STABILITY OF ABSTRACT LINEAR SEMIGROUPS
ARISING FROM HEAT CONDUCTION WITH MEMORY

VLADIMIR V. CHEPYZHOV!, EDOARDO MAININI? AND VITTORINO PATA?

ABSTRACT. We establish some decay properties of the semigroup generated by a lin-
ear integro-differential equation in a Hilbert space, which is an abstract version of the
equation

wi(t) — BAu(t) — /OOO k(s)Au(t — 5)ds = 0

describing hereditary heat conduction.

1. INTRODUCTION

Let H be a real Hilbert space, and let A be a strictly positive linear operator on H with
domain D(A) € H (thus A has compact inverse). Given a piecewise-smooth decreasing
summable function p #Z 0 on RT = (0,00), and naming V = D(A'Y?), we consider the
L?-weighted space M = L2 (R*; V) along with the infinitesimal generator of the right-
translation semigroup on M, that is, the linear operator

(Tn)(s) ==n'(s),  D(T)={neM:nq eM, n(0) =0},

where the prime stands for the distributional derivative with respect to s € R*, and
n(0) = lims_o7n(s) in V. In this paper, we address the study of the asymptotic behavior
of the linear evolution system in the unknowns u(t) : [0,00) — H and 5" : [0, 00) — M

(

u(t) + fAu(t) + /000 u(s)An'(s)ds = 0, t>0,

(1) < nt =1Tn"+ u(t), t >0,
u(0) = uo,

(1°(5) = mo(s).

Here, 3 is a nonnegative parameter, while uy € H and ny € M are given initial data.
Problem (1.1) is cast in the so-called memory setting (see [4]), since n accounts for the
past values of the variable u, and the memory kernel yu measures how much the system is
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influenced by its past history. Indeed, putting
(12) k) = [ o,
system (1.1) can be shown to be a reformulation of the integro-differential equation
(1.3) u(t) + BAu(t) + /OO k(s)Au(t — s)ds = 0, t>0,
0

with the initial conditions

u(0) = uy, u(t)ji<o = mo(—1)-

In fact, (1.1) is more general than (1.3), which requires more regularity on the initial
datum 7ny. We will return on this equivalence later in §3.

Remark 1.1. When H = L?*(Q2) and A = —A with Dirichlet boundary conditions, (1.3)
describes the evolution of the temperature relative to the equilibrium value in a rigid
isotropic homogeneous heat conductor occupying a bounded domain €2, where the heat
conduction law is of Coleman-Gurtin type [2] if 8 > 0, or of Gurtin-Pipkin type [13] if

3 =0.

Problem (1.1) generates a linear contraction semigroup S(¢) acting on the Hilbert space
H x M, whose decay properties as t — oo constitute the object of our investigation. More
precisely, for a given memory kernel u, we are interested to study the stability and the
exponential stability of S(t). Well-posedness and asymptotic results for (1.1) or (1.3) have
been established in several works (see e.g. [6, 8, 9, 10, 15, 16]; see also [21, 22] for a similar
system arising in the theory of simple fluids of Boltzmann type). In particular, [9] shows
that S(t) is exponentially stable provided that u satisfies the differential inequality

(1.4) w(s)+ou(s) <0, Vs >0,

for some 0 > 0. This sufficient condition, commonly exploited to obtain exponential
decay of semigroups arising from problems with memory (see e.g. the book [14]), is rather
restrictive. Indeed, the recent paper [1] shows that a necessary condition in order for
exponential stability to hold for a similar problem arising from viscoelasticity is that
there exists C' > 1 and 6 > 0 such that

(1.5) p(t+s) < Ce™u(s),

for every t > 0 and almost every s > 0. We will see in the next section that the same fact
holds true also for (1.1). As noted in [1], it is not difficult to demonstrate that (1.5) is
equivalent to (1.4) if C'= 1. Nonetheless, when C' > 1, the gap between the two conditions
is huge. Therefore, one of the aims of the present work is to establish the exponential
stability of S(¢) under much weaker conditions than (1.4). A similar attempt has turned
out to be successful in the analysis of a linearly viscoelastic equation with memory [17].
Here, at least in the case when H is finite-dimensional, (1.5) will be proved to be sufficient
as well, unless the system admits periodic orbits.
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Plan of the paper. In the following §2, we show that, within a proper functional setting,
(1.1) generates a strongly continuous linear semigroup of contractions. The relation be-
tween (1.1) and the corresponding equation (1.3) is discussed in some detail in §3. In §4,
we dwell on the stability of the semigroup, showing that, when § = 0, periodic trajectories
occur for some particular kernels, referred to as resonant. Finally, in §5 and §6, we analyze
the exponential stability of S(¢) when H is finite-dimensional and infinite-dimensional,
respectively.

