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ABSTRACT. A negative answer to the Bernstein problem for entire H-perimeter
minimizing intrinsic graphs is given in the setting of the first Heisenberg group H!
endowed with its Carnot-Carathéodory metric structure. Moreover, in all Heisen-
berg groups H" an area formula for intrinsic graphs with Sobolev regularity is
provided, together with the associated first and second variation formulae.

1. INTRODUCTION

The subgraph of a function ¢ : w — R defined in an open set w C R*! is the
set

(1.1) E={("z,) = (x1,...,Tn-1,2n) Ew X R:z, < ¢(z")}.

If ¢ is of class C!, the perimeter of F in Q = w x R, i.e. the area of the graph of ¢,
is given by

(1.2) 10E]|(Q) = / VIF [VePder,

If E locally minimizes perimeter in w x R (i.e. £ minimizes perimeter under com-
pact perturbations) and ¢ € C?(w), then ¢ satisfies the classical minimal surface
equation

. Vo P
(1.3) div <7W> =0 in w.

G. Stampacchia and E. De Giorgi studied in [18] the problem of removable singular-
ities: they proved that any classical analytic solution ¢ of (1.3) in a set w = A\ K
with A C R™"! open and K C A compact set such that H"~2(K) = 0, can be
extended to an analytic solution in A. This result was improved in [32] assuming
K to be a closed subset of A with H"72(K) = 0.

The classical Bernstein problem asks to find functions ¢ € C?(R"~1) solving (1.3)
which are not affine functions. The same question can be asked assuming that the
subgraph E locally minimizes perimeter in R”. Both problems were completely
solved thanks to many contributions (see [26], chapter 17, for an interesting account
on this problem). In particular, S. Bernstein solved the problem for entire minimal
graphs in R” with n = 3.

Theorem 1.1. (i) If n < 8 every C? solution ¢ of (1.3) in w =R""! is an affine
function. If n > 9 there are analytic functions ¢ : R"~t — R solving (1.3) which
are not affine.
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(ii) Suppose the set E in (1.1) with w = R"™1 locally minimizes perimeter in
R™. Then either n > 9 or OF is a hyperplane.

In this paper we study the Bernstein problem in the Heisenberg group H™. We
investigate whether a local minimizer in H" of the Heisenberg perimeter whose
boundary is an entire “graph” is necessarily a “half-space”. In particular, we give
a negative answer to the Bernstein problem for entire intrinsic minimal graphs in
H'. The notions of graph and half-space are defined in a suitable way by means of
the algebraic structure of H". They have been introduced in [21] and [23] in the
setting of Carnot groups and studied in [2] in the case of hypersurfaces.

The Bernstein problem in H' was attacked in [25], [9], [16], [43], [3] and [17]. In
[39], [25] and [9] the problem was studied for C? regular sets which are t-subgraphs,
i.e. sets of the form

(1.4) E! ={(z,y,t) eR®: t <u(z,y)}

with u € C2(R?). A suitable minimal surface equation for u has been obtained and
its solutions have been called H-minimal. In particular, it turned out that there
exist H-minimal functions u : R? — R whose t-graph is not an affine plane. On the
other hand, C? regular entire H-minimal solutions u for which E! is a minimizer
have been characterized in [43]. In [40], [10] and [42], t-subgraphs of functions
which are less than C? regular have been considered, too. For instance, in [10] and
[42] there are interesting examples of minimizers E!, with u € Lip(R?) (see also
Remark 2.2). Very recently J.H. Cheng, M. Ritoré and P. Yang informed us about
the possibility to construct minimizers with less than Lipschitz regularity.

The Bernstein problem has been recently studied also in higher dimensional
Heisenberg groups H™ under suitable assumptions (see [3], [17]).

