),
we will always consider v to be the unit inner normal.

The second fundamental form B then coincides with BYv, hence in this case we can
actually consider the R-valued bilinear form B” that, for sake of simplicity, we still call B,
for all this section.

We will denote with H the mean curvature function H” = g% BY; and with S the shape
operator S, = S(-,v) : TM — TM.

Notice that B, S and H are defined up to the sign of v (with the conventional choice above,
the second fundamental form of a convex hypersurface is nonnegative definite).
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In the codimension one case are commonly defined the so called principal curvatures of
M at a point p, as the eigenvalues of the form B (defined up to a sign).
The relative eigenvectors in T, M are called principal directions.
In this case, many of the previous formula simplifies, as every derivative of » must be a
tangent field, hence, in particular Viv =0,
VMY = VY - B(X,Y)v
VR = —§(X)
9(Y;5(X)) = B(X,Y)
o

Bij = <V‘ 8fi8xj>

The Gauss—-Weingarten relations become

0? 0 ov
Gxi(goarj - FZET’Z + Biy ox;
The Riemann curvature tensor of (1, g) is given by,

Rijre =BiBji — BiBj
R;; =HB;; — glkBilBkj ;
R =|H]? - |B|*.

Notice that in these last formulas the ambiguity of the definition up to a sign of B and H
vanishes.
The Ricci equations are in this case trivial, the Codazzi equations get the simple form

9¢
81‘]' ’

= —Birg"

VYBj, = VB
and imply the following Simons” identity [37]

AMB;; = Vi H + HB;¢"Bg; — |B|*By; .
Indeed, recalling the computation (1.4), as the normal space is one-dimensional, we have
AMB;; — VZH =HBj,g"*Bsj — BpuBigg"g"*Bs; — BuBjgg"g" " Bsi
+ (2Bp;Bi — ByBij) 619" Byg
=HB;g""Bs; — |B|*By; .

1.2. Example 1. Curves in the Plane. Let : (0,1) — R? be a smooth curve in the plane,
suppose parametrized by the arclength s.
The metric is simply by ds?, we define the unit tangent vector 7 = 5 and we choose as unit

normal vector v = R7 where R is the counterclockwise rotation in R2.
The second fundamental form is given by

Rn+m

By = B(r,7) = (VE""7) " = (07" =5 = 70

as 75, is a normal vector.
In the case the curve is not parametrized by arclength, the metric tensor is given by gss =
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|vs|2ds? and
B.. = B(r.r) = (VH}HmT)L (D) = A e — <%TV’|V;>% .
s
The mean curvature vector H is then
Vss Vss | Vs) Vs
-

The mean curvature function k, which is defined up to the sign, is called by simplicity the
curvature of .

H= gssBss =

1.3. Example 2. Curves in R”. Let v : (0,1) — R" be a smooth curve in the space,
parametrized by the arclength s.
The metric is again given by ds?, and we still define the unit tangent vector 7 = ~, but now
we do not have an easy way to choose a unit normal vector as in the previous situation.
The second fundamental form is given by

n-+m J_
Bu = B(r,7) = (VE""7) " = (0)" = 735 = s

as s is a normal vector. If v, # 0 we define |yss| = k # 0 and call unit normal of ~ the vector
v = 7ss/|7Vss|, that is, 7ss = kv and k is the (mean) curvature of v which is defined up to the
sign.

2. Tangential Calculus

We consider now M as an actual subset of R*t, in order to use the coordinates of the
ambient space R"™™, we can always do it at least locally as every immersion is locally an
embedding. At every point x € M we have, as before, the n—dimensional tangent space
T,M C R"* with an associated linear map P(z) : R"*™ — R"*™ which is the orthogonal
projection on 7, M. Then clearly, the map (I — P(z)) : R"*"™ — R"*™ where I is the identity
of R"*™ is instead the orthogonal projection on the m-dimensional normal space NM at x
which is the orthogonal complement of 7, M in R"*™.

In this setting, the canonical measure ;1 = VG L" coincides with the n—dimensional
Hausdorff measure counting multiplicities H™ _ M.

If M is actually embedded (or the self-intersections have zero measure), we have ;1 =
H"™ L M with H" the n—dimensional Hausdorff measure of R" ™.

We call tangential gradient VM f(z) of a C* function defined in a neighborhood U  R**™
of a point z € M as the projection of VE"™™ f () on T, M.

It is easy to check that VM f depends only on the restriction of f to M N U. Moreover, an
extension argument shows that V¥ f can also be defined for functions initially defined only
on M NU.

If P;; is the matrix of orthogonal projection P : R"™™ — R"™*™ on the tangent space (here
the indices refer to the coordinates of R"*™), we have V¥ f(z) = P,;(z) V7 f(z).

Notice that P;;(z) = VMz; for any z € M.

We also define the tangential derivative of a vector field Y = Yie; in Rtm along M, in the
direction of a tangent vector X € T, M as

n+m
VY () = ) (X | VMY e
=1



10 CARLO MANTEGAZZA

where e1, . .., €, is the standard basis of R"*™,
In a similar way we can define the tangential divergence of a vector field X and the tan-
gential Laplacian of a function,

n+m
divM X =Y vMX?, AM = divM vM f
i=1
(here again the indices refer to the coordinates of R"*).

By a straightforward computation one can check that all these tangential operators (if
the field X is tangent to M) coincide with the intrinsic ones considering (M, g) as an abstract
Riemannian manifold.

In several occasions we will consider the second fundamental form and the shape oper-
ator acting on vector fields in R"*"™ as defined in formulas (1.3), thatis, if ey, . . ., €y4, is the
standard basis of R"*" we have

7 7

Bi; = (Blei ej) | ex) = (Bl e}") | eic) -
It is then easy to see that

n+m
_ i
= > Bj
=1

and, by means of the above tangential derivative operator, we can compute the second fun-
damental form as

m
B(X,Y) = =) (X|Vy/vop” VXY €T, M,
a=1
where {v*} is any local smooth orthonormal basis of the normal space to M.
For a general smooth map ® : M — R* we can consider the tangential Jacobian,

TMP(z) = [det (dM % 0 dM,)]"?

where dM®, : T,M — RF is the linear map induced by the the tangential gradient and
(dM®,)" : R¥ — T, M is the adjoint map.

THEOREM 2.1 (Area Formula). If ® is a smooth injective map from M to R¥, then we have

[I) o f(y)dH"(y / f(®(x)) JMD(z) dH™ ()

for every f € CO(RF).

If {e;} is an orthonormal basis of R"*" such that ey, ..., e, is a basis of T, M, we can
express the divergence of a tangent vector field X at the point z € M as
n

v X () = 3 gler, Ve, X (@) = Y ler| V2" X (@) = 30 (e | X))
i=1 i=1 "

1=1

= 3 V¥ (e | X))
=1
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It is not difficult to see that the last term is actually independent of the orthonormal ba-
sis {e;}, evenif eq,..., e, is not a basis of T,, M. Then, we use this last expression (for any
arbitrary orthonormal basis {¢;} of R"*™) to define the tangential divergence div" X of a
general, not necessarily tangent, vector field X along M.

Such definition is useful in view of the following tangential divergence formula (see [36, Chap. 2,
Sect. 7]),

/ divMXdu:—/ (X |H) du
M M

holding for every vector field X along M.
If X is a tangent vector field we recover the usual divergence theorem,

/ div X dp =0.
M

For detailed discussions and proofs of these results we address the reader to the books of Fed-
erer [21] and of Simon [36].

3. Distance Functions

In all this section, ey, ..., €, is the canonical basis of R"*™, M is a smooth, complete,
n—-dimensional manifold without boundary, embedded in R"*" and T,,M, N,, M are respec-
tively the tangent space and the normal space to M atx € M C R**™™.