Notation. We denote by || - ||x and (-, ) x the norm and the inner product on a given
space X. In particular,
o0
lully = 1A uller, il =/ () [In(s)[I7ds.
0

Beside M, we shall also consider the L?-weighted space N = LZ(R*;H ). We name
{an} and {ep}, with m € N = {1,2,3,...} or m € {1,...,N} (depending whether
H is infinite-dimensional or N-dimensional), the increasing sequence of the eigenvalues
of A, with a; > 0, and the corresponding sequence of eigenvectors, respectively. If H
is infinite-dimensional, «,,, — 00 as m — oo. Finally, we introduce the phase space

H=H x M.

2. THE SEMIGROUP
We preliminarily state in a precise way the assumptions on the memory kernel.

General assumptions on p. Let g : RT — [0,00) be a decreasing function such that

K= / p(s)ds < oco.
0

We assume that there exists a strictly increasing sequence {s,}, with sg = 0, either finite
(possibly reduced to sy only) or converging to s. € (0, 00|, such that p has jumps at
s = sp, n > 0, and is absolutely continuous on each interval (s,,_1, s,) and on the interval
(So0, 00), if defined.

Remark 2.1. Note that p can be unbounded in a neighborhood of zero. Besides, ' is
defined almost everywhere.

In the course of the investigation, we will sometimes encounter the following particular

kernels (cf. [1]).
o Step kernels: Kernels of the form

M(S) = Z InX[sn—1,5n) (3)>
n=1

where {7, } is a strictly decreasing positive sequence (up to when, possibly, 7, = 0
for some n € N). Note that

Z%(sn — Sp_1) = K.
n=1
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o L-paced kernels: Step kernels for which there exists 7 > 0 and a strictly increas-
ing sequence {k,} of natural numbers, with ky = 0, such that

sy = Tky,.

Up to redefining {k,}, it is clear that 7 is not uniquely determined (for instance,
any 7/p with p € N will do). It is however clear there exists the largest possible
one, called pace of the kernel and denoted by ¢, which is the greatest common
divisor of {7k, }.

o Resonant kernels: (-paced kernel for which the quantity

l
Qm:2—\/am/<a, m € N
i

belongs to N for at least one m € N, The reason of the word “resonant” will be
clear in the sequel.

Introducing the pair z = (u,n), we rewrite (1.1) as the Cauchy problem in H

(2.1)

with

%z(t) =Lz(t), t >0,
2(0) = 2o,
where 2y = (ug,70). The linear operator L is defined by
L(u,n) = (=ABu + [;~ u(s)n(s)ds), Tn + u),
domain
D) ={(u,n) e H:ueV, neDT), Bu+ [,° u(s)n(s)ds € D(A)}.

An application of the Lumer-Phillips Theorem [19] entails

Theorem 2.2. Problem (2.1) generates a contraction semigroup S(t) = e'“ on ‘H, that

18,

1S (t)20ll# < ||20lln Vzo € H.

Besides, for every zg € D(LL), the energy equality

(2.2)

d o0
—1S5®)20ll3, + 28[|w(@)Il - / w (s)lln*(s)II5-ds + T[] = 0,
0

holds, with

1= lulsy) = n(sln' (sa) 1

n

where the sum includes the value n = oo if s, < co. Concerning the second component
of the solution S(t)zo, we have the explicit representation formula

(2.3)

Jy ult —y)dy, 0<s<t,
'(s) =
770(8 — 1)+ fo —y)dy, s>t

which is valid for every zy € H. We address the reader to [9, 12], where the above instances
are discussed in more detail.

Our analysis will be focused on the following issues.



STABILITY OF ABSTRACT LINEAR SEMIGROUPS WITH MEMORY 5

e Stability of S(t): For every z, € H,
lim [1S(t)z0lln = 0.
e Exponential stability of S(t): There exist w > 0 and M > 1 such that
IS®)z0lln < Me™|zoll2, V20 € H.

In order to investigate the stability of S(t), we shall exploit the following abstract result
(see [1, Lemma 4.1]).

Lemma 2.3. Let S(t) be a contraction semigroup on a Hilbert space H, and let V C 'H
be a reflexive Banach space with continuous and dense embedding (but not necessarily
compact). Suppose that for every zy € V the following hold.

