SHARP STABILITY OF SOME SPECTRAL INEQUALITIES

LORENZO BRASCO AND ALDO PRATELLI

ABSTRACT. In this work we review two classical isoperimetric inequalities involving eigen-
values of the Laplacian, both with Dirichlet and Neumann boundary conditions. The
first one is classically attribuited to Krahn and P. Szego and asserts that among sets of
given measure, the disjoint union of two balls with the same radius minimizes the sec-
ond eigenvalue of the Dirichlet-Laplacian, while the second one is due to G. Szegé and
Weinberger and deals with the maximization of the first non trivial eigenvalue of the
Neumann-Laplacian. New stability estimates are provided for both of them.

1. INTRODUCTION

It is generally known that “isoperimetric problems” are very interesting and easy to
state, but hard to solve. The fundamental example (from which the name comes) is the
classical isoperimetric inequality, asserting that balls have maximal measure among sets of
given perimeter, that is,

Q] <|BJ,

B being a ball of the same perimeter as €). Moreover, equality holds if and only if €2 is a ball.
Observe that the homogeneity of the problem automatically implies that the optimization
problem has to be posed with some constraints, for example a perimeter constraint as in
this case, otherwise the extremum problem is always trivial. On the other hand, one can
decide to give up the constraints by adimensionalizing the problem: for example, noticing
that

F(@) = Q=N P@),
is scaling invariant, the classical isoperimetric statement is equivalent to

QUNP@Q) > BNV P(B),

where B is any ball, with no need for any constraint: this is the most familiar and compact
version of the classical isoperimetric property of balls.

Apart from this result linking measure and perimeter, there are a lot of other interesting
isoperimetric statements, depending on the choice of the set function F and of the admis-
sible sets: among these, some fascinating ones are those regarding the spectrum of a given
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elliptic operator, with homogeneous boundary conditions (Dirichlet or Neumann, for ex-
ample). In the case of the Laplacian operator —A, the celebrated Faber-Krahn inequality
(see [8, Chapter 3]) asserts

A(Q) > M(B), (1.1)
where B is a ball with |B| = Q2] and \; is the first eigenvalue of the Laplacian with Dirichlet
conditions. Moreover, in (1.1) we can have equality only for balls (up to sets of capacity
zero). Again, we could drop the measure constraint, by considering the scaling invariant
set function F(Q) = |Q%NX;(Q), so that the previous inequality can be recast into

QPN A(Q) > BV A(B),

where B is any ball and equality holds if and only Q coincides with a ball. Also in this
case, we have a quantity which is minimized by a certain set, together with a uniqueness
statement, which means that strict inequality holds each time the set is not the optimal
one. Therefore, it would be of great interest to improve the inequality with a remainder
term, that is, finding some meaningful set function S(€2), vanishing only for the balls, such
that
QPPN A(Q) > [BPN M(B)(1+5(9)) -

The function S must measure (in a suitable sense) the distance of a set from the minimizers:
if this can be done, then we have a stability estimate for our isoperimetric statement, that
is, a quantitative information on how much a certain set is far from being the optimal one,
in terms of how far it is from realizing the equality.

For example, in the two cases considered above, stability estimates have been provided
by the second author together with Fusco and Maggi: namely, they have proven

QNN p) > | BNV P(B) {1+ anAQ)?} (1.2)
and
QPNA(Q) > [BPYA(B) {1+ WA} (1.3)
where A(Q) is the Fraenkel asymmetry of a set, defined as

QAB
A(Q) :inf{‘ Q | : B ball, |B| = Q|} ,

and ay,yy are dimensional constants. For more details, historical remarks and a com-
prehensive bibliography on other stability results for the aforementioned inequalities, the
reader is referred to the papers [5] and [6]. Here we only want to stress that inequality (1.2)
is sharp, that is, the exponent 2 for the Fraenkel asymmetry is optimal in the decay rate
of the isoperimetric deficit, defined as

90NN p(g)

[BI-N/V P(B)
On the contrary, inequality (1.3) is not sharp: for example, in dimension N = 2 Bhat-
tacharya has provided an estimate with the power 4 replaced by 3 (see [2, Theorem 2.1}).

In any case, actually the best exponent should be 2, as conjectured in [3] on the basis of
the expansion in the case of ellipsoids — in fact, in the isoperimetric problems the ellipsoids
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usually show the optimal rate of convergence. Anyway, a proof of (1.3) with the exponent
2, which would then be sharp, is still missing.

In the very same spirit, the main scope of this paper is to provide sharp stability estimates
for the following classical isoperimetric inequalities, involving eigenvalues of the Laplacian:

e Krahn-Szego inequality, asserting that for every open bounded sets Q C RY we
have

A2(2) > A2 (02),

where O3 is the disjoint union of two balls, both having measure |Q2| /2, with equality
holding if and only if 2 = Oq;

e Szeg6-Weinberger inequality, dealing with the first non trivial eigenvalue of
the Laplacian with Neumann boundary condition, stating that this is mazimized
by the ball, that is,

p2(2) < p2(B),

where B is a ball having the same measure as {2, and equality holds if and only if
Q is a ball.

For both inequalities, we will provide the relative quantitative version, where the proper
notion of deficit controls a suitable concept of asymmetry.

We stress that the quantitative version of the Szeg6-Weinberger inequality we derive

here, i.e.,
3(B) — (€)= enAQ)?,

is sharp: this is one of the main points of interest of the paper. In fact, while the proof
of the inequality is not excessively difficult and relies on a simple geometric intuition, the
proof of its sharpness is not trivial at all. As we will explain more in details in Section 5,
the main source of difficulties is the fact that uo, for the ball, is a multiple eigenvalue. The
latter fact implies that the shape functional 2 — uy(2) is not differentiable (in the sense of
shape derivative, see [9, Chapter 5] for example) near the ball, which is a maximum point.
Roughly speaking, this tells that along some “directions” (i.e., for some perturbations of
the ball), the difference of the eigenvalues has a non trivial first order expansion, which
means that the superdifferential at the maximum point contains a non zero element. This
observation provides some sets ()., suitably converging to B, for which

p2(B) — p2(Qe) = A(S) -

And in fact, one observes this linear rate of convergence in all the simplest examples, for
instance in the case of ellipsoids (which usually, as pointed out above, converge with the
sharp convergence rate). Hence, one is easily lead to guess that the right exponent should be
1. To exclude that this is the case and prove the sharpness of the exponent 2, we will show
how to build a suitable family of nearly optimal sets €. for which pa(B) — u(Q:) ~ A(Q:)2.

On the contrary, concerning the inequality for Ao, the quantitative version we derive
in this work is surely not optimal. Indeed, the proof relies on (1.3) which is not sharp,
as already said. However, the key point of our proof of the quantitative Krahn-Szego
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inequality is a Lemma of geometrical content, whose derivation is sharp (see Example 3.4
below).

Besides this, it is interesting to underline that the exponent we obtain for the Fraenkel
2—asymmetry (see below) depends on the dimension: as we will explain in details, this
is not a drawback. Indeed, we can show that the optimal exponent has to be dimension-
dependent, and in particular has to diverge with the dimension, which is quite surprising,
at first glance. In fact, in most examples the optimal exponent does not depend on the
dimension.