The distance function d™ : R**™ — R and the squared distance function n™ : R"+™ — R
are respectively defined by

aM () = dist(z, M) = min |z — y], M (2) = 2 [dM (2)]?
yeM 2
for any z € R"*™ (we will often drop the superscript M). In this and the next sections we
analyse the differentiability properties of d and  and the connection between the derivatives
of these functions and the geometric properties of M.

Immediately by its definition, being the minimum of a family of Lipschitz functions with
Lipschitz constant 1, the same property holds also for d (the function 7 is instead only locally
Lipschitz). In particular, both functions are differentiable almost everywhere in R"*", by
Rademacher’s theorem, moreover, at any differentiability point z € R™"™ of d there exists a
unique minimizing point y € M such that d(z) = |z — y| and

T —y
Vi) = |z —y|

for such y € M.

Viceversa, if the point in M of minimum distance from x € R"*™\ M is unique, the function
d is differentiable at x, see Section 5.

We have also easily

Vd(z)| =1  and  [Vn(x)]* =2n(z)
at any differentiability point of d.
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These properties are true even if M is merely a closed set (the relation between the regu-
larity properties of dM and M is analysed in [20, 22], see also [33]) but on the second deriva-
tives of d and n™ only one side estimates are available, in general. These are actually based
on the convexity of the function AM (z) = |2|2/2 — n(z) which can be expressed as

1
AM (z) = — —|y|*.
() = max (xly) — 5y
However, as it is natural to expect, higher regularity of M leads to higher regularity of d™
and n™ as we will see in Section 5 (see also [4], for instance).

PROPOSITION 3.1. For every point x € M, there exists an open neighborhood of x in R"*™ and
a constant o > 0 such that 7 is smooth in the region

Q={yeUldly) <o}.

REMARK 3.2. If M is compact we can actually choose U = R"*" and a uniform constant
o > 0. Moreover, since we will be mainly interested in local geometric properties of M and
since every immersion is locally an embedding, all the differential relations that we are going
to discuss hold also for submanifolds with self-intersections. We simply have to consider
such local embedding in a open set of R"*™ and the distance function only from this piece
of M, in a neighborhood, instead than from the whole M.

By the above discussion, in such set 2 it is defined the projection map 7™ : Q@ — M
associating to any point « € Q2 the unique minimizer in M of the distance from x (again we
will often drop the superscript M). This minimizer point is characterized by

™ (z) =z — d"(zx)Vd¥ (z) = 2 — VM (z).

It should be remarked that d(z) = /2n(x) is smooth on 2 \ M but it is not smooth up
to M. In the codimension one case this difficulty can be amended by considering the signed

distance function
d if E
ry o | @) e
—d(z) ifzeFE
as M is the boundary of a bounded subset E of R"*".
In higher codimension, the function 7 is a good substitute of d*(z) in many situations,

see [4] for an example of application to the motion by mean curvature.
The following result is concerned with the Hessian matrix of 7.

PROPOSITION 3.3. For any x € M the Hessian matrix V?n(x) is the (matrix of) orthogonal
projection onto the normal space N, M.
Moreover, for any x € M, letting p to be a unit vector orthogonal to M at x and defining
A(s) = Vn(a + sp)

for any s € [0, 0] such that the segment [z, x + op| is contained in 2, the matrices A(s) are all
diagonal in a common orthonormal basis {e1, ..., entm} Such that (eny1,...,en+m) = Ny M and,
denoting by A\i(s), ..., Antm(S) their eigenvalues in increasing order, we have

Ant1(8) = Anga(s) = -+ = Angm(s) =1 Vs € [0,d(z)].
The remaining eigenvalues are strictly less than 1 and satisfy the ODE
V() = M=)

S

Vs € (0,d(z)]
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fori=1,...,n. Finally, the quotients \;(s)/s are bounded in (0, d(x)].

PROOF. We follow [4, Thm. 3.2]. Fixing x € M and representing locally M as a graph
of a smooth function on the tangent space at z, it is easy to see, by an elementary geometric
argument, that

[Nyl

1+ ) = 2+ ollgl?) = 5Ny |9) + ollyP?),

where N is the orthogonal projection on the normal space to M at the point = and o(t) is a
real function satisfying |o(t)|/t — 0 as t — 0. By differentiating twice with respect to y and
evaluating at y = 0, we find 7;;(x) = N;.

Since the distance function d is smooth in Q \ M, differentiating the equality |Vd|? = 1,
we get

dijdj =0, dijk;dj + dijdjk =0,
inQ\ M and
3.1) ming =20, MigNi =My Mgkt ik = ik
in the whole 2.
Using the fact that Vn(z + sp) = ps and the third identity in (3.1) we obtain,

T y(s) = 5 o+ st
=nijk(z + sp)nk(x)/s
. Aij(s) - Aik(S)Akj(S)

S

(3.2)

for every s € [0,0].
Let ey, ..., en+m be any basis such that A(c) is diagonal with associated eigenvalues \;(o),
we consider the unique solution f;(t) of the ODE

d o wl(s)(1 = ps))

ds ils) = S
satisfying p;(o0) = X\i(o), fori =1,...,n+m.
Then the matrices

, Vs € (0, 0]

n+m

As) = Z pi(s)ei @ e,
i=1

solve the differential equation (3.2) and satisfy A(s) = A(c). Hence, by the uniqueness of
solutions to system (3.2), we conclude A = A. Consequently the eigenvectors of A(s) are
equal to e; for every s € (0, 0] and the eigenvalues \;(s) solve,

(3.3) % M(s) = 2N A = Ails))

In view of the fact that A(s) must converge, as s — 07, to the matrix of orthogonal projection
on the normal space to M at the point z, the conclusion of the proposition follows.

S

Finally, we show that the quotients \;(s)/s are bounded as s — 07, wheni =1,...,n.
Solving the differential equation (3.3), we find
Ai(s) = Ai(7) ) Vs € (0,0].

s o+ (s—0o)Xi(o)
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Therefore, if A\;(0) < 0, then \;(s) < 0 for all s and
Ai(s)| | Ailo)

s o
If, \i(c) >0and i = 1,...,n, then \;(s) € [0, 1) for all s and

)\Z(S) )\7,((7)
s | S o= n(0))

, Vs € (0,0].

Vs e (0,0].

So finally, for all s € (0,0] and i = 1,...,n, we have,

M A ) ‘ A < 1 eigenvalue of V2n(:c) with d(x) = 0}

< max{—
s o[l A(1—

and we are done. O

As for every x € () the gradient Vd(x) is a unit vector belonging to Ny(,) M and constant
along the segment 7(z) + s(z — m(x)), by using the identity

V2n = dV3d + Vd ® Vd,

it follows that also V2d(n(x) +s(z —7(x))) is diagonal in the same basis above, diagonalizing
V2n(w(x)). Moreover, the eigenvalue associated to the eigenvector Vd(x) is zero, (m — 1)

eigenvalues are equal to 1/s and the n remaining ones 3 (s),..., fn(s) are bounded and
satisfy
(34) Bi(s) = =B(s) ¥s € (0, d(x)]

as Bi(s) = Xi(s)/s, fori=1,...,n.
A straightforward consequence of Proposition 3.3 is the following result.

COROLLARY 3.4. Let x € Qand let K, : R*"™™ x R" x R"*™ — R be the symmetric
3-linear form induced by V31(x). Then,

Ky (u,v,w) =0
if at least two of the vectors u, v and w belong to Ny (M.

We discuss now a while the geometric meaning of the eigenvalues \;(s) in Proposi-
tion 3.3. We let x5 = x + sp (p is a unit vector orthogonal to T,,M/) and we consider the
eigenvalues A1 (s), ..., A (s) of V2n(xzy) strictly less than 1 with ey, . .., e, the corresponding
eigenvectors (independent of s) spanning 7, M.

PROPOSITION 3.5. Foranyi=1,...,n we have

lim L(S)

s—0t S

=\

and the values \; are the eigenvalues of the symmetric bilinear form
—(B(z)(u,v)| p) u,v € TpyM

with associated eigenvectors {e; }.