(1) |S(t)z0ll% = ||20lln for all t > O implies that zo = 0.
(ii) The set Uy, S(t)zo is bounded in'V and relatively compact in 'H, for some t. > 0.

Then S(t) is stable.
As far as exponential stability is concerned, we have

Lemma 2.4. A contraction semigroup S(t) on a real Hilbert space H is exponentially
stable if and only if there exists € > 0 such that
inf [[(iA = L)zolln 2 efl2olln, ¥z € D(L).

In the formula above, H and IL are understood to be the complezifications of the original
‘H and L, respectively.

Lemma 2.4, contained in [9], is a slight modification of [3, Theorem 5.1.5] (see also
20]).

We conclude the section by proving the necessary condition for exponential decay an-
ticipated in the Introduction.

Theorem 2.5. If S(t) is exponentially stable, then the kernel p fulfills (1.5).
Proof. Denote for simplicity M; = L2(R*,R). Let ¢ € M;, and choose z = (0, {e1).
Then, the corresponding solution to (2.1) is given by S(t)zo = (p(t)e1, {er), where

(cp(t) + Baqp(t) + aq /OO ()€ (s)ds =0, t >0,
& =Te + o), £ 0,
©(0) =0,
(£7(s) = ((s).
Here, T is the the infinitesimal generator of the right-translation semigroup ¥ (¢) on Mj,
acting as

0, 0<s<t,
C(s—1), s> t.

By the exponential decay assumption, we know that

max{|o(t)], v/or [[€'llm,} < 1S(#) 20l < v/ar Me™[|¢]lu, -
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In particular, setting ¥ (t) = fot ©(y)dy, we have

M./ar

a1
w ||C||M1

t
(o) < [ lewldy <
0
On account of (1.2) and (2.3),
MPe™ 1R, = €114,

zKWMQKw—w+waw

zlle@K@—wﬁk—W@Wﬂw

2
1 M3«
> SIS — ~ kOl

Thus, for every ¢ € My,
IE@)CN <T@
having set

9w 2051
T(t) ZM\/26 2 t+7k’(t>.

Since Y(t) — 0 as t — oo, by means of standard arguments of semigroup theory (see e.g.
[19]), we conclude that X(t) is exponentially stable on M;. In light of [1, Theorem 3.3,
this is the same as postulating condition (1.5) to hold. O

3. ON THE EQUIVALENCE BETWEEN (1.1) AND (1.3)

Before proceeding with the stability analysis, we come back to the equivalence between
system (1.1) and the integro-differential equation (1.3). We take here the occasion to
clarify some details which have been overlooked in the review paper [12]. Indeed, in order
to prove such an equivalence, we need to ask an additional condition on p, when not
compactly supported. Namely, there exists K > 0 such that

(3.1) k(s) < K/pu(s),
with k given by (1.2), for all s large enough. If 1 is compactly supported, that is,
Se = sup{s € R : u(s) > 0} < oo,

then we immediately find the stronger relation

(3.2 kwtz([mv@@%w)¢ﬂg-

Remark 3.1. The original model of hereditary heat conduction leading to (1.3) requires
that the kernel & appearing in the equation be summable (see e.g. [8]). In terms of y, it
amounts to saying that

/ sp(s)ds < oo.
0
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Although this requirement is inessential in order to obtain existence and uniqueness results
for (1.1), if we assume the summability of k, then (3.1) is automatically satisfied. Precisely,
if u is not compactly supported, denoting

we claim that

lim r(s) = oo,

which clearly implies (3.1). Indeed, for an arbitrary o > 0, the tangent 7(s) to the curve
k(s) at s = o is given by
7(s) = —r(0)[k(0))*s + k(o) + r(0) k(o) "0

Since k is convex, 7(s) < k(s). Therefore,

] o+1/[r(0)k(o)] =
lim —— = lim 2/ 7(s)ds < 21imsup/ k(s)ds = 0.

o—00 T (0‘) T—00 T—00

We are now in a position to establish our argument, under assumption (3.1). We
first mention that, applying the Lumer-Phillips Theorem [19] in the weaker phase space
W = D(A™Y2) x N, it is easy to show that (1.1) generates a contraction semigroup Sy(t)
on W, which clearly coincides with S(¢) when restricted to H.

Let u(t) € C([0,00), H) be a solution to the integro-differential equation (1.3), with a
prescribed initial datum u(t)<o. We require that ug = u(0) € H, ny € M and iy € N,
where we set

mo(s) = /OSU(—y)dy.