The paper is organized as follows: in Section 2 we set some of the notations, definitions
and results that we will use throughout the paper. We then turn to the first inequality:
in Section 3 we provide a stability estimate (Theorem 3.5) for the Krahn-Szego inequality
for Ag. Then in Section 4 we show how to get a quantitative form of the Szegs-Weinberger
inequality (Theorem 4.1): this section also includes, as a corollary, a stability estimate for
a classical inequality (first conjectured by Kornhauser and Stakgold, [11]) involving A; and
ta. We then turn to the problem of showing that the quantitative estimate of Theorem 4.1
is sharp: we start with Section 5, where we derive the decay rate of the Fraenkel asym-
metry for ellipsoids with very small eccentricity, in terms of the Szegé-Weinberger deficit.
Surprisingly, ellipsoids turn out not to prescribe the optimal decay rate. Finally, the last
section is devoted to the construction of a family of nearly optimals sets for the inequality,
whose deficit goes exactly like the Fraenkel asymmetry to the power 2, thus proving the
sharpness of Theorem 4.1.

2. NOTATIONS AND PRELIMINARIES

In what follows, with N we will always denote the dimension. We will also use the
convention of indicating with Cy (resp., cy) a sufficiently big (resp., sufficiently small)
constant depending on the dimension only, without keeping trace of its precise value, which
may increase (resp., decrease) from line to line.

We recall some basic facts about eigenvalues of the Laplace operator for open subsets of
RY: for more details, the reader is referred to the recent monograph [8]. Given an open
bounded set Q C RV, we define its first Dirichlet eigenvalue as

Jo IVu(z)? da

A1(Q) =
wewl2@n{oy Jg lu(@)? dz

Supposing that u; € W(l)’2(Q) is an eigenfuction corresponding to A1(Q2), i.e. up realizes
the minimum in the previous Rayleigh quotient, then the second eigenvalue is defined as

i Jo [Vu(@)? dz
)\Q(Q) = min YRR
ueWH2(Q)\{0} fQ ‘“(UC)P dr
Jo w(@) u1 () dz=0

that is Ao(€2) is obtained minimizing the same Rayleigh quotient, but now restricting
admissible functions to those orthogonal (in the L?(f2) sense) to the first eigenfuction. In
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the very same way the successive eigenvalues \,(2), k > 3, are defined, and we clearly have
A1(Q) < X2(Q) < A3(Q) < .... In the case that €2 is not connected, its eigenvalues can be
simply obtained by gathering and ordering the eigenvalues of its connected components.

We recall that a first eigenfunction has to be of constant sign in €2: this implies, due to
the orthogonality condition, that a second eigenfunction us has to change sign in Q (if €2 is
connected) or must have a support disjoint from that of u;. We call nodal sets of a certain
eigenfunction uy the connected components of the sets

{reQ:u,>0} and {z €Q : up <0},

respectively. Incidentally, we observe that for the second eigenvalue, these nodal domains
are known to be two, at most (this is a consequence of the so called Courant-Hilbert nodal
domains Theorem, for which the reader is referred to [4]).

It is easily seen that \x(€2) scales as a length to the power —2, that is A\, (tQ) = t=2\,(),
for every t > 0, so that usually it is useful to consider the scaling invariant quantity
19>V \i(Q). In this way the well-known Faber-Krahn inequality asserts

QPNA(Q) = [BFNA(B)

where B is any ball. One tool that we will use in this work, is a quantitative version of
this isoperimetric statement, which can be rephrased as follows

FE(Q) > 1w AQ)", (2.1)
where FK(Q) is the Faber-Krahn deficit, defined as
2PN A()
FK(Q) = —7——5 —1
= B B)
Since the optimal object for Ag is the disjoint union of two balls (see below), it is useful to
introduce, besides the usual Fraenkel asymmetry, the Fraenkel 2—asymmetry, defined as

QABU By By| = 0 and |By] = |Bs] = IQ\} ,
] 2
which measures the distance of a set () from the disjoint union of two balls with the same
radius.
Finally, in the case of homogeneous Neumann boundary conditions, the first eigenvalue
11(£2) is always 0 and corresponds to constant functions, while the first non trivial eigen-
value, if €) is a connected open set with Lipschitz boundary, can be defined as

fQ |Vu(z)|? de
HEWL2(Q) Jo lu(@)|?dx
Jq u(z) dz=0

A(Q) = inf {

p2(2) =

The successive eigenvalues can be defined similarly, that is () is obtained by minimizing
the same quotient, among functions orthogonal (in the L?(f2) sense, again) to the first
k — 1 eigenfunctions. Clearly, if  has k connected components, we have p1(Q2) = -+ =
1k () = 0, with corresponding eigenfunctions given by constant function on each connected
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component. Neumann eigenvalues have the same scaling properties as the Dirichlet ones
and there holds the Szegd-Weinberger inequality

QN 2(Q) < BN p2(B),

and in this case the ball is the unique mazimizer.

For a ball B of radius r, u2(B) has multiplicity N, that is, p2(B) = -+ = un+1(B), and
it can be explicitely computed, together with its corresponding eigenfunctions. Indeed,
these are given by (see [1])

N Bnjoalzl\ @
&i(x) = 2172 Jy </T> Tl i=1,...,N,

where Jy /o is a Bessel function of the first kind, solving the ODE
1 N1
70+ 300+ (1- 35 ) 90 =0,

while By/51 denotes the first positive zero of the derivative of ¢ — t=N/2 Inya(t), e it
verifies

N
Bnyaa Inye (Bryaa) + (1 - 2) Ins2(Bny2,1) = 0.

Observe in particular that the radial part of &;, given by

N Bnyaalzl
nlal) = o'~ ¥ s (22 (2.2

satisfies the ODE (of Bessel type)

N-—-1 N -1
70+ 0+ (s - 25 ) st =0, (2.3
and one can calculate
BJQV 2.1
p(B) = 7,7/2 :

3. MINIMIZATION OF THE SECOND EIGENVALUE OF THE DIRICHLET-LAPLACIAN

We now recall the classical isoperimetric inequality concerning the second eigenvalue of
the Laplacian with homogeneous Dirichlet boundary conditions, a result which is usually
attributed to Krahn ([12]) and Peter Szego! (Pélya gave credit to this in [14]). It worths
remarking that the same result was also proven independently by Hong (see [10]), exactly
in the same years as Szego. We give this result directly in the scaling invariant form, so
disregarding the constraint on the measure of the admissible sets.

1Son of Gabor Szegd. The difference in the spelling of the surname is due to the fact that Peter passed
most of his life in the US and consequently “Americanized” his name. We owe these informations to the
kind courtsey of Mark S. Ashbaugh.
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Krahn-Szego inequality. For every open bounded set Q C R, we have
QPN A () = 0] Ao (2) (3.1)
where ©2 = By U B_ is any disjoint union of two balls having the same radius.

We aim to give a quantitative version of this result: namely, we wish to estimate how
far a generic set is from being the disjoint union of two equal balls, in terms of how far
the product | - |>/V X\y(-) is from the minimum. Thus, for every bounded open set Q, we
introduce the Krahn-Szego deficit

_ 2PN ()
KS(9) = 15 omros) ~ (3.2)

We begin with a simple but useful technical Lemma.

Lemma 3.1. Let Q C RY be a bounded open set. Then there exist two disjoint sets
Qp, Q_ C Q such that

Ao(Q) = max {Al(m), Al(Q_)} . (3.3)

Proof. Let u; and ug be two eigenfunctions relative to the first two eigenvalues A1(€2) and
A2(€), and let us distinguish two possibilities:

(i) either ug has always the same sign in €2
(ii) or ug changes sign on (.

