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ABSTRACT. The combined effect of fine heterogeneities and small gradient perturbations is analyzed
by means of an asymptotic development by I'-convergence for a family of energies related to (one-
dimensional) phase transformations. We show that multi-scale effects add up to the usual sharp-interface
limit, due to the homogenization of microscopic interfaces, internal and external boundary layers, optimal
arrangements of microscopic oscillations, etc. Several regimes are analyzed depending on the “size” of
the heterogeneity (small or large perturbations of a homogeneous situation) and their relative period as
compared with the characteristic length of the phase transitions (slow or fast oscillations).
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1. INTRODUCTION

The object of this paper is the study of the asymptotic behavior of a family of non-convex energies of

the form
/Q(W(%,u) +52|Vu|2)da:

(and possibly with a volume constraint on u), where W is a periodic perturbation of a double-well
potential W with wells in +1, the unperturbed situation being the one studied in the seminal papers
by Modica and Mortola [8, [7]. The combined descriptions obtained by homogenization with respect to
the variable § and by a sharp-interface limit as ¢ — 0 are not sufficient in this case to fully describe
the behavior of these energies at all scales, and a more complex multi-scale analysis is needed. In fact,
minimal sequences tend to develop microscopic interfaces by following the oscillating minimal set of W;
such interfaces are possible in the case of slow oscillations (§ > ¢), while are asymptotically damped
in the case of fast oscillations (0 < ). Note that, contrary to [§], the latter case is the only one
where minimizing sequences are strongly compact in L', while only weak compactness holds in the other
cases. In their turn, optimal arrangements of microscopic interfaces for small perturbations of W tend
to oscillate between the states 41, while for large perturbations of W their average tends to be 0. As a
consequence sharp interfaces are developed only in the first case. Additional effects are due to boundary
terms, to the interaction between neighboring microscopic interfaces through internal boundary layers,
to the asymptotically damped interfaces in the case of fast oscillations, and to the optimal arrangements
of microscopic interfaces in the case of large perturbations. Such a complex multi-scale analysis can be
captured by looking at the development by I'-convergence of the energies above. In this paper we focus
1
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on a prototypic one-dimensional case which we believe already contains the main features of the general
case.

The prototypical energies we have in mind are governed by three different parameters: € > 0, the
characteristic length of the phase transitions; k € (0, 1), the perturbation from the phases of a given
double-well potential; § > 0, the period of this perturbation. More precisely, for any choice of the
function 6 = d(g), 6 — 0 as € — 0, we consider the following family of functionals

Fr(u) = /01 (Wk (%u) + 52(1/)2) dz, (1.1)

where W* : R x R — [0, 4-00) is 1-periodic in its first variable and on the periodicity cell (0,1) is defined
as
Wi(s—k) if ye (0,2
Whiy,s) = 4 ) (1 2)
W(s+k) if ye(3,1)

with W(t) = min{(t — 1)%,(t + 1)?}. A first relevant simplification to the general situation is due to
this special choice of the double-well potential W* and to the related fact that its minimal value does
not oscillate being always equal to zero. A step in the direction of removing this simplified hypothesis is
represented by a model recently proposed in [5] by Dirr, Lucia and Novaga. They consider a perturbation
of the Modica-Mortola energy by a rapidly oscillating field with zero average; specifically

Felu) = /Q (@ +e|Vul* + ai’Y g(%) u) dx,

where g is a 1-periodic function and W a general double-well potential. Then, when v > 0 both the
amplitude and the frequency of g become large (for e small) and the infimum of the energy can even
tend to —oco as € — 0. Hence, in this case, to fit in the framework of I'-convergence, the authors need to
introduce an additive renormalization to the energies. If on one hand in our model we do not encounter
the difficulty arising from this renormalization, on the other hand, our particular choice permits to detail
a higher-order asymptotic analysis that is not pursued in [5].

Coming back to our model, a first observation is that for k = 0, W* = W and () reduces to

F.(u) :/0 (W (u) + &*(uv')?) dz,

for which a I'-development (with respect to the strong L?-convergence) is given by the Modica-Mortola
Theorem [8, [7] and can be (formally) written as

1
F.(u) L/o W(u) dz + eCw#S(u) + o(e), (1.2)

where S(u) denotes the set of discontinuity points of v and Cy := 2 fil VW (s)ds, with the constraint
u € BV ((0,1); {£1}) given as understood for the second energy.

Since the above I'-development is stable by adding a volume constraint, one may prescribe the “vol-
ume” of the phases and address, for instance, the study of the minimum problems

ms—min{Fs(u): /Oludz_d}, (1.3)

with |d| < 1, to exclude the trivial case of constant minimizers. Then, since the minimizers of Cy #5(u)
are only the two functions +sign(z — 15%), one deduces the convergence of a minimizer for ({[Z3) to one
of these functions. In addition, we have the development of minimum values

me =eCw +o0(g), as e—0.
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—1/2¢ and thus one

Moreover, in this case it is possible to compute that the next meaningful scaling is € e
may further write

me =eCy +ee V2Cy +o(ce” V%), as e —0.
However, the minimizers being essentially uniquely characterized by the analysis at order e, this last
information only provides a better approximation of the minimum values m..

For k > 0 we are dealing with a multi-scale energy. In this case, the spatial discontinuity of the poten-
tial makes the zero set of W oscillate on a d-scale and induces the presence of microscopic oscillations
whose final effect depends on the mutual vanishing rate of € and 4.

As a particular case of a multi-dimensional model introduced in [6] by Francfort and Miiller, we have
that the energies F* T'-converge to a homogeneous functional

1
FF(u) = / Wi (u) de where ¢:=lim @ (1.4)
0 e—=0 ¢
If £ = 4o00; ie., 6 > e (slow oscillations), the phenomenon due to periodic oscillations is dominant
while the gradient perturbation turns out to be irrelevant in the limit. One has Wk = Wk where
W}’fom is given by the well-known cell-formula of nonlinear scalar homogenization, which only involves
the potential W* (see ([B2)).

If £ € (0,+00); i.e., € ~ &, oscillations and phase transitions interact and the singular perturbation
contributes to the definition of the “effective potential” W[ (see (E3)).

If £ = 0; i.e., § < ¢ (fast oscillations), oscillations of u on a d-scale are “forbidden” and W is simply
(the convex envelope of) the average of W* over the period (see ([4)-(E3)).

In Section Bl (and Section B) we show that F} is degenerate for any choice of k and ¢, so that
a higher-order asymptotic analysis for F¥ is needed (note that for k > 1 FJ is strictly convex, which
explains our choice of k € (0,1)). Since we are interested in describing how the two different parameters
¢ and ¢ interact in the creation of the various scales occurring in the I'-development, we mainly focus on
the two extreme regimes § > ¢ and § < €. Nonetheless, for the sake of completeness, in Section [ we
briefly discuss also the “critical” case § ~ e.

A direct computation gives that for £ = 400, min Wk =0 = Wk (s) for every s with |s| < 1, so that
Fk has a large set of minimizers. Then, in Section Bl we turn to the analysis of the scaled energies
1

——FF, (1.5)

M)
with )\g)) a suitable positive function, vanishing as ¢ — 0. The Modica-Mortola scale analysis performed
at the micro d-level suggests that a minimizing sequence for ([I) must oscillate on that scale making
optimal transitions on an e-layer (as, for instance, in Fig. [I).

1)
—
1+k |
}_{
€
0 T

FIGURE 1. Microscopic phase transitions.
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In Section Tl we show that we may have four different types of optimal transitions characterized by
three different energy contributions depending on the the parameter k. More precisely, if these energy
contributions eCF (i = 1,2,3) are associated to each transition as in Fig. B, we prove that C§¥ > CF and

C% > C§ for every k € (0,1), while C} < C% if and only if k < % (see Remark ECT)). Hence, we have two
1

5, regime of large

different regimes for k: k < %, that we call the regime of small perturbations and k >
perturbations.

1+k ]

1—-Fk |

—1+k ]

Fi1GURE 2. Different types of optimal transitions with their energy contribution, for k < %

Since each of these transitions carries an energy contribution of order ¢, the next relevant scaling for the
energy turns out to be

AL (e) = %. (1.6)
The asymptotic behavior of (LX) is analyzed in Theorem EE2 which establishes that
1
O p(uy / YF(u) de =: F*O (u) (1.7)
€ 0
(with respect to the weak L2-convergence) with ¥ as in Fig.
P k< g ok P k>4
-1 0 1 S s

FIGURE 3. The function 9*.
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A first interesting observation is that the presence of microscopic phase transitions, with the consequent
distribution of the energy of a minimizing sequence on its whole domain, leads to a I'-limit which is again
a bulk energy. This represents a difference with the Modica-Mortola result in which the energy of an
optimal transition concentrates on a small layer thus yielding a first-order energy of surface type.

From the point of view of the construction of a recovery sequence for (L), Theorem asserts that if
we are in the regime of small perturbation; i.e., k < %, any state |u| < 1 can be approximated by mixing,
in the right proportion, on a suitable meso-scale, minimal optimal transitions; i.e., with average 1 and
average —1. If instead we are in the case of large perturbations; i.e., k > %, the minimal transitions are
those with average 0 which then only permit to approximate the state u = 0. To obtain a non zero state
we are then obliged to mix minimal transitions with “expensive” ones. Moreover, (L) suggests that the
characterization of the asymptotic behavior of sequences of minimizers, as well as the development for
the minimum values, can be improved for k < % In fact, for k£ < %, ¥ = 207 so that we are again in the
condition that the I'-limit only provides the information that the weak limit of sequences of minimizers
can be any function v € L?(0,1) such that |v| < 1 a.e. Hence, in Section EZ30] we come to consider the
scaled functionals

Fk %minF’“(l) fol %mind)k fol . %2 Ck
A2 (e) A% A9

for a suitable scaling ,\é? (e).
We observe that F¥ — $2 C¥ is infinitesimal on a sequence whose qualitative behavior is as in Fig. @l

ek
501

FIGURE 4. A transition between the two “oscillating phases” 1 and —1.

Moreover, since a microscopic optimal transition is a solution of an optimal-profile problem stated on a
d/e-interval, on any d-period we have to consider an extra exponentially-small contribution due to the
interaction between two neighboring microscopic phase transitions. The total energy of a minimizing
sequence for F¥ — £ 2CY turns out to be of order
£ _3
e+ 5 e 2.

Then, the natural assumption ¢ > e (notice that the converse inequality would be quite restrictive
for the possible choices of ¢) leads to

A2 (e) =¢,

which is the scale of the transitions between the “oscillating states” around 1 and —1.
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In terms of I'-convergence, Lemma EL0l and Theorem B assert that

F¥(u)

€5k
) 201 1 k L, % T k k k
S = SRRy - s 20t (- Oh#(S(w) - O (18)
22 (e) € )
for u € BV((0,1);{£1}). The extra C} is a boundary-layer term that would disappear under some
periodicity assumptions. Hence, at scale € we get in the limit a surface energy of Modica-Mortola type
but now with the convergence of minimizing sequences being only weak.
The combined computations of ([CAl), (L) and ([CH) are formally summarized by the following devel-
opment
1
Fru) 2 / Wi (u) do + %20{“ +e((Ch = CHY#S(u) — CF) + o(ge—%). (1.9)
0
We are also able to explicitly compute the optimal-profile problem energy thus giving an accurate estimate
for the error O (/0 e_%) (see @AH)). A comparison between ([L2) and (L) shows that the interaction
between periodic oscillations and phase transitions gives rise to two new scales that cannot be observed
by a separate analysis of these two phenomena. These scales are €/ which is the scale of the microscopic
interfacial energy and /6 e~%/% which is the scale of the interaction of microscopic interfaces.

In the case of large perturbations k£ > % and slow-oscillating potentials £ = +o00, ¥* has the unique
minimizer s = 0 (see Fig. Blor Fig. H). Nonetheless, we may add an integral constraint to the problem,
which in turn allows to add an affine perturbation to the energies without changing their minimizer. The
non-strict convexity of the function 1* makes possible to determine a I'-development for F* in this case
as well. More precisely, in Section EE3 we consider the functionals (d € (0, 1) fixed)

FY(u) Lk 0 ik 'k '
— | Pu)de==-F’(u)— [ r*(u)dz for u such that udr =d, (1.10)
/\SQJ 0 g ° 0 0

where ¥ is the affine perturbation chosen in a way such that 1*(s) — 7¥(s) > 0 for every |s| < 1 and
PF(s) — rk(s) = 0 for every 0 < s < 1 (see Fig. H).

wk _ Tk
k
¥ | 20k

2C%

FIGURE 5. The function 9% — k.

A minimizing sequence for (CI) (or equivalently for F* with the same constraint) is forced to mix
minimal optimal transitions with average 0 with more expensive transitions with average 1, thus yielding
a degenerate I'-limit having a large set of minimizers. The scale analysis for this case is quite complex
and in particular highlights the presence of the new scale £2/§% which takes into account the interaction
between these two different types of microscopic phase transitions (see Theorem EEIT). What happens
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1+k+s: 1

1+ se

1—k+se
Se
~14+k+se | _ N/ AN AN x
€
FIGURE 6. A minimizing sequence in the case of large perturbations k > %

is that for any fixed £ > 0 a minimizer for (CI0) is the result of a suitable mixture of oscillations with
average s > 0 (s — 0, as € — 0) and oscillations with average 1 + s. (see Fig. [l).
Loosely speaking, using this two averages (instead of 0 and 1), a minimizer can satisfy the volume
constraint using a smaller proportion of energetically expensive transitions.

For k > %, we establish the following I'-development

1 1 2 Ck Ck
Ff(u) £ / Wik (0) dez + %/ WHu)de - S(Ch - b e L2 oS k),
0 0
where the term at scale € accounts now only for the effect of the external boundary layers. Moreover,
the above development is valid under some additional assumption on § needed, in this case, in order to
get the compatibility of the I'-limit procedure with the imposed integral constraint (see Remark EJ).

Finally, with Theorem we carefully estimate the error O(E /0 e_%).

For small perturbations k < % and fast-oscillating potentials ¢ = 0, a direct computation shows that

min WF = k% = W[ (s), for every |s| < 1. Thus, in Section B we determine the scaling /\81)(5) in order to
study the asymptotic behavior of the family of scaled functionals

FF — k2

2 (e)

We prove that, upon choosing § sufficiently small, the presence of small scale heterogeneities does not
essentially affect the I'-convergence process at first order too. Specifically, we show that even if F(v) —
k? = 0 for v = £1 (as it immediately follows by the definition of W), in this case it is more energetically
convenient to oscillate “around +1” than to be identically +1 and the cost of these oscillations has a
development in terms of powers of §2/¢? (see Fig. [).