We show that u(t) is equal to the first component of S(t)(ug, 7). As a byproduct, the
solution to (1.3) is unique. To this aim, we multiply (1.3) by A~'w, for a generic vector
w € H, to obtain

(A7 (t), w) g + Blu(t), w) g + /000 E(s)(u(t —s),w)gds = 0.
Defining
n'(s) = /t u(y)dy,

we have that

(n')'(s) = u(t - s).
Hence, both 7' and (n")’ belong to A for every ¢ > 0 and 7'(s) — 0 in H as s — 0, which
is the same as saying that A~'/?n* € D(T'). Consequently, arguing as in [12], the limit

T pu(s)]l'(5)
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exists, and is equal to 0 if Sy, = 00 or 5o, < Ss < 00. Integrating by parts, and exploiting
the continuity of n'(s) at s = 0, we get

o0 Soo
/0 B(s){u(t — s), w)pds = / B(){() (s), w)rds
Soo
- / ()t (5), whrrds + lim k(s){nt(s),

5—S00
= | #e) ' (s) s
Indeed, from (3.1) (if Sy = 00) or (3.2) (if S < oo)

s)allwlz =0,

k() (' (), w)al < k(s)ln' ()l llwllm < \/_

as s — Su. Therefore,

(A™M(t), w)m + Blult), w)m + /OOO p(s)(n'(s), w)pds = 0.

Since w is arbitrary and n* fulfills (2.3) by construction (with 7y as above), we conclude
that (u(t),n") = So(t)(ug,m0) = S(t)(ug,n0), owing to the fact that (ug,n9) € H.

Conversely, if ug € H and 19 € M, with ny € N and ng(s) — 0in H as s — 0, using the
representation formula (2.3) and reversing the argument, we see that the first component
u(t) of S(t)(uo,m0) is a solution to (1.3) with initial data u(0) = ug and u(t)jr<o = 1H(—1).
In summary, we established both the sought equivalence and an existence and uniqueness
result for (1.3).

4. STABILITY

The preliminary question is whether for all kernels p in the considered class the corre-
sponding semigroup S(t) is at least stable. The answer is negative.

Proposition 4.1. If § =0 and p is a resonant kernel, then S(t) admits periodic orbits.
Thus, in particular, it is not stable.

Proof. Due to our hypotheses, there exists m € N for which v = \/a,,,x fulfills

lv
%GN.

We prove the claim by showing that the solution (u(t),n") to (2.1) with initial data
2o = (ug,mo) € D(L) given by

1
ug =0, no(s) = —[cosvs — 1lepm,
v
is X
u(t) = [sinvt]e,,, n'(s) = —[cosv(t — s) — cosvt|en,
v

Indeed, u(0) = ug, 7°(s) = no(s) and, by a direct calculation,

i'(s) = —(")'(s) +u(t).
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Concerning the first equation of (2.1), we readily get the equality

u(t) + / u(s)An'(s)ds = osz (/ p(s) cosv(t — s)ds) em =0,
0 0
since cos v(t — s) is l-periodic and p is constant on each interval [(k, 1, lky,). O

Remark 4.2. A similar instance occurs for abstract semigroups arising in linear vis-
coelasticity, as shown in [1, Proposition 5.1]. We should remark that in [1] the resonance
condition is stated incorrectly.

A positive result on stability is

Theorem 4.3. Assume that
(4.1) / s?p(s)ds < oo.
0

Then, S(t) is stable if and only if
(i) either B> 0; or
(ii) B =0 and u is not resonant.

Before coming to the proof, some observations are in order.

Remark 4.4. Condition (4.1), already encountered in the papers [15, 21, 22] in connection
with stability issues, is the same as requiring the integrability of f:o k(y)dy. This is
necessary if we want to include initial data 7 of the form ny(s) = sv, with v € V.
With reference to (1.3), it amounts to saying that we can consider constant initial data

u(t)lt<0 =v.

Remark 4.5. Let us consider the following simple, albeit paradigmatic, example. Take
H = L*0,7), and let

A= & D(A) = H?*(0,7) N Hy(0, ).

Cda?’

Then, {a,,} = {m?}. Setting
a="L
2m

we see that €),, = mf). Hence, in this case, a kernel p is resonant if and only if 2 € Q.

Similar considerations can be made for other particular realizations of H and of the
operator A, obtaining, from case to case, statements depending on the distribution of the
eigenvalues of A (cf. [1]).