In case (i), let us define

Qy = {Jum] >0}, Q- = {[u| > 0}.

Since neither u; nor us change sign in 2, by the orthogonality condition
/ ug(x) uy(z)der =0
Q

we immediately get that 2, and 2_ are disconnected. But then, since us € Wé’2(Q_),
and since of course

/ w(z)ui (x) de =0, for every u e Wy*(Q_),
Q

we immediately derive that

/ |Vug(2)|? da / |Vu(z)|? de
M) < L8 =)< inf K2
[ @) da W0 fua) s
Q Q
Hence, we directly get (3.3) simply by noticing, that since u; is supported in 4, then
)\1(Q+) =\ (Q) < )\Q(Q) .

=M (Q).
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On the other hand, in case (ii), we consider the nodal sets of ug

Q+:{m€Q:uQ(:B)>O} Q,:{xEQ:uQ(;U)<O}
and we observe that, in the weak sense, we have
—A’U,Q = AQ(Q) (%) in Q+ y —A’U,Q = AQ(Q) (%) in Q_ ;
ug =0 on 0€), , ug =0 on O0f)_ .

This tells us that us is an eigenfunction both for 2, and 2_, and in particular it is strictly
positive in Q4 and strictly negative in {2_, so it corresponds to the first eigenvalue for both
sets. Hence we get

A2(€) = A () = M (Q2-),
and (3.3) follows also in this case. O

Corollary 3.2 (Disjoint equal balls minimize \o). For any bounded open set Q C RY,
there holds

2/N
X2(9) = X (B UB_) = \(B) ( |Q2|) 7 (3.4

being By and B_ any two disjoint balls with |B1| = |B_| = |Q|/2, and being B a ball of
unit volume. Moreover, the equality holds if and only if Q0 is in fact such a disjoint union
(up to a set of capacity zero).

Proof. Let €24 and Q2 be as in Lemma 3.1, and let §+ and B_ be two disjoint balls with
!Bi’ = |Qi‘ By the standard Faber-Krahn inequality we know that

A(24) = Mi(By), A(2-) > M(B-), (35)
then by (3.3) we have, calling B the ball of unit volume,

M(B) M(B) }
‘§+|2/N’ ‘§_|2/N
A1(B) A1 (B)

(min {Je2e . [o-[}))" (Jl/2)”"

This gives the asserted inequality in (3.4), while the equality comes directly by the scaling
properties of \;. Moreover, if equality holds in (3.4), then the inequalities (3.5) and (3.6)
above must both be equalities. In particular, the fact that the equality holds in (3.5)
implies — by Faber-Krahn inequality — that both Q4 and 2_ are balls. On the other hand,
the fact that the equality holds in (3.6) implies that Q4| = |Q_| = |©2|/2. This completes
the proof. O

A2(€) > max {)\1(§+), Al(é,)} = max{
(3.6)

=X (B UB_).

Keeping the same notations as in Lemma 3.1, the next result tells us that the errors of
the two subsets 2 and Q_ control the distance of €2 from a minimizer of Ao, i.e. a disjoint
union of two equal balls: this is a crucial fact, preliminary to the main estimate of this
section.



STABILITY OF SOME SPECTRAL INEQUALITIES 9

Lemma 3.3. Let Q C RN be an open bounded set. With the notations of Lemma 3.1, we

have
1 Q
Ax(Q2) < Cy (A(Q+) + ’2 - ||§;r||

for a suitable dimensional constant Cy .

Lk )2/UV+1) (3.7)

Proof. The idea of the proof is quite easy: all we have to do, is to take a pair of optimal
balls for A(24+) and A(Q2_) and to make them admissible for estimating 42(2), possibly
rescaling and translating them. We start setting

S e =119
T2 T2
and let Bj, By be two balls centered at the origin, such that |B;| = |Q4| and |Ba| = [Q—]|,
with

2|(B1 + zo) \ Q4| _ 2{(B2 +yo) \ Q|
o AR ="

for suitable zg, 9. One would like to use directly (B; + xo) U (B2 + yo) as an admissible
set for A2(£2), but we can not do it for two reasons: the first is that it could happen that
|(B1 + x0) N (B2 + yo)| > 0; the second is that in general |Bp| # |Ba|. So first of all we
define two new balls rescaling B; and Bs, that is,

By =(1-24)""VBy, By =(1—-2:-)"/NBy,

AQy) =

so that both B; and By have volume [Q|/2. We have now to translate them, since it is not
guaranteed that the two balls B + x¢ and Bs +yo are disjoint: we make this translation in
the direction given by yo—xg, so we need to estimate the width of the set (El —i—xo)ﬂ(Eg +0)
in this direction. Calling ¢ this quantity, it is not difficult to see that there holds

(WNFD/21 | (N=D/2N) & Oy [(By + 20) N (Ba + 10)] - (3.8)

This shows that we need an information on |(B; + z¢) N (Ba + y)|. Observe that with
simple algebraic manipulations, we have

(B1 +x0) N (Ba + o) C <(§1 +20) \ Q+> U ((EQ +40) \ Q_) U(Q-NQ,),
so that using |21 NQ_| = 0, we obtain
|(By +20) N (B2 +0)| < |(B1+20) \ Q4| + (B2 + o) \ |
< |BiABy| + |(By + %) \ Q4| + [B2ABs| + [(Ba + 20) \ Q-] (3.9)
< Ox 101 (les] + o= |+ A@4) + AQ-))

where we have used |BiAB;| = [Q||ey| and [ByABy| = || |e_|. We now consider the
couple of balls By + z¢ and Bs + ¥, with 7, given by

i Yo — To

?O:y0+ 5
Yo — o]
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so that these new balls are disjoint. Finally, let us observe that
(o + Ba)A (G + Ba)| ~ 010 N0
so that
(w0 + B2)AGo + Bo)| < | (o + Ba)Ayo + Bo)| + | (0 + B) Az + B2)
< [Qfe—| + Oyt QDA

Up to now, we have collected all the elements in order to complete the proof: we start
observing that

Ax(@) < |20\ (@0 + B) U (5o + Bo)) |

(3.10)

_ _ (3.11)
< [\ (o + Bo)| + |2\ o + Ba)| + (192 - 1241 - 12-1)
then we estimate the three terms above. One has clearly
€] = 1924 [ = Q-] = 2] (e +&-),
while
= = A(€)
Q4 \ (w0 + Br)| < Q4 \ (zo + B1)| + [BIABy| < Q] —5 + | [e ]
and
2\ @0+ Ba)| <192\ (o + Ba)| + | (w0 + B2)Ao + Bo)
Q_
<10/ A=) o) + e
A 2/(N+1)
<10/ A=) o)+ enial (e + el + A@) +a@0)
thanks to (3.10), (3.8) and (3.9). Inserting the last three estimates into (3.11) finally
yields (3.7). O

It is not difficult to show that the exponent 2/(N + 1) in (3.7) is indeed sharp.

Example 3.4. Let us fix a small parameter € > 0 and consider the following set

F={(zy) : @+1-e)+y* <JU{(x,y) : (z -1+ +y* <1},
which is just the union of two disks of radius 1, with an overlapping part whose area is of
order /2. With the previous notations, we have

O ={(z,y) € : >0} and Q° = {(z,y) € Q° : x <0},
and by symmetry, we can work only with Q5 . It is not difficult to see that A(Q%.) = O(£3/?):
indeed, consider a ball B, with the same measure as {2 and centered at (1 — €,0), that
is m — |By| ~ €32, so that the radius 7. of By is such that 1 — r. ~ £32. We have
|05\ By| = ce%? so that
A(Q2) < e/,



STABILITY OF SOME SPECTRAL INEQUALITIES 11

Translating B if necessary, we can not improve on an estimate of the type [Q% \ B4 | ~ e3/2,
thus showing that A(Q3) = O(¢%/?).