Many other classical problems of Geometric Measure Theory have been consid-
ered in Heisenberg groups and in related Carnot-Carathédory structures (see, for
instance, [6], [20], [24], [21], [1], [22] and [31] where an interesting survey on this
argument can be found). In particular, isoperimetric type inequalities have been
studied in [36], [19], [6], [20], [24], [14], [13], [30], [43], [34], [41] and [35], and regu-
larity properties of minimal surfaces in H" have been investigated in [39], [9], [8],
[40], [11], [4] and [5]. Finally, a counterpart of De Giorgi’s result on the structure
of finite perimeter sets has been obtained in [22] in the setting of step two Carnot
groups (see also [1], [38], [31]).

In this paper, we consider the Bernstein problem for intrinsic graphs in H".
Before stating the problem, we need to recall some preliminary facts (see [7] for a
more complete introduction to the Heisenberg group).

We denote the points of H? = C" x R = R?"*! by

P = [z,t] = [z + iy, t] = (x,y,1), zeC", z,yeR" teR

If P=[z,t,Q=][¢,7] € H" and r > 0, the group operation reads as

(1.5) P-Q:=[z+(t+7+23m((z,())]
The group identity is the origin 0 and one has [z,¢]7! = [z, —t]. In H" there is a
natural one parameter group of non isotropic dilations d,(P) := [rz,r%t] , 7 > 0.

The group H™ can be endowed with the homogeneous norm
(1.6) 1P| oo = max{]z], [t]/%}
and with the left-invariant and homogeneous distance

(1.7) doo(P,Q) = |P7" - Qo
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The metric do is equivalent to the standard Carnot-Carathéodory distance. It
follows that the Hausdorff dimension of (H",d) is 2n + 2, whereas its topological
dimension is 2n + 1.

The Lie algebra b, of left invariant vector fields is (linearly) generated by

0 0 0 0 0
1.8 Xi=—+4+2yj—, YVi=—-22;—, j=1,... T=_—
(1.8) I 8, Ty T gy, e I T ot
and the only nonvanishing commutators are
(1.9) [X;,Y;] = —4T, ji=1,...n.

We also use the notation X; :=Y;_,, for j =n+1,...,2n.
Let 2 C H" be an open set and ¢ = (1, ..., p2,) € CL(Q; R*"). The Heisenberg
divergence of ¢ is

(1.10) divae ==Y Xji0;.

j=1

Following De Giorgi, the H-perimeter in €2 of a measurable set £ C H" was intro-
duced in [6] as

(1.11) |0F||m(82) := sup {/ divge dL?" T 2 p € CLQ,R?™), |p| < 1} .
E

Alternatively, ||OE||m(£?) is the total variation in 2 of the vector valued measure
By the Riesz’ representation Theorem, ||0F||g is a Radon measure on 2 for which
there exists a unique ||F||g-measurable function vg : @ — R?" such that

gl =1 ||0E||g-a.e. in Q

1.12
(1.12) / divge dL*" = — / (p,vE)d|0E|r for all ¢ € CL(Q, R?*™).
E Q
We call vg the horizontal inward normal to E (see [20]).
A real measurable function f defined on an open set  C H" is said to be of
class CE(Q) if f € C°(Q2) and the distribution

va = (lea' "aXan)

is represented by a continuous function. We say that S C H" is an H-regular surface
if for every P € S there exist a neighbourhood U of P and a function f € C(U)
such that Vgf # 0and SNU = {Q € U : f(Q) = 0}, see [23] and [2]. The
horizontal normal to S at P is

vs(P) := 77VHf(P) .
Ve f(P)]
The importance of H-regular surfaces is clear in the theory of rectifiability in H"
[21]. An H-regular surface can be highly irregular from the Euclidean viewpoint,
in fact it can be a fractal set [29]. This not being restrictive, we deal only with
surfaces S which are level sets of functions f € C with X f # 0.

If n > 2, we identify the maximal subgroup W = {(z,y,t) € H" : ;1 = 0}
with R?" by writing (z2,...,Tn, Y1, .-, Yn,t) instead of (0,22, ..., Tn, Y1, -+, Yn,1);
similarly W = R?;,t if n = 1. Moreover, for s € R we denote by se; the point
exp(sX1) = (s,0,...,0) € H"™.

