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RESEARCH

My research fields are Partial Differential Equations, Geometric Analysis and Calculus of Vari-
ations.

— Liouville’s equation, ()-curvature and Paneitz operators
In the last years I've investigated the higher-order Liouville equation
(=A)"u=Ve*™™ inR*™ meN, VeR (1)

classifying its many solutions, both in the case V' > 0 and V' < 0. Improving upon several previous works
in this area, I applied the results found for Equation (1) to the problem of prescribing the Q-curvature
on a closed manifold, or on an open domain in R?™. This corresponds to studying the non-linear equation

ngmu + Qg = Qe*™ (2)

on a Riemannian manifold (M, g) of dimension 2m. Here @, is the Q-curvature of (M, g), szm is the
Paneitz operator of (M, g) (roughly speaking a relative of (—A,)™ which transforms well under conformal
changes of the metric g) and Q € C*°(M) is the prescribed Q-curvature, in the sense that the metric e2%g
has Q-curvature Q. Equation (2) has much in common with the Yamabe equation, and its properties
are still under intensive investigations. Surprising results have already appeared as a consequence of the
(arbitrarily) high order of the equation, which is also a source of interest, together with its subtle
lack of compactness.

— Adams-Moser-Trudinger embedding

Another focus of my research is the Adams-Moser-Trudinger inequality

sup / e dy < C|9Q|
Q

”uH?{&n(Q) <Ay

for every subset ) C R?™. Here A; is a dimensional constant. Critical points of the Adams-Moser-
Trudinger embedding solve the equation

(—A)"u = e inQ, u=0du=... = o™ 1y =0 on 99. (3)

Together with M. Struwe, and improving on previous results by O. Druet, F. Robert and M. Struwe, I
proved that a sequence (ug) of solution to (3) with A = Ay, | 0 and with limsup,,_, o, ||ux|[z;» < oo is either
precompact or vanishes asymptotically (up to a subsequence) outside a finite blow-up set. Moreover in
the latter case we have a quantization result: up to a subsequence

2
g || %m = / Meuze'tdr — LAy, as k — oo for some L € N,
0 Q

Interestingly this result heavily relies on the understanding of the solutions to (1), which appear naturally
after a blow-up procedure.

The existence of critical points of the functional [, ¢™’ dz under the constraint ||u\|%16n = A > A; has
also been vastly investigated and is part of my research interests.



— Fractional perimeters and nonlocal minimal surfaces

In a joint project with L. Ambrosio and G. De Philippis I have started to study the fractional perimeter
functional

JS(E,Q) = jsl(Evg) + jsz(EvQ)v

where

1
T (E,Q :=/ / ——dady,
( ) e JEena [T —y[" s

1 1
B JEenge |2 —y[m s Bnoe JEena |2 —y[m s

for a measurable set E C R?, n > 1, 0 < s < 1, and a connected open set {2 € R™. The functional
Js(E, ) can be thought of as a fractional perimeter of E in §2 which is non-local in the sense that it
is not determined by the behaviour of E in a neighbourhood of OF N ), and which can be finite even
if the Hausdorff dimension of OF is n — s > n — 1. Notice that the term J!(E,) is simply half of
the fractional Sobolev space seminorm |xg|w=1(q), where xg denotes the characteristic function of E.
Roughly speaking this term represents the (n — s)-dimensional fractional perimeter of F inside (2, while
J2 is the contribution near 9§2. This can be made precise when letting s 1 1.

In a recent work we proved that

I — 11%111(1 —8)Js(E,Q) =w,—1P(E,Q),

(here P(E, ) denotes the perimeter of E in € in the sense of De Giorgi) and we studied the convergence
of local minimizers of J; to minimizers of the perimeter.

— Harmonic maps from B? into S? minimizing the relaxed energy

Following the works (among others) of Giaquinta, Modica and Soucek, of Bethuel, Brezis and Coron and
of Hardt, Lin and Poon, I have been interested in understanding the behaviour of the minimizer of the
energy

F(T) = / \Vul?dz + 47M(L), T = [Graph(u)] + L x [S?],
B3
where u € W12(B3,5%) and L is a 1-dimensional rectifiable current such that
0 [Graph(u)] = —9L x [S?] in B® x S°.

Currents T as above are called Cartesian currents. The functional F' is obtained by relaxing the standard
Dirichlet energy. In a symmetric setting I have constructed a minimizer of F' having at the same time
vertical part (L # 0) and non-constant graph (u # const). This was unknown before and casts several
interesting open questions, also very related to the regularity of minimal graphs (seen as Cartesian
currents) in codimension greater than 1.
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TEACHING

During my stay at ETH Zurich T had several teaching duties. I organized and/or led exercise groups
every semester since Spring 2006. I organized the exercises of the following courses:

Fall 2006 Differential Geometry of Prof. D. Christodoulou
Spring 2007 PDESs in Differential Geometry of Prof. D. Salamon
Spring 2008 Functional Analysis IT (PDE) of Prof. M. Struwe
Fall 2008 Analysis I/11 of Prof. U. Lang
Spring 2009 Mathematics II of Prof. P. Thurnheer

T also led exercise groups (without organizing them) for the following two courses:

Spring 2006 Partial Differential Equations of Prof. Farkas
Fall 2007 Functional Analysis I of Prof. M. Struwe

During the break between semesters I took part as co-examiner to tens of exams on PDEs and Differential
Geometry, and I graded hundreds of written exams.

In Summer 2008 I also organized the written exams Analysis I/IT of Prof. U. Lang and Prof. M. Torrilhon.

EXTRAS

Olympiads for high-school students

— Both in years 1999 and 2000 I ranked 5th in the Italian Mathematics Olympiads
— In year 2000 I ranked in the top-ten of the Italian Physics Olympiads

— In year 2000 I attended the International Mathematics Olympiads in Taejon (South Korea), and
the International Physics Olympiads in Leicester (UK) as contenstant.

Hobbies

— Sport: swimming, volleyball, canoeing
— Reading books

— Music: playing guitar and piano, singing

Pisa, June 4, 2011 Luca Martinazzi