On the contrary, observe that in order to let our ball be admissible for A2(€2), we have

to translate it rightward of a length which is of order €, so to avoid the overlapping region.
If we call By this new ball, we then have |24 \ B4| ~ €, so that

A ()32 ~ 32 ~ A(Q).

The very same computations also apply to the case N > 3, with the exponent (N + 1)/2
in place of 3/2. This shows that the exponent in (3.7) is sharp.

Thanks to the previous geometrical result, we can now give the following stability esti-
mate, which is the main result of this section.

Theorem 3.5. Let Q C RY be an open bounded set. Then
KS(Q) > Cn Ay (Q)2N+1) | (3.12)
with the constant Cn depending on N only.

Proof. Thanks to Lemma 3.1, we know the existence of two disjoint sets 24, Q_ C Q such
that (3.3) holds. We then set

19/
2 Y

2]

5 = 0] - 5o=10 -5,

and we observe that it must be 64 + é— < 0. We will prove the Theorem as soon as we
show that

1[0y

KS(Q) > Ci max {A(Q+)4 n ‘ 1924 1|

JAQO + ’— } (3.13)

N 2 |9 2 |9

thanks to Lemma 3.3. To obtain (3.13), it will be useful to distinguish two cases, namely
whether §; and J_ are both non positive, or they have opposite sign. Observe that since
the quantities appearing in the right-hand side of (3.13) are all bounded by a universal
constant, it is not restrictive to prove (3.13) under the further assumption

KS(Q) <1.

Case 1. 44 and d_ are both non-positive.
In this case, let us apply the quantitative Faber-Krahn inequality (2.1) to 2. Calling again
B the ball of unit volume, and recalling (3.3) and the definition (3.2) of the Krahn-Szego
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deficit, we find

‘Q’ 2/N
1) Ao (02
‘Q+|2/N/\1 Q) . <2 i +> a )_
A1(B) T 272N |9y PN Ao ()

2/N
o (14 2) o

25, 2/N
— —1=(KS(Q 1 14+ — —1
RN (K@) + >< - mr)

)
< (KS(Q) + 1) <1 n ;ﬁ) 1,

which can be rewritten as follows

INA(QL) <

456
YNAQ) < KS(Q) + N 5| (KS(Q) +1). (3.14)
Using that 61 <0 and KS(92) > 0, we thus obtain
41 Q4]
> (-5, :
KS() 2 @)+ (5~ e (3.15)

Hence, the same calculations with £2_ in place of Q4 yield (3.13)

Case 2. d4 and 0_ have opposite sign.
Let us assume for example that 61 > 0 and §_ < 0. Hence, we still have the estimate (3.14)
for both Q4 and Q_, but it is no more true that

194y |1 94
2 |9

2
However, recalling that {24 and €)_ are disjoint, we have
1 |Q+| 1|9 N

- - — - - ——KSQ 3.16

where in the second inequality we used (3.15) applied to Q_. Therefore, using this infor-
mation in (3.14)) and using that K.S(Q2) > 1, we immediately get

KS(9) > N Ay,

-3
while (3.16) can be also rephrased as
L[] _ 924 1 _N
——— | =" - =< —KS5(Q).
'2 |2 Q] 27 4 (&)
These estimates on €, together with the validity of (3.14) for Q_ and with the fact that
d_ <0, ensure that (3.13) holds also in this case. O

Concerning the sharpness of estimate (3.12), some remarks are in order.
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Remark 3.6. Let us define
k := optimal exponent for the quantitative Faber-Krahn inequality,
then observe that our proof actually provides the following estimate
KS(Q) > Cn Ay () N+D/2, (3.17)

We stress the fact that the proof of (3.17) consisted of two steps: the first one is the
geometrical result of Lemma 3.3, which enables to switch from the error terms of {2, and
Q_ to A2(Q); the second one is the application of the quantitative Faber-Krahn inequality
to the two relevant pieces €4 and Q_. Both steps are optimal (in the second, the precise
value of k actually plays no role), but unfortunately this is of course not a warranty of the
sharpness of estimate (3.17).

In the end, we are not able to decide whether the exponent for As in (3.17) is optimal or
not: in any case, we point out that the optimal exponent for the quantitative Krahn-Szego
inequality has to be dimension-dependent. To see this, it is enough to consider the very
same set of Example 3.4 and then observe that, keeping the same notations, we have

KS(Q) = FK(QF) < O(A(Q)) = O(Ag() VD7),

4. MAXIMIZATION OF THE FIRST NON TRIVIAL EIGENVALUE OF THE
NEUMANN-LAPLACIAN

In the case of Neumann conditions, the minimization of the k—th eigenvalue is no more
interesting, since we always have u(€2) = 0 for any set with k& connected components. On
the contrary, the maximization problem with a measure constraint becomes interesting.
The extremal set is again known to be a ball.

SzegS-Weinberger inequality. For every open bounded set € RY there holds
|BIPN ua(B) = 19N pa(92),
where B is any ball. Moreover, equality holds if and only if 2 itself is a ball.

In order to provide a quantitative estimate for this inequality, it is better to have an idea
of how the classical proof goes on: the arguments below are due to Weinberger (see [17]),
while Gabor Szeg®’s proof relies on conformal mappings and thus it is only valid when
N =2 (see [15]).

Roughly speaking, given a domain 2, the fact that the membrane is free on the boundary
(that is, we have no Dirichlet conditions) allows to use directly the eigenfunctions of the
ball in the Rayleigh quotient definining p2(€2), then giving the desired estimate, as far as
12(92) is defined as the minimum of this quotient. The only point which requires some
attention, is the fact that the zero-mean condition on 2 is in general not satisfied by the
eigenfunctions of the ball, so they would not be admissible: anyway, it is just a matter of
properly choosing the origin.
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After having given the idea, let us start with the proof: we denote with B the ball
centered at the origin, having radius given by

where wy denotes the measure of the unitary ball, so that |B| = |Q|. With the same
notations as in Section 2, the eigenfunctions of B corresponding to us(B) are given by
X .
&zgmﬂh])ﬁ, i=1,..., N.

It is important to stress here that ¢n(0) = 0, ¢n is strictly increasing in (0,7), and
¢y (r) = 0. In order to make & admissible for the variational problem defining p2(€2), we
extend continuously ¢n as follows

_ (t), telo,r],
on(t) —{ N, L (roo).

and then we consider the new functions

=i(2) = on(|z]) = i=1,...,N.

]

It is now possible to choose the origin of the coordinate axes in such a way that fQ Zi(x)de =
0, i=1,...,N (see [8, Lemma 6.2.2]), hence we infer

/|VEi(x)\2dx
Q
/Ei(x)2dx
Q

Now, a summation over i =1, ..., N yields

N
Z/ VEi(2)2 do
< =1 Q

p2(Q2) < —
=22(z) dx
;/ﬂq )d

This trick is essential in order to let the angular variables disappear: indeed, while the
denominator can be immediately written as

é/g&(w)de:/Qm(yx\)?dx,

computing the gradient of Z; there is a cancellation of the mixed term ¢n¢’y, and one

simply gets
2 2 2
- z;  on(lz) x;
V=, 2 _ gt 2 g 1— i) )

112(9) < i=1,...,N. (4.2)
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Summing all up, we have obtained

(4.3)

Before going on, we remark that inside B one has that =Z; = &; is an eigenfunction for
wa(B), so if @ = B then (4.2) is an equality for all s =1, ..., N, and then also (4.3) is an

equality. Namely,
on(|z))?
/(bN j)? —1) =5 EE dz

/¢N jz)?