Now we come to the definition of “intrinsic graph”. As in [3], a set S C H" is
called X1 -graph of a function ¢ : w C W — R if

(1.13) S={A ¢(A)e;: Acw}.
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The notion of Xj-graph is not a pointless generalization: for a more complete
introduction see [23]. Analogously, a set E C H" is called X;-subgraph of ¢ if
(1.14) E=FE,={A-se1 : Acw,s<¢(A)}.

Given ¢, we denote by ® : w — H" the corresponding parametric map which is
defined as

(1.15) D(A) = A-¢(A)e; = exp(p(4)X1)(4), Acw.

Figure 1 shows the construction of ® for n = 1.

\/ﬁ)ﬁ/ -/

FI1GURE 1. Intrinsic graphs.

We are now in a position to state the Implicit Function Theorem (see [21] and
[12] for a generalization).

Theorem 1.2 (Implicit Function Theorem). Let Q be an open set in H™ with 0 €
and let f € CL(Q) be such that f(0) =0 and X1f(0) > 0. Let

E={PeQ:f(P)<0} and S:={Pe: f(P)=0}.
Then:
A) There exist open sets I C W with 0 € I and J C R with 0 € J such that:
(i) E has finite H-perimeter inU :=1-Jey ={A-se; : A€ l,se J};
(i) OENU = SNU;
(i) vg(P) = vs(P) for all P € SNU. Here, vg is the measure theoretic
horizontal inward normal to E defined in (1.12).

B) There exists a unique continuous function ¢ : I — R such that SNU = ®(I).
Moreover, H-perimeter has the integral representation

|va| n
(1.16) [0E]ul) = (D(A)) L (A).
1 Xif
C) There exists a geometric constant c(n) > 0 such that ||0E|m = c¢(n) S2PFILS,
where 82"+ is the 2n+ 1 dimensional spherical Hausdorff measure associated with

doo-
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A characterization of the functions ¢ such that ®(w) is an H-regular surface is
given in [2] (see also [12]). Since W = exp(span{Xa,..., X,,Y1,...,Y,,T}) it is
possible to define the differential operators given in distributional sense by

W?¢ = Yi¢ — 2T (4%),
Wee if n=1.
Theorem 1.3. Let w C R?™ be an open set and let ¢ : w — R be a continuous
function. The following conditions are equivalent:

(i) The set S := ®(w) is an H-regular surface and vi(P) < 0 for all P € S,
where vg(P) = (V§(P),...,v&(P)) is the horizontal normal to S at P.

(ii) The distribution V®¢ is represented by a continuous function and there
exists a family (¢c)eso C CH(w) such that as € — 0F

(1.18) b — ¢ and VPp. — V¢ in L% (w).
Moreover, for all P € S we have
1 V2 —1
. pP)=1[- (P

and, with ) = w - Rey, we have the area formula

(1.20) 10, [4(R) = c(n) S21(S) = / It Voo s,

w

where c¢(n) is as in Theorem 1.2.

The area formula (1.20) for intrinsic graphs is the exact counterpart of (1.2) for
Euclidean graphs. In Section 3, we extend this formula from H-regular X;-graphs
to a class of Sobolev X;-graphs that we denote by W&,’l(w) (see Definition 3.1 and
Theorem 3.4). Then we prove a first and second variation formula for this functional
on a suitable subset of W&;l(w) (see Theorem 3.5).

The notion of intrinsic plane in H™ arises in a natural way on taking into account
Pansu’s differentiability theorem in Carnot groups [37]. A function f : H" — R
which is Lipschitz w.r.t. the metric do, can be approximated a.e. by an intrinsic
differential, i.e. by a homogeneous linear function L : H™ — R. This function is of
the form

L(z,y,t) = (a,z) + (b,y)
for some a,b € R™. It is then natural to define a vertical plane V in H™ as a level
set of L, V = {(z,y,t) € H" : {a,z) + (b,y) =c} forsome ce R. It is V = Py - 1}
for some Py € V, where Vj := {(x,y,t) € H" : {(a,z) + (b,y) = 0} is a maximal
subgroup of H". In [21] it is proved that H-regular surfaces can be approximated
at a given point by vertical planes.