Then, since the presence of the singular gradient perturbation introduces € as the length for the layer
of a transition between the two “oscillating phases” +1, we have that the contribution of a minimizing

sequence for Fsk © _ k2 is of order
62
e+ 5—2
We only focus on the case § < £3/2 which yields
A (e) =,

since we expect to obtain constant I'-limits for other choices of the scaling )\(()1) (€). We also notice that the
asymptotic analysis for the “critical case” § ~ £3/2 yields a I-limit of Modica-Mortola type. Nonetheless,
it seems that in this case the two phenomena of oscillations and phase transition may interact in a non
trivial way thus introducing some technical difficulties to the problem.
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FIGURE 7. The qualitative behavior of a minimizer for F¥.

3/2

Under the assumption § < £°/4, in Theorem ] we prove that

FFu)— k2 FF(u) — k2
i = T L (S
0

1
for u € BV((0,1); {£1}) with Wk(s) = fol Wk (y,s) dy and O(Wk_kz) = 2/ \/Wk(s) — k2 ds.
-1

In this case the equi-coercivity at scale € improves to strong-L? equi-coercivity, as for the Modica-
Mortola functional, so we may (a posteriori) compute also the “zero-order” I'-limit with respect to the
strong L2-convergence, obtaining

F(u) = /O W (u) da.

Thus, for § < €3/, k < % we find that a [-development for F* (with respect to the strong L2-convergence)
is given by

The above development in particular shows that in this case we may formally first perform the homoge-
nization procedure for fixed e, by letting § — 0 and then apply the Modica-Mortola Theorem to

/O (T () — k2 + 2(u)?) da.

Theorem states that in this case the scale analysis performed for k < % applies unchanged for k >
thus yielding an analogous I'-convergence result.

Finally, the case of potentials oscillating on the phase transition characteristic length scale; i.e., the
case § ~ €, can be also described by a development, taking into account that optimal sequences still
have the form described in Fig. [ with finite oscillations around +1 (or around two explicitly computed
positive values for the case of large perturbations with a positive volume constraint (see (EI))) now neither
following the zeroes of W* as for slow oscillations, nor asymptotically dumped as for fast oscillations.
This case is briefly described in the last section.

1
2

2. DEVELOPMENT BY I'-CONVERGENCE

For the reader’s convenience and in order to fix notation, in this section we recall the notion of development
by T'-convergence (or in brief, I'-development) and the related terminology. For an introduction to the
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subject, we refer the reader to the classical paper by Anzellotti and Baldo [2] and to the more recent
work by Braides and Truskinovsky [4].

The procedure leading to a development by I'-convergence is aimed at a better characterization of
the asymptotic behavior of a family of minimum problems when the I'-limit is degenerate. Specifically, if
(F:) is a given family of equi-coercive microscopic energies, the fundamental property of I'-convergence
can be sketched as

P r PO {m8 :=min F, — m©® .= min F©
{limits of minimizers of F.} C argmin(F(®))
where argmin(F(©) := {u : F©(u) = m(®} and the inclusion may be proper. Hence, in general the
description given by F(©) may fail to completely characterize the asymptotic behavior of the family (F.).
Then, the idea is that the computation of the I-limit F(©), the zero-order T'-limit, is only the first step in
the description of the asymptotic behavior of F¢, as it can be necessary to refine the above limit procedure
to select those minimizers of F(°) which are actually limits of minimizing sequences of F.

The most intuitive refinement procedure of standard I'-convergence is the iteration of the successive
I-limits. Once a T-limit F(©) of a family (F.) is computed, and the next meaningful scale \()(¢) (for a
scale we mean a function A" (¢) > 0 such that A(V)(g) — 0 as ¢ — 0) is conjectured, we may look at the
T'-limit of the scaled family of energies

F.(u) —m©

AD(g)
and, if it exists, we denote it with F(V), the first-order T'-limit (or, if more meaningful, the I-limit at
order A1 (g)). Notice that the domain of F(1) is, by definition, a subset of the set of minimum points
of FOO); j.e., dom(FM) C argmin(F(®). If F(U is not trivial (which is the case if the scale A()(g) is
“meaningful”), then the iterated application of the property of convergence of minima for I'-converging
sequences leads to a development of the minimum values

me =mO £ XD ()m® 1 oAV (), ase — 0,

where m() := min FM. Tt is also clear that the minimizers for Fs(l) are exactly those for F.; then we
deduce that the limits of minimizers not only minimizes F(©) but also F(!). Loosely speaking, we have

FW(u) =

{limits of minimizers of F.} C argmin(F()) C argmin(F©®),

thus we have actually made a selection among minimum points of F(®©). The combined computation of
the zero and of the first-order I'-limit as above is formally written as the I'-development

Fo 2 FO £ XD (e)FO 4 oA (e)),

with o(A(Y) (¢)) meaning that the next relevant scale is of higher order than A(V)(¢), as & — 0.

If necessary, this procedure can be iterated obtaining other scales A()(g), \(})(¢), etc., and conse-
quently other terms in the development. This may provide a considerable improvement of the description
of the minimizing sequences and in some cases, may give a complete characterization of the asymptotic
behavior of (F.). Moreover, we remark that since in the applications one would like to construct “theo-
ries” operative at small but finite ¢, a development by I'-convergence can be also viewed as the simplest
way to bring a small scale back into the problem (see H]).

3. ZERO-ORDER I'-LIMIT

In what follows, our notation will be consistent with that introduced in Section
Our energy is a particular one-dimensional version of a more general multi-dimensional energy intro-
duced by Francfort and Miiller [6]. Thus, with in mind the idea of a I'-development for ([[CIl), in this
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section we adapt to our setting the I'-convergence results of Theorem 2.1 and Theorem 2.3 in [6]. Those
two results are summarized in the following theorem.

Theorem 3.1. Let § = () > 0 be such that § — 0 as e — 0 and set

f:zlimﬁ.

e—0 ¢
Then, the family of functionals F¥ : L2(0,1) — (0, 4oc] defined by
1
k(T 2/, N2 . 1,2
) = /0 (W (5,u)+a (o) ) dr ifue Wh2(0,1)

€
+o00 otherwise,

I'-converges with respect to the weak L?-convergence to the homogeneous functional defined on L*(0,1)
by

FO ) = /0 1 WE(u) da . (3.1)

The integrand W[ depends on { in the following way:
(1) if £ = 400, then

Wk (s) = inf{/o1 Wk (z,v)dx : v e L*(0,1), /Olvdx = s} ; (3.2)

(2) if £ € (0,400), then

WF(s) = inf inf {][0" (Wk(x,v) + élz(vlf) dr: v e Wl’Q(O,n),][Onvdx = s} ; (3.3)

neN

(3) if £ =0, then
WE(s) = (W)™ (s) (3.4)

where
1
W (s) = /0 Wy, 5) dy. (3.5)

Remark 3.2. From the definition of W*, a priori we only know that the family (F¥) is equi-coercive
with respect to the weak L?-convergence (for any choice of § = §(¢)), for this reason in Theorem Bl the
T'-limit is computed, in each regime, with respect to that convergence.

3.1. The effective potential Wé’“. The starting point of our analysis consists in a complete characteri-
zation of the zero-order I'-limit Fék(o). Then, recalling the definition of our given W, in this section we
compute the explicit expression of the effective potential Wé’“. Here we only treat the cases £ = +o00 and
¢ = 0, while, since the case ¢ € (0,400) needs a different investigation involving some of the techniques

developed in the next sections, we refer the reader to Section [l for ¢ € (0, +00).

If ¢ = +o0, Theorem [l asserts that WX is given in terms of the cell formula (B2), that is equivalent
to

Wk (s) zmin{/ol(Wk)**(x,v)dx cv e L*0,1), /Olvdac = s},

thus by using Jensen’s inequality it is easy to check that

1 1
WE (s) = min {§W**(81 —k)+ §W**(82 +k): s1+s2= 25} .
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Finally, a straightforward calculation gives

Woo(s) =W (S)—{ (s| =12 if |s| > 1. (3.6)
If ¢ = 0, then trivially
—k 1. . 2+ (1—k)2 if [s| <k
W (s) = =(Wk(s — k) + WF(s+ k) =
(5) = W s = k) + WHs + ) {(|s|—1)2+k2 if |s| > k
hence by a direct computation we get
k2 if |s| <1
W§(s) = - 3.7
0(s) {(|s|—1)2+k2 if |s| > 1 (3.7)
for k < %, while
524+ (1 —k)? ; if |s|<k-1
Wei(s) = (2k = 1)|s| =k + 5 if k—2<|s|<k+1 (3.8)
(Js| = 1)2 + k2 if [s|>k+3
for k > %
A
W

—k
. W
N 7\
/ N 7 \
/ N7 \
/ )2 N\
, 11—k
K2
| | -
-1 0 1 s

FIGURE 8. The effective potential W' for k < 3 and k > 1.

Then, the effective potential Wf has a large set of minimizers for both £ = +o0c0 and £ =0, k < %; more
precisely, Wlk(s) = min Wek for every s such that |s|] < 1. At this point some scale analysis must be
performed for both £ = +ocoand £ =0, k < %, to understand what the next relevant scaling is. We expect
this scaling to depend on the regime ¢ and on the parameter k as well but, to not overburden notation,
we only explicit the dependence on ¢ so that in what follows we denote the first meaningful scaling by
)\gl)(a).

Finally, as for the remaining case ¢ = 0, k > %,
of Wk (see Fig. B) permits to determine an asymptotic development for F* in this case too by adding
an integral constraint to the problem, which in turn allows to add an affine perturbation to the energies
without changing their minimizers (see Section [l and also Section EE32).

we want to point out that the non-strict convexity
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4. 0 > e: THE CASE OF SLOW OSCILLATIONS

In this section we treat the case when the scale of oscillation § is much larger than the scale of the
transition layer ¢; i.e., the case £ = +oc.

In order to guess what the first meaningful scale /\&) (e) is, we start by performing a preliminary
qualitative scale analysis. Using the same argument proposed to examine the Modica-Mortola model
[0, 8 we estimate the order of mf := min Fsk, as ¢ — 0. To this end, we focus on a single -interval:
to fix the ideas, say the interval (0,d). Then, when we come to minimize Ff, on one hand the term

f(f Wk(%, u) dz favors those configurations which take values close to the (varying) zero set of W*; i.e.,
close to (at least) two different constant values: one chosen in {1+ k, -1+ k} when x € (O, g), and the
other chosen in {1 —k,—1 — k} when z € (g, 6). In other words, the potential term in the energy favors

a phenomenon of phase separation. On the other hand, the gradient term 2 foé (u')? dx penalizes spatial
inhomogeneities thus inducing a phase transition phenomenon as well. When ¢ is small the first term

prevails, and the minimum of
s
/ (Wk(f,u) +52(u’)2) dx
0 0

is attained at a function which takes “mainly” values close to the set {1+ k, —1+ k} in (O, g) and close
to {1 —k,—1—k} in (%,5), but which also makes a transition on a “thin” layer around g. Then a
scaling argument (see e.g. [T] and [3], Chapter 6) proves that the transition between two different zeroes
chosen as above, actually occurs in a layer of thickness of order € (recall that 6 > ¢) and gives an energy
contribution of order . Clearly the previous heuristics can be repeated on each d-interval thus yielding
a total energy contribution of order 5. Hence, we claim that ALY (e) = ¢/, and the proof of this claim

will be made rigorous with Theorem

4.1. Estimate for the phase-transition energy. We now move the first step towards a rigorous
justification of the qualitative argument discussed in the previous section. In what follows, we make use
of some well-known facts related to the so-called optimal-profile problem in the Modica-Mortola model.
For a detailed treatment of the one-dimensional case, we refer the reader to [T] Section 3a or to [3] Remark
6.1.

We want to find an explicit formula for the phase-transition energy; for this purpose we set

W(s) :=W(s—k) Wg(s):=W(s+k),

and for any fixed € > 0, we let 1,22 € R be such that 1 < x2, xo — z1 < g and % € (x1,x2). We start
by giving an estimate on the contribution of the integration on (z1,x2) in F¥(u) in terms of 21 := u(z)
and zs := u(xz). After setting v(x) := u(ex), we have

/:2 (W’C (%,u) + 52(u’)2) dx

1

_ . (/ (éW{“(u)—i—a(u’)z) d:v—f—/; (éWf(u)—i—a(u’)?) d:v)

z2

By the change of variable y = x — %, ET) becomes

-T

0 T
€ (/ (W (2) + ()%) dy +/ (W3 (2) + (2/)2)dy> :
0
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_9 Q0 —
with Ty := u, Ty := r2 =0 and  z(y) ==v(y+ ;) Hence, we find that a lower bound for the
€

energy of a transition between the values z1, 22 is given by

0 T
. . k N2 k "2 .
aTl;ngwmf{/Tl(Wl @)+ P i+ [ + P dy
z € Wl’Q(—Tl,TQ), Z(—Tl) = 21, Z(Tg) = 22}. (42)
Now let Zf be the set of the zeroes of Wf fori=1,2; i.e.,
={-1+k1+k}, ZE={-1-k-1+k},

if z; € ZF (i = 1,2) we know that

0
inf inf {/ (W (2) + () dy : 2 € WH(=T1,0), 2(=T)) = 21, 2(0) = zo}

T1>0 -T

0
= inf {/ (WE(2) + (2")) dy = 2z € Wb (—00,0), 2(—00) = 21, 2(0) = zo} (4.3)

— 00

and

T>>0

T>
inf inf {/0 (Wa(2) + () dy : z€ WH(0,T), 2(0) = 20, 2(Tk) = 22}

+oo
= inf {/0 (Wa(z) + (2" dy : z € W,52(0,+00), 2(0) = 29, 2(+00) = ZQ} (4.4)

where z(—o00) and z(+o00) are understood as the existence of the corresponding limits. Then, it is easy
to check that ([Z2) can be rewritten in terms of the two optimal profile problems E3]) and ), as

einf {inf { /0 (WE2) + () dy: z € VVI})CQ( 00,0), z(—o00) = z1, 2(0) = zo}

Z0 —00

+ inf { /OJFOO(WQ’“(Z) + () dy: 2 € WL2(0,400), 2(0) = 20, 2(+00) = 2, }}

51nf{ yas }. (15)

Hence, if for every (1,2 € R, we set
G2
Cwi(C1,¢2) : mf{ ‘/ \VWE(s)ds / \/ W(s } (4.6)
/ (VV]C (%, u) + 52(1/)2) dr > & Oy (21, 22). (4.7)

1

and finally as

Wk (s)ds| + 2 Wk (s

+ 2

we have

At the end, recalling the definition of the potential W¥, in order to explicitly compute Cyy« (21, 22) we
have to distinguish three cases.
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Case 1: z1=14k; z0=1—-k

OF = Cyw(1+k,1— k)

1nf{ /Hk,/w1 ds+2/ 1/W2’“(s)ds}
/Hk,/wk ds+2/ \/WE(s)ds = 2k>.