Using the monotone behaviour of ¢ and the fact that |Q2] = |B|, we can easily estimate
the denominator as follows

(4.4)

/ o (|z)? dz > / o ()2 dz. (4.5)
Q B

On the other hand, we claim that the integrand of the numerator in (4.3) is strictly de-
creasing for |z| increasing. Indeed, by making use of (2.3), this immediately reduces to
check that for all ¢ > 0 one has

2 !
OO0 LAY

t

9

which in turn is clearly true since ¢n > 0, ¢’y > 0 on (0, 400). Therefore,

[ oitlaly? + (v -1y 22402 ol 4, [ el + v -1 owvla)” 4 (4
0 2] 2]
Finally, collecting the estimates (4.5) and (4.6), and using (4.3) and (4.4), we have proven
[ $tial? + v - 1) @j(‘fé')
p2(82) <
/ o (|z])? da
Q
/ (B (12)? + (¥ — Don(2)2/|xf?] da
< B = NQ(B)v
/B o (|z))? da

thus concluding the proof of the Szegé-Weinberger inequality. Also the equality case fol-
lows, since both (4.5) and (4.6) are strict unless €2 is a ball.
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We now introduce the Szegd- Weinberger deficit, defined as
1N a()
|BI2/N pa(B)

The main result of this section is the following stability estimate.

SW(Q) ==

Theorem 4.1. For every Q C RY open Lipschitz set, we have

SW(Q) > cnAQ)2. (4.7)
Equivalently, the following quantitative form of the Szegd- Weinberger inequality holds,
BN ua(B) (1= ex A(Q)?) = [0 (), (4.8)

where B is any ball and cy s a small constant which depends only on the dimension N.

Proof. By the scaling invariance of the problem, to show (4.8) we can take a ball B such

that |B| = |©2], and we can translate it in such a way that (4.3) and (4.4) hold. By definition

of asymmetry, one has

|QAB|
€2

We start observing that, with the same notations as before, (4.3) and (4.4) imply that

B) / o (1)) dz — 1a(9) / o (al)? dv >

x X 2
/¢N| )2 )<Z>N \2I /¢N 12])? )¢N(| D
|z
(4.10)

AQ) <a:= (4.9)

While inequality (4.6) only ensures that the last quantity is positive, our main scope now
is to refine that estimate, so to get a quantitative lower bound. In order to do so, we can
start determining the “worst case”. In fact, let us call, as in Figure 1, B; and By two balls,
concentric with B and with radii 71 < r < 7, in such a way that

QN B| = |By| = wyrd, 1Q\ B = By \ B| = wy (ry — V),
so that by construction one has
N -V a N
N T 9T T N - (4.11)

Recalling now that the function
o (|z)?
||
is strictly decreasing, as we have already checked above, it is immediate to observe that

on () o2 (1 ©n (D2
Lot v -0 ERds [ (el v - P

2] = ¢y (Ja))? + (N = 1)
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< >

FIGURE 1. The construction of the proof of Theorem 4.1

so that from (4.10) we can deduce

B) /B o ([2)? d — () /Q o (|al)? da >

J I Ry N S | ey
B\Bi |z |2 B2\B |z |2

Concerning the left-hand side, recalling (4.5) and using (2.2) and (4.1) we have

(4.12)

/ o (|a])? do > / on(|z])? do = 7“2/ yl N JN/2(BN/2,1|Z/|)2 dy = QN gy,
@ B {lyl<1}
where we have set
nN = wj;?/N / ‘y|2fN JN/Z(ﬁN/Zl’yDz dy
{lyI<1}

Notice that ny is a constant which only depends on the dimension N. Hence, we can
estimate the left-hand side of (4.12) as

/¢N 2|)? dz — pa(Q /¢N |2])? da < <M2 /¢N |z])?
= Q> Ny <M2(B) — m(Q)) .

On the other hand, concerning the right-hand side of (4.12), again recalling that the inte-
grand is strictly decreasing and that ¢/\ () = 0 for ¢t > r we get

R e el
[ i+ () Rz [ v P

_ (N - 1);02N¢N(7“)2 (TN _ T,{V) 7

(4.13)

(4.14)
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while

T 2
[ =) P e = v~ o2

—dx
B2\B |22

T2 (4-15)
= Nwy(N — 1)¢N(T)2/ N3 dx < W(rév_l — rN_1> .

. r

Therefore, inserting (4.13), (4.14) and (4.15) into (4.12), we get

‘QIQ/N<M2(B) - M2(9)> > wi\j\?N ((N -1) (T’N - T{V> - N(rré\f—l - TN>>

where, using (2.2) again, we have set

NN = MTN_Q = LG
' NN NN ’

which is still a constant depending only on the dimension N.
Since || = | B, the thesis will follow as soon as we show that

N—T{V rrévfl—rN
N - N N
r T

(N-1)7 > enA(Q)2. (4.16)

But in fact, by the second equality in (4.11), one has

1

a\ N
r2:r<1+2) ,

and since one surely has a < 2, this implies

N—-1

N~ N -1
réV_I:rN_1<l+(;> ST’N_1<1+Q_CNO‘2)7

for a strictly positive constant ¢y depending only on N. Using now the first equality
in (4.11), a simple calculation gives

rN —T{V Trévfl —rN o révfl —pN-1
o N-1a«
S(IN-D 2 N[22 ya?
= (V=15 ( N 2 )
= ]\[CNO&2 .
Finally, recalling (4.9) we obtain (4.16) and the proof is concluded. O

Before concluding this Section, we make some observations on the comparison between
eigenvalues of the Laplacian with different boundary conditions: it is well-known that
combining the Faber-Krahn inequality together with the Szeg6-Weinberger one, we get

p2(€2) < pa(B) < Mi(B) < Ai(9Q),
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that is for every domain 2 we have p2(€2) < A1(€2). The strict inequality for balls pg < Aq
is based on an explicit computation, which actually gives uo(B) = Ox A1 (B), for a positive
constant f < 1 depending only on the dimension N and given by

2
Oy = (ﬂN/Ql) , (4.17)

IN/2-1,1
where Op/o1 is as before and jy/o_1 ;1 is the first zero of the Bessel function Jy/5_1. Then,
we can rephrase everything by saying that

p2(2) < Oy M1(92),
and equality sign holds if and only if  is a ball. We can easily derive a stability estimate

for this inequality: namely, we have the following.

Corollary 4.2. For every Q C RN open bounded set with Lipschitz boundary, we have
21N (031 () = 12()) = en A2,

for some constant cy depending only on N, while Ox is given by (4.17).