We can now give the intrinsic formulation of the Bernstein problem. In [16] and
[3] the problem in H™ has been rephrased replacing the notion of Euclidean ¢-graph
with the notion of intrinsic graph, and the notion of plane with the one of vertical
plane. If ¢ is of class C?, by performing a simple first variation of the functional in
(1.20) we can get the following minimal surface equation for Xi-graphs (see Section
3)

é . Ve P
(1.21) \Y (W 0 inw,

where, consistently with the distributional definition (1.17), V¢ is the family of
operators

V? = (Xo,..., Xp, Y1 — 46T, Yo, ... Y,) ifn>2 V=Y, —4¢Tifn=1.
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Vertical planes are parameterized by “affine” functions of the form

(122) ¢(‘T27 sy Iny Y2, - 7yn) =c+ <(:C2, sy ny Y2, - 7yn>,w>,

with ¢ € R,w € R*"~1 (the previous formula reads ¢(y,t) = ¢ + wy when n = 1).
These functions are trivial solutions of (1.21) and vertical planes are therefore
stationary points of the area functional. In fact, they are minimizers since they
have constant horizontal normal (see [3], Example 2.2).

These considerations and Theorem 1.1 suggest the following formulations of the
Bernstein problem in the Heisenberg group:

Bernstein problem for X;-graphs in H":

(B1) Are there entire solutions ¢ € C?*(R*") of the minimal surface equation
(1.21) which do not parametrize vertical planes?

(B2) Let ¢ : R*™ — R be such that Ey is a minimizer for H-perimeter in H". Is
it true that 0F, is a vertical plane?

To our knowledge, Problem (B;) is answered in the affirmative if n = 1 [?, 16]
and if n > 5 [3, 17]. In [16] it has been provided a remarkable example in H' of a C?
entire solution ¢ of (1.21) whose subgraph Ey is not a minimizer and JF, is not a
vertical plane.This is in contrast with the classical case : Euclidean subgraphs of C?
solutions to the minimal surface equation (1.3) are also minimizers. Problem (Bs) is
answered in the affirmative for n = 1 with the additional assumption ¢ € C?(R?")
[3]. For n > 5, Problem (Bs) is answered in the negative. Precisely, we have:

Theorem 1.4. (i) Let ¢ € C*(R?) and assume that Ey is a minimizer in H.
Then OEy is a vertical plane, i.e. ¢(y,t) = wy + ¢ for some constants w,c € R.

(ii) If n > 5 there exist functions ¢ € C2(R®") for which Ey is a minimizer in
H™ but OF, is not a vertical plane.

Theorem 1.4 (ii) also yields a negative answer to Problem (B;) when n > 5 (see
[3]). An extension of Theorem 1.4 (i) to more general C? entire graphs without
characteristic points has been obtained in [17].

In Section 2, we give a negative answer to Problem (Bs) for n = 1 when the
regularity assumption ¢ € C2(R?) of Theorem 1.4 is dropped.

Theorem 1.5. Let ¥ : R?2 — R be the function defined by

(1.23) Iy, t) := —sgn(t)/|t]-

Then the subgraph Ey is H-perimeter minimizing in H' and
OEy = {(z,y,2zy — z|z|) e H' : 2,y € R}

is not a vertical plane. (See also Figure 2).

Although the intrinsic graph dEy is of class C'+! from the Euclidean viewpoint,
the function ¢ only belongs to C%2 (R2)\ Lipjo.(R2). We also show that ¢ satisfies
equation (1.21) in a weak sense and that it satisfies a second variation formula for
the area functional for X;-graphs (see Remark 3.9). Regularity results for Lipschitz
vanishing viscosity solutions to the intrinsic minimal surface equation (1.21) have
been recently announced in [4, 5].

To our knowledge, Problems (B;) and (Bz) are still open for the cases n = 2,3
and 4. Problem (B3) still remains open also for n = 1 if the boundary 0FE, of a
minimizer Ey is required to be an H-regular surface.