NOTES ON THE DISTANCE FUNCTION - V4 15

PROOF. By the remark following the proof of Proposition 3.3, A;(s)/s are the eigenvalues

Bi(s) of V2d(z5), then the existence of the limits is immediate as the quotients \;(s)/s = B;(s)
are bounded and monotone, by (3.4), as s — 0.
Let L be the affine (n + 1)-dimensional space generated by 7, M and p, passing through .
Moreover, let ¥ C L be the smooth n—dimensional manifold obtained projecting U N M on
L, for a suitable neighborhood U of z, and let B(z) be the second fundamental form of ¥ at
x, viewing ¥ as a surface of codimension one in L. We denote (see Section 1.1) by Aq,..., A,
the principal curvatures at = of ¥ (with the orientation induced near x by p), defined as the
eigenvalues of the symmetric bilinear form

(B(x)(u,v)| p) u,v € TpX =T, M.

Under the assumption m = 1, we clearly have ¥ = M and the property is a straightforward
consequence of the well known formula (see for instance [25, Lemma 14.17])

N

Bils) = T Vs € (0, d(x)]

for the eigenvalues 3;(s) of V2d™(z,) corresponding to eigenvectors in L (see also [19]).
In the general case, we notice that, by Proposition 3.1, the function n* is smooth near = and

(3.5) lim sup ™ (y) — n*(y)]

1 < 400
y—z,yeL |y - x|

since X is obtained projecting M on the space L, containing = + 7, M. By this limit we infer

2. M 92,5
lim Ve (zs) — Vo™ (zs)

s—0t S

=0.

As all the matrices are diagonal in the same basis, denoting by \;(s) the eigenvalues of
V2n*¥(xs) corresponding to the directions {e;}, the quotients \;(s)/s converge to the same
limit of \;(s)/s, that is, A;.

Finally, by (3.5) we have

VM (z)(u, v, p) = V?n” (z) (u, v, p) Vu,v € T,M = T,3,
hence, the relations in Proposition 3.9, that we will discuss in a while, yield
(B(z)(u,v)|p) = (B(x)(u, )| p) Vu,v € T,M

asp € N,M N N,X.
This shows that \; are the eigenvalues of —(B(x)|p) and that {e;} are the corresponding
eigenvectors. O

REMARK 3.6. In particular, the sum of the eigenvalues 3;(s) = \;(s)/s of V2d(zs) con-
verges as s — 07 to the quantity —(H(z)|p). This property has been used in [4] to extend
the level set approach (see [11, 18, 34]) to the evolution by mean curvature of surfaces of any
codimension.

For x € M, we defined P;;(z) as the matrix of orthogonal projection P : R"*™ — R ™
on the tangent space and we saw that P;;(z) = VMz;. Actually, by Proposition 3.3, we have

Pyj(x) = (6i5 — mij(x)),
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since 7;; () is the matrix of orthogonal projection on N, M. Notice that such formula defining
P;;(x) makes sense in the whole €, in this case, Proposition 3.3 implies

P(x) (Tw(x)M) = Tﬂ(x)M, and Ker P(a:) = Nﬂ(x)M .
However, we advise the reader that in general P(r) is not the identity on Ty () M (V2eta is

the identity on Ny, M).
We now define the 3—tensor C' with components (in the canonical basis)

Cije(z) = VY Pi(z) = VIV ay,

which is clearly symmetric in the last two indices.

Since for any « € M the matrix P(z) is the orthogonal projection on 7, M, we can expect that
the tensor C(x) (encoding the “change” in the tangent plane) contains all information on the
curvature of M (see [26, 32]). In the following three proposition we will see that V35(z), the
tensor C'(z) and the second fundamental form B(x) are mutually connected by simple linear
relations.

PROPOSITION 3.7. The second fundamental form tensors B(x) and the tensor C(x) are related
forany x € M by the identities

(3.6) ij(a:) = Pis(2)Cjsr(x) = Pjs(x)Cisp() , Ciji(x) = ij (z) + Bik(:c) )

Moreover, the mean curvature vector H(x) of M is given by

n+m

(3.7) HY(2) = ) Cus(2).
s=1

PROOF. We follow [26]. Letx € M, u = ¢;, v = ¢; and let v’ = P(z)e;, v = P(z)e; be the
projections of v and v on 7 M. We have then, at the point x € M,

J[Pe;]* 0P
ov'’ (Oak = Par) = o’

=V Pis(6sk — Pax) = V) Py — VY (PisPa) + Pis V! Py,
=V} Py, — V' Py, + +P;s V] Py
=PV} Py, = P;sCjak

where we used the fact that P> = P on M. The other relation follows by the symmetry of B.
Now we prove the second identity in (3.6). Using the first identity and the symmetry of
P we get

B + B, = PjsCisk + PisCis
= P,V Py + Py VM Py
= VM (PjsPat)
= V' Py,
= Cijk -
Finally, we prove (3.7),

n+m

H* = B} = PisCigk = Pis V) Py = VY P = D Cigs -
s=1
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O

PROPOSITION 3.8. The tensor C(x) and V3n(z) are related for any x € M by the identities

(3.8)  Ciykl(x) = —Pu(z)mjr(z) Nijk(T) = _%{Cijk(x) + Cji(x) + Crij(2) } -

PROOF. The first identity is an easy consequence of the fact that V25(z) is the orthogonal
projection on N, M. To prove the second one, we write (omitting the dependence on x)

Nijk = — zgk: + (613 - st)nsgk
= — Gy + (613 - zs)(_stk + (5jt - Pjt)nstk’)
= — Cyji + (0is — Pis)(=Cjs + (85t — Pjt)(—Chst + (0r1 — Pri)nsti))
= — Uik — stk(éis - st) - Ckst(éis - Pis)(éjt - P]t)
+ (0is — Pis) (8t — Pjt) (6x1 — Prt)nsta -
By Corollary 3.4, the last term is zero, so that (3.6) yields
Nijk = — Cijk — Cjki + CjskPis — Crij + Crit Pjt + Chsj Psi — Crst Pis Pyt
= — Cyji — Cji — Cij + BE + BJ, + Bl — P;BY .
Since B(e;, ex) € N, M we have P;B, = 0, then exchanging the indices i and j in the above
formula, averaging and using the second identity in (3.6) we eventually get
Nijk = — Ciji. — Ciki — Cij + = {B’“ +BJ, + Bl + BY, + B, + B}, }
1
= — i{cijk + Cjni + Chij } -
(|

PROPOSITION 3.9. The second fundamental form B(x) and V3n(x) are related for any x € M
by the identities

(3.9) B} (z) = Vi(nisns; — mij) (@), nije(z) = =B (z) — Biy(2) — B, (2).
Moreover, the mean curvature vector H(x) of M is given by
H(z) = —A(Vn)(z).

PROOF. By Using relations (3.6) and (3.8) we can write each component B of the second
fundamental form as a function of V37 as follows,

(3.10) B, = PjsCixs

= —PjsPymiks

= —(&js — njs) (Gt — Mit) ks

= —Nijk + NsjMkis T MiNkjl — NjsNil ks
—Mijk + NsjNkis T Nsilkjs
= Vi(Misnsj — nij) -
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Conversely, by the second identities in (3.8) and (3.6) we get
1
Nijk = — i{cijk: + Cjki + Crij }
1 ‘ , . ;
=~ 5{35 + By, + By + B + By, + By}
- _B%+B}‘k+Bii'
By the first formula, we have

n+m

HE = —ns + Vk(Z 771‘25)
7,5=1
for every index k = 1,...,n+m. Since V27 (z) is symmetric, ZZ"::”} n?,(r) coincides with the
sum of the squares of the eigenvalues of V?7(z). By Proposition 3.3, this quantity is equal to

n + o(|z — 2°|) near every point 2° € M, hence V, (Z?jﬂ nZ)(x) vanishes on M. It follows
that
(3.11) H(z) = =A(Vn)(z) Ve e M.