Moreover, it is immediate to prove that Cyx(—1+k,—1 — k) =
Case 2: z1 = —1+k; 20=1—k

CF = Cyn(—1+k1-k) = 1nf{ / k\/Wl d5—|—2/1 k\/Wz }
1+
1-k
= 2/1+k\/W1k(s)ds—|—2/0 \/Wk(s)ds =2(1 — k).

Case 3: z1 =14+ k; z0=—-1—k
k+1
1nf{/ \VWE(s d8+2/ \/Wf(s)ds}
k+1
= 2/ Wksds+2/ Wk( 2(1+ k2
etz [ fwi )

Remark 4.1. The constant C} is greater than both C¥ and C¥ for every k € (0,1); i.e., the transition
between the two extreme zeroes 1 + k and —1 — k is always energetically unfavorable, while

CF = Cyr(14+k,—1—k)

1
cr <0y —= k<§, (4.8)

or in other words, the transition from 1 + k to 1 — k (or equivalently from —1 4+ k to —1 — k) is more
convenient than the one from —1+ % to 1 — k if and only if k < %

4.2. First-order I'-limit. We are now ready to state the I'-convergence result for the family of scaled
functionals

Lrs T
k Ok (T N2 . 1,2
Fsk(l)(u) _ F(El)(u) zéFEk(u)z /0 (EW (6,u)—|—55(u) )d:z: ifu e Wh2(0,1) (4.9)
Aso (€) ‘ +00 otherwise.

k(1)

Note that to not overburden the notation, in Fz"’ we omit the dependence on /.

Theorem 4.2. The family of functionals Fak(l) defined as in ™), T'-converges with respect to the weak
L2-convergence to the integral functional defined on L*(0,1) by

FEO(y / V() de if uwe L?(0,1) and |ul <1 a.e.
400 otherwise ,
where . )
vhGs) = {g(cclf — Ck)[s| +2C% Zf:i z (4.10)

Before proving the I'-convergence result for the functionals Fsk ™) we need some preliminary results.
In the following proposition, 7 is the small positive parameter that we will let go to zero in the I'-limit
procedure.
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Proposition 4.3. i) The family of functionals GZ defined on L?*(—%,1) by

i1
Lk "2 - 1211
Gﬁ(u)z /_; (UW (x,u)—l—n(u))da: if we Wh3(—3,7)
4
+00 otherwise

I'-converges with respect to the strong L*-convergence to the functional defined on L2(—%, %) by
Cw (#(S(u)) = 1) + Cyre (u(07), u(07))
G*(u) = ifue BV ((=3,1);Z2F U ZE) - WF(z,u) =0 a.e.

400 otherwise,

where Cy = 2f_11 VW (s)ds and w(0T), u(0™) are the values taken a.e. by u on (0,r) and (—r,0),
respectively, for r > 0 small enough.
ii) (Compatibility with integral constraint). Let s € R and let Gf;*s be defined on L* (—%, i) by

G (u) = {

Then the family of functionals Gf,’s defined as above, T'-converges with respect to the strong L?-convergence
to the functional defined on L? ( 1 l) by

Gf,(u) ifue Wh2 (=1 1) and Jﬁéi udr =s

+00 otherwise.

Ta01
1
Gk’s(’u,): Gk(u) ifu€L2 (_%;%) and ffiudz:s
+o00 otherwise.

Proof. The proofs of i) and ii) exactly follows the line of those of Theorem 6.4 and Theorem 6.6 in [3],
with the only difference that now the zero set of the potential W* varies with x, being equal to Z¥ in
(O, i) and to Z§ in ( - %, O), thus forcing sequences with equi-bounded energy to make an additional
transition in an n-neighborhood of x = 0. O
Corollary 4.4 (convergence of minimum problems). For any fized n > 0 and for every s € R, let
cpij be the function defined as

or(s) = min{/ (%Wk(x,u) +n(u’)2) dr :u € WH? (—%, i) ][_ udr = s} : (4.11)

4
Then for every s € R

Bl

1
1

lim ¢} (s) = " (s)

n—0
where
ckif s=-1;1
o (s) = Cs if s=0
Ck if 0<|s|<l,k<i Ch+Cw if 0<|s|<l, k>4%

+oo if |s| > 1.
Proof. We preliminary observe that

CF+Cw =Ck ifk

<
- for 0<|s| <1,
C§+CW if k> | |

(I NI

min GF* = CF, minGF’ = CF, minG** = {
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while the set of functions w : ( — %, i) — R such that

1
1 1 e
ue BV((O, Z);Z{“), we BV((— Z,0);25) and ][ w=s, with |s|>1
1
4
is empty. Then, from Gf/s L. G*s and since (GZ’S) is equi-coercive with respect to the strong LZ-
convergence, the desired result immediately follows by the general property of convergence of minimum
values. 0

Proposition 4.5. Let <pr be the function defined as in (L), then
k - .
L. ¢p(s) < ¢, for some ¢ >0, independent of n and for every s such that |s| < 1;
2. if |s| <1 and v} is a minimizing function for @%(s) (i.e., a test function for which }(s) =
1
4 (%Wk(a:, vy) + 77(1)757/)2) dx), then there exists a constant M > 0, independent of n, such that
4
Iogllo < M.

1
Proof. 1. For every s with |s| < 1, we exhibit a function v such that £7, v} dx = s and for which
4

n
1
B 1 k s 571\2
) (—W (z,vp) +n(vy) ) dr <c
1\
for some ¢ > 0.
For later references, we treat in detail the cases s = 0 and s = £1, while in the case 0 < |s| < 1 we
only give the idea of the construction of a possible v;.

We start with s = 0; then as Ug we take the function defined by

ST,

W) = {vg(aj) it —2<2z<0
K vpt(x) if 0<z<1,

where ’Ug’_, v2’+ respectively solve
! 2 2 il 2 2
min / (—(v —1+k)?+n() ) dr, min / (—(’U +1—k)*+n() ) d;
vewh2(—,00 /-1 \T] vewl20. 1) Jo N

v(0)=0 v(0)=0

or equivalently, the associated Cauchy problems

1 1
v —v+1-k=0 in (——,O) n?v" —v—1+k=0 in (O,—)
4 and 4
1 1
v(0) = 0; v'(— Z) =0 v(0) = 0; u’(z) = 0.
Hence, by directly solving the above equations we get
T T 1
1—-k+ k—lcosh(—)—i— k—lsinh(—)tanh(—) if —1<z<0
(k = 1)cosh (%) + (k= 1) sin (%) tanh (- :
vg(x) = (4.12)

—1+k—(k—1)cosh(%) —i—(k—l)sinh(%)tanh(%) if 0<z<1

1
1
/ U?,d:vzo.

thus immediately

Bl
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FIGURE 9. The function vg and v}r

Moreover, a straightforward calculation gives

/ (%Wk(xﬂvg) +n(0)?) de = C¥ tanh (4_177)
1

and finally
1
302(0) < C¥% tanh (4—) < C%  forall n>0.
Y

If s =1, we proceed as above now taking as a minimizing function for cpf,(l), ’U,lz defined by

N[

o i 8 Az
K vpt(z) if 0<z<1,

w7, vyt are respectively solutions to

min /0l (l(v —1+k)?+ 77(1)/)2) dx, min /0Z (l(v —1-k)*+ 77(1)/)2) dx;

where v

vewl2(~1,0) 1 \7 vew1,2(0, 1) n
v(0)=1 v(0)=1
or to
1 1
P — v+l — k= in (-0 P vt 1+ k=0 i (0,7)
1 4 and 1 4
v(0) = 1; v/(—z)—o v(0) = 1; Ul(z)—o

Hence, we find

1 —k + kcosh (E) + k sinh (f) tanh (i) if — i <zx<0
! ! (4.13)

1
1+ k — kcosh (E) + ksinh (f) tanh (—) if 0<z< %,
n n i
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and we have

Then, a direct computation gives

sozu)s/_‘l‘

1
4

1 1
(—Wk(x,v}]) + 17(1417/)2> dx = C¥ tanh (4—) < CF, forall n>0.
n n
Notice that if s = —1, we simply take v, ! := v} — 2.

We now turn to the case 0 < |s| < 1 and we sketch the proof for s > 0, the one for s < 0 being
analogous. In this case a test function v? can be obtained as in Fig. [ by suitably modifying v}7 and

n
combining it, for instance, with an optimal transition v,’j between the two zeroes of the potential W,

1+ kand -1+ k.

1+k

1 R AU AR B SR
n
n n 2
| i | | I | -
| — — i -
x
-1 w0 w 5% ;
=1+ k >
F1GURE 10. The function v;.
More precisely, vs is defined by
k(o oo Z) k S_Po 5 %0
v, (7) : v( . + k, 1 2_3:_4—|-2

where v is the solution to the optimal profile problem

inf { /_;OO (W) + (W)?*) de:  u(—o00) =1, u(+oo) = —1}.
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1

Then, as it can be easily checked that the energy contribution of the linear modification to v,

(exponentially) small as n — 0, we get

and vfj is

er(s) < CY +Cw +o(1), as n—0,
and thus <pr is bounded.

We remark that the last construction is not “optimal” since the bound on cpf, can be improved for
0<|s| <1to

<Pf7(5) < min{C¥,C% + Cw}, forall 5> 0.

2. Let [s| <1 and let vy € Wh2(—1,%) be a minimizing function for wf,(s).
We argue by contradiction supposing the existence of a point x’ € (—%, %) such that
vy (') > M > 3(1+ k). (4.14)

To fix the ideas, and without loss of generality, we may additionally assume that 2’ € (0, 1).
Now, appealing to 1. we have for instance

T
b = [ (GWHo) + o)) do < %

1
4

1) converges in measure to ZF, as n — 0. In fact,

and from it we deduce that the restriction of vy to (0,

for any fixed ¢ > 0
H:C € (O, i) : dist(v;(x),Zf) > UH min{W(r): ||7] = 1] > n} < Céfn —0 as n—0.
Then, for sufficiently small 5 > 0 there exists " € (0, §) such that
min {|vf7(x”) — 1+ k)|, |vf7(x”) —(-1+ k)|} <o.
We may suppose that |v;(z") — (1 + k)| < o, and get
vy (") < 2(1+ k), (4.15)

having also chosen o =1+ k.
Finally, using the so-called Modica-Mortola trick together with @I4) and EIH), we get

t b6
e = [T (whe ) dezz2 [T ke ds
0 v

HE!
M
> / 2s—1—k)ds=M?-2M(1+k) >3(1+k)*> > C§
2(1+k)

and thus the contradiction.
Notice that if v; converges in measure to the constant —1 + k, then since —1 +k < 1 + k, the same
argument again applies to get the thesis. O

In all that follows, the letter C' will stand for a generic strictly-positive constant which may vary from
line to line and expression to expression within the same formula.

Proof of Theorem Step 1: T'-liminf inequality
We have to prove that if u. — u in L?(0,1), then F*¥1) (u) < liminf. g Fak(l)(ug). Notice that if moreover
sup, Fak(l)(ua) < +00 then, by the definition of FF'™"), lu| <1 ae.
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By virtue of the nonnegative character of W*, we have

FFO(y) = /1 (iw’f(5, )+55(u;)2> dx
0
(2i+1)%
Z /Z 4 ( (%,%)—i—aé(u’s)?) dx,

then, by the change of variable x = §t + 5 i, denoting by [r] the integer part of r € R and setting

vi(t) == ug(é(t—i—%)), i=1,..., [2 - 1]

o 2

Y

we get

Fak(l) (U’E)

vV
I
—
>
I
Al
7N
o | >
5
7N
~
+
N | .
[

o =,
"
+
[STINGY
—~
—~
[

o
N~—
\_>
[\v]
"
QL

~

where w? (t) := v’

7
/N

t— %) We observe that
1 1

min{/; (ng(t,v)+ %@’)2) dt - ][‘1‘ vl = }

as a consequence we find

1 1 (2i41)%
FFO (4,) > Z (51{1{111(1{/41 (SW’C (t,v) + %(v')2) dt :][41 vdt :]{2‘ 1)54 Ue dt}- (4.16)
i=1 - 1 e

1

oo
|

=

N

Hence, by using the notation introduced in Corollary EE4l, (1) becomes
FFO () > 2

[ ] (2i41)3
]l U dt
(2i-1)%
g ;
5 2 (
i=1

(26+1)3
][21 04 Ue dt X((2i71)%7(2i+1)%)($),

we finally have, using the uniform boundedness of %,

oo T

-
Il
-

and if we define 4. : (0,1) — R as

1
lim inf F*® (u.) > 2liminf/ o (1) da.
e—0 e—0 0 s

Note, moreover, that @i.—u in L2(0,1).
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Now our goal is to give an estimate from below on the function gp’%. To this effect we first consider
the case |s| > 1. On one hand (see also ([BH)), for every s € R we have that

inf{g ’ WE(t,v)dt : ][4 vdt:s}

1 1
1 1

S
il T
—~
»
~
V

— gmin {iW**(sl + k) + %W**(SQ —k): s1+sy= 25} = SW*;(S),
so in particular
gp’% (s) > SM for all s such that |s| > 1. (4.17)
On the other hand, for any fixed n > 0 there exist o,g¢ > 0 such that
go% () >CF —n? forallse (1,1+0) and ¢ < & (4.18)

and the above inequality can be proved by means of the following contradiction argument. If [IX) does
not hold true we can find two sequences s,, — 1,&, — 0 for which

O ey (sn) < CF—n? (4.19)

5(en)

for every n € N and for some 1y > 0. Appealing to Corollary EE4] we can also deduce
CF = ¢*(1) < liminf ", (s,),
n—+400 ° 5(en)
and combining it with [I9) we find the contradiction. Note that, by symmetry, [I8) holds true also

for every s € (=1 — 0, —1). Hence, gathering @I1) and EIF) we deduce that for every n > 0 and for
any sufficiently small € > 0,

4

ofm I

p oy (SUsI=D?
(s) > (Cy —n) Vv 6 5 for all s such that |s| > 1. (4.20)

Now it remains to give an estimate on gp’% for |s| < 1. To this end, for any fixed n > 0, consider the set

11y L
A = {t € <_Z’ Z) s dist(vE(t), Z%(t)) > 77} ,
where v is a minimizing function for w’% (s) and Z¥(t) is defined by
Zk if te (=10
ziy= | 22 ten0)
zZF if te(0,%).