Acknowledgements. We thank J.H. Cheng, A. Malchiodi, M. Ritoré, C. Rosales
and P. Yang for useful discussions on the topic during the RIM Conference on
Mathematics held in Hong Kong in December 2007.
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w

FI1GURE 2. The intrinsic graph of 4.

2. THE COUNTEREXAMPLE

A set E C H" with locally finite H-perimeter is said to be locally minimizing in
a fixed open set Q C H" if for any open subset Q' € 2 one has

(2.1) 10E[u(®) < [0F|u(€)

for any measurable F' C H" such that FAF & )'. We call such a set minimizer.
The following calibration result is proved in [3] in the general setting of Carnot
groups.

Theorem 2.1. Let E C H" be a measurable set, @ C H™ be an open set and
v:Q — R™ be a Borel map. Assume that:

(i) E has locally finite H-perimeter in Q;
(i) v=veg |[|0E[u-a.e. in Q; ) )
(iii) there exists an open set Q C Q such that |OE|g(Q2\Q) = 0 and v € C°(Q);
(iv) divgy = 0 in distributional sense in Q.
Then E is a minimizer of H-perimeter in €.
Proof of Theorem 1.5. By (1.14) the (intrinsic) subgraph of 9 in (1.23) is
2.2) E=Ey={(z,y,t) eH" 1z <VI(y,t —2zy)}
' ={(z,y,t) €R?: f(a,9,1) < 0}

where
[y, t) =t —2zy+ alz|,  (z,y,t) € H".

Indeed, the function g : R — R, g(7) = —sgn(7)4/|7| and g(0) = 0, is strictly
decreasing with inverse function g=!(z) = —z|z|. The set E can be represented
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also as an entire t-subgraph of class C1'!) namely it is £ = E!, with
(2.3) u(z,y) = 2zy — x|z|.

Thus the boundary S = 9E = {(z,y,t) e H' : f(x,y,t) = 0} is (Euclidean) C"!
regular and therefore E has locally finite Euclidean and H-perimeters (see [21],
Remark 2.13).
Let So = S\ {(0,9,t) : y,t € R}. The inward horizontal normal to E at points

in SO is

1 r 2
(24) Z/E(:C,y,t) = <_a __> ) ('rvyat) € SO-

V5 |2l VB
In fact, it is f € CY1(H!) and

X1f(x,y,t) = 2|l‘|, Ylf(‘rayat) = —4uzx.

By Theorem 1.2, the surface Sy is H-regular with horizontal normal

( 1 x 2 ) ( Hes
Vg =V == \—7= T30 =]> z,Y, )
SRRV S
which is (2.4).

The surface S is not H-regular in a neighborhood of any point (0,y,0) € S\ So,
because the normal vg, cannot be extended with continuity at such points.

We prove that E is a minimizer in H! for H-perimeter by means of Theorem 2.1.
Let v = (v1,v2) : H' \ W — R? be the map

Condition (i) of Theorem 2.1 is trivially satisfied. Condition (iii) is also satisfied
with © = H' \ W. Indeed, letting K = {(0,y,0): y € R}, we have

10B (2 ©) = 9B ] (i) < S2(K) < H*(K) =0,

because ||0F||g < 82, (see [21], Theorem 7.1) and 83, < H? (see [22], Proposition
4.4), where H? denotes the 2-dimensional Euclidean Hausdorff measure in R3. The
same argument shows that also (ii) in Theorem 2.1 is satisfied.

It remains to check (iv), i.e. that divgy = 0 in H! in distributional sense. In
fact, for any ¢ € CL(H') we have

/ (nX1e + 12 Y19) dcd = — / Oz + 2ypr) dﬁ / — 2xp4) dac?
RS V5 ws |7] |
=0,

because both integrals vanish. (|

Remark 2.2. An example of a C'! entire t-graph given by a function similar to
the u in (2.3), which locally minimizes the area functional for ¢-graphs

Wi (w) 3 u / \/(uz —29)2 + (uy +22)2dedy, w CRZ

z,y?

was already given in [10]. Examples of entire ¢t-graphs of class C1'! which are locally
minimizers among C! regular surfaces are also given in [41].