([l

COROLLARY 3.10. Let & € M and let K, : R"T™ x R x R"™™ — R be the symmetric
3-linear form induced by V3n(z). Then,

Kz (u,v,w) =0
if all the three vectors u, v and w belong to Ty () M.

PROOF. It follows by the second relation in (3.9), as the second fundamental form takes
values in the normal space to M at . OJ

From now on, instead of dealing with the squared distance function we will consider the

function
) = [dM(2)]?

AM((L') 2 ’
clearly smooth as 7™ in the neighborhood €2 of M. We set
ok AM (1)
Az]‘flzk (z) =

for the derivatives of AM in .
We define the k—derivative symmetric tensor A*(z) working on the k-uple of vectors v; €

R™™, where v; = v]e;, as follows
Ak($)(vla s Uk’) = AM

iy (D)L U
By sake of simplicity, we dropped the superscript M on A*, by the same reason, we will also
often avoid to indicate the point z € M in the sequel.

The greater convenience of A can be explained noticing that V2AM (1), for x € M, is the
projection matrix on T, M and this quantity often appears in the computation of tangential
gradients.

We reformulate now the previous formulas in terms of A™.
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PROPOSITION 3.11. The following properties of AM hold,

(a) forany z € Q, the vector V AM (z) coincide with the projection point 7™ (x) of z on M.
Moreover, V2 AM () is zero on N (@) M and maps Ty, M onto T,y M.
Ifz € M, then V2 AM () is the matrix P of orthogonal projection on T, M;

(b) for any x € Q, the 3-linear form K, : R* x RF x R¥ — R given by

n+m

Jw
(u,v,w) g Awk u'v
t,5,k=1

is equal to zero if at least two of the 3 vectors u, v, w, are normal to M at w(z) = VAM ()
or if x € M and the three vectors are all tangent;

(c) for x € M, the second fundamental form B(z) and the mean curvature vector H(x) are
related to the derivatives of AM (z) by

(3.12) Bl (z) = AJs () Al (2) A () = (9 — Al (2)) A (),
n+m

(3.13) Z Al

(3.14) VM AN (2) = BY (2) + B, (2).

PROOF. The first statement follows by Proposition 3.3 and the second one by Corol-
lary 3.4. The first equality in (3.12) and (3.13) follow by relations (3.11) and (3.10). The sec-
ond equality in (3.12) can be obtained multiplying both sides of the second relation in (3.9)
by the normal projection (I — V2AM). Finally (3.14) is a restatement of the second equality
in (3.6). O

By means of the relations in Propositions 3.7, 3.8, 3.9 we have the following estimates.
COROLLARY 3.12. At every point of M we have,
|C12 < |V3AM |2 = 3|B|? < 3|C)?.

PROOF. We have only to show the identity |V3AM|? = 3|B|?, the other inequalities are
immediate as the projection P is a 1-Lipschitz map.
We compute in a orthonormal basis {e;} such that (e;,...,e,) = T, M, by means of the
second relation in (3.9), and keeping in mind that the second fundamental form B takes
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values in the normal space N, M,

n

IVIAMP = 3" [niel®

,7,k=1
2 2 2
= ) migkl> 4+ D migel® + |7k |
n+1<i<n+m n+1<j<n+m n+1<k<n+m
1<j,k<n 1<i,k<n 1<i,j<n
— k 7 J |2 k % J |2
= B, + Bl + Bl P+ D Bi; + Bl + Byl
n+1<i<n+m n+1<j<n+m
1<j,k<n 1<i,k<n
k i J |2
+ ) IBj+Bj+ By
n+1<k<n+4+m
1<i,j<n
— i ]2 J |2 k|2
- Z |Bjk‘ + Z ‘Bkz’ + Z ‘Bij‘
n+1<i<n+m n+1<j<n+m n+1<k<n+m
1<4,k<n 1<4,k<n 1<i,j<n
— i |2
=3 > [Bjl
n+1<i<n+m
1<j,k<n
=3B|%.

4. Higher Order Relations

In this section we work out some properties, about the higher derivatives of the square
of the distance function from a submanifold, in particular the relations with the covariant
derivatives of the second fundamental form. The main result here is a recurrence formula
for A* (Proposition 4.1), that is, the tensor of k—derivatives of the squared distance function
from M, once its action is split on tangent and normal vectors. Such formula is crucial to get
“structure information” and estimates on the tensors A* (Corollary 4.3 and Proposition 4.6).

PROPOSITION 4.1. For every k > 2 and for every s € {0, ...k} there exists a family p?f..jkfs of
symmetric polynomial tensors of type (s,0) on M, where ji, ..., Jk—s € {1,...,n+ m}, which are
contractions of the second fundamental form B and its covariant derivatives with the metric tensor g,

such that
AR(Xy, X Ny N) =P (X XN N

for every s—uple of tangent vectors Xy, and (k — s)—uple of normal vectors Ny, in R"™ (with the
obvious interpretation if s = 0 or s = k, that is, for instance in this latter case the symbols indexed
by 1,...,k — sarenot present in the formulas).

Moreover, the tensors p;)° . are invariant by exchange of the j~indices and the maximum order
ks

of differentiation of B which appears in every pfls _isat most k — 3, when k > 3. Considering

Jk—
the tangent plane at any point x € M also as a subset of R"*™, the polynomial tensors pfls o, are
expressed in the coordinate basis of the Euclidean space as follows

k: j j —Ss kv ] ‘g j j —Ss
Pyt (Xn, o XN NS =t X XENT NG
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Then, a family of tensors satisfying the above properties can be defined recursively according to the
following formulas

2,0 2,1 2,2
(4’1) pj1]2 p]l Zl = 07 pllz2 = 5i1i2
k,1
(4.2) pj1 e =Pi i =0 for every k > 2
k+1, - k,s—1 .
(4'3) pjl...ji,5+1,i0i1...is_1 - (vpjlg.q..jk,SJrl)iOil“-isfl Z.f2 S s<k + 1
k—s+1

k,s—1 in
Z p]l Jh—1TJh41--Jk—s4+1,01-Is— 1BT‘20

k,5—2 r
D P duairiveinsinsrnis s Bioin
k—s+1
Jh
+ Z p]l Jh—1Jh41---Jk—s41,01-ls— 17”B”0

k+1,k+1 k.k 2 : k,k—1 r
(4'4) pZQ’L1 A1 VpZO’Lle - pr,il...ihfl’i;H,l...ikBioih :

PROOF. If k = 2 we have immediately
A%(Ny,No) =0,  A%(X1,N) =0,  A*(Xy, X)) = XiX} = 04,0, X' X2

since X; and X» are tangent and A? is the projection on the tangent space. Hence, for-
mula (4.1) follows.

We argue now by induction on k > 2. When s = 0 the value A*(Ny, ..., Ni.)(z) depends only
on the function AM on the m—dimensional normal subspace to M at x, and on this subspace
AM is identically zero, hence the first equality in (4.2) is proved.