Then, arguing as in the proof of Proposition EEB}2., we deduce that the measure of A7 tends to zero as
€ — 0. In fact, we have

|AZ [ min{ W (7) : ||T|—1|>n}g§c§—>o, ase — 0.

As a consequence, for any sufficiently small & > 0 we can find ¢t~ € (—1,0), t© € (0,1) such that
dist(v2 (), ZH(%)) < 1.
If one of the following inequalities holds true
(™) = (=1=k)| <n, [2tT)—(1+Ek) <n (4.21)

assuming for instance the first, we deduce

A0 = [ (S0 + 5022) de = Cunl-1= k14 k- ),
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with Cyy« (-, ) as in @0, and eventually

pi(s) > Cr — On.

(4.22)

We will now prove that whenever 4n < |s| < 1 at least one of the inequalities in ([2])) is fulfilled. Arguing

by contradiction we can find a number 7y > 0 and a sequence €,, — 0 such that for every n € N
vz, () — (=

1 1
) > o forallte(—z,()), 02 (#) — (1+ k)| > 1o forallte(O,—) (4.23)
If we set
1—k if te (=310
Z§ (1) :={ et
-1+k if te(0,7),
in view of ([LZJ)), A5 can be rewritten as

. 11 e s k
Al = {t € (iv Z) - dist(vz, (8), Z0(1)) > ”0}

and again, for the complement of AS» we have

en\¢ _ peEn,— En,+
(Ano) - Bno U Bno
where

(4.24)
B = {t e (—i,o) s () — (1K) < no},

Bu = {t € (o, i) g, () = (14 k)| < 770} (4.25)
and

|Bim ™| = |Bert| — 0, as n— +oo.
Without loss of generality, we can suppose s > 0, therefore

(4.26)
% ?
210 < / Vi dt = / vi dt —|—/ v?
-1 Ang (A%8)

: dt.
70 10 ©
Now by [24), @ZH) and appealing to Proposition EE8-2., we deduce

210

< / vl dt + / vZ dt + / vZ dt
Ang Bag~ By "
< MJAG |+(770+( kDIBR ™+ (o + (=1 + k)| B ™|
< MAG|+ D+ - k) (B - 1B,
moreover by [20), for any sufficiently large n, we have

en o
|Agn| > i
and from it, the contradiction. Then, for |s| < 47 it is easy to check that

P = Ch - O, (a2
Finally, combining [E20), [EZA) and EZD0) we get
3y —Cn? it [s] <n
()>¢k (): Ck—Con? if n<ls|<1
(CF —On?) v (g<8';1>2) it |s|>1

S0 ?r
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for every s € R and for every 0 < 1 < 1; hence
e—0 e—0

lim inf FFM (u,) > hmlnf2/ 1/)k T

To conclude the proof, we note that, for any fixed s € R, the sequence (ws 5 (s)) increases with /e, so
in particular for every m > 0, there exists €y > 0 such that ’

1/17’; s(s) > ws)m(s), for all se€ R and € < &o.

hmlnf/ 1/)k u hmlnf/ 1/)
1

lim inf ( ’;m)**( )d:zc>/0 ( ’;_’m)**(u)dx,

e—0 0

Then

Y]

Y

using the fact that @ — u in L?(0, 1) and the L%-weak lower semicontinuity of u —— fo (vk m)** (u) dz
in the last inequality. Moreover, by the Monotone Convergence Theorem

I
S—
>
—~
<
3
SN—
=
N~—
QU
&

1 1
lim ( ’;m)**(u) dxz/ lim (wsm)**(u) dx
0

m——+o0 0 m——+00
where
Pr(s):=Cy —Cn® if[sf<1  for kg%
or
Cck —Cn? if [s| <n
k(g) = for k>1.
A < T TR« 1 TR :

1—
Collecting these inequalities we find that

1—

I- hHllIlka 1) >2/ 1/)k

and by the arbitrariness of n

- liminf F*M (4) > 2sup / ek (
e—0 n>0

Hence, again applying the Monotone Convergence Theorem we obtain the desired result for both k < %
and k > %

Step 2: T'-limsup inequality
To check the limsup inequality for the I'-limit, it will suffice to deal with the case of a constant target
function u = ¢ (-1 < ¢ < 1), sice by repeating that construction we can easily deal with the case u
piecewise constant and then the general case follows by density.

We start by approximating ¢ = 1. Fix n > 0; by @2) and E3) there exist 71,72 > 0 and vy €
WhH2(=Ty,Ty) such that vi(=T1) =1+ k, v1(T2) = 1 — k and

0 Ty
/4 (Whon) + @) do+ | (Whon) +(01)%) dw < CF + 5.
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Note that it is not restrictive to suppose 17 = 15 =: T. Then, for instance, as a recovery sequence, we
can take

1+k if0<z<$
uc(z) = ol (x) if (4i—-3)2<z<@i+1): for i=1,... [}—1]

1+k if (4[3-3]+1)5<z<1

where

1+k if (4i—3)3<z<(2i—1)5—eT
= (20=1F\ s Y
01(7) if (20-1)5-eT <x<(20—-1)5+€T

. 3

vei(r) =9 1-k if (20i—1) el <x<id—el ieN (4.28)
5
Ul(zgac) i i0—eT <x<id+eT
1+k if i04+eT << (4i+1)§.

In fact, recalling that ¢ < § it is easy to check that u. — 1 in L?(0, 1), while

33 cwing /4 v ,
1imsupr(1)(us) = limsup Z / (—VV]C (— v, )+55((U;.1)/)2> dx
( ,

s Ye,l
e—0 e—0 im1 4i-3)8 £ 0

Bl

IN
,é..

[% — ﬂ 5(20{“ +7) = 2(}'{C +mn, foralln>0

permits to conclude that
lim sup FFMW () < FFO (1),

e—0
Replacing 1 + k& with —1 £ k and v; with its analogous v_;, a similar construction yields Ué,—l and
consequently the I'-limsup for ¢ = —1.
If —1 < ¢ < 1, it is necessary to make a distinction between the cases k < % and k > % Let £ < %
and write ¢ as a convex combination of 1 and —1,

1+c¢ 1-c
- 1 (1),
Now let (n}), (n5) be two sequences of positive integers such that

14+c¢
— T
1—c

ny,ny — +oo and n—lll as v — 0. (4.29)
ng

With fixed v > 0, for every sufficiently small € > 0 we have that (ny +n% + 1)d < 1. We consider the
(n¥ +nk + 1)§-periodic function UY, on R+, which on (£, (4(n} + n¥) +5)¢) is defined as:

vii(z) if ze ((41'—3)%,(42'—1—1)%) fori=1,...,nY

we(z) if @€ ((4ny +1)8, (4n¥ +5)2)

vl _y(x) if we ((4i—3)2,(4i+1)%) fori=n{+2,...,n} +nk

e () if € ((4(ny +n¥)+1)8, (4(n} +n) +5)2)
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where v} | is as in @2J) and v! _; is its analogous. Moreover w; is given by

ol (@) if (4nf +1)F <z < (2nf +1)5 +eT
L—k if ey +1)S+eT <a<(nf+1)3—eT”
we(@) = —(n¥ +1)5
(=) ’Uo(ix (n;—i— ) ) if (n{+1D)0—eT'<z<(n¥+1)5+eT’
-1+k it (n¥

+
+1)6+eT’ <z < (4n¥ +5)8
with 77 > 0 and vg € WH2(=T",T") such that vo(=T") =1 — k, vo(T") = —1 + k and

0 T’ n
[ v+ 0h2) ot [ (WEe) + wh)?) do < G+ 2
0

7Tl
while w0, is defined as

—1+k it (4(nf +n8) +1)§ <z < (2(nf +nf) +1)§ —eT’
~ o (CUEHES) i oy ) +1)§ — €T < 2 < (2Anf + ) + 1) + T
e (x) = 1—k it (2(n +n¥) + 1) + T’ <a < (nf +n§+1)5 —eT
v (@) if (nf +n§+1)0—eT <o < (4(nf +nf) +5)F.
Taking u? := U |(0,1), we have
limsup F¥(uf) < lm ((2CT +n)(nf +n5)d + (205 + 1)) {;}
0 e—0 (n{ +nj +1)d
= (20t ) a0 ) et
Moreover,

lim o™ = 20% 47

then a standard diagonalization argument permits to find a positive decreasing (as € decrease) function
v = v(e) such that v(e) — 0 as ¢ — 0, for which
lim sup FF® (u2(©)) < 20F + 1.
e—0
Finally, using (@22) and the fact that e < § it is easy to check that we also have u'®) — ¢ in L2(0,1)
and hence, the T-limsup for —1 <c< 1and k < %

Let k& > ; now to approximate a constant ¢, on one hand, it is not anymore “optimal” to oscillate
between 1 + k 1—kand —1+ k, —1 — k, because in this case the most convenient transition is the one
from 1 — k to —1 + k (see Remark ET]). On the other hand, using convenient transitions (following the
construction made for ¢ = 1) only permits to approximate ¢ = 0. Then, for instance, to obtain a recovery
sequence for 0 < ¢ < 1 it is necessary to mix, in the right proportion, oscillations between 1 + k, 1 — k
with those between 1 — k, —1 + k. In this way, following a procedure which is similar to that of the

previous case, but now with
ny c

— as v —0
ny 1l-—c¢ ’

it is possible to construct a sequence u. — ¢ in L?(0, 1) such that
1
(n'f(a) +n;(a) +1)5
= ¢(2Cf + )+ (1 - ¢)(2C5 + 1) = 2(CY — C3) ¢ +2C5 + 1.
And this concludes the proof of the I'-limsup inequality. O

limsup FEO () < lim (2CF +m)(n{© + 1) + (265 + ) s)

e—0
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4.3. Second-order I'-limit. In the spirit of studying the asymptotic behavior of the family of functionals
(FE’“), Theorem EE suggests that the characterization of the limit points of sequences of minimizers, as well

as the development for the minimum values m”, can be improved for k < % As for k > %, the functional

F*1) admits the unique minimizer v = 0. Nonetheless, as we will show in Section EZ32 the non-strict
convexity of ¥* permits to consider a further scaling, and thus another term in the I'-development, in
this case too.

Since the two cases k < %, k> % need a different investigation, we discuss the second-order asymptotic
analysis for (F¥) in two separate sections. The first one, Section EZ3.l is devoted to the case k < %,
which is also addressed to as the case of small perturbations; while the second one, Section EE32, deals
with k > %, that is the case of large perturbations.

43.1. k< % small perturbations. In terms of the asymptotic development for the minimum value m?*,
the combined computation of the zero-order and the first-order I'-limit gives

€ €

mhk = 5 2CF + O(S

Then, to further improve the above development, we need to quantify the “small” error o(%), and hence

), as € — 0.

to identify the next meaningful scaling that we denote by Ag) (¢) (not to make confusion with the scaling
for k > 1 that we in the sequel denote by ij} (€)).
Once Ag} () is conjectured, we study the T'-limit of the scaled functionals

E_ € k
) F! 5 207
- M)

To guess the second meaningful scale Ag) (€), we first observe that in order to make F¥ — < 2 CY vanish, a
sequence must oscillate (except possibly on a finite number of §-intervals) between 1+ k&, 1 —k or between
—1+k, —1—k. Then, we focus on a g-interval, for instance (%, % ) and we estimate the contribution of
FF — £2CF over this interval. We have

C(WH(Z) + 2)?) do - e

([ G ) et)

= (/ (5 Wh@) + = (v)?) do + / (5 WE@) + = ()?) da = CF), (4.30)

moq\.s
Bl

€ €
with v(z) := u(dz). A direct minimization of @30) yields

aC{“(tanh (4%) - 1) :O(se_%), as € — 0,

and it is easy to check that the above minimum value is attained, for instance, at the function v(zx) :=
v} (3 — %) (with v} defined as in ([@ZIF), Proposition BEH, with = £). Thus, by repeating the previous
argument over each g—interval (except possibly a finite number of them) we get a first energy contribution
of order %e*%. The energy ([30) is minimized also by v(z) — 2 (i.e., by a transition with average —1),
hence the total energy of a minimizing sequence may well be the result of a finite number of transitions
from oscillations with average 1 to oscillations with average —1 and viceversa. Since each of these

transitions between the “oscillating phases” 41 gives an additional contribution of order e, the total
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energy contribution of a minimizing sequence turns out to be of order
13 —gi +
—e % +e¢.
4]
Then A2 (e) = %e_% if we have
€ _s , _
ge 2 >¢; e, e 2 > 0.

Loosely speaking, when this scale is relevant, we have to consider first the error that we make “cutting
the tails” of the 1/4 infinite transitions that we are gluing one each other. Thus, in this case we expect
to find again a constant I'-limit which now is given by

- 2 C¥ (tanh (%) -1)

: — Ak
;LO s =—-4CY.
We instead get A2 (¢) = ¢ if we have
e L 6. (4.31)

” and viceversa.

This choice penalizes the passages from the oscillations “around 1” to those “around —1
Therefore, if A((f)) (e) = & we expect that (Fsk(z)) I'-converges to a surface energy which penalizes the jumps
between 1 and —1 of the limit configuration. It is worth to point out that assumption [3I) comprises
the case 0 = ¢ for all @ < 1, and hence seems more natural.

Since we are concerned not only with a better development for mf but also with an improvement in
the characterization of the asymptotic behavior of sequences of minimizers, we decide to focus on the

_s
case e~ 2¢ < § and hence, on the case

A =e.
Then, we look at the scaled functionals
1 1
FF®(u) = ngk(u) - SQC{C
1 k
1 e/ N 207 . 19
_ /0 <5W (5,u)+5(u)>dx 5 if u e WH2(0,1) (4.32)
400 otherwise.