A NEGATIVE ANSWER TO THE BERNSTEIN PROBLEM IN H! 9

3. FIRST AND SECOND VARIATION OF THE AREA
We extend the area formula (1.20) to intrinsic graphs with Sobolev regularity.

Definition 3.1. Let w C R?" be an open set.

(i) We say that a function ¢ € L'(w) N L?(w) belongs to the class Wy (w)
if there exist a sequence (¢;)jen C C!(w) and a vector valued map w €
L'(w,R?"~1) such that as j — +o0

(3.1) bj — ¢, (b? — ¢? and Vd)jd)j —w in L'(w).

(i) We say that a function ¢ € L'(w) N L?*(w) belongs to the class W&,lT (w)

if there exist a sequence (¢;)jen C C'(w), a vector valued map w €
LY(w,R?"~1) and a function v € L!(w) such that (3.1) holds together with

(3.2) T¢; —v in LY(w).

(iii) We say that a function ¢ € C°(w) belongs to the class Ciy(w) if ®(w) is an
H-regular surface, where ® : w — H" is the map in (1.15).

Moreover, we say that ¢ € L7 _(w) belongs to the class lev’,lloc(w) (respectively

Wi 7 100 (w)) if there exist (¢;)jen C C'(w) and w € L}, (w,R*"~!) such that all

loc

convergences in (3.1) (respectively in (3.1) and (3.2)) hold in L}, (w).

For a function ¢ € W&;lloc(w), the distribution V¢ is represented by an L}

function w and namely the function in (3.1). Analogously, if ¢ € WK;V’}TJOC(w), Té
is represented by a function, and precisely the function v in (3.2).

Remark 3.2. By definition we have the trivial inclusions
(3.3) Wy (w) € Wyt (w) € L (w) N L2 (w),

as well as the inclusions of the corresponding local classes. Moreover, by Theorem
1.3 we also have

(3.4) Ciy(w) C Wiy o).

In general, the inclusion C(w) C W&,’}Tyloc(w) does not hold. Indeed, we are
able to show that

(3.5) Ciy(w) N Wi 100 € Wige (@),

while an example of a function in Cly(w) \ W, (w) is provided by [29]. To prove

(3.5), let ¢ € Cliy(w) N W&;}T,loc be fixed and consider a sequence of mollifications

¢; = ¢ * pj. Here, g;(z) := j—"

subsequences one has
¢; — ¢ in LS (w) and T¢; — T¢in Li,.(w),
whence lim; . (¢;T¢;) = ¢T¢ in L} (w). Therefore, the distribution T'(¢?) =

loc

2¢T¢ belongs to Ll (w). The continuity of V?¢ ensures that ¢ € W1 (w).

loc loc

o(z/j) and p is a fixed standard mollifier. Up to

The class W&,lT 1oc(w) is closed under additive smooth perturbations and it can
therefore be used to compute the first variation of the area of intrinsic graphs (see
Theorem 3.5 and Remark 3.8).

Lemma 3.3. If ¢ € Wiy ,.(w) and ¢ € C(w) then ¢+ ¢ € Wy . (w) and
Xi(p+9)=Xp+ Xotp i=2,....2n, i #n+1,
WO (p+ ) = Woh+ WPy — AT (o), T(d+ ¢) =Té+Ty.
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Proof. We prove that ¢ + ¢ fulfills Definition 3.1. Let (¢;);en be as in Definition
3.1 relatively to ¢. It is sufficient to consider the sequence (¢; + 1) en: indeed, it
is trivial to see that ¢; — ¢, (¢; + ¥)? — (¢ + )%, Xi(d; +¥) — X + Xy (if
n > 2) and T(¢; + 1) — T¢ + T in L' (w). For the last requirement, notice that

W65+ §) = W6y + WP — 46, Tt — 4T,
— W+ WY —4¢To — 44T¢ in L}, (w).

An area formula for X;-graphs of functions in W&;l(w) is now available.