Proof. Let B be a ball such that |B| = |Q], then it is enough to observe

On A(Q) = p2(2) = On (M1 (€2) — Mi(B)) + 0N A (B) — p2(€2)

= On(A1(Q) = AL(B)) + p2(B) — p2(Q2) = p2(B) — p2()

and then apply (4.7). O

5. DECAY RATE OF NEARLY CIRCULAR ELLIPSES

We now turn to the question of sharpness of the exponent 2 for the Fraenkel asymmetry
in (4.7). To do so, we have to exhibit a family . of small deformations of a ball, such that
A(Q:) — 0 and

BN pa(B) < QPN pa(Qe) + OnA(Qe)?
with a constant C'y independent of €. If this is true, then we have the asymptotic behaviour
|B|?/N 1o (B) — |Q9:|?/N 12(9) = O(A(Q.)?), thus proving the sharpness of the exponent 2
in the inequality (4.7) for the Szegé-Weinberger deficit.

The easiest deformations that one can consider are ellipsoids E.: in this section, we show
that this is not the right choice, proving that

‘B|2/NM2<B) - ‘Eé"z/N/Q(EE) ~ A(E:) .

At a first sight, this is quite surprising: indeed, nearly spherical ellipsoids prescribe the
right decay rate both in the standard isoperimetric inequality and in the Faber-Krahn one.

In what follows, for simplicity we restrict to the case N = 2. As it will apparent in a
while, this is not restrictive and the very same calculations can be performed for every N.

Let D C R? be the disk with unit radius and centered at the origin. For every € > 0, we
set

1+ O
MsZ[ 0 1]’
1+e
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and we consider the ellipse E. = M. D. The first non trivial Neumann-Laplacian eigen-
value of E. is defined through

. [, V(@) |? do
bEWL2(E (0}, [, v(@)dz=0 [ v(z)?dx

p2(Ee) =

Remark 5.1. It is worth stressing here that for the case of an ellipse, the explicit de-
termination of the eigenvalues is quite a tricky fact. Indeed, proceeding as in the case
of the disk, that is, introducing elliptic coordinates and separating the variables, we then
arrive to a family of ODEs, called Mathieu equations, whose solutions are correspondingly
called Mathieu functions (see [13]). Then, in order to determine the eigenvalues, at least
in the Dirichlet case, one has to determine the zeros of these functions. Some interesting
(though quite involved and not easy to deal with) asymptotic formulas for the eigenvalues
in the case of the Dirichlet-Laplacian can be found in [16] (see formula (5.1), for the case
of eccentricity ~ 0). In the Neumann case, the situation is even worse, as far as one has to
compute the zeros of derivatives of Mathieu functions. This is why we have preferred here
to directly give an expansion of the Rayleigh quotient.

In order to obtain an asymptotic expansion of us(F:) as e goes to 0, it is convenient to
set the problem in the disk D with the obvious change of variable: more precisely, observe

that defining
1 5 0
B = [ (1+e) ] ,

0 (1+e¢)?
we have .
Vu(z),V d
o (Ez) = min Jp{B-Yu(w), Vul)) dr
u€WL2(D)\{0}, [, udz=0 fD u(x) dr

We can further impose the normalization condition |, u(x)? dz = 1, without affecting the
minimization problem. Let us set for simplicity

S(D) = {u e WH3(D)\ {0} : / u(z)dr =0, / u(z)? do = 1} ,
D D
so that
pa(B) = min | (B.Vu(a), Vu(a) da.
and, at least formally

= u\xr 2 X ul\xr 2— u\xr 2 X
/D<ng<x>,w<x>>dx—/Dv (@) d +25/D[|am @) = |8yu(@)?] d

(5.1)
+ &? /D (3|00, u(2)* + |0, u(2)|?] da + o(<?) .

The first order term in (5.1) can have a sign: in particular, take the two eigenfunctions
corresponding to pa(D)

§o(x) = ¢ J1(Br1]x])

1 x2

and &3(x) = c1(Bi1]x])

|| x|’
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being ¢ the renormalization constant so that &2, &3 € S(D). Since & and &3 are eigen-
functions for ps(D), they minimize the leading term in (5.1), while for the first order we
have

/ (0062 (2)[2 — 00y 0(2)|?] dir = — / (100, (2) 2 — |00, E5(x) 2] d
D D

and an explicit computation gives

/D “896252(33”2 - ’ax1€2(l’)’2] dr < 0.

This implies that

p2(Ee) — pa(D) = O(e) = O(A(Ex))
thus showing a linear decay rate in the Szeg6—Weinberger inequality. Hence, the ellipsoids
do not show the optimality of the exponent 2 in (4.7).

Remark 5.2. Observe that the first order negative term is given by the eigenfuction &,
corresponding to the direction x; along which the disk has been stretched: the fact that
p2(D) — p(E:) ~ € should not be surprising, since pa(D) is a multiple eigenvalue, so that
the function

Q= 2 (Q) )
is not differentiable at the maximum point D (see [9, Chapter 5]). In a very rough way, we
could say that at D the superdifferential of us(-) is a proper set, not just a singleton.

6. SHARPNESS OF THE QUANTITATIVE SZEGO-WEINBERGER INEQUALITY

In this section, we will show the sharpness of the exponent 2 in the Szegd-Weinberger
inequality (4.7). To do so, we will exhibit a family D, of sets approaching the disk D of
unit radius in such a way that

N NE, SW(D;) =~ €.

In our construction, we will work for simplicity in dimension N = 2, but the same argument
could be generalized to any dimension N > 2. Since the whole construction is quite
complicate, we will divide this section in various subsections.

6.1. Preliminaries: setting of the construction and main properties. As in the
previous section, D stands for the unit disk and we identify its boundary 9D with the
circle S'. We consider a general nearly circular domain, given in polar coordinates by

De={(e,9) : ¥ €[0,27], 0 < o <1+evp(V)},
where ¢ € C*°(S') is such that [, ¢ = 0, thus giving
|Dc| - |D| S €. (6.1)

More precisely, we fix an angle ¥y € (0,7/4) and we take a function 1) whose support is
given by
supp (¥) = [~g,Yo] U [1 — Jo, 7 + Jo],
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FIGURE 2. The set D,

and such that, for any ¢ € (—vg, %),

¥(d) >0, (I +7) = —¢(9), (=) = P(J). (6.2)
Observe that D, is invariant for reflections with respect to the z1 axis, and looks like the
set in Figure 2: also observe that by construction one easily gets that
}7 ~E. (6.3)
Let us fix now an eigenfunction u. for pe(D,), normalized in such a way that

/ u(z)de =1, / ‘VUE(:B)‘2 dx = pa(De) . (6.4)
B De

Remark 6.1. Thanks to the fact that dD;. is of class C*, we obtain that u. € C*(Dy).
Moreover, the domains D, are uniformly of class C¥, for every k > 0, hence we can assume
the functions u. to satisfy uniform C* estimates

[uellorp.y < Hi, (6.5)
for some constants Hy € R* depending only on k € N.

Since we want to compare ps(D.) with ps(D), we have to define suitable functions on
D. To do so, we consider a C3 extension . of u. to the whole D U D,: we can make this
extension in such a way that

[tellcs(pup.) < Klluellcs(p.) - (6.6)
In particular, since st u: =0and |D\ D.| = |D.\ D| = O(¢), we have

5 e ul)‘/Dag(:c) dz = |11)‘</D\DE () da — /DE\D e () dm) _0(), (6.7

because both the integrals are performed on a set of area =~ ¢ and the integrands satisfy
global L estimates, uniformly in e, thanks to (6.6) and (6.5).
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We now come to define an admissible function for the Rayleigh quotient defining ps(D):
we set

Ve i=1Ue-1p -4, (6.8)
and we immediately notice that
[vellcs(p.y < K (6.9)

thanks to (6.5), (6.6) and (6.7). In words, v, is the original eigenfunction u. extended to the
whole D U D,, then restricted to D and finally vertically translated in order to satisfy the
zero-mean condition. By the definition (6.8), and recalling (6.7), we immediately observe

that
|-
D

() )]
:|ll)‘(/DﬂE>2§K52.