We now come to a rigorous justification of what has been only heuristically conjectured.

We start proving that the uniform boundedness of EF @ (ue) implies for the limit configuration w,
both the constraint u(z) € {£1} a.e. and that u is piecewise constant.

Lemma 4.6. Ifsup, Ff(2) (ue) < 400 then, up to an extraction of a subsequence, (ug) converges to some
function w € BV ((0,1); {£1}) with respect to the weak L?-convergence.

Proof. With fixed € > 0, starting by 0, we partition [0, 1] into subintervals If, i=1,..., [%} of length ¢
(except possibly the last of length less than ¢).
Let u. be such that sup, FF® (ue) < +oo and set uji (z) := u* (%), where u™,u™ are the 1-periodic
functions on R*, which on (0, 1) are defined as
—1+k if te(0,3) 1+k if te(0,3)
—(t) := T2 () = 2 4.33
w () {—l—k it te(h) v 1—k if te (i) (4.33)

The first step of the proof consists in showing that for any fixed n > 0, if Zg is the set of all the indices ¢
in {1, ceey [%}} such that

min{][ lue — uj | d:c,][ lue — uf| d:c} <n, (4.34)
13 13
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then
lim SH(I)) = 1. (4.35)

In other words, we are saying that for every n > 0, (E=34) is satisfied on a “large” number of intervals I?
(provided that € is sufficiently small). In order to prove {Z3H), we give an estimate on the cardinality of
the family of indices 4 for which

min{][ |u5 —ug| d:c,][ ‘us —u(ﬂ d:c} > .
I I

Let us denote by Jf such a family. Before starting our computation, we notice that the following
statement

there exists M > 0 such that |u.(z)| < M, for all xz € I? (4.36)
holds true, with the same constant M (e.g., M = 2), except for at most a bounded number of indices i.
In fact, arguing as in the proof of Proposition EEB2., the above statement can be easily deduced by the
uniform boundedness of F'® (u). So from now on, we focus our attention only on those intervals I? in
which ([30) is satisfied.

Ifi e Jg we have that

n < ][‘us—u(ﬂd:c
s

Jr
- Ue —uy | dr
4 {mEIf:|u5—u;\>%}’ : ‘

M
g—kc(&)‘{xelfz |u5—u6+‘>ﬁ}‘,

hence
H:E cr: lue —uf| > g}‘ > ¢(M,n)o.

Notice that the same conclusion also holds replacing u(}" with uy . As a consequence,

/I;‘ wk (%,us) dx > Co, for every i € Jg

and this implies

FE(ue) > #(T2)C3. (4.37)
By hypothesis FF® (ue) < C, therefore
5 €
FF(u,) gac+gzc{f:0(5) as € — 0 (4.38)

then, gathering [@31) and E3) we get
5#(@?) —0 ase—0

and hence the desired result.

Let N be the overall number of transitions of u. between 1+ k +nand -1 —k=£n; 14+ k +n and
—1+k£n 1l—k£fnand -1 —-k+xn 1—-—kxnand -1+ k£ n. From now on we refer to these
transitions as the “expensive” transitions. To conclude the proof we notice that the most convenient
among these transitions is the one from —1+ k +n to 1 — k — n and, in terms of Fsk(o), it costs at least
e(CY — Cn?). Then, recalling that C§ > C¥, for sufficiently small n we have C§ > CF — Cn?, thus from
the uniform boundedness of Fsk@)(us) we deduce that N. < N, for some N € N. As a consequence, (up
to an extraction) u. makes a number of “expensive” transitions which is actually independent of ¢; we
denote this number by N. Let S. = {t{,...,t5_;} (with ¢}, <t5 ;,n=1,...,N —2) be a set of points
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dividing (0,1) into N subintervals each containing only one expensive transition for u.. Up to possible,
further extractions we can suppose that

t —t, as e —0, for n=1,...,N—1.

Then, for fixed o > 0, if we consider the N intervals
J’n.

o

= (tn + 0,tnt1 — 0), n=0,...,.N—1 (withty=0,ty =1)
we have that
JrNS. =g, (4.39)

for sufficiently small € and for every n = 0,..., N — 1. By virtue of [39), applying to J? the result
established in the first part of the proof, we have that, for instance,

limsup/ luc —uf| dow < Cn. (4.40)
Jn

e—0

On the other hand, by weak compactness we have u. — u in L2(J?), while from @33) uf — 1in L3(J2);
thus by the weak lower semicontinuity of the L'-norm we deduce

/|u—1|d:c§hminf/ |ue —uf| da,
2 =0 o

and combining it with [ZA0) we find

/ |lu—1lde < Cn forall n,o > 0.

Finally by the arbitrariness of n and o it follows that w = 1 on J" = (t,,tn+1). Thus by repeating the
above argument on all intervals J” (n = 0,..., N — 1), which determine a partition of [0, 1], we get the
thesis. 0

In the remaining part of this section, we work under the additional assumptlon € N. This assumption
will be in some cases essential, as it avoids to consider the effects due to boundary mismatch, while, in
other points, it will provide only some technical help.

Theorem 4.7. Let § be such that § > e~ 3 and € N. The family of functionals F5 deﬁned in (@32
I'-converges with respect to the weak L?- convergence to the functional defined on L?(0,1) by

RO () = {(05 — CH#(SW) — CF if w e BV((0,1);{=1})

+00 otherwise.

Proof. Step 1: T-liminf inequality. We have to prove that if u. — win L?(0, 1) and sup, FF® (ue) < 400,
then F*®2)(u) < liminf. .o F: k() (ue).

By Lemma E0 we already know that v € BV((0,1);{£1}); set N := #(S(u)). For fixed ¢ > 0,
we consider the partition of the interval (%,1 - %) into subintervals I} := ((2i — 1)%7 (26 + 1)%) with

i=1,...,% — 1 and we rewrite @ (ue) as

)

Ff<2>(u5)_/04< WF(uz) + e(u > d:z:+z< FFus T Ol>

1
+/ ) (%Wf(u€)+s(u;)2> dx — C¥,
18

4
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where
(2i41)%
Fak(us; If) = /

(2i-1)¢

(Wk (%,us) + Ez(u;)z) d.

By a straightforward calculation we find that
1 4]
min <—Ff(v;[f) - Of) = Of(tanh (—) - 1) =0(e %) as € —0,
veEWL2(I5) \ € 4e
foreveryi =1,..., % — 1 and the minimum is attained at
i

’Ul(§ — %) if 7 is odd

€

uly(z) = for z € I?, izl,...,g—l, (4.41)
v} (E — 1) if ¢ is even
Ao 2
where v! is as in [@EI3) with n = %
If N =0, since

-1

FF@) (4,) > Z (EFEk(O) (ue; I?) — Cf) —Ck (4.42)
i=1

we then obtain the thesis simply taking the minimum of each term on the right hand side of Z2) and
recalling that by hypothesis lim._,o e’%/é =0. If N >0, let N. be as in Lemma L0, then, as already
observed, N, is bounded and moreover

liminf N. > N. (4.43)

To get the liminf inequality for the I'-limit we need a lower bound for the energy of the expensive
transitions. Then we first give an estimate on the measure of the set where a transition between two of
the zeroes of W* may occur. Let 1 be a positive number and set

JO = {t eIf: dist(ue, ZF°(t)) > 77},

i

where
zF ifte ((2i-1)%,i%)
Z80t) = if i is odd,
z5 ifte (ig,(2i+1)%)
while
zk ifte ((2i-1)%,i9)
Zik’é(t) = if 4 is even.
zb ifte (i3,(2i+1)9)
We have

1

€
and from sup, FF® (ue) < 400 we deduce that, for every i, |J?| = O(e) as € tends to zero. Hence we can
conclude that an expensive transition may only be of two different types.

TR N P 2|7
Fo(ug; 1) 2 = F(ue; J7) = Cn
€ €

Type 1: the transition entirely occurs in an interval Ifo for some i¢; in this case we have

1
= FF(us 1) = Cype (L= k =, =14k +1) > O — Crp”. (4.44)
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Type 2: the transition occurs between two adjacent intervals I?

s Ig)ﬂ for some 7¢; in this case we have

2

1 1
- FFus I)) + Z FFue; I 1)

Y

Cows(L+k—n,—1+k+n) (: Cwéc(l—k—n,—l—k—i-n))
> Cw — Cn?. (4.45)

So if we call NJ (j = 1,2) the number of the expensive transitions of type j, then N. = N! + N2. By
combining [@Z4)) and EZH) we find that (at least)

FF(u) > <§ ~1-N!- 2N§) Cf(tanh (%) - 1)

+ NI(C3 = CF = C) + N2(Cw = 2CF = On*) = Cf
2
0

Y%

0
¢t (‘tanh (4—5) —1) + N(Ck - CF - o) -
using that Cy = 2 and 2 > CF + C¥ in the last inequality. Finally, passing to the liminf, in view of
EZ3) we get

lin inf FE@(u) > N(CE —CF —Cn?) = CF,  forall >0
E—

and thus letting 1 go to zero, the I'-liminf inequality.
Step 2: T-limsup inequality. Let xg € (0,1), to check the limsup inequality for the I'-limit, it will
suffice to deal with the case

u(z) = {—1 if <z

1 if x> x.

Let ul | be as in (@A) and set ul _, :=ul, —2fori=1,...,%2 — 1. As a recovery sequence we take
ui)l(%) if ze€(0,2)
ul () if ve((20—1)8,(2i+1)2) for i=1,...,2[2] -2
us(x) = { We(x) if ze((4[%]-3)2,(4[%]+3)2)
ui _(x) if e ((20—1)8,(2i+1)3) for i=2[%2]+2,...,2-1
wl S(1=8) it me(1-2,1)
e,—1 4 4
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with

CE G s nive <o <a[3] 98

where 12, v} are as in (LIA) and ([ETJ) respectively and I, is the linear function defined by

P Gk e (k) Y B LTI

2e 1) 4 6 4

FIGURE 11. The joining transition ..

In fact it is easy to check that u. — u in L?(0,1) and that the energy contribution due to the linear,
joining function I, is of order e~ 3. Then

1-¢ k

1/1 x 2C

- k(2) . Lok (T 2 _ 20
lim sup F** (u.) = limsup (/ <5 W (5,%) + e(uy) > dx 5 )

e—0 e—0 %

, 2 k § X ) X ) 207
< Z_ —_ —_ I R
< ll?jgp((a 4)01 tanh(45) +2C7 tanh(45) +C5 tanh(4€> 5
= (G5 -0 = Oy = F*(u)
and this completes the proof. O

Remark 4.8. In view of Theorem EE7, we notice that in this case € not only is the scale of macroscopic
phase transitions but also that of external boundary layers. In the latter case the negative sign is explained
by a missing (half) transition of the recovery sequence in the intervals (0,d/4) and (1 — (§/4),1).
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The T'-convergence results stated in Theorem Bl Theorem and Theorem B are formally sum-
marized by the I'-development

1
Ff(u)L/o W**(u)dw+%20{“+a((0§—Cf)#S( u) — cl)—ge—mcl +o( ce” ) (4.46)

4.3.2. k> % large perturbations. For k > % Theorem B2 states that Ff(l) L, PR where

FFO(y) = /O VF (u) da

with ¢*(s) = 2(CF — C§)|s| 4+ 2C%, for every |s| < 1. In this case, minjy<; ¢*(s) = *(0) = 2C} and
F*) has the unique minimizer u = 0. As is customary, to obtain a non-trivial behavior we add the

constraint .
/ ve =d (4.47)
0

Remark 4.9. The zero-order and the first-order I'-limits for the Modica-Mortola functionals are stable
by adding the “volume” constraint [Z7) (see [1], and [3] Proposition 6.6, Theorem 6.7, for the one-
dimensional case). In our case, since we are dealing with a variant of the Modica-Mortola model and
with the different scaling %, and since moreover integral constraints may not be automatically compatible
with the refinement process of the computation of higher-order I'-limits, we actually need to prove that
(under some additional hypotheses) the I'-convergence result stated in Theorem is compatible with
the integral constraint. We notice that since the equality ([EZ7) is closed for the weak L2-convergence the
liminf inequality is trivial. To check the limsup inequality it again suffices to deal with piecewise constant
functions (satisfying [ZD)). For simplicity we only detail the case of the constant target function u = d.

Let (us) be a sequence mixing oscillations “around 1”7 with oscillations “around 0” as in Theorem EL2

with d # 0; to fix the ideas, let d € (0, 1).

Step 2. Then, setting d. := folug dx, we have

5 0 /€ ) 2
where, for fixed e > 0, nl,n? are the number of transitions of u. between 1 +k,1 —k and 1 —k, —1 + k,
respectively. Hence by letting nl varying from 0 to %, d. goes from d. ~ 0 to d. ~ 1 (for ¢ small).

Moreover, the difference between two values of d. corresponding to two consecutive values of nl is of

order §. Then, we may choose n?,n! in a way such that u. is a recovery sequence for d, and we have that

|[d —de| <O(5) as € —0. (4.48)

Now starting from u. we want to construct a sequence (v.) such that
1 1
ve = d in L*0,1), / vodr =d and FFO(y.) — / VF (u) da
0 0

To this end, we focus on a $-interval of type ((2i —1)2, (2 +1)%), with i odd (the case i even can be
treated similarly) and we suppose that on this interval u. = vl ;, where v% is as in @Z8). Up to an
extraction we can always assume that d — d. has a constant sign, to fix the ideas let d. < d. Then, we
define v. on the interval ((2i —1)2, (2i + 1)§) in the following way (see also Fig. [[2)

2(d—d.)d ‘ 5 (d—d:)d

45 —1 ‘+ +14k if 2i—1)8<a<id—¢T
Goery TR R g R i s s

ve(x) :=

vt () if i —eT<az<(2i+1)2.
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(20— 1) i3 2i+1)2 z

FIGURE 12. The recovery sequence v. on the interval ((2i — 1), (2i +1)2).