Suppose now that s € {1,...,k + 1}, we extend the vectors X;, € T, M and N}, € N, M toa
family of local vector fields, respectively tangent and normal to M, then

0

Ak+1(X07X17"'7XS—1>N17" Nk S—‘rl) 3X

(Ak(Xh---,Xs—th, . 7Nk—s+1))

— 0X
- ZAk<X17 oo Xpot, (9Xh Xh—‘rla ooy, X1, Ny, aNk’—s—i-l)

k—s+1

N Z Ak <X1,... o 1,N1,...,g§;L,...,NkS+1>

where the last line is not present in the special case s = k + 1 and the second line is not
present if s = 1. In this last case, we have

k
AL(Xo, Ny, ... Ni) = a‘;} <Ak(N1,...,Nk)> —gAk(Nl,...,g])\?;,...,Nk> —0

since the first term of the right member is zero by the first equality in (4.2) and, after decom-

posing g%h in tangent and normal part, the tangent term is zero by induction and the normal
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term is zero for (4.2) again. This shows the second equality in (4.2).
So we suppose 1 < s < k + 1, by the inductive hypothesis,

k,s—1 s
AN(X1, X, Ny Nemggn) = 050050 Hl(Xl,...,XS,l)N“ (NJE

thus, differentiating along X, which is a tangent field, we obtain

AN X0 Xy, X1, N1, Ni_gi1)

0 k,s—1 j Jk—s
:67)(0< j1§..jk,5+1(X1"'"XS*l)Nfl Nkk s++11)
0X
_ZAk<X17... (8XZ> , ~‘7Xs—17N1,---,Nk—s+1>
s—1
0Xp\1
_ZAIC(th(aiAth) a"'>X8717N17"'aNk—S+1)
h=1 0
k—s+1
ONp\M
- Z Ak<X17"'7XS—17N17"'7(7}]‘> ) ~7Nk75+1>
— 0Xo
k—s+1
ONp\ L
=S Ak(Xl,...,XS_l,Nl,...,(aXh> ,...,Nk_s+1).
h=1 0

We use now the symmetry of A* and we substitute recursively pks, pFs=1and p*~2 to AF,
according to the number of tangent vectors inside A¥,

AR (X0, X1, Xom1, N1y oo, Ni—1)
0 ( k,s—1

jl...jk__9+l(le---7X571))N{1 NPk—s

:6X0 k—s+1
k—s+1 in
k=1 J1 aNh Jk—st1
+ X, o, X 1)NYH L .V
Z p]l ]k: s+1 ) ) S ) 1 aXO k—s+1
k,s—1 J1 Jk—s+1
_ijl Jk—s+1 (X150, Vg Xy oo, X)) N7 N si1
s—1 k,s—2 aXh 1qr jl Jk .
= 2 Prji i 1(X1?'-'aXh—l,Xthla---7Xs—1)[<7) } Ny NGES
o X,
h=1
k—s+1 aNh o .
J1 Jh—1 p7Tn+1 Jk—s+1
o Z p]l Jh—1Jh+1--Jk—s+1 <X17"-7Xs—17<7> >N1 NG Nh+1 LN S
0Xo
k—s+1

kys—1 ' ONp\ Jhs
- Z phet 1,...,X5_1)Nfl...[(—aX0) } NP
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Adding the first and the third line on the right hand side we get the covariant derivative of
k,s—Al

the tensor p;”” ; times NI'...N ,g’“_;ijf, adding the second and the last line we get
AN (X0, X, X1, N1y Njmoi)

=vph Tl (Xo, X1, XN N

J1e-Jk—s+1 k—s+1
k—s+1 ;
k,s—1 7 6Nh M7jn Jk—st1
+ Z pjl»--jk—s+1(X1’ e ’Xs*l)Nll o [(87)(0) o Nk*sil
h=1

-1

- \ k,s—2 (X X X X ) % - Tle Njkfsﬁ»l
E prjl"'jk—g—‘—l 1y---5sAh—1y Ah41y---5As—1 8X0 1 - Ve—s+1
h=1

k—s+1
My . . 4
k,s ON, J1 Jh—1 nrJh+1 Jk—s+1
N A (Xl,...,Xs,1,<—8XO) )N1 NN N
h=1

Taking now into account that

()" = (3 ] =~ ) ) =Pl

where {8%1_ } ' is a basis of the tangent space of M, and

i=1,...,n

o0Xp\L1r . .
[(6X0) } :BgoihX(lJOX}ZLh’

substituting, we get

AR (X0, X1, Xom1, N1y oo Ni—si1)
=vph Tl (Xo, X1, X )N N

JieJk—s+1 k—s+1
k—s+1
_ E : k,s—1 Jh yio g1 Jk—s+1
pj1~~~jh717“jh+l~--jkfs+l(Xl’ T ’XS_I)BN'OXO Nl e 'Nk*8+1
h=1
s—1
k,s—2 r 10 vih ATI1 Jk—s+1
— ijl---jk—s+1 (X]_, oo 7Xh—17Xh+17 “ e 7X5_1)Bi0ihXU Xh Nl oo Nk—s+1
h=1
k—s+1

k,s Jr yio J1 Jk—s+1
) B e e (X1 X B Xgte ) NP NI
h=1
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Then, expressing the tensors in coordinates, we have
k41
A" (X0, X1, Xs—1, N1y oo, Ni—g41)
o k,s—1 o 10 Vi1 Ts—1 ATJ1 Jk—s+1
=(Vpj; Jigin..is 1 Xg' X1' o XTT NN

Il Jk—s+1 k—s+1
k—s+1
k,s—1 Ih i0 tg—1 ]1 Jk—s+1
Z pjl Th=1TJh41--Jk—s41,81 .- Ts— 1BMOX t 'Xs—l N Nk s+1
s
. k,s—2 10 is—1 ATJ1 Jk—s+1
Zprjl---.jk—s+17i1---ih,—lih+1---is—1B'LOth Xsfl Nl Nkz s+1
k—s+1 )
Jh Y0 is—1 p7J1 Jk—s+1
+ Z p]l Jh—1Jh+1--Jk—s+1501 85— 1TB7‘10X e 'XS—l Nl Nk s+1 7
which is formula (4.3).
In the special case s = k + 1, to get formula (4.4), we just have to repeat the computations
dropping all the lines containing sums like S5 _5*! .., which are not present.
Finally, assuming inductively that the polynomial tensors p*%, p¥*—1 and p**~2 are symmet-
Y, & y polyn PP D y.

ric in the j-indices and contain covariant derivatives of B only up to the order k£ — 3 (When
k > 3), also the claims about the symmetry and the order of the derivatives of B follow.
g

EXAMPLE 4.2. We compute some p** as a consequence of this proposition.
(1) When k = 2 we saw that

2,0 21 22
p]1]2 0 Pj =0, p=g.

(2) When k = 3 we have, by means of formulas (4.2) and (4.3),

DPjijajs = Pjrjo =
3,2 22171 pil
pjl 112 'Lgerl - Bilig

pzl7,213 - (VP )111213 +pr ng;zg +pr ng:m =0
that is,
p?;z =B/ and p*3 =0.
(3) When k = 4 we have,
4,1

pj1j2j3j4 =0, pj1]2]3 =0
4,2 Ji Jj1 RJ2 Jj2 i1
p]1]271112 p]l ZlTBT’m + p]g 217‘B7‘Z1 - leerg + Bzgerl

pjl,iligig - (ngl )211213 + o, 12Z3B7‘21 = (VP )11i213 + B:2743BZ':,1 (Vle)iliQiB
since we contracted a normal vector with a tangent one,

4.4
p11%21314 = —P Z3l4B1112 pr 1224B1113 pr 7/223B1124
_ r r r r r r
- BZSMBHW B1214B1123 B1213B2114

Proposition 4.1 allows us to write A* in terms of the tensors p** and the projections on
the tangent and normal spaces (hence contracting with the scalar product of R"*™), so we
get the following corollary.
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COROLLARY 4.3. For every k > 3 the symmetric tensor A* can be expressed as a polynomial
tensor in B and its covariant derivatives, contracted with the scalar product of R" ™,
The maximum order of differentiation of B which appears in A¥ is k — 3. More precisely, the only

k‘, ) . . ' k‘,k*l .
tensors among the p™* containing such highest derivative are p; ™, given by
piFt = VRSB 4 LOT.

where we denoted with LOT (lower order terms) a polynomial term containing only derivatives of
B up to the order k-4.