Proof of Theorem 4.3. The strategy of the proof is outlined in [1], although the argu-
ments have to be adapted to our particular equation. We will reach the desired conclusion
by means of some lemmata, whose proofs will be reported only when appreciable differ-
ences from [1] occur.

Lemma 4.6. There exists a reflexive Banach spaceV C D(L), with continuous and dense
(but not compact) embedding into H, such that, for every zy € V, the set | J,», S(t)z is
bounded in V and relatively compact in H.
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Proof. Define

V = D(A) x [L2(RT; D(A*?)) nD(T)],
endowed with the norm

1w, M1 = [Aull; + [ An ]34 + 17015

Let zg = (ug,m0) € V be fixed. In this proof, ¢ will stand for a generic constant depending
only on zg. Multiplying (2.1) by (A%u, A?n) in H, on account of (2.2), we immediately
get the bound

[Au@®) 17 + [ An" 30 < c.

The computation is formal, but it can be rigorously justified either via semigroup argu-
ments or within a suitable regularization scheme. Since 1y € D(T'), by means of (2.3), we

learn that
u(t — s), 0<s<t,
') (s) =1,
no(s — ), s>t
and we easily obtain the remaining control
177" | < c.

Hence, we have the boundedness of |J,.,S(¢)z in V. By virtue of a slight generalization

of [18, Lemma 5.5], the required compactness in H would follow from the uniform control
(as t > 1) of the tails of n'

im | sup [ u(s) | (s)|[2ds | =o.
(0,2)U(2,00)

r—00 |: tzl
But the bound on u(t) and (2.3) yield (defining n9(s) = 0 if s < 0)
In* ()1} < es® + 2llno(s — )17,

which, using a simple argument devised in [11], allows us to say that the limit above is
indeed equal to zero. We remark that (4.1) is needed to draw this conclusion. O

Till the end of the section, zg is a generic element of D(IL). In correspondence of zy, we
set

Note that U(t) is constant if and only if U(¢) = 0 if and only if u(t) = 0.
Lemma 4.7. If the equality

(4.2) 26|l — /OOO W (s)ln (s)llvds + I =0, vt >0,

implies that U(t) is constant for every zo € D(L), then S(t) is stable. In particular,
stability occurs if > 0.
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Proof. We show that Lemma 2.3 applies. Indeed, (ii) is verified from Lemma 4.6. To show
(1), assume that ||S(t)zol|# is constant for every zo € D(L) (and thus, for every zo € V).
Then, using the hypothesis and (2.2), we have that u(t) = 0 for every ¢ > 0. Hence, by
means of (2.3),

Inoll34 = ll2oll7, = 1S (®)20ll3, = lI'lI34 = /0 plt+5)mo(s)llvds, vt =0.

An application of the dominated convergence theorem shows that the last integral con-
verges to zero as t — 00, so implying that ng = 0. 0

We now investigate the more difficult case g = 0.
Lemma 4.8. Let § =0. If u is not an {-paced kernel, then S(t) is stable.

We omit the proof, since it is essentially the same as the one of [1, Theorem 4.9]. We
just mention that the key argument is to show that, if (4.2) holds and p is not ¢-paced,
then U(t) is periodic with arbitrarily small periods, and so it is constant. The conclusion
follows from Lemma 4.7.

In the last lemma, we deal with the remaining case of /¢-paced kernels. This will
complete the proof of Theorem 4.3. Although the subsequent proof parallels the one of
[1, Proposition 5.2], we will write it down in full detail for two reasons. Firstly, here we
considerably simplify the argument. Secondly, the conclusion that we reach is stronger
than in [1].

Lemma 4.9. Let =0, and let 1 be an {-paced kernel. Then, S(t) is stable if and only
if i 1s not resonant.

Proof. Let zy € D(L), and assume that (4.2) holds. Since

p(s) = Z VX [Chin—1,0kn) (5);
n=1

assumption (4.2) translates into
n'(Ck,) = 0, vt >0,
for every n € N such that u(fk,—;) > 0. Rewriting (2.3) in terms of U, we have

nt(s):{U(t)—U(t—S), 0<s<t,
U(t) +no(s —t), s>t
Hence,
Ut) =U(t — lky,), vt > Uk,
and
no(s) = =U(lk, — s), Vs € (0, lky).
The first equality says that U(t) is £k,-periodic, and so it is also ¢-periodic, since the great-

est common divisor of {k,} is equal to one. Extending U(t) for all times by periodicity,
from the second equality we learn that

m(s)=-U(=s) = 7'(s)=U@)-Ult—s),
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for every s such that p(s) > 0, so that we obtain the equality

/0 () An (s)ds = RAU(t) — /O T (s)AU(t — s)ds — kAU (1),

since U(t — s) is ¢-periodic and p is constant on each interval [(k,_1, (k,). We conclude
that U(t) satisfies the abstract wave equation

U(t) + kAU (t) = 0.
For every m, the (-periodic function v,,(t) = (U(t), e;m)n solves the ordinary differential
equation
i (t) + K ym(t) = 0.