A straightforward computation gives

L () - )

% 1)6
5T [ a(d—d)s 5Ty (d—d)s\
(2i-1)8 ($ —eT) (1 —¢T)
1 (d—d.)?6
= - —-— 4.49
3 (2—el)e’ (4.49)
and
(2i41) é i%—eT 252
55’/ K — (v))%) dw‘ = J¢ M dz
2i—1)4 @i-ns (32— ET)

A(d - do)*0% 5
7(% ) (4 T). (4.50)

Since we want a recovery sequence satisfying the volume constraint ZT), we repeat the above construc-
tion (and similar for U;,o) on each interval of length g, thus obtaining a sequence v such that

1 1
2 )
/ Ug(x)dx:/ us(z)+ =(d—d.)= =d. +d—d. =d.
Then, in view of [ZY), @) and EDD) we get
53

PO ) - PO we) = 02
e

= d¢

) as € —0

hence we prove the desired convergence under the assumption § < /2,

We now consider the family of integral functionals given by

FFD (y) = FFO () — /1 l(u) dz (4.51)
0
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where [ is a linear function. By virtue of the stability of I'-convergence under continuous perturbations,
we have that [ZRI]) I'-converges to

1
FFO () = FFO (4) — / I(u) da
0

for any u € L?(0,1) such that |u| < 1 a.e. and, under the additional hypothesis § < £'/3, satisfying
the integral constraint [EZD). Since FFU differs from FFY by a constant, information on minimizing
sequence for F&") (satisfying ([L47)) can be recovered from information on those minimizing FEO,

Notice that in view of the non-strict convexity of 1)*, it is possible to choose the function [ in a way
such that ¢*(s) — I(s) attains its minimum on a large set. In fact, choosing for instance

I(s) = r¥(s) := 2(CF — C¥)s + 2%,
by virtue of EIM) we have
YF(s) —rR(s) >0 ifs| <1 and oF(s) —rF(s)=0 if0<s<l1.

Thus min F*1) = 0 = F*W)(y) for any v € L?*(0,1), 0 < u < 1 a.e. and such that folud:c = d. This

means that ]—"Ek ) I'-converges to a “degenerate” functional. Hence, we may look for a meaningful scaling
for (EXI]) and consider

R

PO = T

Aso (€)
Theorem Step 2, combined with the choices I = r* and d € (0, 1), suggests that in this case the
relevant transitions are those from 1+ k to 1 — k and those from 1 — k to —1 + k (i.e., the transitions
with average 1 and 0, respectively).

Arguing as for k < %, since the passage from oscillations around 1 to oscillations around 0 seems, at a

first approximation, energetically negligible, one could guess that (under the usual assumption ¢ > e’%)
the next meaningful scaling is & which now takes into account only of the external-boundary-layer effect
(see Remark EL]). A more accurate scale analysis (performed in Theorem ELI0 below) shows that the
interaction between these two different types of microscopic phase transitions gives rise to an extra scale

that has to be compared with §. This scale, which turns out to be E, takes into account the fact that we

are mixing periodic phase transitions with different energy contribution. What happens is that for any
fixed € > 0 a minimizer v, will be the result of a suitable mixture of oscillations (i.e., periodic transitions)
with average s > 0 (s — 0, as € — 0) and oscillations with average 1+ s.. Loosely speaking, using this
two averages (instead of 0 and 1), since v, has to satisfy the integral constraint [ZD), permits to use a
smaller proportion of energetically expensive transitions.

Note that if § > €/4, then the argument in Remark B for the compatibility of the integral constraint
ETD) with the I'-limit of %]—"f m(u) cannot be applied. We then turn our attention to the case § < /9,
for which we have

@ £
A 5
and consequently
5 [t k(T 20, 1\2 5 [ k : 1,2 1
FHO () = 5_2/0 (W (g,u)—l—s () )dz—g/o AMuyde i w e WO, ffu=d o
+00 otherwise.

We prove the following result.
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Theorem 4.10. Let § be such that § < €'/? and % € N. The family of functionals .7:5(2) defined by
ERD) T-converges with respect to the weak L?-convergence to the functional defined on L*(0,1) by

, 1
FHR) () = —(CF=C5)? if ue L*0,1),0<u<lae., and [fu=d
+00 otherwise.

Before proving the above statement, we need a refinement of the bound on <pr in Theorem EEZ, Step 1,
that will be the key ingredient in the proof of Theorem ET0

Lemma 4.11. Let <pr be defined as in Corollary B then

52 1 )
%-FC'S tanh (E) if |s| <eym
o (5) = (453)
(Isl =12 1y .
AN S BV el >1_
o + CY tanh (477) if |s|>1—-cyn

for some positive constant ¢ independent of 7.

Proof. We prove equality @XI3) only for |s| < ¢,/n (with ¢ suitably chosen) the proof of the other case
being analogous. We start giving an estimate on above on cpfr By definition, we trivially have

1 1
©r(s) < min / <1W’“(:v,u)+n(u’)2> do:u e WhH? (—l,l) ][ udr = s, [[ull <k
—1\7 44 ~1
| 11\ (%
= min / (—Wk(x,u)+77(u')2) dr :u € Wh? (——,—> ,][ udr =5y, (4.54)
_% n 44 _%
where
_ 2 i “loepc
WE (2, u) = (u=1+k) if 4—””—10 (4.55)
(u+1—Fk)? if 0<z<;.

Following the Lagrange Multipliers Method we explicitly determine the minimum value [X23]) by means
of the auxiliary minimum problem

M} (X) == min {/_ (% WE(z,u) + n(u')? + /\u) dr :u e WhH? (—%, %) } : (4.56)

1
1

with A € R. Taking into account the definition of W* ([@RH), it is easy to check that Mf;()\) can be
equivalently expressed as

M,];(/\) = II}&)n{min{/o1 (% (w—14k)?2+n')? + /\u) de :u € W1,2( _ %’O)’ u(0) = uo}

—|—Inin{/041]L (% (u+1—k)* +n)? +)\u> de:u € W1,2(0, %),U(O) _ UO} }

Then, by a straightforward computation relying on the associated Euler-Lagrange equations, we find that
the minimum EDH) is attained at

1—k—¥+(k—1)cosh(£)+(k—1)sinh(z)tanh(4i) it —L<a<o

n n n 4

—1+k—M—(/€—1)COSh(%> —l—(k—l)sinh(%) tanh(%) if 0<z<

1 (4.57)
2 n - 4’

up () =
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Moreover, in ([fEX1) the dependence on A can be rephrased in terms of s by imposing the integral constraint

2s

which gives \ = —%. Notice that u, " = vy + s, with v) as in @EID). Finally, evaluating the energy in
ER) at u,?zs/n, by a direct computation we get

2

k S k 1
< . .

©n(s) < o + C3 tanh (477) (4.58)

Now we want to prove that there exists a constant ¢ > 0 such that for [s| < ¢,/5, [ERS) is an equality.
In particular, we show that if v is a minimizing function for ¢%(s), then [[v}|[oc < k. To this effect, we
additionally assume that s > 0 (the case s < 0 being symmetric).

To start, we claim that supposing U;(O) = k yields a contradiction. In fact, on one hand we have

gaf](s) > min{/o (%(u—l—kk)?—kn(u’)z) dz - uerQ(—i,O),u(O)—k}

_1
4

+ mm{/oi <%(u+1—k)2+77(u’)2> dz : uer’Q(O,%), u(0) _k}

= tanh (%) + (2k — 1)? tanh (%)

= 1+ (2k—1)%+(1+ (2K — 1)2)(tanh (ﬁ) - 1)

= Oy +CY+o(1), as n — 0. (4.59)

On the other hand, from EXES), if 0 < s < ¢/7, we also find

Ph(s) < g +CF +o(1). (4.60)

As a consequence if we choose ¢ < 2C¥, gathering @5d) and ([EB0) we get the contradiction and thus
the claim.

It is easy to check that the case v;(0) = k is the most “convenient” one (in terms of the minimum
problem defining cpf,) among those for which the function v}, does not satisfy |[v;|| < k. So in particular
this permits to exclude the existence of a point x, € ( — %, i), x, 7 0 such that Uf;(:t,,) > k. Moreover,
we notice that the additional hypothesis s > 0 combined with the previous argument also excludes the
possibility vy (xy) < —k for some z, € ( — i, %) which would clearly be even more unfavorable. This
concludes the proof of the lemma for s > 0. O

Proof of Theorem IO Step 1: I'-liminf inequality
We prove that if u. — w in L?*(0,1) and sup, FE® (us) < +o0, then F*2)(y) < liminf. .o FE® (te)-
Notice that, in view of the definition of .7:5(2), we immediately have 0 < u <1 a.e.
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We start by writing ]—}k @) as the sum of three terms

52 (% 5
FO) = S [ (W) +ew ))dx__/ () do
3 0 A
ST k(% 20,112 5 [EHE
) W (= ’ de — ;
: ; e /@i—l)i ( (5’%) e (ue) ) Tz /(2i—1)j " (ue) da
52 1 5 .
+5 ), (W) + ) de = 2 /1_3 P (u2) da
and we set

) 52 T k 2/ 71\2 g i k
1= 5[ (Whwe) + 2l de = 2 [k ) da,
0 0

e
I2 . ﬁ /1
e 52 1—
liminf 7*® (u.) > liminf I} + liminf 12
e—0 e—0 e—0

3-1 2i+1) 8 2i+1)2

52 (+)4 5 (+)4

lim inf — wk de — = Flug)dx | .
+ lHminf (/()( (5rue) + ") da /() r(ue) d

=1 2

1
(Wf(ug) + 62(u’5)2) dr — - /1_ ¥ (u) de,

s
1

hence

We now claim that
liminf IE1 >0 and liminf Ia2 > 0.
We prove this claim only for I, the proof for I? being analogous.
)

Let u. ;:][ ue dz, then recalling that § > e
0

liminf I} > liminf ﬁ é(VV]“)**(@ ) — ¥ (@) | > liminf ﬁ ((W ) (ac) —r*(a ))
e—0 ° = e—0 4e \ e ! © © e—0 4de ! ¢
2

Y

.. 0 . kY ** k R T 52 2 o
h?L%lf 7 uin ((Wl ) (s)—r (s)) = llirnglf ?(—7/€ +5k—1)=0

where the last equality follows by hypothesis. Thus we get

lim inf F5®) (u,)
e—0
——1 ; s
g 2Z+1)4 x 20 1\2 § (B
> thmfZ (—2/ iy 5,u5> +e%(ul) ) dx — g/(2i—l)j " (ue) da
5 3-1 5 21+1 g " (2i+1)%
> H?L%lf - Z 2 . Wk (S,%) +6(u’8)2> dx—][_ . rk (ug) da
€ i 21 1)8 (2i-1)3
o k(- k(~
> limipf = 5(290 (i) —r*(ae)),

s
Il
-
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with gp’% as in Step 1, Theorem and @ : (0,1) — R defined by

51 (2i+1)3
Ue(x) == Z ]l o, e dt X((zifl)g,(zwl)g)(x)'
i1 (2171)1

Notice that by virtue of Lemma EETT
2(;7]% (0) — 7% (0) = O(e*%) as ¢ —0,

then in view of the definition of u. we deduce that

)
R N ki~ 0t k(- k(s _
gli% 5/0 (2g0%(u8)—7“ (@) do = gli% - /1_% (2g0%(u8)—7“ (i) do = 0,

consequently

e—0

5 1
lim inf ff(z) (ue) > liminf — / (2@@ (te) — Tk(ﬁs)) dx.
e—0 e Jo 5
So now we need to estimate from below the function 2<p’% (s) — r*(s). Since the estimate on gp’% already
established in Theorem EE2 Step 1 is too coarse to be used at this scale, we need to refine it. By means

of Lemma ECTT] we start by improving this estimate in a neighborhood of s = 0. To this end, for (small)
fixed o > 0 we consider those s such that |s| < o and we denote by v a minimizing function for cp’% (s).

Arguing as in Lemma EETT for ||vf|| < k we have that

4 4
kioy_ 9 2 k 9
p:(s) = 525 + C5 tanh (45)’
while for ||[vZ|| > k it is easily seen that the combined argument of Theorem EEZ Step 1 and Lemma
ETT yields
o (s) > CF + Ck — Co?.

F)

Thus, for every s such that |s| < o we have

min {%82 + C% tanh (%),Cf +Ch — 002}

S
ol T
—~
»
~
%

) )
%52+C’§tanh (E> if |s] <s?,

_ (4.61)
Ck 4+ Ck — Co? if s2,<|s|]<o
with
0 € k g k 2\ /2 €
S g = 5(202 (1 — tanh (4—5)) +2C7 —2Co ) = O( 5), as ¢ — 0.
A similar analysis can be performed for o < |s| < 1 giving
Fis) > min{i(|s| —1)? + C} tanh (i) oy 4k — 002}
Pe 2% 1 1z ) 1 2
2i(|s| —1)2 4+ C tanh (%) it sl <|s|<1
- ¢ © (4.62)

Ct +C% — Co? if 0<s<sl,
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5 1/2
with sl , :==1— \/g(QCf (1 — tanh (4—5)) +20% — 2002) . Hence, gathering @G1), [E2) and Lemma
ET (for |s| > 1), for every s € R we derive the following estimate

§ )
2—552+C§tanh (4_a> if |s| <s?,
gp’% (s) > (;5’370(5) = CF 4+ C¥ — Co? if sg)g <ls| < si)g
5 A
2_5(|S| —1)2 + CF tanh (4_a> if |s| > sl,

CF tanh(L)

C% tanh( L)

o/%)

1 0 0 1
-1 —sc» —S¢o |0 s, Seo1 S

FIGURE 13. The function ¢ _

As a consequence we get

0
liminf F*® (u.) > liminf = / (205 (@) — r¥(a.)) dz
e—0 e—0 & 570
) ko~
> llIall_}(IJlf B () — ¥ (@) da,

where

O 2, ~k g . _
<
5o + C5 tanh (45) if |s] <s.