PROOF. Looking at the tensors with the derivative of B of maximum order among the
k,s

Pj,. j._., by formula (4.3) and the fact that the only non zero polynomials p]1 o 5’11 4, are
p?fzm Bfllm (see Example 4.2), it is clear that they come from the derivative ij1 Lk=2
Iterating the argument, the leading term in p;* " is given by V¥=3p>? = vF=3BJ1, O

REMARK 4.4. We can see in Example 4.2 that when £ = 3 and 4, the lower order term
which appears above is zero. Actually, by a tedious computation, one can see that for k > 5
this is no more true.

COROLLARY 4.5. For every k > 3 we have the following estimates at every point z € M,
C1|VF 3B 4+ LOT; < |A*? < C4|VF®B|? + LOT,

where the two constants C and Co depends only on k, n.and m, and LOT and LOT, are polynomial
terms containing only derivatives of B up to the order k-4.
Moreover, for a couple of “universal” functions F and F» depending only on k, n and m, we have

k k—3

1=3 1=0
k=3 ‘ k ‘
S VB gFQ(Z |AZ|2> .
=0 1=3

PROOF. The first estimates follow by Corollary 4.3 and the structure of A* obtained in

Proposition 4.1. The second statement is obtained by such estimates, by iteration. O

The decomposition of A¥ in its tangent and normal components is very useful in study-
ing in even more detail the norm of A*.

Fixing ata point x € M an orthonormal basis {e1, .. ., €4} Of R"" such that {ey, ..., e,}
is a basis of T, M, we have obviously
‘Ak,Q = Z [Ak(eilv"'aeik)]2

1<i1,.. 1, <n+m

Z [Ak(eil,eig,eis,...,eik)}Q

1<iq ,ig<n
n<ig,..., i <n+m

Z Z [Ak(eil,eig,ej,...,ej)]g

n<j<n+m 1<i1,i2<n

- Z Z pj 11112 ’

n<j<n+m 1<i1,i2<n

v

Vv
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that is,

n<j<n+m

We analyse this last term by means of formula (4.3). We have p>? = g and for every k > 2,

k+12 j
Pj...jioix Zp gy Mo _(k 1);0] JZU‘BTZO

Then, by induction, it is easy to see that

B2 —(k—2)!B! BI .. .BI

p] -Jyi0%1 T Tr1T2 Tk—301

hence, as the bilinear form B is symmetric, denoting with )] its eigenvalues at the point
x € M, we conclude
n
k,2 iN2(k— ~Sioi2k—
P57 = [k = 2117 Y_(M)**2 > OBt
s=1

Coming back to our estimate,
~ . o\ k2
|Ak|2 >C Z ’B]’2k74 > C( Z |BJ|2> — C|B|2k74 )
n<j<n+m n<j<n+m
PROPOSITION 4.6. The following estimate holds,
‘Ak‘2 > C|B|2k—4

where C'is a universal constant depending only on k, n and m.

5. The Distance Function on Riemannian Manifolds

In this section we discuss more in detail some analytic properties of the distance function
that we state without proof in Section 3.
We consider in full generality the distance function d% from a closed set K of a Riemann-
ian manifold (M, g) and we analyse the connection with the theory of viscosity solutions of
Hamilton—-Jacobi equations. Indeed, we will see that the distance function is a viscosity so-
lution of the following Hamilton-Jacobi problem

IVul =1 in M\ K,
u=20 on 0K

and we will use the property of semiconcavity shared by such solutions to analyse the prop-
erties of d¥ (for more details see [33]).

5.1. Stationary Hamilton-Jacobi Equations on Manifolds. Let M/ be a smooth and con-
nected, n—dimensional, differentiable manifold.
We consider the following Hamilton-Jacobi problem in 2 C M,

H(z,du(z),u(z)) =0 in€Q,
U = Ug on 992

where H : T*Q x R — R and T denotes the cotangent bundle.
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DEFINITION 5.1. Given a continuous function v :  — R and a point « € M, the superdif-
ferential of u at x is the subset of T; M defined by

0t u(x) = {dgp(a:) | € CHM), p(z) — u(z) = mj\}ngp - u} .

Similarly, the set

o~ u() = {dwx) |0 € CH(M)i(z) - u(x) = max ) - u}

is called the subdifferential of v at x.
Notice that it is equivalent to replace the max (min) on all M with the maximum (minimum)
in an open neighborhood of z in M.

It is easy to see that 07 u(z) and 0~ u(x) are both nonempty if and only if u is differen-
tiable at z € M. In this case we have

O u(x) = 0 u(z) = {du(x)}.

We list here without proof some of the standard properties of the sub and superdifferentials
which will be needed later.

PROPOSITION 5.2. If ¢ : N — M is a map between the smooth manifolds N and M which is
C' around x € N, then

0" (uo)(x) D 0 u((z)) o dip(x) = {vodi(x)|v e u(y(x))}.
If 4 is a local diffeomorphism near x, the inclusion becomes an equality. An analogous statement
holds for 0~.

PROPOSITION 5.3. If : R — R isa C*! function such that ¢ (u(z)) > 0, then
0T (B ou)(z) D di(u(z)) o 0T u(x) = {df(u(x))ov|v e oM u(x)},
similarly for 0~. If ¢’ (u(x)) > 0 then the inclusion is an equality.

For a locally Lipschitz function u on a Riemannian manifold (M, g), T u(z) and 8~ u(z)
are compact convex sets, almost everywhere coinciding with the differential of the function
u, by Rademacher’s theorem.

For a generic continuous function u we prove in the next proposition that 9" u(z) and 9~ u(z)
are not empty in a dense subset.

PROPOSITION 5.4. Let u : 2 — R be a continuous function on an open subset 2 of M. Then

the subdifferential 0~ u(z) (the superdifferential 0% u(z)) is not empty for every x in a dense subset
of Q.

PROOF. It is always possible to endow M with a Riemannian structure giving a metric
d(-,-) on M which generates the same topology.
Consider a generic point y € €2 and a geodesic ball B contained in 2 with center y. If the
ball B is small enough, the function = + d?(z,y) is smooth in B. Taking a large positive
constant 4, the function Fa(x) = u(z) + Ad*(z,y) has a local minimum at a point x4 in the
interior of B. At x4 the subdifferential of the function )4 must contain the origin of T};, M,
hence, being d*(z,y) differentiable in the ball B, the differential of —d?(z, y) at 2 4 belongs to
0~ u(za). As the point y and the ball B were arbitrarily chosen, the set of points where the
subdifferential of u is not empty is dense in (2.
The same argument holds for the superdifferential of u, considering the function —u. O
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Now we introduce the notion of semiconcavity which will play a central role.

DEFINITION 5.5. Given an open set {2 C R", a continuous function u : & — R is called
locally semiconcave if, for any open convex set ' C Q with compact closure in €2, there exists
a constant C' such that one of the following three equivalent conditions is satisfied,

(1) Vz,hwithz, z +h,x — h € €,
u(z + h) +u(z — h) — 2u(x) < 2C|h|?,
(2) u(x) — C|z|? is a concave function in ¢/,
(3) D?u < 2C'1d in §, as distributions (Id is the n x n identity matrix).
In order to give a meaning to the concept of semiconcavity when the ambient space is a

differentiable manifold M, we analyse the stability of this property under composition with
C? maps.

PROPOSITION 5.6. Let Q and Q' two open subsets of R™. If u : Q — R is a Lipschitz function
such that u(x) — C |x|? is concave and ) : ' — Q is a C? function with bounded first and second
derivatives, then u o v : ' — R is a Lipschitz function and u o v(y) — C'|y|? is concave, for a
suitable constant C’.

The proof is straightforward. Then, the following definition is well-posed.

DEFINITION 5.7. A continuous function u : M — R is called locally semiconcave if, for any
local chart ¢ : R™ — Q C M, the function u o 9 is locally semiconcave in R".

The importance of semiconcave functions in connection with the generalized differen-
tials is expressed by the following proposition (see [10]).