Theorem 3.4. Let w C R?" be a bounded open set and let E, be the subgraph of a
function ¢ € W' (w). Then we have

(3:6) 0B la(2) = [ /1+ [vooRac™,

where Q = w - Rey.

Proof. Let (¢;);en and w be as in Definition 3.1. Without loss of generality we can
also assume that ¢; — ¢ £?"- a.e. in w. Let E := Ey and E; := Ey,, and, as in
(1.15), set ®;(A) = A- ¢;j(A)er, P(A) = A ¢(A)e;. For any ¢ € CL(Q,R*") we
have

(3.7) / divge dC*H = — / (vE;, ) d|OE;||u -
E]‘ﬁﬂ Q

Moreover, it is (see [2], Remark 2.23)

|0, [sLQ = ®;,, <\/1 + |V g, |2 £2”|_w> ,

and
1 V¢j¢.
(3.8) ve; 0®; = | — , J
T\ VIRIVEGR VT VRGP
From (3.7) and (3.8) we obtain

(3.9) / ( divge dC*H = / [p10®@; — (V¥ ¢;,p0®;)]dL",
Ejﬁ 2

w

) R x R 1,

where @ = (¢2...,p2,). Now notice that
XE, — XE L2 ae.in Q
pio®; —p0o® LM aeinQ i=1,...,2n.

By the lower semicontinuity of perimeter we have ||OF|m(Q?) < +oo. Moreover,
letting j — +o0 in (3.9), by the dominated convergence theorem we get

(3.10) —/(VE,(p>d||6E||H:/ divgedL? ! :/ [<p1oq>—(v¢¢,¢oq>>}d£2",
Q E w

where vg = (ug), ... ,V(EQH)) denotes the inward generalized horizontal normal to

defined in (1.12).
Identity (3.10) can be also read as

(3.11) vE |OE|laLQ =y <y\/1+ |Vog|2 EQ”Lw),

where

(- 1 Vo
VIH[VOR /1 +[Vo2
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Moreover, we have

(3.12) vpo®=1v L2 —ae inw.

By (3.11) we get —v\) |0E|aLQ = 4 (£*"Lw) and in particular
(3.13) Py (L2 Lw) < [|OE|ulQ.

Being ||0E|lm & Radon measure, classical results ensure the existence of a se-
quence (¢;)jen C CL(Q,R?") with |p;| < 1 such that

(3.14) v; = vg ||OFE||m —a.e. inQ.
By (3.12), (3.13) and (3.14) we get
(3.15) pjo® —v L —ae. inw.

Let ¢ = ¢, in (3.10), taking the limit as j — oo by (3.14) and (3.15) we achieve
the thesis. ]

If X : C®(w) — L'(w) is an operator we denote by X* : L>(w) — D'(w) the
adjoint operator of X. We have X7y = —X;¢ for all j = 2,...,2n, j # n+ 1,
and T*¢ = —T, Vip € CP(w). Tt is not difficult to check that if ¢ € L'(w) and
T¢ € L'(w) in distributional sense then

(W) = =W+ 4yT¢  for ¢ € CZ(w),
We also set

Ve = (X;,...,X;,W¢*,X*+2,...,X§n) ifn>2

n

Vo= Wer ifn=1.

We give a weak formulation of the first and second variation of the area functional
(3.6) in the Sobolev class W&VlT(w)

Theorem 3.5. Let ¢ € W&,’lTloc(w) be such that the subgraph E = E4 is H-
perimeter minimizing in Q = w - Rey. Then, for any ¢ € CX(w)

(V9. V' Y) o0
(3.16) /wi\/w dc” =0,

and
(1 + |v¢>¢|2) {|v¢*w|2 _ 8¢T¢W¢q§} _ (v%ﬁ, V‘“W
(3.17) / _ 4L >0
v [+ [Vegl2
where

(V96, V2 0) = Y X;0 Xjv+ WP Wy,
j#n+1
Here and in the following the sums range over j = 2,...,2n with j #n+ 1. When
n =1 there is no sum.