( gg)**(s): (cr — Ck)tanh( >| |+thanh(5€) 5 (CF — CF)? tanh? (%)

if 5. <|s|]<1+435;

®

20

g 2 ik g . <
- — — >
25(|S| 1)° + Cf tanh(45) if |s| > 1+ s,
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1 g — E k _ Ok i 1 é k *k _ .k . . é
with 5, := 6(01 C3) tanh (45)' Since the sequence (E(Q(Qbé ()= (s))) increases with o for

R

any fixed m > 0 there exists g9 > 0 such that

é(2(¢’§g)**(s) —7%(5)) > m(2(e%, )" (s) — ¥ (s)), for all € < .

c m,o

Then by lower semicontinuity
1
limiélfff(z) (ue) > liminf m (2( ko)) — Tk(ﬂs)) dx
E— 1>

m,o

—0 0
1
> [ (26h,0)7 @) - (W) de
0
Finally, since it can be easily checked that

0 if s=0,1
—(CF-CH)? if 0<s <1,

m——+o0

lim m (2(¢, o) (s) —7"(s)) = f(s) := {
a direct application of the Monotone Convergence Theorem gives

1
lim inf FF® (u,) > / f(u)dx;
e—0 0

thus we have
lim inf ¥ (u.) > —(CF — C5)?,

e—0

and hence the I'-liminf inequality.

In view of the analysis performed above, to better explain the presence of the scaling 5\((3)) (e) = %, we

remark that the final effect of subtracting the line 7* to the original potential W is that of considering,
in place of

0 4 & ] 4] 4]

25?420k tanh (), 2 (s = 1)? + 20 tanh ()

ES+C2an 4e)’ E(S )7+ 207 tan 4e)’
the two parabolas

0 o k k K g J 2 k k k g
ES —2(01 —02)S+202(tanh (E) —1), E(S—l) —2(01 —02)(8—1)+201(tanh (E) —1)
which have their vertices respectively in
€ € 0
Vo = (—(cf — k), Sk — by + 2C§(tanh (4—5) - 1))

0 0 (4.63)

_(Eirk _pky 1. Sk k2 k i_
1/1_(6(01 C3) + 1; —(Ct Cg)+201(tanh(4€) 1)>

Then, for instance, from
—%(Cf —Cch? 4 2C§(tanh (%) - 1) = O(%) + 0(6_%) = O(%), for e =0
€

]

we deduce that the correction due to the translation by r* is actually visible at scale

Step 2: T'-limsup inequality. To prove the limsup inequality, it is enough to deal with constant target
functions, since the case of piecewise constants can be treated similarly; then the general case follows by
density. Since the (constant) target function has to satisfy the volume constraint, we only deal with the
case u = d.
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5
Let v2, v! be respectively as in [{1d), @), with n = 5 and set

v =00 + s vitse =l 4 s,
with s. = =(CF¥ — C%). Then it is easy to check that v’ and v!*® are minimizing functions for ¢ (s.)
5 1 2 € € 5

and go’% (1 + sc), respectively (see also the proof of Lemma ECTT), while in view of EG3) we get

K k . IS k k\2 k g

26k (52) = r*(s2) = ~S(C — C)? + 20} (tanh (4—5) - 1) Lo
! .

20 (14 52) = (1 + 5.) = _g(cf - C5)? + 20{“(tanh (4—6) - 1)-

Now, arguing as in the proof of Theorem EEZ, Step 2, we consider two sequences of positive integers
(n¥), (n%) such that

l/
Mo

ny,ny — +oo and as v — 0. (4.65)

ny 1-d’
U]
With fixed v > 0, for any sufficiently small ¢ > 0 we have (n¥ + nf 4+ 2)0 < 1. We consider the
(n} + n¥ + 2)d-periodic function u?, on R*, which on ( 4(ny +nf+1)+ 5)%) is defined as
; (4n

ulte (x) € (3, (nf +1)g)
2o () z € ((4n} +1)%, (4n} +5)9)
uf(z) =
uge (x) z € ((4n} +5)%, (4(n} +n¥) +5)9)
ze((AnY +2n5 +5)8 —x)  x € ((4(n} +ny) +5)2), (4(nf +nk +1)+5)3)),
where 1
s (z —5- %) e ((4i—3)8, (4i - 1)2)
Ise (1) .= i=1,...,nY,
v;“E(%—z‘), v e ((4i—1)8, (4i+1)%)
and .
se (s x : S (4 s
vg (z —5~ S)’ z e ((4i—3)3,(4i—1)3)
ule(x) = i=n{+1,...,nf +ns + 1.
o (5-i), we(Ui-Diui+ i)
While the joining transition z. is defined as follows
s/ ., 1 =
ol (4 5 - g) € ((4ny +1)3,aL)
2e(r) = | 5 +a v € (al,al)
v?(%-ﬂf—l) T € (I’E’,(4n’f+5)%),

with ¢. (and consequently x.,z”) chosen in a way such that

(4nf +5)8 (4nf +3) _ Uni+s)s o
/ ze(x) da = / vltse (nll’ +- - —) dx +/ vie (— —nj — 1) dz.  (4.66)
(4ng+1)3 (ng+1)3 29 4§ N0
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1+s
[

Se

Ve

FIGURE 14. The mismatch between vl *% and vs.

In fact, if we set
(4ny+5)§
I(ge) :== / ze(z) dz,
(4ny+1)%

it can be checked (see also Fig. [[A) that for g, :== 1 — k + s. + (k — 1)(cosh (%))_1 _ Ani+3

1
(4ny+3)4 1 (4ny+5)4
I(g.) > / pltee (n'f + 3 %) dx +/ vie (% —ny — 1) dz,
(4n¥+1)§ (4ny+3)4
while for ¢_:=1—Fk+s. — (k —1)(cosh (%))71 - 4"£+3, we have
(4n7+3)4 1 (4n7+5)4
I(q,) < oo (nd 4+ = = ) de + v (E—ny -1 dz,
1. € 1 2 5 5 5 1
(4ny+1)§ (4ny+3)§

hence by the continuity of I we deduce the existence of ¢. € (¢_,q.) for which ([EB0) is satisfied.

We notice that 2/ — 2l = 2§ e~ and it can be proved that the energy contribution due to the linear
modification in z. is of order Se~i= too.

With an abuse of notation we now denote by u? the restriction of u? to the interval (0,1); then by

virtue of (EEB4)

1) 1)
0 FROD ) = tim [ (CF — Ot S 4 m 590k FANERY
ti £ ) =ty (~(CF — Ot + 5+ 5208 (v () 1)
+ Yo 2C§(tanh (i) - 1)§ +0(0eF) [;}
4e € (ny +nj +2)d
[ S L S
— -
Since
P P N RL th L S P R e
311}% (Ol 02) n’f+n§+2_ (Cl 02)7

a diagonalization argument permits to find a positive increasing function v = v(e) such that v(¢) — 0 as
e — 0, for which

lim FF (uZ®)) = —(CF - C3)*.

e—0
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Moreover, by using (BE64)) it is easy to check that we also have uZ © L\ gin L?(0,1). Finally, starting
by uf () 4 similar construction to that described in Remark B9 together with the assumption § < €!/2,

yields a recovery sequence (u.) also satisfying fol ue dx = d, and hence the limsup inequality. O

Theorem BT shows that the second-order T-limit F*() gives little information on the asymptotic
behavior of minimizing sequences. Moreover, we know that the next meaningful scaling is XSZ? (e) =96
and takes into account only for the energy contribution of a minimizing sequence at the boundary. Thus
we may consider

1 5
FF® (y) = gff(l)(u) +5 (CF — CF)2. (4.67)

The analysis of this energy and the one at the next scale will be actually a refinement of the one in
the previous theorem, so that in the end Theorem EETO and Theorems EET and together give a
description of the effect of oscillations at a scale §, which spans three different energetic scales.

Theorem 4.12. Let § be such that § < £'/? and % € N. The family of functionals FE® defined by
ETD) T-converges with respect to the weak L?-convergence to the functional defined on L*(0,1) by

Ct +C¥

]:k(2) (u) _ —T

400 otherwise.

if uwe L?0,1),0<u<1a.e., and folu:d

Proof. The proof follows the one of the previous scale, the only main difference being modifying the
recovery sequence in a way such that u.(z) =1+ k + s. on the interval (0,6/4) and uc(x) =1 —k + s¢
on the interval (1 —(6/4),1). Note that this is compatible with the construction in the proof of Theorem
E1a O

The scale analysis performed in Theorem EZIT suggests that the next meaningful scaling could be e~ 3=
as well as 86_%, as the higher-order energy contribution in terms of the scaled energy ff @) i

—e 2¢ +e 4e
€
Then, if
1 _s _s . s
—e 2 >e¢ 45; 1.€., e 1 >¢

we deduce that 5\&? (e) = e 2= and, as a consequence, the following I'-convergence result for the scaled
family

Cck 4 Ck
FEW () + S (CF - b+ s L2
FED (u) = 0 2 (4.68)

e 2=

Theorem 4.13. Let ¢ be such that e < e~ and % € N. The family of functionals .7:5(4) defined by
EER) T-converges with respect to the weak L*-convergence to the functional defined on L*(0,1) by

) 1

Fh) () = A4CE—-Chyd—4C) if we L*(0,1), 0<u<lae., and [ju=d
+00 otherwise.

Proof. The proof is a refinement of the computations in the proof of Theorem EET0, with the boundary

modifications hinted at in the proof of Theorem We remark that at this scale we see the correction
due to the difference between the values of the ordinates of the vertices of the two parabolas [EG3).
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Loosely speaking, this is the scale of the energy contributions due to the periodic optimal transitions
with average 1 + s. and with average s., which, in the limit, give rise to

QCf(tanh (%) — 1) QCg(tanh (%) — 1)

lim - =—4CF,  lim — = —4C%,

e—0 6_% e—0 e 2e

respectively. Hence, we get the limit energy
4(Ck —ckyd —ack
with a recovery sequence that in order to preserve the integral constraint is a suitable combination of the
two types of oscillations as above O
We notice that unfortunately the assumption € < e~ s together with § < £'/? (see Theorem EIT) is
quite restrictive since essentially reduces ¢ to be of type ve|loge|, with 0 < v < 4.

The last remark to this section is that actually Z\S;? (e) ke e~ since a more accurate analysis shows
that the choice of the linear function, joining the two different types of transitions in Theorem EET0, Step
2, is not optimal and can be improved to obtain an energy contribution of higher order. Finally, if

k k
FEO @)+ S(0f - oy + s DR mEa((0f - obya - ack)
FHO) () := 5 &
Ao (€)

we conjecture that FEO) L 7k() with

FHO) () = {ck#(S(u)) if ue BV((0,1);{0,1}), and [} u=d

400 otherwise,

and C* positive constant.
Summing up, in the case of large perturbations, by virtue of Theorem EE2 Theorem EETO, Theorem
and Theorem we have established the following development by I'-convergence

1 1 2 k k
FF(u) L / W**(u) dx + %/ VF (u) dx — ;—2(0{“ —CH)? — 5% (4.69)
0 0

et (4(Ch - Oy - 4CS) + o o)

(with restrictions on € and § for the higher-order terms).
We conclude noticing that ([@ZZ8) and @) turn out to coincide for k = 1.

5. § < &: THE CASE OF FAST OSCILLATIONS

In this section we treat the case when the scale of oscillation ¢ is much smaller than the scale of the
transition layer . In particular, we show that in this case, up to choosing ¢ sufficiently small, the
presence of small-scale heterogeneities does not essentially affect the I'-convergence process at first order
too.

We recall that for k < 1 Theorem Bl asserts that F¥ AN Féc(o) with Fég(o) (u) = fol W (u) dr and
min Fok(o) =k%*= F(f(o) (u) for every u € L2(0,1), |u| < 1 a.e.. Thus we are now interested in determining
the scaling )\(()1) (), to study the asymptotic behavior of the family of scaled functionals
_ Fak (’U,) B k2

k(1) .
e
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To this end, we perform a first heuristic scale analysis. For the sake of simplicity we assume that % 5 €N.
Then we start noticing that, for instance, 9. = 1 is a minimizing sequence for (F¥) as Ff(vg) = k2
Nevertheless, we want to show that for any (small) fixed € > 0, ¥, is not an absolute minimizer for F¥.
In fact,

min F¥ < min{FE]C s u(0) =u(l) =1}
min{% /06 (Wk(g,u) —|—a2(u’)2) dz : u(0) =u(d) = 1}

min { (15 /%((u —1-k)?>+*(u)?) dz

IN

IN

5/ (u—1+k)? (')2)dx:u(0)=u(5):1}

< min{g/z((u—1—k)2—|—52(u’)2)d:1:: u(()):u(g) =1} (5.1)
), as € — 0, (5.2)

0
5 K262 k2 g 5
—  44S tanh profTO0 K0
5 tan (45) 18 22 T 1020 54+0(

1
and the minimum (&) is attained at v(z) := 1+ k — k cosh (5 4w) (cosh (&)) . Hence the previous

computations show that it is more energetically convenient to “oscillate around 1” than to be identically
1. Clearly, the same conclusion still applies to the constant phase —1. Thus a minimizing sequence may
well be the result of a combination (on a suitable scale) of oscillations around 1 with oscillations around
—1. Finally, as the presence of the singular perturbation in the gradient introduces € as the length for
the layer of a transition between the two “oscillating phases” +1, we deduce that the contribution of a
minimizing sequence in terms of the energy F¥ — k2 is (at least) of order
52
€+ 8_2

This section will be entirely devoted to the case § < £3/2

)‘él) (5) =5

which yields

since in view of ([B2) we expect to obtain constant I'-limits for other choices of the scaling )\((31).

We remark that also the asymptotic analysis for the “critical case” § ~ £3/2 (or more in general,
§ ~ e@nt)/2n for some n € N) yields a I-limit of Modica-Mortola type. Nonetheless it seems that in
this case the two phenomena of oscillations and phase transition may interact in a non trivial way thus
introducing some additional issues that will not be developed here.