Moreover, still using the definition (6.8), and the fact that u. satisfies (6.6) and coincides
with u. on D N D,, it is also

[
D\D-

By (6.10) and (6.11), also recalling (6.4), we can thus estimate ps (D) from above as follows

[p |Vve(2)|? de fDﬁDE Ve ()] de + fD\DE Vo (z)|* dz
Jpve(@)?dz = [pp us(x)?da+ [p p_Us(x)? dw — Ke?

pa(De) + fD\DE ]VUE(:U)P dx — fDE\D |Vu€(x)\2 dx

- 1+ fD\DE ve ()2 da — fDE\D ue(z)2dx — Ke?

Introducing the two error terms

Ri(¢e) :/ |V |2 —/ |V |? and Ry(e) :/ v?—/ u?,
D\D. D:\D D\D. DA\D

we thus have obtained the following estimate for ug(D)

p2(De) + Ri(e)
D) < .
Ha(D) < 1+ Ro(e) — Ke?
We notice that thanks to the uniform estimates (6.5) with & = 0, 1, it is immediate to
estimate

(6.10)

<[ @<k oe—i| = PP [ G e gy
D\D. D\D- |D] D

p2(D) <

(6.12)

|Ri(e)| < Ke, |Ra(e)| < Ke, (6.13)
which inserted in (6.12) gives the easy estimate

p2(D) < pa(De) + Ke .
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More generally, we have the following simple but important fact: each estimate on the
error terms R; and Ry automatically translates into an estimate of the same order for the
deficit. Let us state precisely this observation, whose proof is immediate from (6.12).

Lemma 6.2. Let w : [0,1] — RY be a continuous function with t2/K < w(t) < Kt. If
there exists a constant C' > 0 such that

|R1(e)| < Cwl(e) and |Ra2(e)| < Cwle), (6.14)
then there exists a constant C' such that

p2(D) < pa(D:) 4+ C'w(e)
for every sufficiently small € > 0.
Keeping in mind Theorem 4.1, (6.3) and (6.1), we know that
SW(D;) = p2(D) — p2(De)

hence to conclude the optimality of the exponent 2 in (4.7) one would like to prove (6.14)
with w(t) = 2.

6.2. First step: some heuristics and a “toy proof”. In this subsection, we briefly
present the “toy scheme of proof” in order to introduce the main ideas that will give us
the searched result. Then, in next subsections, we will give the formal proof. We will focus

on the term Rj(g), but one can easily see that everything works exactly in the same way
for Ro(e).
Let us start observing that

1+ey(9)
/ |Vue (2 |2d:6—/ / ( Dpue)? + 8gu5 2) odod?d
D\D
T+
/ Ve (2)|? da —/ / (a ve) am 2) dodd .
D\D. T— 1+eyp (¥

Using the fact that d,u.(v, 0) = O(e ) and 3905(19, 0) = O(e ) for p = 14 O(e) (which in
turn is an immediate consequence of the geometry, together with (6.5) for & = 2), and the
fact that |D \ D.| = |D. \ D| = ¢, one can calculate

1+eyp (¥
/D\D\Vug( ]d:c—/ / (%ug) ododd + o(?)

. ¢< ) (aﬁum, D) o+ 0@,

and

and similarly

T+90
/ Vo (2))? do = / / 8191}8) odod?d + o(e?)
D\D. 1+ey (9

=3 Momm (aﬂuaw, D)+ 0.

—99
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Hence, recalling that by (6.2) one has ¥(¢ + ) = —(1), one gets

Ru(e) = —« /7r ) (900-(0. 1)) a0 — ¢ i 0(9) (9yu=(0.1)) " di + O()

—99
Yo
=c (V) <aﬂvg(19 + 7,1)% — dguc (v, 1)2) di + O(e?) (6.15)
—J9
Yo
—¢ () <aﬁv5(19 +7,1)2 — dgve (9, 1)2> dd + O(e?),
—J99

where the last equality is due to the fact that by definition u. = v. up to the constant §
around (1,4), with 9 € (=9, 99). The idea now is quite simple: one can guess that v. is
sufficiently close to an eigenfunction @ for us(D). For example, imagine that v, coincides
with 7@, up to an error of order &: then substituting v. with @ in the above estimate the
integral term would disappear, thanks to the symmetries of the eigenfunctions of the disk.
This would improve the rate of convergence to 0 of the term Rj(¢) up to an order 2.

It is important to notice that more generally, by means of (6.15) and Lemma 6.2, we have
the following chain of implications

min flve = Llorpy 2 wle) = [Ri(e)] Sewle) = [ua(D) - pa(De)] S ewle)
for every w as in Lemma 6.2, where Ey = {a & +0&3 : (a,b) € R x R} is the eigenspace

relative to pe(D). As we will see, this observation constitutes the core of our proof of the
sharpness of (4.7).

Remark 6.3. At this point, the reason why ellipsoids did not work in Section 5 becomes
evident. Indeed, for the ellipsoid E. of the previous section, the function v satisfies ¥ (7 +
) = ¢(J) rather than (6.2). Hence, in (6.15) one would have that the two terms in the last
integral add up instead of subtracting, thus giving R;(¢) ~ ¢, which is perfectly consistent
with the fact that pa(D) — pe(E:) =~ €.

6.3. Towards the proof: technical machinery. The first technical result we need is
the following: the convergence of v, to the eigenspace Es is quantified in terms of the decay
rate of the error terms R; and Rs.

Lemma 6.4. Let w be a function as in Lemma 6.2. Suppose that there exists C > 0 such
that for every € small enough, we have

|R1(e)| < Cwl(e) and |R2(e)] < Cwle). (6.16)
Then there exists an eigenfunction & relative to pe(D), such that

l|lve — fz—:”cl(ﬁ) < C V w(e), (6.17)

for some constant C depending on C, but not on €.
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Proof. We will proceed using a spectral decomposition in L?(D) for v., namely
Ve = Z CLn(E)fn )
n>2

where {&, }n>1 are the (renormalized) Neumann eigenfunctions of D, forming an orthonor-
mal basis of L?(D), and where a1(¢) = 0 because v. has zero-mean.
First of all, one can easily calculate

Zan( —1—HU€HL2 —1—/1} —/ uz —/v — Uz —/ v? — @2 + Roe),
B D\D.

n>2

which by (6.16) and recalling (6.10) and (6.11) yields

Z an(a)2 —

n>2

1| < Cw(e) + Ke? < Chwle). (6.18)

Notice now that by the normalization of the eigenfunctions and by definition one has
[p IV&u |2 = pn(D) for all n, from which we get

in(De) = /D Ve () da

= UZ'QJT ’U,.’EZ.T— U.’I]QCU
= [ 190 >rd+/D\Drv TR L A T)
—Zan n Rl()

n>2

Since assumption (6.16) and Lemma 6.2 ensure that |2(D)—p2(D.)| < C'w(e), from (6.18)
and (6.19) we get

D an(e)? MQ(D)‘ <(C+CNw(e) = Cowle). (6.20)

n>2

Recall now that pa(D) = pz(D) < pa(D). Hence, by (6.20) and (6.18) we have

Cow(e Z an (&) pn( ,ug(D)'
n>2
- MQ(D)(Z > > an(e)?(pn( MQ(D))‘
n>2 n>4
> (44(D) = 12(D)) Y- an(2)? = a(D)Cr wie),

n>4
which gives

Zan < Csw(e), hence ‘ag(s)Q + az(e)? — 1‘ < Cyw(e),

n>4
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where the implication comes again from (6.18). Inserting this estimate into (6.20), one
derives

Zan un ) < Csw(e).

n>4
Finally, this ensures that v, is close, in the W12 norm, to the function
¢ = az(e) &2 +as(e) &3,
which in turn is an eigenfunction for ug(D) = us (D) In fact,

o= elivsay = [ (=0 + 900 =) = [ Tan(e*(62+198:1)

nzd (6.21)

= Zan (1+ pn(D)) < Cow(e).

n>4

Summarizing, to conclude the proof we only need to replace the W12 norm by the C!
norm. To do so, we are going to use the classical elliptic estimates of Calderon-Zygmund
type for the Laplace operator (see [7, Chapter 9]).