In particular, 7,,(t) is 7,-periodic, with 7,, = 27/ /ka,,. Most important, 7, is the
smallest period of ,,(t), unless v,,(t) is identically zero, meaning that ¢ = pr,, for some
p € N, in conflict with the assumption that u is not resonant. Thus, 7,,(¢) must vanish
for every m, which implies that U(t) = 0. We are now in a position to apply Lemma 4.7
to infer the stability of S(¢). Conversely, if u is resonant, we know from Proposition 4.1
that S(t) is not stable. O

5. EXPONENTIAL STABILITY: THE FINITE-DIMENSIONAL CASE

We now dwell on the particular instance where H = R¥. Accordingly, A is a strictly
positive (N x N)-matrix. In this case, although H remains infinite-dimensional, if the
necessary condition (1.5) for exponential decay is satisfied, then S(t) behaves exactly as
a semigroup on a finite dimensional space, namely, stability implies exponential stability.
Indeed, we have

Theorem 5.1. Assume that pu satisfies (1.5).
(i) If B > 0, then S(t) is exponentially stable.
(ii) If B =0, then S(t) is exponentially stable, unless v is resonant.

Proof. We restrict ourselves to prove the case (ii), since (i) holds for a general Hilbert
space H, not necessarily finite-dimensional (see the following Theorem 6.3). Throughout
the proof, | - | will denote both the absolute value in R and the euclidean norm in CV.

Assume that p is not resonant. Arguing by contradiction, we suppose that S(t) is
not exponentially stable. Then, exploiting Lemma 2.4, we can find sequences \, € R,
u, € CN and 1, € My = L2(R",C"), with 7}, € My and 1,(0) = 0, such that

(5.1) [nl® + 13, =1

and

iU +/ w(s)Ann(s)ds = ay,
0

AnTin(8) = Un + 1, (8) = bn(s),

for some a, — 0 in CY and b, — 0 in My. The second equation of (5.2) can be
integrated, to obtain

(5.2)

1— efi)\ns

(53) 777’1(8) - /L)\n un + FTL(S) A’rl))
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having defined, for A € R,
[,(s,\) = e ™ /S b, (0)do.
0
In the limit, the expression still makes sense if A\,, = 0. We now claim that
(54) nh_)nolourn(v)‘)HMN :Ou

uniformly as A € R. Indeed,

Ta(s, N)] < / b (0)|do

and therefore,

I < [ u( [ rbn<a>\do)2ds - [7 ([ viw rbn<a>\da)2ds.

By virtue of (1.5),

F(s) = /0 V() [ba(o)ldo < VO /0 e 27/ u(0) [bu(o)|do = VO (f * Vit [ba] ) (5),

—ds/2

where we set f(s) = e and * denotes the convolution on R*. Using a standard

measure theoretical result,

2¢/C
1F |2y < VO f i) |VE Dl 2wy = T||bn||MNa

and, consequently,

2V/C
HFn(v)‘)HMN < TanHMN - 07

as n — oo.
The next step is to show that ), is bounded. If not so, passing to a subsequence,
|An| = 00. Then, collecting (5.3) and (5.4), we readily see that 1, — 0 in My, and the
first equation of (5.2) yields iA,u, — 0, which forces the convergence u, — 0, against
(5.1).
Knowing that u,, and A, are bounded, up to subsequences, we may assume that A\, — A
and u,, — u. Thus, from (5.3) and (5.4),

1— e—i)\s
Nn(s) = n(s) = —~—u

IA
in My and, in light of (5.1),

2 —2cos\s
Il = (14 [T 22 00) <1 =z
0

Exploiting the first equation of (5.2), we also obtain that

(5.5) iAu + /000 u(s)An(s)ds = 0.
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We can exclude the value A = 0 since, in that case, 7(s) = su, and (5.5) entails Au = 0.
As X # 0, substituting the expression of n(s) in (5.5), we end up with the equation

(5.6) N+ (i(A) = k) AJu =0,

where
(5.7) AN = / e u(s)ds

is the half Fourier transform of u. We conclude that u solves (5.6) if and only if u = e,
for some m € {1,..., N}. Thus, (5.6) leads to the equality

(5.8) N — Ky, = —amfi()).