PROPOSITION 5.8. Let the function w : M — R be locally semiconcave, then the superdifferen-
tial 0w is not empty at each point, moreover, 9% v is upper semicontinuous, namely
Ty —w, v — v, v, €0Tu(zy) = wvedtu(z).
In particular, if the differential du exists at every point of Q0 € M, then u € C*(Q).
Now we introduce the definition of viscosity solution.

Let €2 be an open subset of M and H, called Hamiltonian function, a continuous real function
on 7% x R. We are interested in the following Hamilton-Jacobi problem

(5.1) H(z, du(z),u(z)) =0 in (2.

DEFINITION 5.9. We say that a continuous function wu is a viscosity solution of equa-
tion (5.1) if for every z € 2,

H(z,v,u(z)) <0 Vv e dtu(x),
(:2) {H(m, v,u(z)) >0 Yo e d u(x).

If only the first condition is satisfied (respectively, the second) u is called a viscosity subsolu-
tion (respectively, a viscosity supersolution).

If €' is an open subset of another smooth differentiable manifold N and ¢ : Q' — Q
is a C! local diffeomorphism, we define the pull-back of the Hamiltonian function ¢*H :
T x R — Rby

¢v*H(y,v,r) = H(¥(y),v o diﬁ(y)_la r).
Taking into account Proposition 5.2, the following statement is obvious.
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PROPOSITION 5.10. If u is a viscosity solution of H = 0in Q C M and ) : ' — Qisa C!
local diffeomorphism, then w o ) is a viscosity solution of v*H = 0in Q' C N.

5.2. The Distance Function from a Closed Subset of a Manifold. From now on, (M, g)
will be a smooth, connected and complete, Riemannian manifold without boundary, of di-
mension n.

We consider a closed and not empty subset K and the distance function d¥ : M — R
from K, which is defined as the infimum of the lengths of the C! curves starting at = and
ending at K. As M is complete, by the Theorem of Hopf-Rinow, such infimum is reached
by at least one curve which will be a smooth geodesic. We will also consider the function
n® = [d%]?/2 as in the previous sections.

In the following we will denote the distance between two points z,y € M with d(z,y)
and the exponential map of (M, g) with Exp : TM x R — M. For simplicity, we will write |v|
for the modulus of a vector v € T M, defined as \/g(v, v).

PROPOSITION 5.11. The distance function d¥ is the unique viscosity solution of the following
Hamilton—Jacobi problem

(5.3)

Vul>?-1=0 inM\ K,
u=>0 on K

in the class of continuous functions bounded from below.
The function n’ is the unique viscosity solution of

2 9,0
(5.4) {|Vu] 2u=0 inM,

u=20 on K
in the class of continuous functions on M such that their zero set is K.

REMARK 5.12. The restriction to lower bounded functions is necessary, |z| and —||z||
are both viscosity solutions of Problem (5.3) with M = R" and K = {0}. Moreover, the
completeness of M plays an important role here, if M is the open unit ball of R" the same
example shows that the uniqueness does not hold.

Notice also that every function [d¥]?/2 where H is a closed subset of M with H D K, is a
viscosity solution of Problem (5.4), equal to zero on K.

PROOF. The quantity d¥(z) is the minimum time ¢ > 0 for any curve v to reach a point
v(t) € K, subject to the conditions v(0) = 0 and |7/| < 1; the function d¥ is then the value
function of a “minimum time problem”; this proves that d¥ is also a viscosity solution of
Problem (5.3), by well known results (see for example [5, Chap. 4, Prop. 2.3]). Then we show
that the function n’* is a solution of Problem (5.4).

First of all, notice that the distance function from K is a 1-Lipschitz function, hence nX is
locally Lipschitz.

As d¥ is 1-Lipschitz, at every point of K the function n¥ is differentiable and its differential
is zero. Hence, the definition of viscosity solution holds also for points belonging to K.
In order to prove the thesis, it is then sufficient to test conditions (5.2) on the generalized
differentials at the points of the open set M \ K.

Since 7€ is positive in M \ K, applying Proposition 5.3 with the function 6(t) = v/2t, we see
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that the function € is a viscosity solution of

NEI AN
V2u' V2u
in M \ K. Being there positive, it also solves
g(Vu,Vu) —2u =0

in M \ K. This fact together with the previous remark about the behavior of n¥ at the points
of K gives the claim.
Suppose now that u is a viscosity solution of Problem (5.3) then, u is also a solution of

IVu|—1=0 inM\K,
u=2~0 on K.

As in the work of Kruzhkov [29], we consider the function v = —e™ which, by Proposi-
tion 5.3, turns out to be a viscosity solution of

{]V’UH—v:O in M\ K,

55
(5-5) v=—1 on K

moreover, [v]| < e~ nf,
We establish an uniqueness result for this last problem in the class of bounded functions
v, which clearly implies the first uniqueness result. We remark that the proof is based on
similar ones in [13, 14, 24].
We argue by contradiction, suppose that u and v are two bounded solutions of (5.5), |u/,
|v| < C, and that at a point 7 we have u(Z) > 2¢ + v(z) with e > 0.
Let b(z,y) : M x M — R be a smooth function satisfying

eb>0

* |vﬂﬁb($7y)‘l |vyb($7y)| <2

e supary |d(z,y) — b(x, y)| < o0
such a function can be obtained smoothing the distance function in M x M.
We fix a point zp in K and we define the smooth function B(x) = b(z, 7)?. By the properties
of b and the boundedness of u and v, the following function ¥ : M x M — R

U(z,y) = u(z) —v(y) — Ad(z,y)* — 6 B(z) — § B(y)

has a maximum at a point Z,%y (dependent on the positive parameters 6 and \) and such
maximum V¥(Z,y) is less than 2C. Hence, the function

(5.6) x> [0(g) + Md(x,9)* 4+ 6 B(z) + 6 B()] — u(z)
has a minimum at 7 while
(5.7) y = [u(Z) — Ad(Z,y)* — § B(Z) — § B(y)] — v(y)

has a maximum at 7.
If 26 < ¢/B(%) then

U(Z,7) > U(F,T) > 2 — 20B(T) > ¢
hence, we get

(5.8) 6B(Z) + 6B()) + Md(Z,7)* + & < u(Z) —v(y) < 2C.
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This shows that, for a fixed §, the pair Z, j is contained in a bounded set and, if A goes to +oco
the distance between = and y goes to zero. Possibly passing to a subsequence for A going to
infinity, # and y converge to a common limit point z which cannot belong to K, otherwise
we would get e < u(z) — v(z) = 0, thus, for some X large enough also Z and ¥ do not belong
to K.

As the function d?(x,y) is smooth in B, x B, C M x M, where B, is a small geodesic ball
around z, choosing a suitable A large enough we can differentiate the functions inside the
square brackets in equations (5.6) and (5.7) obtaining

¥ =30VB(Z)+ \V.d*(Z,7) €0t u@),
W= —5VB( ) — \V,d*(z,7) € 9 v(y).
By Definition 5.9 we have that [v| + «(Z) < 0 and |@| 4+ v(y) > 0, hence
w(@) —v(y) + [v] — |w| <0.
Moreover,
0] — |@] =6 VB(0) + AV,d*(Z,7)| — |6 VB(Y) + AV,d*(Z, )|
> |A\V.d*(Z,7)| — | AV, d2 9)| — 6 VB(G)| — |6 VB(2)|
=2Xd(z,Y) \de(:’f, )l - 2Ad(557 ) |Vyd(@,y)| = [0V B(y)| = [0 VB(7)]
=2Md(7,y) — 2Xd(Z,y) = [0 VB(y)| - [0 VB(2)]
—0VB(y)| =16 VB(Z)]
which implies,
w(@) —v(y) —0|VB(y)| — d|VB(Z)| < 0.
Finally, we have that
8|V B(Z)| = 26|b(Z, 20) VH(T, 20)| < 46+/B(Z)
and using the estimate § B(Z) < 2C which follows from equation (5.8),
5|VB(Z)| < 8V26C < /4
if § was chosen small enough. Holding the same for , we conclude that
uw(@) —v(y) —e/2<0

which is in contradiction with the fact that u(z) — v(y) > e.