Let us then start by observing that, in D N D, one has
—Av. = —Au, = ,U‘Q(DE)U/& = p2(De) (Us + 5) )
where 6 = O(e) has been defined in (6.7), and then set

D, 0 DND.,
fe= {M2£U5)(U€+ ) EED\D; ge = (Vve,vp) on 8D,

where by vp we denote the outer normal to D on dD. Hence, v, is by construction the
unique solution of the problem

—Au= f. in D,
(Vu,vp) = g ondD,

\ /Qu(ac)dx: 0.

Similarly, if we set f = ua(D) ¢, then ¢ is clearly the unique solution of the problem
( —Au= f in D,
(Vu,vp)= 0  on 9D,

/Qu(:z)dx: 0.

Let us then fix now an exponent p > N = 2, and keep in mind the global estimate

1D* (ve — SO)HLP(D) < H(Hff - fHLP(D) + HQEHWI—l/m(aD) + [ D(ve - S‘J)HLP(D)) - (6.22)

We start considering the first term of (6.22). By definition, for any € D N D. one has
fe(x) = p2(De)(ve(x) + §). Moreover, for any x € D there is & € DN D, with |z — Z| < Ce
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(if z € DN D, simply take & = z!). Hence, recalling the uniform estimates (6.9) and (6.7),
one can observe that

fe(x) = —Ave(2) = —Av:(Z) + O(e) = p2(D:) (v=(2) + 8) + O(e) = pa(D:)v=(z) + O(e)
hence
£ = fHLp(D) = || u2(De)ve — NZ(D)SOHLp(D) +O(e)
< |pa(De) = p2(D)||[ve | oy + p2(D)||ve = @l oy + Oe)  (6.23)
< Crw(e) + Cs Jw(e) + O(e) < Co /w(e),

where we have used (6.16) and Lemma 6.2 to estimate |u2(D:) — p2(D)| < C'w(e),
and (6.21) plus a Sobolev embedding to estimate |[v- — | rr < Csy/w(e).
Concerning the second term in (6.22), one immediately gets

192 lw1-1/pp(py < Ce (6.24)

by simple geometric considerations, since v. is a C? extension of u. up to an additive
constant, and since u, satisfies the Neumann boundary condition on dD..

Finally, let us consider the last term in (6.22). To estimate this, we can use the interpo-
lation inequality

ID(ve = @)llop) < Coll D(ve = @)l L2(py + O D*(ve — @) Lr() (6.25)

valid for 6 € (0,1), and where Cy is a constant depending on 6 such that Cy — oo as 0
goes to 0. By choosing 6 small enough, namely such that Hf < 1 being H the constant
in (6.22), and by recalling again (6.21), we can insert the estimates (6.23), (6.24) and (6.25)
into (6.22) and get

Hvs - quwz,p(D) < Cigve.
We conclude the validity of (6.17), hence the proof, by a last Sobolev embedding theorem,
since p > 2. ]

We now rigorously prove that to every improvement on the decay rate of the distance
between v, and the eigenspace Fs, there corresponds an improvement (of the same order)
on the convergence to 0 of R; and Rs.

Lemma 6.5. Let t — w(t) satisfies the hypotheses of Lemma 6.2. Suppose that for every
e K 1, there exists an eigenfunction & for us(D) such that

[|ve — 55”01(5) < Cy/wle), (6.26)

for some constant C' independent of €. Then there exists a constant 5’, still independent of
€, such that

|Ri(e)| < CeJw(e), i=1,2.
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Proof. Using the uniform estimates (6.5), for any point with polar coordinates (p,9) €
D.\ D (hence, with 1 < p <1+ e(¥)), one has
|Vue (0,9)] = [Vue (1 + ep(9),9) | + O(e) = [0guc (1 + epp(9),9)| + O(e)
= |0guc (1,9)] + O(e) .

Notice that the second equality comes from the facts that u. satisfies a Neumann condition
on dD., and that the normal vector on 9D, is radial up to an error of order . Therefore,
recalling also that |D. \ D| & €, one obtains

Yo
/ ‘Vue(x)fdm :s/ V(0)0guc(1,0) dv + O(e?)
DA\D —do

Yo
=¢ Y(0)0gv-(1,0)2 di + O(e?),
Yo

(6.27)

where the last equality comes from the fact that v. = u. on D N D, up to an additive
constant. In the very same way, recalling that by definition of v. one has

Voo (1 + ep(9),9) = Vue (1 + p(9), 9)

for all ¥ € [r — ¥9, ™ + Y], and that the uniform estimates holds also for v. by (6.9), one
gets

T+
/ V. (2)| do = g/ ¥(0)dyv-(1,0)? d + O(£?) . (6.28)
D\D. T—10
Let us now apply Lemma 6.4, which is admissible since (6.16) holds by assumption.
Finally, recalling the definition of R;(e), from (6.27) and (6.28) and (6.26) one obtains

Yo
IRi(e)| < ¢ / @z)(ﬁ)((aﬁveu,ww))?f(aﬁuga,ﬁ)ﬁ) dﬁ‘+0(52)

—90

=£

Yo
/ () (€1, + ) = (99€(1,9))?) dﬁ‘ + e wl(e) + O(e?)

—9
< Cer/w(e),

where we used the fact that 0y&(o0,?) = —09&(0, ¥ + ), true for any eigenfunction & for

p2(D). In the very same way, one can prove that also |Ra ()| < Ce \/w(e), hence the proof
is concluded. O

6.4. Sharpness of the exponent 2. We are now ready for the main result of this section.
To do so, let us define

OJ()(S) = ‘R1(€)‘ + |R2(8){ .
This is clearly a continuous function, with wy(e) < Ke by (6.13), and with wp(e) > e2/K

by Theorem 4.1. We can then apply Lemma 6.4, which ensures the existence of an eigen-
function & for ps(D) with the property that

o — &llr 5y < € Ven(e),
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for some constant C' not depending on . Applying then Lemma 6.5, we obtain that
wo(e) = |Ri(e)| + | Ra(e)] < 2Cev/wo(e),

being also Ca computable constant, not depending on €. The previous inequality of course
implies that wp(e) < 4C2%e2, that is,

|Ri(g)| < 4C%2, |Ry(g)| < 4C2%€2.
We can then apply Lemma 6.2 with w(e) = €2, so to finally obtain |us(D:) — u2(D)| ~ &2
as desired.
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