Since «,, > 0, it must be

Si(N) = —/ p(s)sin Asds = 0,
0

which is possible if and only if pu(s) assumes the same value (up to a nullset) on each
interval I, of the form

_ [2pm 2(p+1)7
[P*[‘pr p‘)\| ]7 pEN'

This implies that also Ri(A) = 0 (so that fi(A) = 0), and p is ¢-paced with pace

2mq

(= —,

A
for some ¢ € N. A further use of (5.8) then yields €, = ¢, which violates the assumption
that p is not resonant. O

6. EXPONENTIAL STABILITY: THE INFINITE-DIMENSIONAL CASE

When H is infinite-dimensional, the picture is completely different. Indeed, it is no longer
true that, under (1.5), stability implies exponential stability. We will show this fact for
the particular example given by Remark 4.5, although analogous considerations apply to
more general situations. To this end, we first need the following result on the half Fourier
transform (5.7) of a step kernel (see [1, Lemma 6.2] for a proof).

Lemma 6.1. Let p be a non-resonant step kernel and define
Cm = mi(my/k).
Then, ¢y # 0 for every m € N, and there is a sequence {m;} such that c,,; — 0.

Proposition 6.2. If u is a step kernel, then the semigroup S(t) of Remark 4.5 is never
exponentially stable.

Proof. We assume that p is not resonant, otherwise S(t) is not even stable. Given m € N
and ¢, = (0,m™'e,,) € H, we look for p,, € C and ¢, € L2 (R, C), with ¢y, € L2(R*,C)
and ¥,,(0) = 0, such that the vector z,, = (pmem, Umem) € D(L) solves the (complex)
equation

(imvk —L)zm = G-
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Note that
[Cmllne = V5

and
[zmll2e = |l pmemll = |pml-

Thus, in light of Lemma 2.4, we will reach the conclusion by showing that |p,,,;| — oo for
some subsequence {m,}. Indeed, written in components, the equality above reads

imA/K pm + M /OOO w(8)m(s)ds = 0,
zm\/E@/Jm(S) + ¢;n(3) - Pm =

Integrating the second equation, with the condition ,,(0) = 0, we obtain

Um(s)

1
-

(1 +mpm)(1 — e™VE),

1
TN
and substituting ,,(s) into the first equation, we find the relation
MC P, = MK — Cpy..

We now exploit Lemma 6.1. Since ¢, # 0,
K 1
pm=———

Cm ™M
and the corresponding 1,,,(s) solves the system. Besides, |py,| — oo for some {m;}. [
In order to provide sufficient conditions for exponential stability to hold, we first need
a definition borrowed from [17]. Introducing the Borel probability measure m,, on R* as
1
mu(P) = —/ w(s)ds, P C RY,
P

K
the flatness set of i is
F.={s€R":pu(s)>0and u'(s) =0},
while the flatness rate of p is
Ry = myu(Fp).
The main result of the present section reads as follows.

Theorem 6.3. Let (1.5) hold. If § =0, assume in addition that R, < 1/2. Then, S(t)

15 exponentially stable.

Remark 6.4. Here, we are not making any assumption on the dimension of H. Besides,
as it will be clear from the subsequent proofs, the theorem holds without the requirement
that A has compact inverse. Indeed, only the continuous inclusion V' C H is needed. For
further use, let us denote by o > 0 the corresponding Poincaré constant, that is,

alvll < llvlly,  YveV.
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Remark 6.5. The interesting question of what happens when H is infinite-dimensional,
B =0and R, € [%, 1) is not covered by our theory, and remains open. This problem,
already encountered in [17], seems to be particularly hard to solve. Even more so, after
Theorem 5.1, we cannot hope to have any numerical evidence either.

We shall split the proof in two cases, according to the value of 3 (strictly positive or
zero). The following simple result, a very particular instance of the renowned Datko’s
theorem [5], will be extremely useful to tackle the more difficult case 5 = 0. A three-line
proof is given.

Lemma 6.6. Assume that there exists ¢ > 0 such that

| szl <.

0

for any zy € D(L) with ||20||x = 1. Then S(t) is ezponentially stable.
Proof. Due to (2.2), for every zy € D(L) with ||29][% = 1 we have

15(r)202, < /|w Juallyt < <.