About the second uniqueness claim, if u is a continuous viscosity solution of Prob-
lem (5.4) then, by Proposition 5.4 the superdifferential of u is not empty in a dense subset of
M \ K, hence, directly by the equation and by continuity, u is non negative. By the hypothe-
sis on its zero set we conclude that v is positive in all M \ K. Composing u with the function
t — /2t, we see that v/2u is a positive, continuous viscosity solution of Problem (5.3), then
it must coincide with d¥, by the previous result. It follows that u = n’. O

We now study the singular set of d¥,
Sing = {z € M| n is not differentiable at z} .

REMARK 5.13. In this definition we used the squared distance function instead of the
distance in order to avoid to consider also the points of the boundary of K, which are singu-
lar for d but not for 7. It is trivial to see that outside K the distance and its square have
the same regularity.
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PROPOSITION 5.14. The function d¥ is locally semiconcave in M \ K.

PROOEF. The distance function d¥ is a viscosity solution of H = 0 in M \ K, where the
Hamiltonian function is given by H(z,v,t) = |v|?> — 1. We choose a smooth local chart 1 :
R" — Q C M and we define v = d¥ o1, which is a locally Lipschitz function and, by
Proposition 5.10, it is a viscosity solution of ¥)*H = 0.

The pull-back of the Hamiltonian function on R" takes the form

@ZJ*H(% w, S) = Gy(y) (d,@b(w)’ ddj(w)) 1= gij(y)wiwj —1
for (y,w, s) € R™ x R" x R and where g;;(y) are the components of the metric tensor of M in
local coordinates.
Since the matrix g;;(y) is positive definite ¢*H(y, w, s) is locally uniformly convex in w,
hence, by Theorem 5.3 of [30], it follows that v = d¥ 04} is locally semiconcave in R". Recall-
ing Definition 5.7, this means that d¥ is locally semiconcave in M \ K. O

The semiconcavity of d¥ allows us to work with the superdifferentials when the gradi-
ent does not exist. Indeed, it follows that the points of Sing are precisely those where the
superdifferential is not a singleton and the following result is a straightforward consequence
of Proposition 5.8.

PROPOSITION 5.15. The function n€ is of class C' in the open set M \ Sing and d¥ is C* in
M\ (K U Sing).

The semiconcavity property also gives information about the relations between the struc-
ture of the superdifferential at a point x and the set of minimal geodesics from z to K
(see [1, 2, 33)).

The set Ext(9+n* (z)) of extremal points of the (convex) superdifferential set of n* at z is
in one-to—one correspondence with the family G(z) of minimal geodesics from z to K. Pre-
cisely G(z) is described by

(5.9) G(z) = {Exp(z, —v,-) | [0,1] = M |forv € Ext(0"n"(z))} .

Hence, the set of points of K at minimum distance from x are given by Exp(x, —v, 1) for v
in the set of extremal points of the superdifferential set of 7’ at z. As a particular case we
have that if the function n’* is differentiable at z if and only if the point of K closest to x is
uniquely determined and given by Exp(z, —Vn(z), 1).

We consider now a set K which is a k—dimensional, embedded C" submanifold of M
without boundary, with 0 < k£ <n — 1 (the case k = n is trivial) and r > 2.

For every p € K we consider the following three subsets of T},

e T, K, the vector subspace of tangent vectors to K at p,
o NyK = {w e T,M | g,(w,T,K) = 0}, the vector subspace of normal vectors to K at
b,

e UK ={w € N,K | gp(w,w) = 1}, the subset of unit normal vectors to K at p,
then the bundles NK = {(p,v) |v € NyK} and UK = {(p,v) | v € U, K} inherit the structure
of TM. Being K a C" submanifold of M, the bundles NK and UK are respectively n—
dimensional and (n — 1)-dimensional C"~! submanifolds of T'M.
Notice that in the special case K = {p}, we have that NK = T,M and UK = S""! C T, M.

We define the map F' : UK x RT — M as the restriction of the exponential map of M to
UK,
F(p,v,t) = Exp(p, v, t) V(p,v) € UK and t € R™.
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Since UK is a C"~! manifold and the exponential map of M is smooth, F and all its deriva-
tives with respect to the variable ¢ are of class C" 1.

REMARK 5.16. If a minimal geodesic, parametrized by arc length, starts at a pointp € M
and arrives at a point ¢ € K, its velocity vector v at ¢ has to belong to U, K, otherwise the
condition of minimality is easily contradicted.

Since the geodesics, parametrized by arc length, ending on K are given by the family of maps
t — F(q,v,t) with (¢,v) € UK, the distance from K of a point p is given by the formula

(5.10) d¥(p) = inf{t e R" | (¢,v,t) € F~1(p)},

which obviously becomes d* (p) = mg+ (F~!(p)) when the counterimage is a singleton (the
map 7+ is the projection on the second factor of the product UK x RY).

The study of the singularities of the squared distance function then reduces to the analysis
of the (possibly set valued) map F L.

This problem, from the topological point of view, is naturally connected with the study of
the singularities of continuous maps between Euclidean spaces. For instance, when K co-
incides with a single point of M the singular sets were shown to be related to the classes of
singularities considered by the Theory of Catastrophes, see [9].

Let us define the C"~! map exp : NK — M by
exp(p,v) = Exp(p,v,1) V(p,v) € NK.

At the points (p,0) € NK the map exp is differentiable and dexp(p, 0) is invertible between
T(p,0)NK and T}, M, indeed T{;, )N K can be identified with 7}, M and under such identifica-
tion d exp(p, 0) is the identity. Since, by hypothesis, the map exp is at least C, it follows that
in a neighborhood of (p,0) in NK the differential of exp is invertible, hence the map exp is
a C""1 local diffeomorphism. Holding the relation F'(p,v,t) = exp(p, vt), we conclude that
for small ¢t > 0, the map Fis a local diffeomorphism.

Being K at least C?, by a standard result in differential geometry, there exists an open tubular
neighborhood €' of K in M formed by non intersecting, minimal geodesics starting normally
from K. Hence, by the previous discussion and possibly choosing a smaller tubular neigh-
borhood Q2 of K, the map F~! is well defined and C"~! in Q \ K (see for instance, [4]).
Then, the gradient of n* exists in 2 and we have, by relations (5.9) and (5.10),

U () = 4 (p) o ().

Since d¥ = mp+ (F~'(p)) € C""!in Q and the functions F, %—f are of class C" 1, it follows

that Vi is O™~ and n¥ is C" in Q\ K. The same C" regularity in Q\ K follows immediately

also for the distance function d*.

Moreover, the function 77K is C" regular also on the set K, hence in the whole neighborhood

(1, as the square regularizes the jump of the gradient in the direction normal to K, see [3, 4].
We summarize these results in the following proposition which has as a particular case

Proposition 3.1.

PROPOSITION 5.17. If K is a reqular submanifold of class C", with r > 2, then there exists an
open subset A of UK x R with the property that if (q,v,t) € A then also (q,v,s) € A for every
0 < s < t, and an open neighborhood Q of K in M, such that the map F|y : A — Q\ K isa
diffeomorphism.

Moreover,
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e for every point in ) there is an unique point of minimum distance in K (unique projection
property in ),

e the distance function d¥ is C" in Q \ K,

e the squared distance function n’ is C" in Q.

REMARK 5.18. It can be proved that C™! is the minimal regularity of K to have the

unique projection property in a neighborhood, in this case also the squared distance function
turns out to be of class C! (see [20, 22] and also [15, 16] for a detailed discussion of the

re

11.

12.
13.

14.

15.
16.

17.
18.
19.
20.
21.
22.
23.
24.

25.
26.

lation between the regularity of K and of d*.
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