Theorem 5.1. Let k < % and let & be such that
§ < 32, (5.3)
Then the functionals I¥ defined on L*(0,1) by

1
l k E _ 1.2 N2 . 1,2
If(u):: /0 <5 (W (6’“) k>+5(u) de if uwe Wh2(0,1)
+oo otherwise

T'-converge with respect to the strong L?-convergence to the functional

I*(u) = {C(W’“kz)#(s(“)) if we BV((0,1);{£1})

+00 otherwise



INTERACTION BETWEEN MICROSTRUCTURE AND SURFACE ENERGY 47

1
Ly sk [—k
with W as in BH) and C(Wk7k2) = 2/71 W' (s) —k2ds =2(1 — k)* + (2k — 1) In(1 — 2k).

Proof. Step 1: T-liminf inequality. Let u. — w in L?(0,1) be such that sup, I*(u.) < +o0; with fixed
€ > 0 define the set J® and, on J°, the function v, respectively as

(3] (3]
JO = U((i —1)4,19) ve(x) i= Zuzx«iq)a,w) (z)

=1 i=1

. i(s 1
ué::]l Ue dt fori—l,...,{g].
(i—1)8

By the Jensen Inequality it is immediate to check that

with

[vellz2coy < luellz2co) (5.4)
while from the Poincaré Inequality and its scaling properties we have
|[ue = vellp2(sy < Ol[ucll2(s)- (5.5)

A first estimate gives

I*(u) > /ﬂ G (Wk (%u) - k2) +s(u;)2> dz — k; 5[1§] dz

hence

1 T
. . k . . - It _ 1.2 1\2
1II€TL}(I)1fIa (Ua) > lllsri}(l)lf L (E (W (5771/8) k ) +‘€(ua) ) dz.

We now claim that

;13%3 ’ (Wk (%u) - Wk(ua)) dz = 0. (5.6)

To prove this claim we first remark that W*(y, -) satisfies the following local Lipschitz property
[W¥(y,51) — WE(y, s2)| < (2(k 4 1) + |s1] + |s2])|s1 — s2| for a.e. y €R, forall 51,50 € R, (5.7)

By a simple averaging over (0, 1) it immediately follows that (B7) is satisfied also by W Moreover, by
the definition of v. and the 1-periodicity of W*(-, s), the following string of equalities holds true

/ﬁ Wk (%u) de = Z/(%él)éwk (%u) d:c:iz:/oéW’“ (%u) da

i=1 (i =1

3] 4 (3]
= k(z,ul) do = kuz = _kv T
_;6/()W(,€)d ;5W(8) /J5W(E)d
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Then, by adding and subtracting 1 [, W* (£,v.) dz in &8), by virtue of (1) and the local Lipschitz
continuity of W we have

L /ﬂ (Wk (%,us) —Wk(us)) dz

3

1 1 — —
< —/ Wk (Eu) —wk (Ev) dz + _/ W (ue) = W (v.)| da
3 Jo 5 5 3 Jo
2
< 2] @00+l + oelue - vl da
3 Jo
1
< z C(1+ Juell 2oy + vell 2oy lue — vell 29y
0
< Cg||u/s||L2(0,l)7 (5.8)
having used (£4) and ([&H) in the last inequality. Recalling that sup, I¥(u.) < +o0 in particular implies
c
!/
|[ucllz2(0,1) < YR (5.9)

by combining (&), (E3) and invoking hypothesis [£3) we get the claim. As a consequence we find

.. k .. 6[%] 1 —k 2 7\2

liminf I (u.) > hmlnf/ —(W" (ue) — k%) + e(ul)” | de, (5.10)
e—0 e—0 0 £

so that we reduce to deal with a sequence of functionals with a homogeneous, double-well potential,

with wells at +1. Moreover, up to a slight modification to the proof of the Modica-Mortola compactness

result, (EI0) permits to deduce that if (u.) is such that sup, I*(u.) < 400, then u. — u in L?(0, 1), with

u € BV((0,1); {£1}). Finally, a direct application of the Modica-Mortola Theorem yields

11§Liglf1§(u5) > 11§Liglf/0a (E(Wk(us)—k2)+a(u;)2) da
> <2 / 11 VITH(s) — k2 ds> #(S(u) N (0,0)),

for any fixed a € (0,1). Then, passing to the sup on a € (0,1) in ([EIIl), we get the T-liminf inequality.

Step 2: T-limsup inequality. We have to construct a recovery sequence for v € BV(0,1) with u € {£1}
a.e.; it will suffice to approximate

w@) =4 1 Ee< (5.11)
1 if z > xg,

with zg € (0,1).
We show that the limsup inequality easily follows from the limsup inequality for the functionals

/01 (E(Wk(u) -k + 5(u')2> dz. (5.12)

To this effect, arguing as in the Modica-Mortola construction, for any fixed n > 0 we can find a number
T > 0 and a function v € WH2(=T, T) such that v(—T) = —1, v(T) = 1 and

/T (Wk(v) — k4 ()} dx < 2/1 \/Wk(s) —k2ds+n (5.13)
~1

-T
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then, recalling that 0 < e, we have that a recovery sequence for (EII)-([ETD) is given by

-1 if v <af—eT
us(x) = U(I_ng> if 2) —eT <z <al+eT
1 if 2> a)+eT

with a:g = [%] §. We claim that (u.) is a recovery sequence also for I¥. In order to prove it, we start
evaluating I¥ on u., we find

IFus) = /Ijij (% (Wk (%,%) - k2> +€(u;)2> dx

/_:; (Wk (%x,v) -k 4+ (1/)2) dx.

Then, the next step is proving that

T T
. k E o —k
i [ W (595,@) dz = /7TW (v) da. (5.14)
Setting
k k(&
Wi(z) =W (gx,v> for a.e. € (=T.,T),
we have

0<WEF<2((k+1)%+v]*) ae. in (-T,7),
from which we deduce ||[WZ||11(_7 ) < C and that (WF) is equi-integrable on (=T, T'). Then by applying
the Dunford-Pettis Criterion, upon passing to a subsequence (not relabelled)
WF~f in LY (-T,T), (5.15)

while by the Lebesgue Theorem

f(z) = lim o fly)dy forae. xze (-T,T).

r—=0t Sy p

Moreover, from ([I0) we have that in particular, for z € (=T,T) and for sufficiently small r > 0,
x+Tr k x+T
WAy = fwdy

and consequently
x+Tr
lim lim WEy)dy = f(z) forae. z€ (=T,T).

r—0+ e—0 -

On the other hand, from

]£m+ WE(y) dy =]£zir wk (%y,v) dy —]éﬂ wk (%y v(w)) dy

+]£m+ Wk (%y,v(m)) dy  (5.16)

—-T

with
x+r

{M (w* (Guov) =" (59.0(@))) dy‘ §]£ @20k + 1) + [0(@)] + [v)|o — v(z)| dy

-r -r
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and
T+ T+r
lim w (%y, v(x)) dy :]£_T W (v(x)) dy = Wk(v(x))

e—=0/. .

Passing to the limit in (&I) first letting e, then r go to zero, we obtain f(z) = Wk(v(ac)) for a.e.

€ (=T,T); hence, from [BIH) we get (Id). Finally, combining (&I4)) and &I3) gives

1
lim sup I*(u.) < 2/ \/Wk(s) —k2ds+n=1I"u)+n
-1

e—0

and by the arbitrariness of 7, the thesis. O

Remark 5.2. The above theorem states that formally we may first perform the homogenization procedure
for fixed e, by letting 6 — 0 and then apply the Modica-Mortola Theorem to the functionals

/01 (Wk(u) -k +e*(u)?) da.

Since as for the Modica-Mortola functionals, the equi-coercivity at scale € improves to strong-L? equi-
coercivity, then we may (a posteriori) compute also the zero-order I'-limit with respect to the strong
L?-convergence, obtaining

O @) = /O T () d

Thus, for § < €%/, k < % we have that a ['-development for F* with respect to the weak L2-convergence
is given by

FE(u) :/O W () dx+£C(Wk_k2)#(S(u))—i—O(g—Q), (5.17)

while a I'-development with respect to the strong L2-convergence is

FF(u) _/0 W (u) d:c+ac(Wk7k2)#(S(u))+o(i—2). (5.18)

The last part of this section is devoted to the case k > % In this regime, for the zero-order I'-limit

we have min FéC © = (1 — k)% and the minimum is attained at u = 0 (see Fig. B). Nevertheless, since the

effective potential Wé“ is not strictly convex, we may proceed as in Section EE3 Thus, setting
3
™*(s) = 2k —1)s — k + 1

we can consider, for instance, the family of functionals

1
FF(u) — / ™ (u) dz, (5.19)
0
which, under the assumption

1
1 1
de=d k—=k+ - 5.20
/Ou:v 6( 5’ +2>7 ( )

only differs from F¥ by a constant.
Now it is immediate to prove that the I'-convergence result stated in Theorem Bl preserves the integral
constraint (20) and hence that (EI9) I-converges to the functional

1 1
/ (W) — 7%(u))dz, we L?(0,1), / udr =d
0 0

which vanishes at any function v € L*(0,1), |u — k| < $ a.e. and such that fol udz = d. Moreover, a
similar scale analysis to that performed for k < % applies also in this case leading to the following result.
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Theorem 5.3. Let k > & and choose § satisfying 3). Then the functionals IF defined on L*(0,1) by

1
l k(T Kk N2 . 1,2 1
IE(u) = /0 (a (W (5,u) T(u))—i—s(u) de if we WH2(0,1) and [ju=d
400 otherwise

T'-converge with respect to the strong L?-convergence to the functional

TF(u) = {C—k o #(S() if we BV((0,1); {k £ 3}) and Mu=d

otherwise
k+3
where C(Wk ok —2/ ) \/ ) — Tk
3

Proof. The proof exactly follows the line of that for k < 3, while a recovery sequence satisfying (G20)
can be obtained by a carefully chosen translation of a recovery sequence for the nonconstrained problem
(see e.g., [3] Theorem 6.7). O

To conclude this section we notice that the energy contribution of an optimal transition is continuous
in k; i.e.,

. 1
gt e = ! Coart—rmy = 3

k—5~

hence the result for k = 1/2 is described by both Theorem bl and Theorem

6. 0 ~ &: THE CRITICAL CASE

In this last section we briefly outline the case when the scale of oscillation § is of the same order than
the scale of the transition layer . In this case the zero-order I'-limit’s energy density Wlk is described by
the asymptotic formula ([B3). By optimizing the procedure leading to [&2), we get

2% h(é), Is| < 1
Wek(s) = ¢ 4 k
(s = 192 + 29 tann (f) ls| > 1
] 1)
for k < %, while

204 4
s2+72tanh (Z>’ |s| < (k- 3)%tanh (%)

WE(s) = (2k — 1);% tanh( )| | + (( — k)% — M tanh (%2)%tamh (g),
1

)<l < (k- 3% tanh (£) 41

(Js| = 1)2 + il tan h(ﬁ) 5] > (k— L)% tanh (£) + 1

(6.1)
for k > % Note that these potentials have the same form of the potentials W} for k < % and for
k > 3, respectively (see Fig.B). Moreover, recalling that C} = 2k?, C§ = 2(k — 1) and @0)-B3) it is
immediate to check that for every fixed k € (0, 1) the effective potential Wék is continuos with respect to

¢ in the extreme regimes; i.e., Wlk — WE as £ — oo and Wlk — WF as £ — 0.

The behavior of minimizing sequences in the case k < % can be pictured as in Fig. [, where the

oscillations are not dumped as ¢ — 0. The same picture also holds in the case k > 1

3 but now the
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oscillations are “around” (k — 3)(4/€) tanh(¢/4) and (k — 3)(4/¢)tanh(¢/4) + 1 if a positive volume
constraint is added. In both cases oscillations of the ground states do not reach the minimum values for
Wk, thus preventing the degenerate situation of the case k > % and ¢ = 400 (see Fig. @), and hence
the subsequent effects are at scale € and are due to phase transitions and boundary layers. Note that
the bulk contribution due to oscillations is now at scale 1 and is included in the definition of Wek. We
state the first-order I'-convergence result for the case k < % only, the other one being analogous upon the
addition of an integral constraint in the spirit of the previous analyses of Section EE32 and Section Bl

It can be proved that there exists a unique 1-periodic function ’Uzr (the ground state) minimizing the
problem giving W[ (1) with average 1 and maxv, — minv, < 2. Note that by the symmetries of the
problem v, := v} — 2 is a minimizer for W}(—1).

The surface tension for the first-order I'-limit is then defined by

Eys _ : o e k Lo 207 t 1,2 +
C,° = inf 1nf{—/ (W (y,v) + 6_2(1} ) ) dy — Ttanh(z) cv € WH*(—n,n), v(£n) =v; (:l:n)},

neN nJ_n
and the corresponding boundary-layer energy by

kb e of 1 [T 1 20% ?
C,” = ;gf&mf{ﬁ/o (Wk(y,v) + 5_2(1/)2) dy — Tl tanh(z) cv € WH2(0,n), v(n) = vZ(n)}

The first-order I'-limit can be then stated as follows.

Theorem 6.1. Let k < % and % € N; then the functionals HE defined on L%(0,1) by

1 k
1 LT 20 ¢ o . -
HE (u) = /O(E(W (5u) = =7 tann (3)) +)?) do i wewr2(0,1)
00 otherwise

T'-converge with respect to the weak L?-convergence to the functional

HE () = {CE’S#(S(u)) —20kt i we BV((0,1); {+1})

400 otherwise
We omit the proof, that follows the one for the case ¢ = 0.

Acknowledgments. The second author thanks the Dipartimento di Matematica “G. Castelnuovo”,
Universita di Roma “La Sapienza” where most of this work was carried out and supported during her
Ph.D. program.

REFERENCES

[1] Alberti, G. Variational models for phase transitions, an approach via I'-convergence, in L. Ambrosio and N. Dancer.
Calculus of Variations and Partial Differential Equations. Springer Verlag, Berlin, 2000, 95-114.

[2] Anzellotti, G. and Baldo, S. Asymptotic development by I'-convergence. Appl. Math. Optim. 27 (1993), 105-123.

(3] Braides, A. I'-convergence for Beginners, Oxford University Press, Oxford, 2002.

[4] Braides, A. and Truskinovsky, L. Asymptotic expansions by I'-convergence, preprint (2007) (available at
http://cvgmt.sns.it).

[5] Dirr, N., Lucia, M. and Novaga, M. I'-convergence of the Allen-Cahn energy with an oscillating forcing term, Interfaces
and free boundaries 8, No. 1 (2006), 47-78.

(6] Francfort, G.A. and Miiller, S. Combined effects of homogenization and singular perturbation in elasticity, J. reine
angew. Math. 454 (1994), 1-35.

[7] Modica, L. The gradient theory of phase transitions and the minimal interface criterion, Arch. Rational Mech. Anal.

98 (1987), 123-142.
[8] Modica, L. and Mortola, S. Un esempio di I'-convergenza, Boll. Un. Mat. Ital. 14-B (1977), 285-299.



	1. Introduction
	2. Development by -convergence
	3. Zero-order -limit
	3.1. The effective potential Wk

	4. : the case of slow oscillations
	4.1. Estimate for the phase-transition energy
	4.2. First-order -limit
	4.3. Second-order -limit

	5. : the case of fast oscillations
	6. : the critical case
	References