By density, we conclude that the norm of S(t) decays to zero. O
In the sequel, for zy = (ug,n0) € D(L), we denote for simplicity
E(t) = [1S(t)zoll%-
As before, we set
v = [ i,
and we take k as in (1.2).

Proof of Theorem 6.3 [case 3 = 0]. Given z; € D(L) and v € (0, 1), we consider the
functionals

1

where

pu(s) = pls)x (OSV]( §) + 14(8)X (s1.00](5);
for some fixed s, € (0,s1) such that [;* u(s)ds < v/2, is introduced (in place of ) to
handle the (possible) case when p is smgular in the origin (see [17]).

Lemma 6.7. There exists K > 0 such that
(6.1) U@ < K[a(t) + 101 34]-
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Proof. We have
o [ as) el < [ keIl
g4wxw+2lmk@wﬂwm%w

2C
< 40s(t) + = |3

Here, we used the representation formula (2.3) written in terms of U along with the
inequality

(6.2) k(s) <
which is a straightforward consequence of (1.5). O
By means of direct calculations, we have
Lemma 6.8. The functional
U(t) =20y (t) + Wy(t)

fulfills the differential equality

d 1
(6.3) Z0() = =5 [ + ()17

Concerning ®(t), denoting, for P C R,
Pl = [ W Rds Tpl)= [ ()l s,
P R+\P

and arguing as in [17, Lemma 4.1], we can prove

Lemma 6.9. For any v € (0,1), there exists ¢, > 0, depending only on v, such that, for
every measurable set P C R,

(6.4) iQ(t) < =L =v)u@®)* + 1+ )mu(P)L5[n] + e, Lply']

dt
—o [ HE IR - 11).

Lemma 6.10. There exist a measurable set P C R and constants v € (0,1), a < 1,
M >0 and € > 0 such that the functional

L(t) = ME(t) + O(t) + a¥(t)

satisfies

(6.5) %L’(t) +eE() <0,
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Proof. Since R, < 1/2, we can choose n € N large enough such that, setting
P={seR":ny(s) + p(s) >0},

we have that m,(P) < 1/2. Indeed, the sets P; = {s € R : ju'(s) 4+ u(s) > 0} are nested
with respect to 7 € N and fulfill ﬂ;’;l P; = F,, up to a set of null measure. Then, taking

1
a = 5 + ﬂ(P) < 1,
and collecting (6.3) and (6.4), we obtain

C18(0) +a¥(0)] < ~(1 — 0~ )uI? ~ L1~ a— )Tl + a5l

—a [T iR as - 1),

71134 = TH[0'] + Tol'],
provided that we fix v small enough, we end up with the differential inequality

d

- [0(t) + aW(t)] + € () < Tpln'] — o / "l (s) s — 3.

for some ¢ > 0 and some ¢ > 0. Finally, setting M > ¢ + nc, on account of (2.2), we are
led to

Hence, recalling that

dt
since ny'(s) + p(s) < 0, for almost every s € R* \ P. O

9 L(t) 4 <€(t) < Tpl] + ne / " () ()2 ds < 0,

Remark 6.11. It is clear that, up to choosing M > 0 large enough, we also have that
ME(t) + ®(t) > 0.
Besides, exploiting (6.2), it is apparent that
L(0) < QE(0),
for some @ > 0.

We are now in a position to conclude the proof of Theorem 6.3. For 2z, € D(L), with
|20/l = 1, we integrate (6.5) on [0, 7]. In view of the remark above, and since

()7 + 73 < £(0) = 1,

this entails
a¥yo(T) + 8/075(75)6# < QEW0) —a(U(T),u(r))y < Q4+ a||U(T)||x-

On the other hand, from Lemma 6.7,

K K
U@l < = + U@ < 1+ 7 +als(r).

Therefore,

5/ 5(t>dt§@+1+§
0
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From the arbitrariness of 7 > 0, the exponential stability of S(¢) follows by an application
of Lemma 6.6.

Proof of Theorem 6.3 [case 3 > 0]. For z; € D(L), we introduce the functional

T@wzlmk@mwww%w,

which, in light of (6.2), satisfies the differential inequality

)= a2 [ KO ) v

2C o
<l B+ Ol [ ) s

A

< —3 Il + el
for some ¢ > 0. Defining then
Li(t)=ME(t) + Y(t),
for some M > 0 large enough, it is clear from (2.2) that the differential inequality

d
— <
- La(t) +2£(t) <0

holds for some £ > 0. Owing to (6.2), £;(t) controls and is controlled by £(t). Hence, the
claim is a direct consequence of the Gronwall lemma.
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