Proof. Let ¢ € C°(w) and set ¢5 := ¢ + s if s € R. By Lemma 3.3 ¢; €
W\S}V}T,loc(w) and
WP ¢y = Weh+ W (sp)) — 4sT(p9))
= WP — s WO ) — 4s*YTp.
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By Theorem 3.4 we can define the function g : R — [0, +00)

g(s) : = |0E. ||m(Q :/ /14 |V |[2d L

. 1/2
/ 1+ > (Xjp+ X))+ (Wo¢ — sWe w-%%mﬂ ace.
j#n+1
It easy to see that g is twice differentiable and it is not difficult to compute

(s) = / D i1 Xibs X + W g, (—We 1p — 8s1)T))
VIV 6,2

1 _ ; d)s 2
O e LR

(3.19) < | S (XG0)7 + (W + 8s9Tw)” — SYTYW 6, | +
Lj#n
_y +1 * 2
[Z#nﬂ Xjbs Xjth+ WP gy (=W ¢ — &ww)} g
V14|V p,)2 '

Moreover it is EA-E¢S € {1, and since E is a minimizer we have ¢’(0) = 0 and
¢"(0) > 0. By (3.18) and (3.19) we get

/Z 1 X X — Weowe wdﬁ2n: _ / (V99,V? ) acer
V1+|Veg? w VIV ’
o= (14 [V29[2) [IV9" 62 — SUTeWos] - (749, 9%"y)?

[+ Voo
and then thesis follows. O

(3.18) ac*,

d£2n,

Theorem 3.5 can be applied when ¢ € Lipjoe(w).
Proposition 3.6. The inclusion W, (w) N CO(w) C W'y . (w) holds.

Proof. We prove that a function ¢ € V[/lloc1 (w) N C°(w) fulfills the requirements of
Definition 3.1 by considering a (sub-)sequence of standard mollifications ¢; := ¢*p;.
Again, g;(z) :== j7?"o(z/j) and o is a fixed standard mollifier.

Well known arguments ensure that ¢; — ¢ in L{®.(w) and, in particular, ¢; — ¢

and ¢7 — ¢* in Ly, (w). Also the convergences

To; —To,  Xipj — Xid,  Yip; — Yi¢ in Li (w)

are immediate for ¢ = 2,...,n. Moreover, for any w’ € w we have
[ 1@ - astolact < [ aig; - alirosiac+ [ oo, - Toldc — o,

because ¢; — ¢ in L>(w'), || T}l 11wy are uniformly bounded, ¢ is bounded on
W' and T¢; — T¢ in L'(w’). This implies that, as j — +o00, we have

W) =Yi¢; — 2T(¢7) — Y1 — 4¢T¢  in Lipe(w).
The proof is accomplished. O

Corollary 3.7. Let ¢ € Lipioc(w) be such that Ey4 is H-perimeter minimizing in
Q=w-Rey. Then (3.16) and (3.17) hold.

Proof. Since Lipjoc(w) C V[/lloc1 (w) N C%(w), Theorem 3.5 applies by Proposition
3.6. O
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Variation formulae are obtained in [2] under the assumption ¢ € C?(w) (see
also [16] and [15]). A first variation formula for the area functional in H" defined
on t-graphs of Sobolev type is provided in [10]. Variation formulae for general C?
surfaces in the setting of CC structures are obtained also in [14], [25], [9], [43], [28],
[15] and [33].

Remark 3.8. It is not clear how to compute the first variation for the functional

W' (w) 3 ¢ — / 1+ [ Veo2dL.

In fact, variations similar to the ones of Lemma 3.3 do not seem to be possible in
the class W' ().

Remark 3.9. By Proposition 3.6, the function ¥ in (1.23) satisfies ¥ € W&,lT 1oe(R?).
Therefore

W9 W) a?

(3.20) - d?=0
2 \/1+ W92
and
(L WO92) [[W 52 = SYTeW 9] — (W9 Wo" )2
(3.21) / 37z dc*>0
R? 14 |W79)?]
hold for any ¢ € C2°(R?).
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